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ABSTRACT

Aims. We study the disc planet interactions of low-mass protoplanets embedded in a circumstellar disc. We extend the standard theory
of planet migration from the usual locally isothermal assumption to include non-barotropic eﬀects, focusing on the validity of linear
theory.
Methods. We compared solutions of the linear equations with results from non-linear hydrodynamic simulations, where in both cases
we adopted a background entropy gradient and solved the energy equation.
Results. We show that the migration behaviour of embedded planets depends critically on the background radial entropy gradient in
the disc. The presence of such a gradient not only changes the corotation torque on the planet, but also always guarantees a departure
from linear behaviour, which gives a singular density response at corotation, in the absence of thermal or viscous diﬀusion. A negative
entropy gradient tends to give rise to positive, non-linear corotation torques apparently produced as material executes horseshoe turns
at approximately constant entropy. These torques have no counterpart in linear theory, but can be strong enough to push the planet
outwards until saturation starts to occur after a horseshoe libration period. Increased thermal diﬀusion acts to reduce these non-linear
torques, but, at the same time, it can help to prevent their saturation. In combination with a small kinematic viscosity that is able to
maintain a smooth density profile the positive torque could be sustained.
Key words. hydrodynamics – planets and satellites: formation

1. Introduction
During their formation process inside circumstellar discs, planets can change their orbital parameters by gravitational interaction with the gaseous disc (Goldreich & Tremaine 1980).
Torques generated at various resonances can promote or damp
eccentricity growth (Goldreich & Sari 2003), and change the
semi-major axis of the forming planet (Ward 1997). One can distinguish torques due to waves, generated at Lindblad resonances,
which propagate away from the planet, and corotation torques,
generated near the orbit of the planet, where material on average
corotates with the planet (see Goldreich & Tremaine 1979). The
usual result of these torques is that the planet migrates inwards,
towards the central star, at a rate that is determined by the planet
mass and the disc parameters (see Ward 1997).
In terms of planet and disc mass, three types of migration
can be distinguished. Low-mass planets, whose gravitational influence is not strong enough to overcome pressure eﬀects, generate a linear disc response that gives rise to an inward migration rate that is proportional to the planets mass. This is called
type I migration (Ward 1997). For standard Solar nebula parameters, type I migration applies to planets up to several Earth
masses (M⊕ ).
Higher-mass planets excite non-linear waves, and are able
to tidally truncate the disc, opening an annular gap around their
orbit (Lin & Papaloizou 1979, 1986). Migration occurring when
such a gap is maintained is referred to as type II migration (Ward
1997), and it takes the planet inward on a viscous time scale.
The minimum mass for opening a gap, again for standard disc
parameters, is approximately one Jupiter mass.

Both types of migration have been studied extensively
through numerical hydrodynamical simulations, in a twodimensional set-up (Nelson et al. 2000; D’Angelo et al. 2002) as
well as in three dimensions (D’Angelo et al. 2003b; Bate et al.
2003), giving good agreement in the respective mass regimes. In
the intermediate mass regime, depending on the disc viscosity
and surface density distribution, the corotation torque may get a
non-linear boost to the extent that it determines the sign of the
total torque (Masset et al. 2006).
Corotation torques are also responsible for a third type
of migration, sometimes called runaway migration (Masset &
Papaloizou 2003). This type III migration (Artymowicz 2004)
can be very fast, and applies to planets that open up a partial
gap and are embedded in a massive disc (Masset & Papaloizou
2003).
In all studies referred to above, a simplified equation of state,
for which the pressure depends on the density and the local radius only was used. The dependence on radius comes about from
adopting a fixed radial temperature profile. As at any location,
the pressure depends only on the density, we describe such an
equation of state as being locally barotropic. The use of such an
equation of state removes the need to solve the energy equation
and thus makes the equations more tractable to tackle both analytically and numerically. The question whether this approach
is valid has only been addressed fairly recently through numerical simulations that do include the energy equation (D’Angelo
et al. 2003a; Klahr & Kley 2006), focusing on high-mass planets
only. Morohoshi & Tanaka (2003) studied the eﬀect of optically
thin cooling on disc-planet interactions using a local approach,
while Jang-Condell & Sasselov (2005) calculated the torque on
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low-mass planets analytically in discs with a realistic temperature profile.
Paardekooper & Mellema (2006a) showed that relaxing the
barotropic assumption can change the migration behaviour of
low-mass planets dramatically. There it was shown, using threedimensional radiation-hydrodynamical simulations, that, for the
disc parameters adopted, low-mass planets migrate outwards
through the action of a strong positive corotation torque. Due
to the excessive computational overheads associated with such
simulations, it was not feasible to do a parameter survey for different planet masses and disc models.
In this paper, we aim to clarify the origin of the positive corotation torque, its dependence on planet mass and disc parameters
together with the relationship of this type of disc planet interaction to the linear perturbation theory that has been successfully
applied to the type I migration regime.
To ease the computational demands we focus on nonbarotropic two-dimensional discs (commonly termed cylindrical discs, see Hawley 2000) which incorporate thermal diﬀusion
rather than the more complex radiative transfer.
The plan of the paper is as follows. In Sect. 2 we review
the governing equations and the disc models used. Section 3
is devoted to the linear theory of the interaction of a low-mass
planet with a gaseous disc, and we solve the resulting equations
in Sect. 4. In order to remove singularities we adopted the well
known Landau prescription together with a small thermal diﬀusivity applied in some cases. Although migration torques could
be calculated in the limit of zero dissipative eﬀects, the density
response became singular implying that non-linear eﬀects may
always be important in the corotation region.
After describing the numerical set-up in Sect. 5, we perform
fully non-linear hydrodynamical simulations in Sect. 6. Indeed
we find that a non linear small scale coorbital density structure
is set up at early times. We go on to investigate the eﬀect of thermal diﬀusivity, finding that a non zero value is required to ensure the coorbital region is adequately resolved. The associated
torque is then indeed found to be positive, for favourable density
gradients, and suﬃciently strong and negative entropy gradients,
for about one horseshoe libration period after which saturation
sets in. In Sect. 7 we present a simple non-linear model of the
corotation region based on material executing horseshoe turns
with constant entropy, which can result in a density structure that
leads to a temporary positive torque on the planet when there
is a background negative entropy gradient and compare it with
simulations.
Whether the positive torque can be sustained for longer times
will depend on the evolution of the planetary orbit and disc and
whether these circumstances provide an appropriate corotational
flow that can resupply appropriate low entropy material. To investigate this aspect, we study the long-term evolution of the
torque in Sect. 8, and in the case of a particular example, show
that for an appropriate rate of thermal diﬀusion and a small viscously driven mass flow through corotation, the entropy-related
corotation torque can be sustained for several libration periods.
We go on to give a discussion of our findings in Sect. 9 and
conclude in Sect. 10.

2. Basic equations and disc models
The basic equations are those of the conservation of mass, momentum and energy for a two dimensional cylindrical disc in a
frame rotating with angular velocity Ωp in the form
∂ρ
= −∇ · (ρu)
∂t

(1)

1
Du
+ 2Ωp k̂ × u = − ∇P − ∇Φ
Dt
ρ
ρ

DE P Dρ
DS
−
≡ ρT
= −∇ · F.
Dt
ρ Dt
Dt

(2)
(3)

Here, ρ denotes the density, u = (vr , vϕ ) the velocity, k̂ denotes the unit vector in the vertical direction, P the pressure and
Φ = ΦG + Ω2p r2 /2 where ΦG is the gravitational potential. The
convective derivative is defined by
D
∂
≡
+ u · ∇,
Dt ∂t

(4)

and F = −K∇T is the heat flux, with K being the thermal conductivity and T being the temperature (of course radiation transport may be incorporated in this formalism). In our numerical
simulations, we choose K = K(r) such that the initial temperature profile gives ∇ · F = 0. We adopt an ideal gas equation of
state such that
P = Rg ρT,

(5)

with Rg being the gas constant. The internal energy per unit mass
is given by
E=

P
,
(γ − 1)ρ

(6)

where γ is the constant adiabatic exponent and S =
Rg log(P/ργ )/(γ − 1) is the entropy per unit mass.
We adopt a cylindrical polar coordinate system (r, ϕ) with
origin (r = 0) located at the central mass. The self-gravity of
the disc is neglected. Thus the gravitational potential is assumed
to be due to the central mass and perturbing planet such that
ΦG = ΦG0 + ΦGp , where
ΦG0 = −

GM∗
,
r

(7)

and
−GMp
ΦGp = 
r2 + rp2 − 2rrp cos(ϕ − ϕp ) + b2 rp2
+

GMp r cos(ϕ − ϕp )
rp2

·

(8)

In the above the last term is the indirect term, M∗ denotes the
mass of the central object, with Mp , rp , and ϕp denoting the mass,
radial and angular coordinate of the protoplanet respectively. We
also allow for a gravitational softening parameter b.
We remark that there are several limiting cases in the above
description. When heat transport is neglected, (K = 0), the system is adiabatic. When the energy equation is dropped and the
temperature is taken to be a fixed function of r we have the usual
locally isothermal limit. When Ωp = 0 the reference frame is
non-rotating but non-inertial as the origin accelerates together
with the central mass. This is accounted for by the indirect term
in the potential. Numerical calculations are most conveniently
performed in a frame corotating with the protoplanet. Then Ωp
becomes the circular Keplerian angular velocity at radius rp . At
a general radius, r, this is given by ΩK = (GM∗ /r3 )1/2 .
The formulation given above applies to a cylindrical disc
model where there is no vertical stratification or dependence on
the vertical coordinate. The equations apply to a cylindrical system with a constant vertical semi-thickness, H0 which may be
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specified arbitrarily as there is no explicit dependence on it. The
density, ρ, is taken to have the same spatial variation as the surface density to which it is related through Σ = 2ρH0 . For a thin
disc of the type we wish to consider, at any location there isa putative local vertical semi-thickness H = cs /ΩK , with cs = P/ρ
being the local isothermal sound speed that is a function of position and associated with the neglected vertical stratification.
When considering the physical state variables associated with
any such location we regard H0 as having been adjusted to coincide with H.

Linearization of the two components of the equation of motion together with the continuity equation then yield, after elimination of the azimuthal velocity perturbation, a pair of first order
ordinary diﬀerential equations for the quantities Q = P /P1/γ
and U = rP1/γ vr which may be written in the form

2.1. Equilibrium models

where the coeﬃcients are given by

In this paper we work with equilibrium model discs into which a
perturbing protoplanet is subsequently inserted. These are such
that density has a power law dependence of the form ρ ∝ r−α ,
with α being constant. We also adopt T ∝ r−1 , giving a putative semi-thickness H ∝ r, then we have P ∝ r−α−1 . The local
gas angular velocity required for radial hydrostatic equilibrium
is given by Ω = ΩK (1 − (α + 1)(H/r)2). Thus for these models
Ω ∝ ΩK and the epicyclic frequency κ = Ω. Here we recall in
general that κ2 = (2Ω/r)d(r2Ω)/dr. We also adopt the representative value γ = 1.4 unless stated otherwise.

C1 = −iρP−(1/γ) (σ − (κ2 + A)/σ),
C2 = −(2mΩ)/(rσ),
D1 = −ir(σ2 − γPm2 /(r2 ρ))/(σγP1−2/γ ),
D2 = (P1/γ mκ2 )/(2Ωσ),
S 1 = −ρP(−1/γ) [(dΦGpm /dr) + (2mΩ)ΦGpm /(rσ)],

3. Linear theory
We here consider the response of the disc to the forcing of a
protoplanet in a circular orbit assuming that the induced perturbations are small so that the basic equations may be linearised.
We perform a Fourier decomposition of the perturbing potential
such that in the non-rotating frame
⎛∞
⎞
⎜⎜⎜
⎟⎟
⎜
ΦGp = Re ⎜⎝ ΦGpm exp (imϕ − imΩK t)⎟⎟⎟⎠ ,
(9)
m=0

dQ
= C 1 vr + C 2 Q + S 1 ,
dr

(14)

dU
= D1 Q + D2 v r + S 2 ,
dr

(15)

S 2 = i(P1/γ m2 )/(rσ)ΦGpm .
3.1. The corotation singularity

The perturbation of the protoplanet causes the excitation of outgoing density waves that are associated with a conserved wave
action or angular momentum flux. This causes a torque to act
on the protoplanet. However, angular momentum exchange between protoplanet and disc may also occur directly at corotation
where σ = 0. In linear theory, this type of exchange is localised
at corotation through the operation of a corotation singularity. In
order to study the domain near corotation where σ = 0, we neglect σ2 in the first set of brackets in the expression for D1 above.
Then we may derive a single equation for U from Eqs. (14)
and (15) in the form

P2/γ d ρr dU
m2
ρκ2
A mP2/γ d
= U 2 1− 2 +
ρr dr P2/γ dr
ρrσ dr 2ΩP2/γ
r
σ
2
1/γ
iΦGpm m AP
−
·
(16)
σrgr

where Re denotes that the real part is to be taken. Here, as well
as in the rest of this section, ΩK is short for ΩK (rp ).
Similarly, the perturbation response of state variables that
are non-zero in the equilibrium, indicated with a prime, for each
value of m, has an exponential factor exp (imϕ − imΩK t) with an
amplitude depending only on r. Equations for these amplitudes
are obtained by linearizing the basic equations. We begin by considering the adiabatic limit in which the thermal diﬀusivity is set
to zero. Then we linearize the adiabatic condition
DS
∂S
=
+ u · ∇S = 0,
(10)
Dt
∂t
to obtain
vr dS
S =−
,
(11)
iσ dr
where σ = m(Ω − ΩK ). Expressed in terms of the density and
pressure perturbations Eq. (11) takes the equivalent form

should be zero that applies in the strictly barotropic case.

P
ρ
vr A
−
=−
,
γP ρ
iσgr

3.2. The Landau prescription

(12)

where gr = −(1/ρ)(dP/dr) and the square of the Brunt-Väisälä
frequency is given by
A=−

1 dP 1 dP 1 dρ
−
,
ρ dr γP dr ρ dr

(13)

which can be negative in regions of formal local convective instability. Equation (12) can be used to express the density perturbation in terms of the pressure and velocity perturbations.

We see that Eq. (16) is in general singular at corotation with a
second order pole at σ = 0. This will result in angular momentum exchange with the perturber. In order to be singularity free
we require both that the entropy gradient be zero or equivalently
A = 0, and that d(ρκ2 /(2ΩP2/γ )/dr = 0. The latter condition is
the generalisation of the condition that the gradient of specific
vorticity, or vortensity, given by
d κ2
,
dr 2Ωρ

(17)

In order to solve the forced response problem, we have to deal
with the corotation singularity. Physically this is resolved by including the dissipative eﬀects of heat transport and viscosity.
However, by increasing the order of the system of equations, this
significantly increases the complexity of the problem. For many
purposes this can be avoided by using the Landau prescription.
According to this the forcing frequency is given a small positive
imaginary part such that σ → m(Ω − ΩK − i ΩK ), where is
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very small. In practice, as is the case with the problem considered here, the torques between disc and protoplanet converge as
→ 0 even though the solution becomes singular.
The latter feature means that even though torques may be
convergent the response becomes non-linear near corotation
making the linear theory invalid. The time 1/(ΩK ) may be interpreted as the time scale over which the perturbing potential
is turned on. Thus a non-linear breakdown for below a certain
value, 0 , means that, viewed from the point of view of an initial
value problem, the linear solution should be considered as being
valid only for a finite time period, which may be estimated as to
be of order 1/(ΩK 0 ).
For the problem on hand, non-linear breakdown occurs
mainly through terms associated with the entropy gradient or
A, these being associated with a second order pole. This type
of singularity may be removed by introducing heat diﬀusion so
that we would expect that for a suﬃciently high thermal diﬀusivity, the validity of linear theory should be restored. This we
explore below.
3.3. The effect of a small thermal diffusivity

In order to investigate the eﬀect of thermal diﬀusion on the corotation singularity, we now consider the modification of the condition given by Eq. (11) that occurs when a small thermal diﬀusivity is present.
In this case we must linearize the full energy equation,
Eq. (3), which leads to
iσS + vr

K 2
dS
=
∇ T .
dr
ρT

with De being the dimensionless diﬀusivity De = D/(rp2 ΩK ).
Here all quantities are evaluated at corotation, r = rp , apart from
σ → −3mΩK x/(2rp ).
The in-homogeneous Airy function Hi(ζ) (see Abramowitz
& Stegun 1970) is defined by

1 ∞
Hi(ζ) =
exp (−k3 + kζ)dk.
(24)
π 0
Using this solution, S is no longer singular at corotation. By
comparing Eq. (11) for S with the solution determined by
Eq. (21) we can see how to remove the corotation singularity.
It is apparent that, where it appears multiplied by the entropy
gradient, the singular quantity
Ω
2πi 9m
→
σ
3m 2De

1/3

Hi

−2(iσ +

1 )(9m/2De )

3mΩK

1/3

·

(25)

In this way the divergence at σ = 0 associated with terms that
involve the entropy gradient is removed. When we implemented
cases with thermal diﬀusivity as described below, wherever σ
otherwise occurred, we applied the Landau prescription with
= 10−5 .
From Eq. (20), the length scale associated with the diﬀusively controlled corotation region is |β|−1/3 ∼ rp (De /m)1/3 . Thus
for suﬃciently large De , we expect that the eﬀects of corotation associated with a radial entropy gradient should be reduced
such that the validity of linear theory is restored as far as these
are concerned. Additional restrictions may result from a radial
vortensity gradient.

(18)

4. Linear response calculations

Here, because of rapid variation near corotation, when considering terms involving K, we neglect everything other than the
second derivative term. Assuming that the variation of the pressure perturbation can be neglected, (this approach can be validated by inspection of the form of the solutions), we then have
S = (∂S /∂T )pT , and accordingly

where Cp = γRg /(γ − 1) is the specific heat at constant pressure.
As we are interested in a local region around corotation, we set
r = rp + x, where x
rp , and σ → −3mΩK x/(2rp ). In addition
we replace ∇2 → (d2 /dx2 − m2 /rp2 ).
Then Eq. (19) can be written in the form

We have solved Eqs. (14) and (15) for a variety of disc models,
softening parameters and values of m. We have used both the
Landau prescription and the combination of that, together with
a finite thermal diﬀusivity used to deal with terms associated
with the entropy gradient, to deal with the corotation singularity.
The equations were integrated using a fifth order Runge-Kutta
scheme and outgoing wave conditions were applied. In practice
these were applied at radii that became closer to the protoplanet
as m increased.
For convenience throughout, we adopt a system of units for
which rp = 1, ΩK (rp ) = 1, and the density of the unperturbed
disc at the protoplanet orbital radius ρ(rp ) = 1. The orbital period
of the protoplanet is then 2π. In all cases the aspect ratio cs /(rΩ)
was taken to be 0.05.

d2 S
− iβzS = F,
dz2

4.1. Results

iσS + vr

K 2
dS
=
∇S ,
dr
Cp ρ

(19)

(20)

where z = x + 2Dmi/(3rp ΩK ), β = −3mΩK /(2rp D), D =
K/(ρCp ), and F = vr (dS /dr)/D, the last three quantities being
assumed constant. Equation (20) can be solved in terms of inhomogeneous Airy functions (e.g. Abramowitz & Stegun 1970)
in the form
S =−

31/3 πF
Hi(ζ)
(−β)2/3

(21)

with
ζ =−

2(iσ +

1 )(9m/2De )

3mΩK

1/3

(22)

and
1

= m2 De Ω K ,

(23)

The functions U and Q are plotted for the disc with ρ0 ∝ r−1/2 ,
b = 0.03, being comparable to H/r, and m = 2 in Fig. 1. In these
cases a Landau prescription was used to deal with the corotation
singularity. We show curves for the Landau parameters = 10−5
and = 3 × 10−2 . As is indicated in Fig. 1, the response functions are very similar in these cases for which the Landau parameter varies by a factor of 3000. The = 3. × 10−2 case not
unexpectedly shows slightly more damping.
However, the density response exhibits diﬀerent behaviour.
This is plotted for the Landau parameters = 10−5 and = 6 ×
10−2 in Fig. 2, for a disc with α = −1/2 (very similar behaviour
occurs for α = 1/2). This response shows a strong singularity
as is decreased to zero. The extreme values reached are ∝1/ .
As the singularity is approached the radial width ∝ . The effect of this is that although the pressure and velocity response
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Fig. 1. The functions U and Q divided by the protoplanet to central star mass ratio are plotted for ρ0 ∝ r−1/2 , b = 0.03 and m = 2 in dimensionless
units. Real parts are plotted with dashed lines, imaginary parts with full lines. Curves for the Landau parameters = 10−5 = 3. × 10−2 are shown.
The response is very similar for these cases but the latter case is slightly more damped which is manifest by somewhat smaller amplitude swings.

Fig. 2. The density response divided by the protoplanet to central star mass ratio, for ρ0 ∝ r1/2 , b = 0.03 and m = 2 in dimensionless units. Real
part dashed line, imaginary part full line. For the left panel the Landau parameter = 10−5 and for the right panel = 6 × 10−2 . In the former case
the amplitudes of the real and imaginary parts reach extreme values of order 105 .

as well as the migration torque converge as → 0, the density
response becomes increasingly singular. This means that linear
theory always breaks down in that limit. This breakdown is in
fact associated with terms ∝A, the entropy gradient and it can
be removed by considering thermal diﬀusion. To deal with this,
one can use the relative smoothness of the pressure and velocity
perturbations to obtain a simple description governed by a second order ordinary diﬀerential equation (see above). In order to
remain in a regime for which linear theory is valid as far as these
are concerned it is essential to either incorporate a non zero thermal diﬀusivity or restrict consideration to values of that are
high enough for linear theory to be valid. The latter viewpoint

can be regarded as restricting consideration of evolution times
for an initial value problem to values smaller than ∼1/( ΩK (rp )).
4.2. Migration torque

The torque acting on the protoplanet is calculated directly by
summing the torque integrals evaluated for each Fourier component in the form

T (rin ) = 2HIm

rout

rin


πmrρ ΦGpm dr ,

(26)
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Fig. 3. The cumulative torque in units of q2 Σ(rp )Ω2K rp4 acting on the protoplanet plotted as a function of dimensionless radius for ρ0 ∝ r−1/2 ,
b = 0.03 and m = 2. For the left panel plots are given for the Landau parameters = 10−5 (dashed line) = 10−4 (dotted line) = 3 × 10−2
(full line). For the right panel plots are given for the dimensionless thermal diﬀusivities De = 10−6 (dotted line) and De = 10−5 (full line). The
cumulative torque is defined to be zero at the outer boundary and equal the total torque at the inner boundary. In all of these cases the total torque
is positive.

where the integral is taken over the unperturbed disc domain
(rin , rout ) and Im denotes that the imaginary part is to be taken.
The factor 2H takes account of the vertical direction by assuming the cylindrical disc model to apply over a vertical extent 2H.
We use the above to define a cumulative torque as a function of
r for each m. Thus
 rout
T (r) =
T p (r)dr,
(27)
r

where T p (r) is the torque density. Then the total torque acting on
the protoplanet is T (rin ).
The cumulative torque acting on the protoplanet is plotted
as a function of dimensionless radius for ρ0 ∝ r−1/2 , b = 0.03
and m = 2 in Fig. 3. Plots are given for cases using the Landau
prescription with parameters = 10−5 , = 10−4 and = 3 ×
10−2 . For comparison plots are given for the dimensionless thermal diﬀusivities De = 10−6 (dotted line) and De = 10−5 implemented as described above. In all of these cases the net torque is
positive. We remark that the curves for = 10−5 and = 10−4
are very close as are those for De = 10−6 and De = 10−5 . This
indicates good convergence of the torques as dissipative eﬀects
are reduced.
To emphasise this feature we show the cumulative torque
acting on the protoplanet as a function of m for ρ0 ∝ r−1/2 for
the two softening parameters b = 0.03 and b = 0.01 in Fig. 4.
The softening parameter that should be used is uncertain but it
should be of the order of the aspect ratio to simulate 3D eﬀects.
Plots are given for the Landau parameters = 10−5 , = 10−4 ,
= 10−3 and = 3 × 10−2 . The total torques are always negative corresponding to inward migration. Again the convergence
for small is good but note that torques of larger magnitude are
obtained for the smaller softening parameter and larger m need
to be considered.
Similar results are obtained for diﬀerent disc models and
when thermal diﬀusion is employed as illustrated in Fig. 5. There
we plot cumulative torques as a function of m for ρ0 ∝ r−3/2 and

b = 0.03. We show also the corresponding plots for ρ0 ∝ r−1/2 ,
b = 0.03 but with the implementation of thermal diﬀusion.
As indicated above, linear theory always breaks down for
suﬃciently small dissipation parameters, and it is important to
estimate parameter regimes where it could be valid. We have
done this both when a pure Landau prescription is used and also
when thermal diﬀusion is applied. To do this we calculate the
full response by summing over m and determine the condition
that the perturbation to the entropy gradient be less than or equal
to the same magnitude as the unperturbed value. Clearly nonlinear eﬀects may set in for weaker perturbations than those that
result in this condition being marginal. Thus we estimate that
non-linearity sets in for smaller diﬀusion coeﬃcients than those
obtained when this condition is marginally satisfied. We show
a contour plot of the full linear density response for ρ0 ∝ r−1/2
and thermal diﬀusivity De = 10−6 in Fig. 6. From this and other
similar responses we obtain the condition
0.03
b

1/3

(1.55 × (q/10−5))
< 1.


De /10−6 2/3

(28)

Similarly for a pure Landau prescription, we obtain
0.03
b

1/4

2.5 × 107 q

 < 1.
/10−3 2

(29)

Interestingly, from Eq. (28) we estimate that for protoplanets in
the earth mass range, if De < 10−6 , there should be departures
from linear theory. Similarly from Eq. (29), we estimate protoplanets in this mass range to be in the non-linear regime if <
∼10−2 . This indicates that linear theory may only be relevant for
short evolutionary times in cases with very low dissipation and
then from Fig. 4 we would expect that the full linear torque is
never established. Although the above estimates are uncertain,
we comment that the scaling implied by Eq. (29), that for the
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Fig. 4. The cumulative torque in units of q2 Σ(rp )Ω2K rp4 acting on the protoplanet as a function of m for ρ0 ∝ r−1/2 , b = 0.03 (left panel) and b = 0.01
(right panel). For both panels plots are given for the Landau parameters = 10−5 (full line), = 10−4 (dotted line), = 10−3 (dashed line), = 3 ×
10−2 (dot dashed line).

Fig. 5. The cumulative torque in units of q2 Σ(rp )Ω2K rp4 acting on the protoplanet as a function of m for ρ0 ∝ r−3/2 and b = 0.03 (left panel) and
for ρ0 ∝ r−1/2 , b = 0.03 but with thermal diﬀusion (right panel). For the left panel plots are given for the Landau parameters = 10−5 (full line),
= 10−4 (dotted line), = 10−3 (dashed line), = 3 × 10−2 (dot dashed line). In the right panel plots are given for the dimensionless thermal
diﬀusivities De = 10−6 (dotted line) and De = 10−5 (full line). The curves almost coincide for these cases.

same degree of non-linearity ∝ q1/2 , implies that the time required to attain the same degree of departure from linear theory
should scale as q−1/2 .

5. Numerical hydrodynamical simulations
In this section, we describe the set-up for our numerical hydrodynamical simulations of two-dimensional gas discs with embedded planets, using a non-barotropic equation of state. The
initial disc models and system of units are the same as those

employed for the linear calculations. The softening parameter
is b = 0.03. This approximately corresponds to the putative
disc semi-thickness and the use of such a softening parameter
approximates the result of appropriate vertical averaging of the
gravitational potential. There is no explicit viscosity in the model
unless otherwise stated. In Sect. 6.3 we include explicit heat diffusion. For locally isothermal simulations, we drop the energy
equation and instead use a fixed temperature profile that gives
rise to a constant aspect ratio in the initial state. For models including the energy equation we have used diﬀerent temperature
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Fig. 6. Contour plot of the full linear density response for ρ0 ∝ r−1/2
and thermal diﬀusivity De = 10−6 in dimensionless units. The linear
theory is only likely to be valid for planet masses significantly less than
an earth mass in this case (see Eq. (28)). Note the narrow high and low
density regions on the corotation circle near the protoplanet. These, also
seen in the non-linear simulations, respectively lead and trail the protolanet giving rise to a positive corotation torque. However, the eﬀects
of this torque are not strong enough to counteract the negative Lindblad
torques contributed by the high density wakes.

profiles to vary the entropy gradient while keeping the density
gradient constant. Unless stated otherwise, we slowly build up
the mass of the planet during the first three orbits to avoid to
avoid transients due to the sudden introduction of the planet into
the disc. For low-mass planets in isothermal simulations this is
usually unnecessary, but the non-linearities in the flow associated with an entropy gradient can introduce some artifacts (see
below).
5.1. Code description

We use the RODEO method (Paardekooper & Mellema 2006b)
to evolve the two-dimensional Euler equations in cylindrical coordinates (r, ϕ). The grid consisted of 512 radial cells, equally
spaced between r = 0.4 and r = 1.8, and 2048 azimuthal cells,
equally spaced over 2π. We used non-reflective boundary conditions (for details see Paardekooper & Mellema 2006b). The
energy equation is a straightforward extension of the method
(see Eulderink & Mellema 1995), which was also used in
Paardekooper & Mellema (2006a) to perform three-dimensional,
radiation-hydrodynamical simulations of embedded planets. In
this paper, we have not used the radiation diﬀusion solver. Heat
diﬀusion is incorporated the same way as Navier-Stokes viscosity in Paardekooper & Mellema (2006b).
In calculating the torque on the planet, we include all disc
material, including that within the Hill sphere of the planet. For
low-mass planets considered here, this should not influence the
results.

Fig. 7. Total torque in units of q2 Σ(rp )Ω2K rp4 as a function of time for two
diﬀerent planet masses and two density profiles for the disc. The disc
was kept locally isothermal, and a viscosity ν = 10−5 rp2 Ωp . The dotted
lines indicate the results of our linear calculations.

5.2. Comparison to previous results

Before embarking on a study of non isentropic discs in Sect. 6,
we compare our results for locally isothermal discs with previous
work and expectation from linear theory in this section.
Diﬀerent kinds of comparisons of torque calculations with
linear theory have been reported in the literature. Masset et al.
(2006) compare locally isothermal three dimensional calculations with the linear results of Tanaka et al. (2002). This comparison is also reported in Papaloizou et al. (2007). In this comparison the expression for the linear torque given by
T L = −(1.35 + 0.55α)q2(H/r)−2 Σ(rp )Ω2K rp4

(30)

is used. On the other hand the results of two dimensional simulations using a softened planet gravitational potential, as is done
here, have also been compared to those given by Eq. (30) and
it has been found that an approximate match may be achieved
with an appropriate choice of softening parameter (Nelson &
Papaloizou 2004). We shall show that our results are fully consistent with those reported in Nelson & Papaloizou (2004) and
Eq. (30) as well as our own customised linear calculations below. We note that the comparisons referred to above are done
with constant kinematic viscosity coeﬃcients, ν = 10−5 rp2 Ωp ,
and so we adopt this value here to make our comparisons. We
comment that for this value of ν, corotation torques are expected
to be largely unsaturated.
We have performed locally isothermal simulations of planets
with diﬀerent mass ratio q for diﬀerent values of α, H/r = 0.05
and the stated value of ν.
In Fig. 7 we show the total torque, divided by the mass ratio
squared, as a function of time for planets with q = 6.34 × 10−6
and q = 1.26 × 10−5 for two diﬀerent values of α. In these cases
the torques attain almost steady values after about ten orbits with
any remaining transients due to the initial conditions producing
only small eﬀects. If the response were fully linear, there would
be no diﬀerences between planets of diﬀerent masses. It is clear
that the disc with α = 3/2, which has no vortensity gradient,
is consistent with the interaction being linear. The torques agree
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Fig. 8. Overview of ρr1/2 for a q = 1.26 × 10−5 planet (4 M⊕ around a Solar mass star) after 20 orbits. Left panel: locally isothermal equation of
state. Right panel: adiabatic equation of state.

to within 10% with the value obtained from our linear calculations, as well as with that obtained from Eq. (30). For the case
with α = 1/2, the diﬀerences between the two planet masses are
more pronounced We find the magnitude of the torque divided
by q2 to be about 10% larger for the smaller mass indicating the
presence of weak non linear eﬀects. For that mass the torques
again agree to within 10% with the value obtained from our linear calculations, as well as that found using Eq. (30).
In agreement with Nelson & Papaloizou (2004), torques can
be fitted by Eq. (30) to within 10−15% for the mass range considered for an appropriate softening parameter. In our case this
would be close to b = 0.6H/r the value we used for almost all
cases. Nelson & Papaloizou (2004) adopted b = 0.7H/r, which
is not a significant diﬀerence in this context.

6. The development of positive corotation torques
resulting from initial entropy gradients
In this section we focus on the development of positive torques
arising from initial entropy gradients within the first horseshoe
libration period, dealing with the possibility of sustaining such
torques over longer time scales in later sections. We will consider various disc models, ranging from one with α = −1/2,
which has strong gradients in entropy and vortensity and a surface density that increases outwards, to discs with constant entropy and vortensity and outwardly decreasing surface density.
6.1. An illustrative case

We begin by considering a planet with q = 1.26 × 10−5 (corresponding to a 4 M⊕ planet around a Solar mass star). This closely
resembles the case studied in Paardekooper & Mellema (2006a).

The initial density and temperature structure is characterised by
α = 1/2 and constant H/r. The power law index for the entropy
is ξ = d(log P/ργ )/d log r = −0.8, which corresponds to γ = 1.4.
In Fig. 8 we give contour plots of the density (multiplied by r1/2 )
for an isothermal equation of state and an adiabatic simulation
after 20 orbits. The adiabatic case can be compared with the plot
in Fig. 6 obtained from the linear theory with some heat diﬀusion
added to regularise the density perturbation.
The wave structure diﬀers slightly between the simulated
adiabatic and isothermal cases. Note that the colour scale has
been chosen to highlight corotation features, but still the diﬀerences between the spiral waves can be seen. The pitch angle differs such that the waves are more open and weaker in the adiabatic case. This is due to the fact that linear waves are isentropic,
leading to a higher sound speed and less compression for equal
forcing in the adiabatic case. This results in a reduction in the
strength of the Lindblad or wave torques in adiabatic simulations
compared to isothermal ones.
The two simulations in Fig. 8 also diﬀer around corotation
(near r = rp ). The adiabatic simulation shows a strong, narrow
density feature which is associated with a positive perturbation
(light shade) for ϕ > ϕp and associated with a negative perturbation (dark shade) for ϕ < ϕp . As the planets are moving upwards
in Fig. 8, it is clear that this feature acts as to accelerate the planet
in its orbit, causing outward migration. It is also found in the linear calculations but at reduced strength (see Fig. 6). In Sect. 7 we
will see that this is because linear theory fails to take into account
the horseshoe turns. We will see below that when non-linear simulations are undertaken, this corotation torque can easily come
to dominate the Lindblad torques, and that the sign depends on
the direction of the entropy gradient in the disc. The isothermal
simulation also shows a corotation feature, which is due to the
radial vortensity gradient in the disc. Although the sign of this

886

S.-J. Paardekooper and J. C. B. Papaloizou: Disc planet interactions in non-barotropic discs
80

400

t = 20
t = 10

60

t=5
Cumulative torque

torque/q2

200

0

-200

40

20

isothermal
-400

ξ=0

0

ξ=-1.2
0

10

20
t (orbits)

30

40

Fig. 9. Total torque in units of q2 Σ(rp )Ω2K rp4 as a function of time for
a q = 1.26 × 10−5 planet (4 M⊕ around a Solar mass star), using a locally isothermal equation of state (solid line) and solving the
full energy equation, for two diﬀerent radial entropy gradients ξ =
d log(P/ργ )/d log r (dotted line: ξ = 0, dashed line: ξ = −1.2). All models have α = −1/2.

corotation torque is positive, it is not strong enough to overcome
the negative wave torque. For planets of higher mass the situation may be diﬀerent (Masset et al. 2006).
In Fig. 9 we compare the time evolution of the total torque
for an isothermal and an adiabatic simulation with α = −1/2,
together with a run with the same density profile, but with a
temperature profile such that the entropy is constant. In the case
with a negative entropy gradient, we find a positive torque on the
planet after approximately 10 orbits. After that time, the torque
continues to rise steadily in all cases. This is when the corotation
torque is set up, see Fig. 10 which shows the torque associated
with the m = 2 component of the density perturbation for the
case with negative entropy gradient. The torque diﬀerence between 20 and 10 orbits arises entirely at corotation. In all cases
shown in Figs. 9 and 10, the corotation torque is expected to be
positive due to the positive vortensity gradient and negative (or
zero) entropy gradient.
However, in linear theory the magnitude of the corotation
torque has been found to be not enough to produce a positive
torque and thus smaller than the wave torque. We note that one
finds from Tanaka et al. (2002) that the positive linear corotation
torque for α = −1/2 in the isothermal case is expected to be
54% of the wave torque in magnitude making the total torque
46% of the latter. Also, the linear torques are expected to reach
their final value on a dynamical time scale, which is independent
of the planet mass ratio, rather than over 20 orbits as is seen
in Fig. 9. The precise time to reach the maximum depends on
the time scale on which the planet is introduced, but it is always
significantly more than a dynamical time scale. Below, we will
see that this time depends on the planet mass ratio and so this
behavior must be associated with non-linearities in the flow and
we interpret it as arising from torques generated after horseshoe
turns as described in Sect. 7 below.
After approximately 35 orbits, the torque starts to drop again
in all cases. This is also an indication that corotation torques play
a major role, because it is expected that they start to saturate after
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Fig. 10. The cumulative torque in units of q2 Σ(rp )Ω2K rp4 acting on the
protoplanet plotted as a function of dimensionless radius for ρ0 ∝ r1/2 ,
ξ = −1.2 and m = 2 at diﬀerent times. The cumulative torque is defined
to be zero at the outer boundary and equal the total torque at the inner
boundary.

half a libration period, which is close to 35 orbits for this planet.
We note that the torque then starts to oscillate on the libration
time scale and, ultimately after the action of non-linear eﬀects
and diﬀusion, the disc settles down to a state with zero entropy
and vortensity gradients around corotation in an average sense.
Therefore, the corotation torque vanishes unless some form of
diﬀusive or evolutionary process can restore the entropy gradient
within one libration period. We will come back to this issue in
Sect. 8.
6.2. Non-linear evolution

Even at early times the evolution of the torque is dominated
by non-linear eﬀects. In Fig. 11 we show the time evolution of
the torque for three diﬀerent planet masses. Torques have been
scaled by q−2 , so that if the response was purely linear all curves
should lie on top of each other. The time scale for the rise towards positive values clearly depends on the mass ratio q, which
would not be the case if the eﬀect was linear. The time to reach
the same degree of non-linearity is consistent with being proportional with q−1/2 , as implied by Eq. (29). Similarly, the time scale
on which saturation sets in, resulting in the torque dropping below zero again, depends on q. Therefore, although there is a linear eﬀect associated with the entropy gradient, the phenomenon
that results in the torque switching sign is clearly non-linear.
This is further illustrated in Fig. 12, where we show the
m = 2 component of the surface density perturbation due to
a q = 3.17 × 10−6 planet (corresponding to a 1 M⊕ planet
around a Solar mass star) after 10 and 20 orbits. The imaginary
parts (solid lines) again are directly related to the torque. At the
boundaries of the domain we see clear signatures of outgoing
waves. The diﬀerence between t = 20 and t = 10 arises near
corotation only (see also Fig. 10). At t = 10, the perturbation
is reasonably smooth and resembles the fully developed linear
case away from corotation (see Fig. 2). As time progresses, however, the corotation feature becomes narrower and deeper, until
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Fig. 13. Imaginary parts of the m = 2 Fourier component of the density
perturbation due to a q = 1.25 × 10−5 planet for diﬀerent radial entropy
profiles with α = −1/2. For the negative entropy slope, we show three
diﬀerent planet masses.
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Fig. 12. Real (dashed lines) and imaginary (solid lines) parts of the m =
2 Fourier component of the density perturbation due to a q = 3.17 ×
10−6 planet after 20 (black) and 10 (red) orbits in an adiabatic disc with
ξ = −1.2 and α = −1/2. The inset shows a close-up on the corotation
region. A comparison with results obtained from linear theory indicates
the form of a linear response apart from in the corotation region.

it reaches a final width. This finite final width is again indicative of non-linear behaviour, and from Fig. 12 it is clear that this
non-linear structure is responsible for the cumulative torque on
the planet reaching positive values. The ripples on the edges of
the corotation region in Fig. 12 are of numerical origin and have
to do with the strong non-linearity in the density gradient. They
can be reduced by slowly ramping up the mass of the planet
(which was done for the runs in Fig. 12) but in the absence of
heat diﬀusion they never go away completely.
In Fig. 13 we show the imaginary part of the m = 2 Fourier
component of the density for the three planet masses (black
lines). These allow us to make an easy estimate of the width of
the horseshoe region xs . Interestingly, if we define the horseshoe

region to extend to the distance
 where the torque is half the minimum, we find that xs = rp 2q/3b to within a few percent. Also,
it can be deduced from Fig. 11 that the time scales for which
saturation sets are consistent with libration period 8π/(3xs) set
by this value, which one may obtain from considering the gravitational and centrifugal equipotentials alone. In this context
we comment that from a consideration ofhorseshoe streamlines, Masset et al. (2006) estimated xs ∼ rp 8rp |ΦGps |/(3GM∗ ),
where ΦGps is the gravitational potential of the planet evaluated
at the point on the horseshoe separatrix closest to the planet (as
we use this expression only to indicate a scaling, we neglect
an additional enthalpy contribution
to the potential). According

to this we expect xs = rp 2qrp /(3L) for an appropriate length
scale L. As Masset et al. (2006) point out, in practical cases, this
should be determined by both the softening length and the scale
height, H. But note that the softening length is generally chosen so that these are closely related. For example these authors
provide the estimate

xs = 1.16rp qrp /H.
(31)
This corresponds to L = 0.495H which therefore agrees with the
estimate above which used L = 0.6H = b to within ten percent.
They indicate that their estimate fits locally isothermal simulation results at smaller softening lengths and that this should be
used to give xs when b → 0.
Incorporating the above ideas, following Masset et al. (2006)
from now on we define the horseshoe width through

2qrp |ΦGps |
,
(32)
xs = λrp
3GMp
where λ is expected to be of order unity and can be determined
from simulations.
The total torque, divided by q2 , depends on the mass of the
planet (see Fig. 11). The reason for this is at least partly through
the form of the density profile around corotation. For the torque
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to be proportional to q2 , we would expect that the mass associated with the feature, or any of its Fourier components, should
scale as q. From Fig. 13, both the width and the depth of the
feature are seen to depend on mass but in such a way that the
area increases more weakly than q2 . But note that the small scale
structure apparent in the density perturbation around corotation
may well depend strongly on numerics, and therefore also the
total torque. We will show below that this problem can be overcome by adding a small amount of thermal diﬀusion.
In Fig. 14 we show the corotation feature for three diﬀerent
resolutions. It appears that the corotation feature gets stronger
with increasing resolution, and it is not clear if the torque has
converged for our highest resolution. A common feature for all
runs is the positive total torque. The total torque is also remarkably robust to variations in the flux limiter, showing diﬀerences
of less that 5% between the minmod limiter and the soft superbee limiter (see Paardekooper & Mellema 2006b, for their definition). From Fig. 14 it is clear that there are strong features in
the density that have a width of one grid cell for all resolutions.
At the two highest resolutions, we resolve all relevant scales: the
pressure scale height, the Hill radius of the planet and the width
of the horseshoe region. The appearance of these small scale features even at these high resolutions suggests that the torque is
limited by numerical diﬀusion. We will return to this issue below, where we discuss models with explicit heat diﬀusion.
Masset et al. (2006) noted non-linear behaviour in the
barotropic case above a certain mass. Our analysis suggests that
in the non-barotropic case, for suﬃciently low thermal diﬀusivity, and for suﬃciently long integration times, non-linear eﬀects
are always dominant (see Eqs. (28) and (29)). In addition, the
discussion of the linear problem indicates that, as the state variables (but not their gradients) converge as → 0, non-linear
eﬀects should be much milder in the barotropic case. This is confirmed by Fig. 9, where the non-linear evolution takes the torque
on the planet to positive values only in the non barotropic case.
In Fig. 13, we show the results for diﬀerent entropy gradients, with the planet mass ratio being fixed at q = 1.26 × 10−5 .
The run with no entropy gradient resembles the Lorentz profile
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Fig. 15. Total torque in units of q2 Σ(rp )Ω2K rp4 as a function of time for
ρ0 ∝ r−1/2 and q = 1.26 × 10−5 . The solid line shows an isothermal run,
the dotted line an adiabatic run.

of the linear case (see the right panel of Fig. 2), confirming that
it is the entropy gradient that drives the non-linearity. A positive
entropy gradient changes the sign of the corotation feature, making the corotation torque on the planet negative. The run with no
entropy gradient is intermediate between the positive and negative entropy gradient runs and indicates a linear dependence
of this torque on ξ. However, because we measure total torques
arising from a combination of physical processes, all of which
vary when the disc structure is modified by altering the entropy
gradient, this is not conclusive, because entropy-related torque
contributions may not always be reliably identified.
The run for which we show the corotation feature in Fig. 14
behaves diﬀerently when α is changed from −1/2 considered
so far to α = 1/2. In Fig. 15 we show the evolution of the total torque, comparing an isothermal run with an adiabatic run
with ξ = −0.8. For this disc, the total torque never becomes
positive, a indicating a strong dependence of the migration rate
on the density profile of the unperturbed disc. In fact, there
are three eﬀects conspiring to make the torque negative in the
α = 1/2 case. First of all, the wave or Lindblad torques are expected to be almost the same being only slightly weaker (see
Tanaka et al. 2002). Second, the positive contribution from the
linear barotropic corotation torque, that would apply to the locally isothermal case if the temperature variation across the corotation region may be neglected, is expected to be weaker by a
factor of two because the radial vortensity gradient is less strong1
(Goldreich & Tremaine 1979). Not only will the linear torque be
more negative, there is also no expected strong non-linear boost
for the barotropic corotation torque in these circumstances. This
is clear from the solid line in Fig. 15, which does not show the
strong rise that was apparent in Figs. 9 and 11. For this example
the final torque is also in reasonable agreement with that obtained from the linear analysis which is also indicative of less
important non-linear eﬀects at corotation. Finally the radial entropy gradient is less negative than in the case with α = −1/2,
which reduces the positive contribution of the non-barotropic
1
Note that in a cylindrical disc the vortensity gradient is zero for ρ0 ∝
r−3/2 (see Eq. (17)).

S.-J. Paardekooper and J. C. B. Papaloizou: Disc planet interactions in non-barotropic discs

600

isothermal

889

200

De=0
De=7. 10-7

400

De=7. 10-6

0
ρm/q

torque/q2

200
0

-200

150
0

-200
De = 0
-400

-400

.

-150
-7

De = 7 10

De = 7. 10-6

0

10

20
t (orbits)

30

40

Fig. 16. Total torque in units of q2 Σ(rp )Ω2K rp4 as a function of time on a
q = 3.17 × 10−6 planet for diﬀerent values of the heat diﬀusion coeﬃcient De , in a disc with α = −1/2 and ξ = −1.2.

corotation torque. The result is a negative torque on the planet,
and therefore inward migration, albeit at a slower rate due to the
positive contribution of the entropy gradient to the torque.
6.3. Effect of heat diffusion

In this section we add a small thermal diﬀusivity into the model,
characterised by the value of De . We expect that for a high
enough value of De , in the vicinity of the corotation radius, all
non-linear behaviour due a radial entropy gradient disappears
and the model should behave as if it was locally isothermal.
In Fig. 16 we show the time dependence of the total torque
on a q = 3.17 × 10−6 planet for diﬀerent values of De with
ξ = −1.2 and α = −1/2. It is clear that heat diﬀusion decreases
the strength of the non-linear part of the torque. However, for
times less than 5 orbits, the behaviour is independent of De . This
is consistent with the solution being in the linear regime during
this phase (see Sect. 3 above).
For De = 7 × 10−7 the torque during the later non-linear
phase is still positive, but less so than in the adiabatic case
(De = 0). Thus this value of De is enough to aﬀect the nonlinear solution, which is consistent with the estimates made in
Sect. 3 (see Eq. (28)). Increasing De by a factor of 10 gives an
even weaker positive torque on the planet. The fact that after
5 orbits there is a constant shift in torque between this case and
the isothermal case indicates that all non-linear eﬀects due to the
entropy gradient have disappeared. The diﬀerence between these
cases is simply due to diﬀerent Lindblad or wave torques, which
is supported by the fact that after 5 orbits the torque ratio is about
equal to γ. Together with the mildly non-linear barotropic part of
the corotation torque (which is not aﬀected by heat diﬀusion, but
which may still involve significant density gradients in the coorbital region, see Sect. 8) this is enough to switch the sign of the
torque to positive values.
To illustrate the behaviour of the entropy-related torque, we
show the m = 2 Fourier component of the density perturbation in
Fig. 17 for the cases De = 0, De = 7 × 10−7 and De = 7 × 10−6 .
It is clear that the eﬀects of heat diﬀusion are localised around
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Fig. 17. Real (dashed lines) and imaginary (solid lines) parts of the m =
2 Fourier component of the density perturbation due to a q = 3.17 ×
10−6 planet after 40 orbits, for diﬀerent values of the heat diﬀusion coeﬃcient De , in a disc with α = −1/2 and ξ = −1.2. The inset shows a
close-up on the corotation region.

corotation, where the temperature gradients are strongest. The
close-up around corotation shows a smooth Lorentz-profile for
the most diﬀusive run, resembling the linear case in a qualitative
way (see the right panel of Fig. 2). Note that Eq. (28) predicts
that non-linear eﬀects should be present for De < 3.4 × 10−7 ,
while from Fig. 16 we see that for a diﬀusion coeﬃcient that is
twice as high non-linear eﬀects associated with the entropy gradient are still present. Bearing in mind that Eq. (28) gives only a
rough estimate, and that non-linear eﬀects may indeed set in for
a somewhat lower values of De , the agreement is reasonable.
Even in the less diﬀusive case the sharp features at corotation
that can be seen in Fig. 17 for the De = 0 case are smoothed out.
In fact, for De = 7 × 10−7 we find the same density response for
a simulation with half the resolution, and also the total torques
agree to within 5%. Therefore, the torque is numerically welldefined, unlike the case with De = 0. If we now compare different masses with a minimum amount of diﬀusion, enough to
smooth out the sharp features but at the same time keep the nonlinear behaviour, we find that the total torque scales almost as
q2 . Note that in order to have the same amount of non-linearity
in the problem, we need to use diﬀerent values of De for diﬀerent masses (see Eq. (28)). The results are shown in Fig. 18 for
α = 1/2 and ξ = −0.8, where we have rescaled the time for the
low-mass planet by a factor of 2. This removes the q−1/2 scaling for the time to set up the torque. Interestingly, the torque
plateau in these cases is reduced by a factor of 2 compared to
the case with De = 0, being negative and about 1/2 of the linear
value. This analysis supports the idea that the departure from the
scaling of the torque with q2 is due to non-linear eﬀects in the
corotation region.

7. A simple non-linear model
Because linear theory always breaks down for suﬃciently small
De , it is necessary to develop a non-linear picture to understand the results of the numerical simulations presented above
in Sect. 6. In this section, we discuss a very simple non-linear
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Fig. 18. Total torque in units of q2 Σ(rp )Ω2K rp4 as a function of time
for ρ0 ∝ r−1/2 and two diﬀerent planet masses. For the q = 3.17 ×
10−6 planet, we have used De = 7 × 10−7 , for the q = 1.26 × 10−5 planet
we have used De = 5.6 × 10−6 .

model that can give at least qualitative insight into the torque
behaviour. It is a non-linear model because a finite width of the
corotation region, in which the gas travels on horseshoe orbits,
is adopted. Such a region is not present in linear theory. The
model only accounts for the breakdown of linear theory and the
build-up of a non-linear contribution to the corotation torque in
the early stages after a planet is inserted into the disc. The later
expected saturation of the torque is not considered.
A description of the way the model works is as follows.
Viewed in the frame rotating with the planet, material exterior
to the planet approaches the azimuth of the planet along approximately linear trajectories. It executes a horseshoe turn, subsequently moving away from the planet when it will eventually
will have received a radial displacement equal to twice the initial distance from the orbital radius of the planet (see the streamlines plotted in Fig. 19). If the planet were absent material would
shear past without a turn. Thus the eﬀect of the horseshoe turns
is to produce physical changes in the material that correspond
to a radial displacement equal to the width of the horseshoe region after it has encountered the planet. The horseshoe region is
separated from the remainder of the disc by a separatrix.
When the material conserves entropy as it moves, such a displacement produces a density change. For example, if the disc
entropy per unit mass decreases outwards, when material is displaced inwards, the density will increase. Here we shall assume
the displacement occurs such that fluid near separatrices in the
horseshoe region maintains pressure balance with its surroundings and by extension that the Eulerian change in the pressure
may be neglected. In this context we comment that it is found
both from linear theory and non-linear simulations that the relative density changes always greatly exceed the relative pressure
changes (see above and below). We note that the dynamics we
have described are clearly seen in the simulations. In Fig. 19 we
show a close up of the corotation region near the planet for a
4 M⊕ planet. The density structure indicates an increase inside
the horseshoe region that is bounded by the inner separatrix. This
is also indicated by the form of the streamlines superposed on the
plot. Note that these are slightly distorted by the grid resolution.
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Fig. 19. Density, multiplied by r3/2 , after 10 orbits of a q = 1.26 ×
10−5 planet embedded in a disc with ρ0 ∝ r−3/2 , T ∝ r−1 and ξ =
−0.85. Approximate locations of the streamlines are indicated by the
black lines.

We comment that the change in density that occurs after a horseshoe turn is expected to result in a slight asymmetry in the positions of the horseshoe legs on either side of the corotation radius
away from the planet. But for the relative density changes considered here (typically of order one percent) this is a very minor
eﬀect.
The horseshoe turns commence immediately after a planet
is inserted into a disc and produce a torque that builds up over
time in addition to that expected from linear perturbation theory. Departures from linear theory are thus produced early on.
As regions close to the planet are the most important in establishing the torque, a plateau is reached fairly quickly when these
regions attain a quasi-steady state. This lasts for the order of a
libration period after which material recirculates to the location
of the planet and the torque is expected to saturate. The model
described here accounts for the attainment of the torque plateau
but not the final saturation.
To describe the model quantitatively, we use coordinates (x, θ) that are centred on the planet: x = (r − rp )/rp ,
θ = ϕ − ϕp . As a fluid element turns to move from one side
of the planet to the other, once it has moved there is ultimately
a jump from x to −x; after this the streamlines are along lines
of constant x. Here we neglect minor eﬀects that may arise from
the slight oﬀset of the centre of the horseshoe region from the
planet’s orbital radius due to the background pressure gradient.
For simplicity, we concentrate on the part of the corotation
torque that is due to the entropy gradient only. In general one
also expects an additional contribution if the gradient of specific
vorticity is non-zero. Because most of the torque arises close to
the planet we expect the major part of it to be established before
a full libration period and that this could be determined locally.
Below we estimate the maximum torque arising from the initial
horseshoe turns as described above.
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Because entropy is conserved along streamlines and we assume the change Eulerian in pressure is zero, we can write for
the perturbed density (we focus on a jump from the horseshoe
leg exterior to the planet that has θ > 0 to the corresponding leg
interior to the planet, located in the upper segment of Fig. 19):
ξ
ρ = −2x ρ0 ,
γ

(33)

where ξ = d log(P/ργ )/d log r. The torque on the disc can be
found by integrating over the disc domain that has participated
in a horseshoe turn:

∂ΦGp
T = −2Hrp2 ρ
dθdx.
(34)
∂θ
The integral over θ is made simple by adopting as integration
limits θ = 0 and θ large enough such that the force due to the
planet is small, which leaves us with:
 xs
ξ
1
T = 4Hρ0 rp GMp
xdx,
(35)
√
2
γ
0
x + b2
where we have approximated the planet potential by:
ΦGp = −

√

GMp

rp x2 + θ2 + b2

·

(36)

Thus we arrive at:
T = 4GMp Hρ0

ξ
γ

x2s
·

rp b + (rp b)2 + x2s

(37)

The torque on the planet has the opposite sign and may be written in the form
Tp = −

4ξx2s


 q2 Σp rp3 Ω2p ,

2
2
2
γq rp b + xs + rp b

(38)

where we have introduced a factor of 2 to account the additional
contribution arising from the horseshoe legs on the other side
of the planet. Thus we assume a symmetry such that these behave in a corresponding manner but with a density deficit rather
than increase produced near the separatrix after a turn, so also
producing a positive torque.
We comment here that the above torque depends on the softening parameter, b through evaluation of the planet potential at
the point on the separatrix closest to the planet, here taken to be
the actual planet location. We may accordingly replace it with
the magnitude of this potential denoted by |ΦGps | = GMp /(rp b).
Then the torque may be written in the form
Tp =

−4ξx2s |ΦGps |

⎞ q2 Σp rp4 Ω2p .
⎛
2
⎟⎟
⎜⎜⎜
2
xs |ΦGps |
γqGMp rp ⎜⎝1 +
+ 1⎟⎟⎠
(GMp )2

(39)

In this form the expression for the torque may be used in the
situation where the point on the separatrix closest to the planet
is separated or oﬀset from the planet position by an angular extent θs
. From Eq. (36) we see that this is equivalent to replacing
b by b2 + θs2 . Now we use Eq. (32) to substitute for xs . The
expression for the torque then becomes

2
r |Φ |
λ2
− 83 γξ pGMGps
p
q2 Σp rp4 Ω2p ,
(40)
Tp =



1+

λ2 2q
3

rp |ΦGps |
GMp

3

+1
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where λ is the dimensionless parameter defining the horseshoe
width that is expected to be of order unity that was introduced
above (see Eq. (32)).
Equation (38) predicts a torque that is proportional to the
entropy gradient of the unperturbed disc, and is positive for negative entropy gradients. The torque that is reached is comparable
in magnitude to the isothermal wave, or Lindblad, torque for the
expected value of b ≈ H/r (Tanaka et al. 2002). The torque, as
given by Eq. (38), does not diverge for b → 0. With any separation or oﬀset of the type described above being neglected, setting
b = 0 in Eq. (38) gives
Tp = −

4ξxs
qΣp rp3 Ω2p .
γ

(41)

Note that in this limit the only stream parameter that enters
this expression is the horseshoe
 width xs . The torque is then in-

creased by a factor xs /(rp b + x2s + rp2 b2 ) compared to the case
b  0. Using Eq. (31) to estimate xs , this amounts to a factor of
4 when b = 0.6H/r for q = 1.26 × 10−5 .
However, its use in this limit is inappropriate. Following
Masset et al. (2006), we note that when vertical stratification is
considered it would be expected to produce an eﬀective softening parameter b = z/rp for material moving at height z. Adopting
this and performing a vertical average of Eq. (38) for the above
example would indicate b ∼ 0.5H/r, being comparable to values
adopted here.
7.1. Time development of the non-linear torque

We studied the time dependence of the disc response as a result
of the insertion of a planet of 4 M⊕ into a disc with ρ0 ∝ r−3/2 and
T ∝ r−1 . The model was adiabatic with De = 0 and ξ = −0.85,
in this case corresponding to γ = 1.1. Note that, as mentioned
in Paardekooper & Mellema (2008), there is no smooth transition to the locally isothermal torque for γ → 1, because in the
latter case entropy is not conserved along streamlines (if there
is a radial temperature gradient). In fact, for a negative density
slope, a lower value of γ tends to make the entropy gradient more
negative, and therefore the associated corotation torque more
positive.
Unlike for the other simulations considered in this paper, in
order to study the time development of the non-linear torque in
a way corresponding to the discussion of the simple model, the
planet was initially immersed in the disc with its full mass. Thus
there was no period of slow build up for these cases. From the
streamlines illustrated in Fig. 19 and discussed above in Sect. 7,
the inner and outer separatrices for a model with b = 0.03, away
from the planet, lie on circles centred on the central object with
dimensionless radii 0.982 and 1.012 respectively.
In order to study the development of the high-density region
leading the planet which is responsible for the non-linear torque,
we plot the density as a function of azimuthal angle, ϕ, as viewed
along the radius r = 0.99 after 5, 10 and 20 orbits in the right
panel of Fig. 20. The planet is located at ϕ = π and for higher
values of ϕ, this radial location lies in the required high density
region. The left panel of the same figure shows the total torque as
a function of time (black line). A small thermal diﬀusivity, De =
10−7 was used to regularise the solution around corotation. For
comparison, we also show the total torque for a simulation with
De = 0 (green line). The torque in this case rises to a slightly
higher value at t = 10, followed by a slight decay. This eﬀect
is due to the sudden introduction of the planet into the disc, and
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Fig. 20. Left panel: total torque, in units of q2 Σ(rp )Ω2K rp4 , on a q = 1.26 × 10−5 planet embedded in a disc with ρ0 ∝ r−3/2 , T ∝ r−1 and ξ = −0.85.
A small thermal diﬀusion coeﬃcient De = 10−7 was used to regularise the solution near corotation. Results for two values of the softening
parameter b are shown in black and red, together with a simulation with b = 0.03 and De = 0 (green line). Right panel: azimuthal variation of the
density at r = 0.99 at three diﬀerent times for b = 0.03 and De = 10−7 .

it can be reduced by introducing a small thermal diﬀusivity, as
shown in Fig. 20, or by slowly ramping up the planet’s mass.
We see that as time progresses an approximately uniform
density increase by a factor of about 1 + 5 × 10−2 is established.
This is entirely consistent with the factor δρ/ρ = 1.55x/r, with x
being the distance to the coorbital radius, expected from the discussion above. The uniform density increase is also consistent
with a uniform pressure equal to the unperturbed value being
attained at the fixed radius.
Let us now check that the time development is consistent
with fluid elements moving from one side of the horseshoe region to the other. Assuming this to be the case, taking account
only of Keplerian shear so neglecting any time required to cross
close to the planet, it would take 5 orbits to set up the high density region out to ϕ = 3.4, corresponding to 5 disc scale heights
from the planet, 10 orbits to set it up out to ϕ = 3.64 and 20 orbits out to ϕ = 4.14. However, Fig. 20 shows that the density
profile is not fully established after 5 orbits, but that after 10 and
20 orbits the profile is indeed established out to the expected locations. This indicates that the evolution is relatively slow only
in the regions close to the planet. This could be related to passage
close to the separatrices where low velocities are expected.
Note too that half of the total contribution to the corotation
torque we have considered here is attained after only 5 orbits
which is much less than the libration period of about 75 orbits
which is again consistent with most of the contribution coming
from close to the planet. The magnitude of the non-linear contribution to the torque predicted by Eq. (38) is approximately
1000 in units of q2 Σ(rp )Ω2K rp4 , which agrees perfectly with the
diﬀerence between the minimum (or also approximately the linear torque) and the maximum torque in the left panel of Fig. 20.
This suggests that there is no additional torque cut-oﬀ close to
the planet, since one was not included in the non-linear model
presented here. From Fig. 19 can be seen that indeed the corotation feature extends to about a smoothing length from the planet

in azimuth. Note too that although the associated relative density change is only a few percent, on account of the small radial
scale the relative change to the density gradient is at least of order unity. Additional non-linearity not represented in the simple
model may be present and possibly be responsible for the variations of the ultimate ratio of torque to mass ratio squared seen
in Fig. 11. The fact that these ratios are aﬀected by small diﬀusion coeﬃcients in the manner illustrated in Fig. 18 indicates localised eﬀects in the coorbital zone are responsible. A possibility
is that because density jumps across the horseshoe separatrix are
higher for larger masses, because the horseshoe region is wider,
non-linear eﬀects are also relatively stronger.
Also shown in the left panel of Fig. 20 is the total torque for
a run with a smaller value of the smoothing length b = 0.02.
From Eq. (40), with λ = 1, we expect the non-linear torque to
be a factor 2 stronger in this case, and this is entirely consistent
with Fig. 20. We point out that from this trend the total torque
would be expected to be always negative for b ≥ H/r.

8. Long-term evolution
We now turn to the question of the behaviour of the torque over
longer time scales, focusing on a disc with no vortensity gradient. We initialise the temperature T ∝ r−1 , and again take
ξ = −0.85. As we need to follow the evolution of the torque for
several libration cycles, which, for a q = 1.26 × 10−5 , amounts
to several hundred orbital periods, we lowered the resolution by
a factor 2 in all directions to keep the problem computationally
tractable. As mentioned in Sect. 6.3, for a finite value for the
thermal diﬀusion coeﬃcient the torques agreed very well for the
first 30 orbits. We focus on a q = 1.26 × 10−5 planet throughout, and, to keep matters as simple as possible, do not ramp up
the mass of the planet over the first 3 dynamical time scales as
was done in the previous sections. Again, for a finite thermal
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Fig. 21. Long-term evolution of the total torque, in units of q2 Σ(rp )Ω2K rp4 ,
on a q = 1.26 × 10−5 planet in a disc with ρ0 ∝ r−3/2 , T ∝ r−1 and
ξ = −0.85, for three diﬀerent thermal diﬀusivities.

diﬀusion coeﬃcient, this does not influence the torques at all,
while for De = 0 diﬀerences remain well within 10%.
In order for a diﬀusive process to prevent the corotation
torque from saturating, it is necessary that the diﬀusion time
scale across the horseshoe region is smaller than the libration
time scale, or:
x2s
2
rp Ωp De

< τlib =

8 rp −1
Ω .
3 xs p

(42)

Using our estimate Eq. (32) for xs , which has been shown to be
a good approximation, we find for q = 1.26 × 10−5 and b = 0.03
that De > 3/8(xs/rp )3 ≈ 3 × 10−6 to allow thermal diﬀusion the
possibility of restoring the entropy gradient within one libration
cycle. On the other hand, according to Fig. 18, for De = 5.6 ×
10−6 the disc response is still suﬃciently non-linear that the
torque is changed considerably. Therefore, there exists a range
of De for which there may be a possibility of a sustained positive
torque contribution from corotation eﬀects related to the entropy
gradient. However, thermal diﬀusion only aﬀects the temperature gradient directly, and it may be the case that a consequent
adjustment of the density in the horseshoe region allows it to
settle towards a state of zero torque contribution.
In Fig. 21, we show the long-term evolution of the total
torque for three values of De . The case of zero diﬀusion shows
the clearest libration cycles, diminishing in amplitude until the
system is expected to settle into a state of vanishing entropy gradient in the mean and therefore zero corotation torque. This behaviour is very similar to that described by Ward (2007) for the
barotropic case with a radial vortensity gradient. Interestingly,
both diﬀusive runs approach the same value of the torque, which
indicates that indeed the density is redistributed in such a way
that the corotation torque vanishes.
The final negative torque of magnitude ∼1200 compares with
the linear value (based on the original density distribution) of
∼700. For comparison the result of Tanaka et al. (2002) obtained
by use of Eq. (30) for the original density distribution gives a
magnitude of ∼900. As indicated above this was in much better agreement with the torque obtained for the locally isothermal
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case with the same original density distribution. The most likely
reason for the greater discrepancy in this case is that the original density gradient in the coorbital region and its neighbourhood has been modified as indicated in Fig. 22 in an asymmetric
manner.
In the final state, the corotation region contains an asymmetric density structure. This can be seen in the two leftmost panels of Fig. 22, where we show the density after 160 orbits for
the cases with low and high diﬀusion. In the leftmost panel, it
is clear that the low density ridge created in the horseshoe turn
below the planet returns on the other side. For the higher value
of De , a similar situation arises, but since diﬀusion for this case
is actually strong enough to aﬀect the density jump directly, the
eﬀect is harder to spot. From Fig. 21, however, we see that in
this case approximately the same total torque is attained.
All of this indicates that in order to sustain the positive
torque, we need to restore the initial density profile as well as
the initial temperature profile in the coorbital region. This can
be done by including a small kinematic viscosity. In Fig. 23, we
show the torque evolution for the same models as in Fig. 21, but
now including a viscosity ν = 10−6 rp2 Ωp . The mass flow induced
by this small value of ν is not strong enough to aﬀect the results;
in essence the viscosity only acts on the sharp density features
near corotation. We see that for a small viscosity in combination with a small thermal diﬀusivity the positive torque can be
sustained. The magnitude strongly depends on the magnitude of
the diﬀusion coeﬃcients, as is illustrated by the dashed line in
Fig. 23. A simulation with no heat diﬀusion shows similar behaviour as the runs depicted in Fig. 21, but the final value of
the torque agrees better with linear theory, presumably because
of the smoother density profile. This indicates that indeed we
need to restore both the original temperature gradient (through
heat diﬀusion) and smooth the density gradient (though a small
viscosity) in the coorbital region in order to sustain the positive
torque.
These results indicate that the entropy-related corotation
torque alone is indeed able to reverse the sign of the total torque
over longer time scales than the libration period. Although the
torque in Fig. 23 is only slightly positive at later times, note that
this model represents a case for which the entropy-torque alone
has to overcome the full Lindblad torque. A higher value of γ,
which reduces the Lindblad torque, and a flatter density profile,
which gives rise to a positive corotation contribution due to the
vortensity gradient, may help to push the torque to higher positive values. On the other hand increasing γ may act to reduce the
entropy gradient. The investigation of how the vortensity and entropy corotation torques operate together will be the subject of a
future study.

9. Discussion
In this paper, we have considered the torques induced by discplanet interaction when low-mass planets are introduced into
protoplanetary discs with an initial radial entropy gradient and
either solved the energy equation or adopted an adiabatic or
locally isothermal equation of state. We first considered the
linear theory of the interaction. As the response is singular it
needs to be regularised. This was done by adopting the wellknown Landau prescription, together with a small thermal diffusivity in some cases. This allows migration torques on the
planet to be calculated, but the density response diverges as
dissipative eﬀects are reduced to zero implying that non-linear
eﬀects will ultimately be important. We estimated that nonlinear eﬀects would be significant for dimensionless thermal
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Fig. 22. Density, multiplied by r3/2 , for three models for q = 1.26 × 10−5 , ρ0 ∝ r−3/2 , T ∝ r−1 and ξ = −0.85 after 160 orbits, focusing on the
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De=0
De=10-6
De=10-5

torque/q2

0

-500

-1000
0

50

100

150
t (orbits)

200

250

300

Fig. 23. Long-term evolution of the total torque, in units of q2 Σ(rp )Ω2K rp4 ,
on a q = 1.26 × 10−5 planet in a disc with ρ0 ∝ r−3/2 , T ∝ r−1 and
γ = 1.1, for three diﬀerent thermal diﬀusivities. All models have a small
kinematic viscosity of ν = 10−6 rp2 Ωp .

diﬀusivities De < 10−(5−6) and that in such cases the linear theory would only be valid for some finite time after insertion of the
planet. This was confirmed by the non-linear simulations. It was
found from these that a non-linear density structure developed
around corotation at early times, that in some cases with a negative entropy gradient, led to a reversal of the sign of the torque
leading to outward migration. This positive torque survives for a
horseshoe libration period after which saturation occurs and the
torque again becomes negative.
We presented a simple non-linear model to account for the
non-linear coorbital density structures as being produced after
the horseshoe turns undergone by material while conserving its
entropy in Sect. 7. Numerically we found that in cases with no
diﬀusivity, the coorbital density structure showed variations on

the grid scale and therefore in order to get numerical convergence at limited resolution, a small non-zero thermal diﬀusivity
needs to be included. Increasing the thermal diﬀusivity brings
the migration torque closer to the linear prediction although
some non-linearity associated with the torque connected with the
specific vorticity gradient may remain.
The non-linear and temporary nature of the physical eﬀect
that causes the torque to become positive makes it inappropriate to attempt to deduce an applicable linear torque formula, as
was done in the barotropic case (Goldreich & Tremaine 1979).
All that can be said is that this non-linear part of the torque depends on the entropy gradient. We have found that, for a disc
with H/r = 0.05, a density gradient less steep than ρ0 ∝ r−3/2
results in a positive torque on the planet. However, this depends
also on the adopted value of the smoothing length, the value of γ
and the amount of thermal diﬀusion. A smaller value for b will
enhance such non-linear eﬀects, while thermal diﬀusion acts in
the opposite direction.
Our simple non-linear model of Sect. 7 does a good job in
qualitatively describing the results of the numerical simulations.
Because the three-dimensional simulations of Paardekooper &
Mellema (2006a) show the same slow rise of the torque, which
is indicative of non-linear eﬀects, it is likely that a similar model
applies in 3D.
The strong dependence of low-mass planet migration on the
radial entropy gradient in the gas disc raises two important questions. First of all: do realistic, self-consistent disc models with
detailed radiative transfer allow for negative entropy gradients?
Second: is the thermal diﬀusivity low enough to support nonlinearity at corotation? The second question was already answered by the simulations of Paardekooper & Mellema (2006a),
which showed that, at least in the inner parts of protoplanetary
discs, radiative transport does not provide enough diﬀusion to
restore linearity. As opacity in general decreases with radius, the
situation will be diﬀerent in the outer parts of the disc.
The first question is more diﬃcult to answer. Detailed models of D’Alessio et al. (1998, 1999, 2001) show a rich variety
in temperature and density profiles, with indeed several cases
with strongly negative entropy gradients, especially near opacity jumps. These may be preferential radii for halting planet
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migration, a conclusion also reached by Menou & Goodman
(2004) for diﬀerent reasons. Although it is beyond the scope of
this paper to investigate the occurrence of negative entropy gradients in detail, it is important to realise that they do appear in
detailed models.
In the inviscid limit, the corotation region is a closed system,
and can therefore not continue to exert a torque on the planet indefinitely. The first signs of saturation of the torque are already
visible in, for example, Fig. 9 and the complete process is illustrated in Fig. 21. In order to sustain this torque for longer
times, the physical conditions in the coorbital region need to be
regenerated. Heat diﬀusion can act to restore the original entropy gradient, but we have found that the form of the surface
density gradient also needs to be smoothed locally, which can be
achieved by including a small kinematic viscosity.
At this point we stress the sensitivity of torque behaviour derived from eﬀects at corotation to small values of thermal diﬀusivity and viscosity. This has already been indicated by Masset
(2002) who found that small values of viscosity acting in conjunction with eﬀects at corotation could have significant eﬀects
on the migration of planets but in a larger mass range than that
considered here.

10. Summary and conclusion
In this paper, we have studied the eﬀect of including the energy
equation in the theory of disc planet interactions undergone by
low-mass planets. We have shown that the wave torque on the
planet is reduced by a factor γ compared to locally isothermal
discs. It is the corotation torque, however, that is the most strikingly diﬀerent from the isothermal case.
We have found that migration behaviour depends critically
on the radial entropy gradient in the disc. The linear estimate of
the corotation torque depends on this, but the entropy gradient
is also responsible for a departure from linearity, giving rise to
a strong corotation torque that is positive for a negative entropy
gradient. For a strong enough entropy gradient these corotation
torques can dominate over the wave torques. This can be understood in a qualitative way by considering simplified horseshoe
dynamics. Thermal diﬀusion reduces non-linearity, and for high
enough values of the thermal diﬀusion coeﬃcient De we recover
modified linear wave torques and a mildly non-linear barotropic
corotation torque.
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Although for a planet on a fixed orbit and with no viscosity, the positive torques saturate after a libration period, we have
shown that, for a small thermal diﬀusivity and viscosity the
entropy-related corotation torque oﬀers the possibility of a sustained reversal of the direction or stalling of migration of lowmass protoplanets. Of course extensive future investigations that
take into account three dimensional eﬀects and allow the planet
to migrate are required in order to evaluate it.
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