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ABSTRACT

Context. Powertul methods are available to reconstruct the spectra of stars in orbit around each other, using a time-series of observed,
composite spectra. They act either on the Fourier components of the observed spectra, or directly on these spectra in a velocity grid.
Aims. We discuss under which conditions spurious patterns can appear in reconstructed spectra, either as a consequence of (quasi)-
degeneracy of the equations or as a consequence of bias in the observed spectra. Also we discuss the equivalence of Fourier and direct
methods in practice.

Methods. We show under which conditions the equations degenerate, and how to evaluate this. We pay special attention to spectra of
binary stars and triple systems analysed in Fourier space. We apply the theory to real data sets and to artificial data sets with several
types of data-reduction bias constructed to illustrate degeneracies and the transfer of bias to the reconstructed spectra.

Results. Quasi-degeneracy of the equations depends on the lack of significant time-variability in the relative light contribution of the
stars, on the length of the spectral interval in units of the involved Doppler shifts, on the presence of very faint stellar components, and
on the distribution of the observations over the orbital phases. Eclipse spectra, possibly used with different weight in low- and high-
frequency Fourier modes, remove quasi-degeneracies. But when the normalisation of the observed spectra is biased in a systematic
way with relation to the orbital phase, then the bias amplifies strongly in the reconstructed spectra, particularly for the faintest
components. Wavelength-locked bias is transferred more strongly to the spectrum of the star with the lowest velocity amplitude.
Unrecognized variations in line strength lead to bias that is larger in spectral regions with high line-density. Most importantly, the
bias in all reconstructed spectra is coupled in a unique, predictable way. This coupling allows us to design robust procedures for the
removal of bias from the reconstructed spectra.

Conclusions. When the spectral features of all stars visible in the observed spectra undergo a significant time-variable dilution effect,
then the reconstructed spectra are well-defined. Otherwise, spurious patterns, mostly of low frequency, may be superimposed on the
reconstructed spectra. The analysis presented in this paper allows observers to optimise their observing strategy, gives insight in the
origin of spurious patterns and indicates ways either to suppress such patterns or to remove them a posteriori from the reconstructed

spectra. In this way, a broader range of astrophysical analyses can be applied to the component spectra.

Key words. stars: binaries: spectroscopic — methods: data analysis — techniques: spectroscopic — stars: binaries: eclipsing

1. Introduction

Binary stars are the principal source of stellar masses, by ob-
servation of the orbital Doppler shifts of the components. While
conceptually simple, the precision of the measurements is ham-
pered by the dilution of the observed spectral lines by the com-
bined continuum of all components, and the accuracy is de-
graded by the confusing contribution of spectral lines of different
components to the same observed spectral feature. Application
of the cross-correlation technique has significantly reduced the
disadvantages of position measurements on individual spectral
features, in particular for rich, sharp-lined spectra. Efficient ap-
plication to multiple-component spectra has been worked out
by Zucker & Mazeh (1994) and Zucker et al. (1995). The
most serious drawbacks of the technique are the need for re-
alistic template spectra and for separating the contributions of

the components to the cross-correlation function (CCF). Spectra
with intrinsically heavily-blended contributions are usually dis-
regarded and, more generally, the dependence of the shape of the
CCF on chance coincidences of different spectral lines displaces
the multiple peaks of the CCF, in a complex way, from the posi-
tions corresponding to the radial velocities of each component.

These limitations have motivated the development of tech-
niques avoiding the direct measurement of Doppler shifts. The
disentangling of multiple-component spectra aims at the self-
consistent solution for the relative intensities in the compo-
nent spectra and the orbital parameters. This technique con-
sists of an iterative search for the orbital parameters and the
determination of the associated contribution of each component
to all observed spectra. The technique has been developed by
Simon & Sturm (1994) in terms of the velocity-binned spectra,
and independently by Hadrava (1995) in terms of the Fourier
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components of those spectra. Earlier, Bagnuolo & Gies (1991)
solved the simpler problem of separating the spectra of the
different components for pre-determined radial-velocity shifts
(which is part of the disentangling process) with a tomographic
technique. Recently, Gonzdlez & Levato (2006) promoted a
tomography-like method with iterations on the Doppler shifts,
alternately using an estimation of the spectrum of one compo-
nent to predict the spectrum, as well as the Doppler shift, of the
other one.

These techniques involve a very large number of parame-
ters, of the order of the sum of the number of spectral bins in all
intrinsic component spectra. The assumption that the best rep-
resentation (in a least-square sense) of the observed spectra, in
terms of all these parameters, delivers the true orbital parame-
ters and true component spectra, has not yet been proven math-
ematically. Both practical experience and experiments with arti-
ficial data (Hynes & Maxted 1998; Iliji¢ et al. 2001; Gonzalez
& Levato 2006) support its validity for representative data sets,
however, with the restriction of a limited capacity to reconstruct
the low-frequency shape of the component spectra (scales much
larger than the Doppler shifts) in the case of (quasi)-constant
light ratios between components. This includes the compari-
son with spectra directly observed in total eclipse (Simon &
Sturm 1994). Practical applications encompass a large variety of
stellar spectra and quality of input spectra. Lists of applications
are found in Gies (2004); Holmgren (2004); and Hensberge &
Pavlovski (2007).

In spite of these efforts to validate the method, several in-
teresting questions related to the stability of the solution process
and its dependence on bias in the input data remain unanswered,
such as:

— How do we evaluate the stability of the solution process in
terms of the input data set?

— How do we plan observations to increase the stability of the
solutions?

— How is bias in the input spectra transferred to the component
spectra and the orbital parameters?

— How strong is the coupling between bias in the orbital pa-
rameters and in the component spectra?

— To what extent do bias progression and numerical instabili-
ties depend on the details of the applied method?

In many papers, the use of spectrum reconstruction methods is
restricted to the determination of orbital parameters and global
characteristics of the component spectra, such as spectral types
and rotation velocity. The appearance of low-frequency spurious
patterns diminished the confidence in a detailed analysis of the
reconstructed spectra, inclusive of the broad hydrogen lines, al-
though the individual spectral lines are rich in information on
the structure, temperature, gravity, and chemical composition of
the stellar atmosphere. It is the aim of this paper to identify the
origin of spurious patterns in the reconstructed spectra and to
indicate how to reduce these significantly in a number of cases.
This should motivate researchers to analyse the component spec-
tra with confidence, and to identify better the situations in which
caution is warranted.

In this paper, we study the process of the separation of the
component spectra, with emphasis on binary stars and triple sys-
tems (although several aspects are straightforward to generalise
to higher multiplicities). The discussion of aspects related to dis-
entangling rather than separation of component spectra is not in-
cluded here. In other words, effects related to the optimisation of
the orbital parameters are presently neglected.
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In Sect. 2, we recall the mathematical formulation of the
basic problem. The numerical solution methods are summarised
in Sect. 3, and it is shown under which conditions the Fourier
approach and the direct approach are equivalent. Then, we con-
centrate on the Fourier approach and introduce condition num-
bers to study under which conditions the set of equations for a
specific Fourier mode degenerates or becomes numerically un-
stable (Sect. 4). We develop, in detail, the case of a binary star
and a triple system (Sect. 4.1) and discuss briefly to what extent
the conclusions are also valid for the direct approach (Sect. 4.2).
Thereafter, we compute the condition numbers for representa-
tive sets of observed spectra and discuss their usefulness in im-
proving the reconstructed spectra (Sect. 4.3). In Sect. 5, we con-
sider the progression of bias in the observed spectra to the recon-
structed component spectra. Finally (Sect. 6), we discuss how to
recognise and how to remove spurious patterns in a consistent
way from the reconstructed spectra, and then conclude with the
outline of a work procedure, from the preparation of the obser-
vations until the evaluation of the quality of the reconstructed
spectra (Sect. 7).

2. Mathematical formulation

Consider the case that light from a multiple stellar system with
K components k = 1...K adds up (linearly) to an observed spec-
trum, i.e., one that does not resolve the contributing components
spatially. Time-dependent relative Doppler shifts vy; at times ¢;,
j = 1,...,J and, possibly, variations in the relative light ra-
tios produce changes in the observed spectra at different epochs.
Hence, representing the normalised component spectra as func-
tions xx(In A) of the logarithm of the wavelength, the normalised
observed spectra y (In A) satisfy

K
yjin ) = 3" €y xiin A = /) + noise, (1)
k=1

where 4 is the light-factor (Y5, &; = 1) and vy j/c is the orbital
radial velocity, in units of the speed of light, of component & at
time ¢;. This implies simple physics, disregarding any variations
in line shape due to partial eclipses, ellipsoidality of the stars,
variation of physical conditions over the stellar surface or vari-
ation of the light factors over the (short) wavelength range over
which the component spectra are reconstructed. Strictly speak-
ing, it also excludes components with a multiplicative nature
such as interstellar absorption features, telluric lines and “chro-
mospheric eclipses”. A discussion on how to extend the method
to deal with some of these more complex situations, can be found
in Hadrava (2004a, 20006).

Note that in the case of constant light-ratios (£;; = ;) the
solution {£, xx(In A), vx;} is not unique, since

{f;(, 1- %(1 —xk(ln/l)), Ukj}

k

then also reproduces the observed spectra equally well:

K ¢ K K K K
Zf;(l - 7]:(1 —xk)) = Zf;—z€k+25kxk = kaxk.
k=1 k k=1 k=1 k=1 k=1

In this case, the shape (but not the strength) of all spectral fea-
tures in the intrinsic component spectra is reconstructed cor-
rectly for any choice of ¢, but additional external information
is required to transform these “quasi-spectra” to the true nor-
malised spectra. In a system that includes components showing
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light-variability, the same non-uniqueness applies to any subset
of components whose light does not change with time, or more
generally, to a subset of components with mutual constant light-
ratios ryy = fkj/fkrj.

Only a subset of these mathematical solutions are accept-
able, since a spectrum should have non-negative intensity at
all wavelengths. In this respect, the choice of wavelength in-
tervals containing very deep absorption lines resolves much of
the indeterminacy in the case of constant light-ratios (see e.g.
Griffin 2002; Frémat et al. 2005). Several additional physics con-
straints may help in particular cases (e.g., knowledge about con-
tinuum windows, or, less direct, the requirement to obtain con-
sistent abundances from weak and strong lines of the same ion).
Photometry may give useful clues to the time variability of light
ratios, although not necessarily in an exact quantitative way in
view of the different responses of the photometric passbands and
the spectrograph. In principle, information on the light ratios can
be derived from the reconstruction of the spectra, using the ;
as variables (Hadrava 1997). This has led to the spectroscopic
detection of eclipses (e.g., Holmgren et al. 1997; Gonzdlez &
Levato 2006). In the case of more subtle light variability, the pre-
cision obtained in photometric investigations may largely exceed
the precision obtainable in a spectrum analysis. The key point is
that any misplacement of the continuum translates directly to an
apparent change of the line depths in the spectrum. Such mis-
placement may be related to the variable blending of spectral
lines of Doppler-shifted components, changing the continuum
windows, and to different signal-to-noise ratios in the spectra.
The effects of continuum misplacements are larger for compo-
nents with shallower spectral features in the observed spectra. In
Sect. 5, we further discuss bias in the normalised spectra.

In practice, the spectra observed at times ¢;, j = 1...J are
discretised on a grid of log-wavelength points In A, i = 1...1},
which may differ for each observation (but covering roughly the
same wavelength interval) and the normalised intensities y j; have
uncertainties o j;.

3. Numerical solution

In order to reconstruct the component spectra x;(In 1), Eq. (1)
must be expressed as an algebraic problem. In this respect, the
component spectra xx(In 1) are written as a linear interpolation
of a discrete set of normalised intensities xy,, n = 1...Ny, corre-
sponding to a grid of log-wavelength points In A,. Each compo-
nent may be sampled on a different grid and no strict regularity
in sampling in log-wavelength is required. The natural resolu-
tion on the detector can be used without applying rebinning. For
instance, log-wavelength bins may have shifts of a fraction of
a bin in different spectra, may have a (slightly) different size in
different spectra or spectral orders, etc. However, the features in
the spectra should be sampled sufficiently well and similar such
that the applied interpolation will not bias the data significantly.
The grids must also cover, for each component, a wavelength
range that is wide enough to include the extreme values of log-
wavelength appearing in the argument of x; in (1). Then,

Ukj

X (ln Aji = 7) = (1 = fjix) Xinye + Lk Xknjur1)s (2)
where 7 j satisfies In Ay < I A — % < In Agnj+1), and

ll’lﬂji - Uﬁ - ]Il/lkn.’.
fiix s — (3)

In /lk(ﬂjikﬂ) —In Ak”ljik
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is the linear interpolation coefficient. Substituting (2) into (1),
taking into account (3), gives a system of 25:1 I; linear equations

in 3K | Ni unknowns (xz,),

K
1

Pl kaj [(1 = fiik) Xinu + fik xk(n/;k+l)]» 4)
T k=1

Yji
gji
the noise/residual term being omitted.

We assume that the system is overdetermined (i.e.,
Z§:1 I; > 25:1 Ny), and seek the least-squares solution. Note
that each equation in the system (4) has been divided by the un-
certainty o j; to ensure proper weighting of each data point in the
sum of squared residuals. The weighting scheme may include
masking of detector blemishes or of data altered by physical
processes not included in the model. Assigning weight zero to
wavelength bins affected by telluric or interstellar features is the
correct way to eliminate the effect of components with a multi-
plicative, and not an additive, impact on the observed spectra. As
Hadrava (2006) shows, such components can be treated in cer-
tain cases in good approximation as an additional additive com-
ponent during the separation process. This is only the case when
the telluric or interstellar lines are superposed on similar levels
of normalised intensity in all spectra. But a more rigid method
is mandatory, for example, in the case of an F-type star which
has an interstellar component superposed on the very strong
Na I D lines, while the latter move over a Doppler range of the
order of the width of these lines or larger.

Concatenating the values y;/oj; on the lefthand side into
a vector of length 3’ ; /;, which we denote b, and the (unknown)
relative intensities of the component spectra xi,, into the vector x
of length Y, Ny, the system of equations can be written as A-x =
b where A is the }; I; by 3, Ny matrix further on referred to as
the design matrix. Alternatively, one could consider obtaining
the least-squares solution to (4) by solving the system ATA - x =
AT - b, where the square matrix ATA is further on referred to as
the normal matrix.

In order to handle cases in which the design matrix or the
normal matrix is ill-conditioned or singular, the least-square so-
lution, i.e., the vector x that minimizes /\(2 =|b-A- x]*or
x> =|AT-b—ATA-x|?, is obtained preferentially by the singular
value decomposition (SVD) of the design or the normal matrix,
and construction of the pseudo-inverse matrix (Press et al. 1992).
While the solution based on the normal matrix is computation-
ally less-demanding, the application of SVD to the design matrix
is less susceptible to numerical instabilities. These issues are fur-
ther discussed in Sect. 4.

A computationally more efficient separation algorithm has
been formulated in terms of the discrete Fourier transforms
(DFT) of the spectra (Hadrava 1995), however, at the expense of
the following limitations. All J observed spectra must be sam-
pled on a common grid of N points with constant step in log-
wavelength, Aln A, related to the radial velocity resolution of
the grid, vg, by Alnd = A1/A = vg/c. The same grid must be
used for the K component spectra and the spectra are consid-
ered to be periodic functions of log-wavelength, the period be-
ing the full length of the grid. Furthermore, all data points within
one observed spectrum are assigned equal uncertainty o-;, and
therefore equal fitting weight. In Sect. 4.1.1, we will argue for
different weighting schemes in low- and high-frequency Fourier
modes m, i.e., 0 j,,. The DFT of the spectra are given by

N N
~ _ —2rimn/N ~ _ —2rimn/N
Yjm = Z Yjn€ / and Xieym = Z Xkn € / . (5)
n=1

n=1
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Since the spectra xi, and yj, are real, the DFT amplitudes Xy,
and 7;,, at modes +m are complex-conjugates of one another,
and it suffices to solve for the modes m = 0..N/2 for N even
orm = 0...(N — 1)/2 for N odd. According to the convolution
theorem, the shift of xz, by g pixels in the log-wavelength grid
corresponds to multiplying its DFT by the factor e >*1"#/N This
allows one to write the analogue of Eq. (4) as

Yjm
T jm

K
1 =2rimp,./N
= o D |8 -y

Jom =1
— =2rimpB{ /N ~
+(Br;j _,81(‘]') e mmA/ ] Xke,m

where Br; = wij/vgia is the radial velocity of component k
at time ¢; in units of the radial velocity resolution of the log-
wavelength grid (i.e. the shift expressed in “pixel units”), while
B,fj are the nearest integers from above and from below. The orig-
inal set of J X N equations in K x N unknowns is now uncoupled
into N/2 + 1 (for N even) or (N + 1)/2 (for N odd) sets of J
equations in K unknowns, each small set of equations with few
unknowns corresponding to one Fourier mode m. Note that the
system of equations corresponding to m = 0, and to m = N/2
for N even is real, while all others are complex.

For each Fourier mode the system of equations can be writ-
ten as F,, - %, = b,, where (X,,); = X (bm)j = gj,m/o—j,m»
and F,, is a J by K matrix. Contrary to the direct formulation in
terms of the spectra in the log-wavelength grid, ill-conditioned
Fourier modes (e.g., low-frequency modes, see also Sect. 4.1.2)
are easily identified and may be masked during the optimalisa-
tion of parameters or at least in early stages of the optimalisa-
tion process. For J > K, the systems are overdetermined and the
least-squares solution must be obtained for each m, separately.
According to the power theorem, the least squares solution in the
Fourier domain corresponds to the least-squares solution of the
original system of equations. Since the design matrix F,, may be
singular or ill-conditioned, the SVD of F,, should be performed.

3.1. Equivalence of methods

The result obtained with Fourier transforms can be reproduced
exactly in velocity space with an appropriate re-definition of
the design matrix. However, straightforward application of both
methods as implemented in available numerical codes leads, in
general, to slightly different results. This is due to the fact that
the Fourier transforms imply that the spectra are periodic func-
tions and thus connect the information at both edges and to dif-
ferent technical options in the codes, related to data resampling
and to the solution of ill-conditioned equations.

The basic difference in the solution procedures is schema-
tised in Fig. 1, showing the design matrix for the classical
velocity-space algorithm and for an algorithm that reproduces
exactly the results obtained in Fourier space — given all techni-
cal details are identical — but operates in velocity space. While
the classical algorithm uses a design matrix extending, for each
component, from the bluest log wavelength to the reddest one in
the reconstructed component spectrum, and hence exceeds the
interval covered in any of the observed spectra, the design ma-
trix in the Fourier-equivalent algorithm encompasses only the
observed log-wavelength interval. The information from inside
this range that is Doppler-shifted out of the interval at some
orbital phases is wrapped around to the other side of the log-
wavelength interval. Using various artificial and observed data
sets, we tested that the velocity space algorithm with the Fourier-
equivalent design matrix is equivalent to the Fourier-domain

H. Hensberge et al.: Separation of component spectra

Fig. 1. Design matrix for the classical velocity-space algorithm (upper
panel) and the Fourier-equivalent algorithm (lower panel) for a case of
two components and three observed spectra. Only elements represented
by filled, shaded or thick-lined squares differ from 0. The submatrices at
the 9 respectively 5 lefthand columns refer to one component, those at
the 7 respectively 5 righthand columns refer to the other component of
a binary. The spectra corresponding to the 5-rows upper sub-matrices
are shifted one pixel to the blue (right-hand side component), respec-
tively, two pixel to the red, those in the middle 5 rows are unshifted,
and those in the lower 5 rows have shifts with the sign opposed to those
in the upper 5 rows. Shaded and thick-lined squares indicate non-zero
elements wrapped around in the Fourier-equivalent design matrix due
to red-shifts and blue-shifts, respectively, but not in the classical design
matrix. Note the smaller size of the Fourier-equivalent matrix (exactly
the selected observed interval) owing to the wrap-around of data. The
Fourier-equivalent matrix is presented with an artificial “gap” between
the central rows to align the corresponding columns in the two matrices.

solution when they both deal with the same technical assump-
tions. Analytical computations on few-pixel data strings are pre-
sented in Appendix A and in the Ph.D. thesis of K. B. V. Torres.

Having established the basic equivalence of the solution
methods, in the next subsections attention is paid to the prac-
tical issues of the choice of the edges of the data strings and the
definition of the sampling of input and output data. The impact
of the choice of the type of solution algorithm for ill-conditioned
sets of equations is delayed to Sect. 4.2, after a detailed discus-
sion of numerical instabilities.

3.1.1. Edge effects

The reconstruction of the component spectra is badly con-
strained near the edges of the wavelength interval under consid-
eration unless there is sufficient pure continuum at both edges,
a situation which is not easily encountered in high-density line
spectra or in spectra of fast-rotating stars. If the observed spec-
trum contains a faint component, it is even hard to estimate
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Fig. 2. Disentangled spectrum of one component of a late-type binary using 37 low signal-to-noise spectra and a shorter respectively longer
wavelength region (2048 and 4096 bins) centred around 5190 A. For clarity, vertical shifts are applied to the component spectra. The difference
between the results is shown together with dot-dashed lines at the 2 percent level. Notice the deviations at the edges, especially at the long
wavelength edge where a strong line is present. The size of the sum of the velocity amplitudes, K; + K5, is shown with horizontal bars near the

edges of the smaller wavelength interval.

whether this component has strong spectral lines near the edges
of the interval. The choice of the edges of the input spectra is po-
tentially very important. With spectral lines crossing the edges
during the orbital cycle, some of the observed spectra have a
normalised intensity at the blue edge which differs from the
red edge. Their Fourier representation shows then the Gibbs-
phenomenon, a wavy pattern of deviations from the true func-
tions that travel inside the considered interval with quickly de-
creasing amplitude. Unfortunately, the choice of the edges is
constrained most by implementations of the algorithm that uses
the fast Fourier transform, which requires data strings with a
number of bins equal to a power of 2. In principle, the data can
be resampled to bin sizes ensuring continuum near the edges and
the required number of bins, but this sampling may violate other
gridding requirements (see also Sect. 3.1.2).

It is not possible to follow the propagation of the Gibbs phe-
nomenon through the solution process with mathematical rigid-
ity. Experiments suggest that the characteristic fast decay of de-
viations toward the centre is conserved. In practice, a check on
the Fourier representation of the observed spectra might be in-
structive for applications requiring the astrophysical interpreta-
tion of line strengths near the edges. The observable defect is
that lines reconstructed near the edge of the interval (distance
to the edge not significantly larger than the sum of the velocity
amplitudes of the orbits) are badly reconstructed. An example
is shown in Fig. 2. The influence of the unphysical treatment of
the edges spreads only marginally over the whole interval: struc-
ture in the deviations between the reconstruction of the spectrum
over a shorter and a longer wavelength range is only seen near
the edges of the shorter interval, within twice the sum of the
velocity amplitudes of the reconstructed components. In the re-
maining, more central part of the short interval the rms scatter
amounts to 0.012 (with an offset in level between the two re-
constructions of 0.008) and no structure was detected. The rms
scatter expected in a straightforward weighted addition of the
observed spectra is 0.008 and taking into account that the com-
ponent shown contributes 64% of the observed light, the recon-
structed spectrum is expected to have a rms noise of 0.012.

In velocity space, only part of the observed spectra con-
tribute to the reconstruction of the spectra around the edges of
the observed log-wavelength interval. The equations, linking the
reconstructed flux in bins near the edges to the flux in bins that
are never Doppler-shifted inside the observed log-wavelength in-
terval are missing. No “false” information is wrapped around,
but the set of equations is still not well-closed.

Estimates on the presence of edge effects in practice can be
obtained most easily by applying both direct and Fourier tech-
niques, and by applying the reconstruction algorithm to overlap-
ping spectral regions (i.e., with different edges). In conclusion,
in the case that some observed spectra have lines near an edge
of the selected wavelength interval, or that components are re-
constructed that contribute only weakly to the observed spec-
tra, we recommend that astrophysical analyses that depend on
line strengths be limited to the part of the interval for which the
whole spectral line is not closer to the edge than one or two times
the sum of the largest velocity amplitudes.

3.1.2. Grid definition

Several aspects intervene when defining the sampling of the ob-
served spectra and the output component spectra. On one hand,
the natural sampling from the observational viewpoint is defined
by the size of the pixels of the detector. With many echelle spec-
trographs, the size of the pixels is fairly constant over a large
wavelength range when expressed in velocity units, but not when
expressed in wavelength units. Hence, we discourage the com-
mon practice of resampling spectra in wavelength units, and
thereafter, for application of the reconstruction method, of re-
sampling those spectra to constant velocity steps. This leads to
unnecessary resampling errors and increases the correlation be-
tween errors on consecutive pixels. Inasfar as later error estima-
tions and least-squares algorithms are based on the assumption
of independent errors on each spectral bin, they will turn out to
be too optimistic.

On the other hand, the sampling of the input spectra fixes
the resolution in the orbital velocity grid, assuming that no
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further resampling to another grid is done in the spectra sepa-
ration algorithms. In the case that the bin size is not sufficiently
small with respect to the orbital velocity, then a finer grid (with,
admittedly, oversampled spectra) may be advantageous. The op-
tion to introduce input spectra with different sampling and re-
quire component spectra with another sampling is straightfor-
ward in velocity space. This option is useful for fast-rotating
components in a wide system with low-velocity amplitudes.

4. Indeterminacies and numerical instabilities

The DFT formulation, with its independent, small sets of equa-
tions, offers the easiest possibility to investigate in depth under
which conditions the separation of spectra may lead to singular
or ill-conditioned solutions, even using observed spectra with
infinite signal-to-noise ratio. The SVD of the design matrix F,,
with J rows and K < J columns is obtained by decomposing it
to a product of three matrices, F,, = U,, - W,, -V}, where U, is
aJx K and V, a K X K unitary matrix (ULUm = VLV,,, =1),
and W, is a K x K diagonal matrix with elements w,, ;. The
solution of the set of equations F, - X, = b, is then &, =
Vi - [diag(wr‘n,k)] . (Uj,, - b,y) where [ is replaced by zero if
wmi = 0. The latter substitution singles out the solution vector
with the smallest length. In practice, applying this substitution
when w,,x is very small but non-zero gives the SVD solution for
an ill-conditioned set of equations. This solution is known to be
often better, in the sense of the residual |F,, - ¥,, — b,,| being
smaller, than the formal one provided by direct methods such as
Gaussian elimination or LU (lower and upper triangular matrix)
decomposition.

The ratio C,, of the largest to the smallest singular value
of Fyyy, Wy +[wm.—, is a worst-case estimate of loss of precision in
solving a linear system defined by the design matrix. C,, is called
the condition number. It is infinite when the system is singular
and orders of magnitude larger than unity when the system is ill-
conditioned. The quantity log C gives an estimate of how many
digits are lost in the solution. Ill-conditioned means roughly that
log C is comparable to or larger than the precision of the matrix
entries.

The singular values of the square normal matrix F)F,,
which are also its eigenvalues, equal the squares of the singu-
lar values of the non-square design matrix F,,, since

F'F,=V,-W .U .U, W,-Vl =V, -W? .V .

Therefore, the condition number associated with the normal ma-
trix F),F,, is the square of the condition number associated with
the design matrix F,,. The larger condition number for the nor-
mal matrix quantifies the increased sensitivity to numerical in-
stabilities. SVD is best applied to the design matrix.

To obtain the eigenvalues of the normal matrix, it suffices
to solve its characteristic equation, det(F j,lF 'w—w?I) = 0, which
may be written as

(@)K = Tr(F! F o))" + Try(FL F ) (@)K 2 + -
+(=DK " Trg_((F) F,)w* + (=1)Xdet(F! F,,) = 0. (6)

We follow common practice to suppress the index 1 for the trace
of the first order, which equals the sum of the diagonal elements
of the matrix.

A general lemma on determinants of a product of two rect-
angular matrices G(K x J) and H(J x K) with K < J facilitates
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the computation of det(F ,T,,F ). It states that (Thrall & Tornheim
1963)

det(GH) = det(G’},

(1<ja<..<jgle(l,...J)

s det ', o, ()

,,,,,

where the summation selects all choices of K different indices
out of J. The matrix G, ;. is the square matrix of degree K
extracted from G, keeping the columns ji, ..., jx,and H'; ;.
is the square matrix of degree K extracted from H, keeping the
corresponding rows ji, ..., jk. In our case, each determinant is
a sum of terms of the type

K

Crj in
(-1)° 1_[ K o 22mi 5B

u=1 o-./lhm

with the sign in the exponential depending on whether F T or
F;, is considered, and s is the number of interchanges needed
to restore the order of the K different indices (ky, ko, ..., kk) to
their natural order (1,2,..., K). Here the velocity shifts are as-
sumed to be integer-bin shifts to improve the readability of the
expressions. The product of the determinants is a sum of terms
of the type

K
s+s’ fkujugk::ju 27158 By ju =B i)
oty [ Bl g,
u=1 Justn

For some values of u, k, = k;, while for other values k, # k.
Therefore, this expression may be rewritten as

k,=k;, p2 ki #k,
(_ 1)S+S' fk“j” fkuju sz’zju
2 2
(o g
u Jusm u Jusm
ku#k,

X exp

.m
ZﬂIN ZM: B —ﬁk;ju)]

assuming a value of 1 for a product that does not contain any
term. Finally, combining the terms in the sum which are a com-
plex conjugate of each other, one finds that det(F?,F,,) is a sum
of terms of the type

ku=k], p2 ky#k],
(- 1)w[ H . H l_[ fk,,j,,fk;,ju]
o? o2
u Jusm u Jusm
kK,
m
X 200521 > B = Brj)- ®)
u

In the next section, explicit expressions are written down for sys-
tems with small multiplicity. It will turn out useful to define

ku#k;,

o Criji ki
Lindlces - 2
u o-jthm
ky#k;,
Oindices = Z(ﬁkuju = Brj.)
u

where the “indices” of L and ¢ are the k, that belong to the set
of values of u with k, # k;,, in ascending order, followed by the
corresponding set of j,.
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4.1. The Fourier case: binary stars and triple systems

An analytical solution for the condition number of the design
matrix can be obtained for systems with low multiplicity. With
K = 2, the characteristic Eq. (6) reduces to

J 52

Wt —w Z " ! 4 det(F! F,) =0 )
]m

where, using Eq. (8), the determinant is written as a sum of non-
negative terms:

J =l A2 +2Lpj, ), (1 —cos Zﬂm512jlj,)

det(F},F,) = » > —L1k —— —2(10)

22=2 ji=1 Jrm” jpm
with
Alpisy = bl — 0005,
= lij, — l1jss since €1+ €2 = 1; (11)
Lijj, = €1,01;,6j,62), (12)
612j1j, = Bajy = B1jy) = Bajy — Biji)
= Brj, — Bij) — B2j, — Bjp)- (13)

The condition number C,, associated with the design ma-
trix F,, is

2
W+ Wi+

 det'*(F! F,)

where w,, + and w,, — are the larger, respectively smaller root of
Eq. (9). This leads directly to

Cn = (14)

Wi~

Cm = Zm + Zl%n —1 with
VAT, 7 =6
A, o (15)
Im = ; = ' :
" 2det/X(FLF,)  4det'*(FiF,)

For K = 3, the characteristic equation is
L0+ é’%} + 83

W - w Z

where Tr, (F mF 'm) equals
= AG + 2Lty jy (1= €O 278 Stk 1)

I
o o2

k=1 \j»=2 j=1 Jim” jam

L + W Try(F) F,) — det(F F,) = 0

(16)

with k» = ky+1 modulo 3, and k3 = k; +2 modulo 3 the two com-
panion stars of k;. Expression (16) is the sum of the determinants
for the three subsystems with two-components. It is convenient
and sufficient to solve this third-degree equation in w? numeri-
cally to obtain the condition number. Nevertheless, the analytical
computation of the determinant adds insight in the discussion of
ill-conditioned data sets of triple systems.
The determinant for the three-component system is

Z (22;21 gkl.leAszgsjzj} )2

(i<j<j3)e(l,...J) jlm Jom” j3.m

det(F! F,,) =

—cos2n%} 6k2kzjzjz)

42 Z Z k1]1 Z Z Lkzkzjzjz —

k=1 ji#j2.J3 /lmjz—2jo ]zm J3.m

— 08 2785123, ,7:)

9 Z ZZLIBMZB ——

J1#)2.J3 2#J3 J3= J] m= jo,m” j3m

A7)
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with

Lisjjpjy = iy 61, 62jy 62, 03,63,
= (Baj, = Bij) + Bij, = B3jp) + Bajs — Bajy)
= (Bij, = Brj) + Baji = Bjy) + (B3js — PBaj)

and Aszlquh, Lkzk3jzj3 and 61(2](3‘]'2‘]'3 given by Egs. (11) (the non-
simplified form on the first line) till (13). The following relations
exist between the diftferent relative velocities in the expression of
the determinant:

0123, jujs

Okikajijs = Okiksjijn + Okskajijp (K1 # ko # k3)

0123j170js = O13j0js + 012j3s

= 012j1p + 023105

= 023j5j1 + 013/,

The outer sum in the first term of Eq. (17) cycles over all choices
of three epochs out of the J epochs with observations. Using the
condition 2}2:1 {xj = 1, the inner sum over the three components
simplifies to reduce the first line of Eq. (17) to

2
(Afklkzjljz + Afklkzjzj,w + Agkl"z.i}jl)

2 2 2
Jism? ja,m” jzm

(18)
(j1<jp<j3)e(l,...d) a
where ki, k, stands for any choice of two of the three
components.

4.1.1. Fourier mode m=0

The elements of the design matrix for the m = 0 mode do not
depend on the relative Doppler shifts, but only on the £;; and the
o ;m, and the expression for the determinant reduces to a sum of
squares for any number of components K:

2,

(r<ja<..<jg)e(l,...J)

det(F}Fy) = det®(Ff . .. i)

Equations (11) and (18) show how this general expression can
be simplified, for K = 2 and K = 3, respectively. The design
matrix is singular if and only if there is at least one couple of
components (ki, k) with a mutual light-ratio ryx,; = €k, j/lk,;
that does not vary over the input spectra (does not depend on j),
since then the elements in the columns k; and k, of the normal
matrix are proportional. If none of the ry,; depends on j, then
K — 1 singular values will be zero. The singularity implies that
a wavelength-independent change in level can be added to the
intrinsic spectrum of one component, if a corresponding change
is applied to the intrinsic spectrum (spectra) of the component(s)
having a constant mutual light-ratio relative to the first one. The
set of solutions has been described in Sect. 2.

However, with a significantly varying, mutual light-ratio,
the solution of the zero-mode equation guarantees the proper
normalisation of the component spectra, and thus the proper re-
construction of the total line-blocking coefficient over the ob-
served wavelength region. Even if a subset of all components has
a constant mutual light-ratio, the remaining components will be
normalised correctly if the zero-mode equation is solved using
SVD. The particular case of eclipsing binary stars, where few ob-
served spectra may correspond to a very different mutual light-
ratio, deserves further comments.

Figure 3 illustrates how the inclusion of a spectrum in
eclipse eliminates the singularity from the zero-mode equation,
and how the use of a larger weight for such spectrum increases
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Fig. 3. The improvement in condition number for a data set of 41 spectra
well-distributed over the orbital phase and including one spectrum in
totality of an eclipse. The data set is constructed from an observational
data set for RV Crt, but only considering the close binary in this triple
system. Out of eclipse, the star which is invisible in mid-eclipse has
82.6% of the total light. The condition number improves by almost a
factor of 5 when counting the eclipse spectrum with a weight in a broad
interval around 28.

the regularity of the set of equations. Indeed, when weights
are assigned relative to the random noise in the spectra and
when most spectra are taken out of eclipse, then the information
present in the varying dilution of the spectral lines during eclipse
is taken into acount with low weight. An argument against giv-
ing more weight to spectra taken in eclipse (unless the eclipse
is total) is that the shape of the line-profiles in the spectrum of
the eclipsed star changes when part of its disk is eclipsed. The
interesting possibility in the Fourier-approach is, that one can
assign a large weight to the eclipse spectra for low-frequency
modes, and low or null weight for high-frequency modes. In this
way, the dilution of the spectral lines during eclipse is used to
stabilise the solution for the low-frequency modes, while it does
not influence the line profiles. This is the basic reason that we
consider weights that depend on the Fourier mode m.

As an example, we compute the optimal weight wgp to be
associated with a single total-eclipse spectrum of a binary in a set
of J equal-quality spectra with no light variability out of eclipse.
In this case, £;; = 1 for j = 1 and 0'1‘2 = wo-‘,f1 for m = 0. Since
Cy is a monotonic function of zy (Eq. (15)), it suffices to require
that the derivative of zy to w is zero. With

w+(J - 1)(5% + f%)

20 =
20, VJ — 14w
one finds
Wopt = (J = 1)} + 63) (19)
and with this weight
2 o
CO,Opt = ?2 + 1 E . (20)

Notice that the “optimal” condition number is independent of
the size of the data set, but will vary with wavelength if the stars
have a different flux distribution. Since

1+ Wopt

2 \Wopt

2ow=1)= 20,0pt and Wopt X J -1,
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Fig. 4. Deterioration of the condition number by a third companion to
an eclipsing close binary, when the relative light ratio of the third star
to one of the close-binary components varies only because of the non-
spherical shape of the latter component. The example refers to the data
set of RV Crt used also in Fig. 3 with unit weight for the spectrum in
eclipse. The condition number for the binary deviates from unity be-
cause of 5—‘ ~ 4.75 out of eclipse. The observed region is 2048 pixels
wide, ~26(K; + K;). The condition number for the lowest modes is
shown in detail in the smaller window.

the use of the “optimal” weight has a larger impact on the con-
dition number for a data set with a smaller amount of eclipse
spectra.

It is straightforward to generalize Egs. (19) and (20) to the
case of a partial eclipse,

-+ )

Wopt =
2 2
Zle + 626
o (1+[—‘)(1+f£)
C [2 fze [2 fle
0,0pt — |[£ _ {;_1|
he O

where the index “e” was added for the light factors in partial
eclipse. A larger weight is needed than in the case of a to-
tal eclipse (€3, + €3, < 1), and the improvement of the con-
dition number is smaller. Shallow eclipses (£ic/l2e =~ €1/(2)
have no significant effect. The set of equations will remain ill-
conditioned. Shallow, in this sense, means that the varying di-
lution effect on the spectral lines is not larger than the uncer-
tainty in placing the continuum level on the observed spectra.
Similarly, intrinsic stellar light-variability in non-eclipsing bina-
ries only helps in solving the zero-mode equation if the ampli-
tude of the light variations is large.

4.1.2. Very low-frequency Fourier modes, m # 0

The determinant of non-zero modes contains two types of terms:
the terms depending on the light-ratios only (which appear also
in the m = 0 case), and an additional non-negative contribu-
tion depending on light-ratios and relative velocities. Hence, if
the zero-mode is well-conditioned, all higher modes are also
well-conditioned since their determinant is not smaller than for
m = 0. The discussion below is thus only relevant for systems
with light ratios that do not vary significantly. Figure 4 shows the
increase in condition number due to the inclusion of a third, wide
component contributing significantly to the total light (=45%)
with a close binary where only one spectrum was obtained in
totality of the deeper eclipse. The third component, although
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dominating the observed spectrum, destabilizes the low-
frequency solution because its light ratio relative to the non-
eclipsed component of the close binary only varies slightly ow-
ing to the ellipsoidal shape of the latter component. In the two
lowest modes, the condition number is enhanced by a factor
of 24 and 10, respectively.

If cos2n%;612j,j, ~ 1 for all (ji, j2) in the case K = 2
or cos2m50xkj,j, ~ 1 for all (ji, j2) and all (ki,kz) in the
case K = 3, then the set of equations for specific non-zero
modes may be ill-conditioned. This can be evaluated quantita-
tively through calculation of the condition number. Low % (low-
frequency Fourier modes) and small relative velocities are un-
favourable factors. In such a case, application of SVD is the rec-
ommended option to obtain a robust solution. This solution may
deviate from the true solution and introduce a spurious signature
in component spectra. A spurious signature at low frequency
is likely to appear in component spectra reconstructed over a
wavelength interval much larger than the total range in relative
Doppler shifts between the components. However, these spuri-
ous signatures in the different components are strictly linked to-
gether, such that their contribution cancels when combining the
component spectra to reproduce the observed spectra. Removal
of spurious signatures has to take into account this coupling.
Methods “re-normalising” the component spectra independently
(e.g., Fitzpatrick et al. 2002) produce normalised component
spectra with a worse goodness-of-fit.

Identification of the ill-conditioned modes (m-values) thus
defines the shape of possible spurious features and this knowl-
edge can be combined with the identification of apparent contin-
uum windows to obtain an appropriate normalisation if the SVD
solution did provide an unsatisfactory result. In practice, it may
happen that none of the allowed shapes offers a satisfactory re-
sult. This indicates that either the model (Eq. (1)) is biased or
that the observed spectra are biased (e.g. incorrect normalisa-
tion). The latter is the subject of Sect. 5 and the description of
a practical normalisation procedure in ill-conditioned cases will
be discussed thereafter (Sect. 6).

4.1.3. Higher Fourier modes

The set of equations for higher Fourier modes is ill-conditioned
in exceptional cases, namely for very specific distributions of
the relative velocities, which are more easily fulfilled for small
sets of observed spectra and when the velocities are rounded-
off to the nearest integer bin. Figure 5 shows artificial data sets
with some ill-conditioned high-frequency Fourier mode(s). The
shape of the component spectra is identical and represents a
sharp-lined B1V spectrum (x4580-4670 A). The same sets of
artificial data are extensively used in Sect. 5. The input spectra
are constructed for 16 orbital phases, at velocities — K], —%K 1,
-3K, - 5K, —3Ki, -3 K1, -1K1, - 5K, 0, K1, 1K1, 3K,
%Kl, %Kl and %Kl, K to mimic a good coverage of the orbit.

The origin of the indeterminacies lies with the |(82; —51;) —
(B2j; — Bi1j)| for all couples of orbital phases (index j, j') be-
ing multiples of 2, 3 or 4 respectively (using K; = 12, K, =
12,24,36) and the number of bins in the reconstructed spectra
(672) being a multiple of 2, 3 or 4. Solving with SVD, the am-
plitude of the high-frequency patterns is much lower than for
low-frequency modes and actually of little practical interest. The
reason for this is explained in Appendix A (Sect. A.4).

Finally, we notice that the equations for all Fourier modes
are ill-conditioned when one of the components is very faint in
all spectra. This is easily illustrated and quantified for the case
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Fig.5. Artificial data sets (16 spectra, 672 bins) leading to ill-
determined Fourier modes at m = 0, and |m| = 336 and/or |m| = 224
and/or |m| = 168 (arrows indicate C = o0). Also neighbouring modes
are determined with less precision. The three data sets differ only by
the amplitude K, of the Doppler velocities, as indicated in the panels
showing the logarithm of the condition number. The corresponding in-
put data sets are shown above each of the log C-panels.

of a binary star: assuming a good orbital coverage with equal-
quality spectra, the expectation value for the sum of cosine terms
in Eq. (10) is zero, and the expectation value for the determinant
in the constant-light case is J(J — 1)(’%550';,4. Since for {1 +¢6, = 1

1 1 1
bty =5 (14 (0= 0) 5 (=l = 0) = 7 (1= - 0))
the expectation value for z,, is
[T 1+ -6)
Zm —
J=11-( - 6)?

and, approximating J/(J — 1) by unity, simple algebra leads to
Cm ~ 61/52. (22)

21

Hence, for a binary with equal brightness components, the con-
dition numbers approach unity. In the other extreme, with a van-
ishingly weak secondary, all Fourier components are extremely
ill-conditioned. This extreme expresses simply that a component
cannot be reconstructed if the observed spectra do not contain
information about it. Equation (22) quantifies that the spectral
separation for each component of a (non-eclipsing) binary star
degrades inversely proportional to its fractional light contribu-
tion. The weaker the component, the worse the set of equations
is constrained. This reflects, in the first place, the difficulty to
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Fig. 6. Condition numbers for real data sets (see text). Notice only part of the Fourier modes are shown (the lower-frequency modes) in the panels
on RW Lac and RV Crt, and that the panels showing the m = 0—10 modes have diftferent scales on the vertical axis.

reconstruct the spectrum of the faintest component. While low
random noise (or, equivalently, a large number of observed spec-
tra) is a prerequisite for the reconstruction of weak components,
and will set in practise often a more stringent limitation than the
condition number, the latter indicates that beyond a certain light
ratio even low random noise may be insufficient to reconstruct a
faint component.

4.2. The velocity-space case

If a problem is ill-determined in Fourier space, it is also ill-
determined in velocity space. The reverse is not necessarily true
(Appendix A), but the “gain” in the Fourier approach is a conse-
quence of the additional periodicity requirement on the spectra,
which is not based on physics. The “gain’ is thus illusory.

Since the singular values in the case of the velocity space
refer to a large set of coupled equations, it is less easy to predict
the shape of the spurious component theoretically, as compared
to the singular values associated directly with different Fourier
modes. However, this point must be evaluated in the context that
the presence of bias in the input spectra (Sect. 5) may invalidate
the predicted shape in the Fourier approach.

4.3. Applications

We computed condition numbers for a number of observed data
sets available in the literature to illustrate their usefulness in
practice. Figure 6 summarizes the results in eight panels.

The upper-left panel deals with the data set of 8 spec-
tra of the early-B type eclipsing binary V453 Cygni anal-
ysed by Simon & Sturm (1994) in their paper introducing the

velocity-space disentangling technique. The condition numbers
C,, are all larger than £, /¢, =~ 2.7. Despite the low number of
spectra, the equations for all modes are well-determined if the
spectrum in total eclipse is included (thick line, “+” symbol in
Fig. 6), or if the light ratio is imposed by external knowledge.
Otherwise (thin line and “0” symbol), the m = 0 mode is unde-
termined and larger undulations of quasi-sinusoidal shape might
be seen.

The middle panel in the upper row deals with another
early-B binary, NGC 2244—#200, this time with very partial
eclipses and ¢;/¢, ~ 1.9 near 4600 A. The data set of 12 spec-
tra analysed by Hensberge et al. (2000) to reconstruct the spec-
tra and to derive the orbit includes two spectra in the middle of
one of the partial eclipses. Weights were assigned to the spec-
tra (thick line, “+”) following signal-to-noise ratio such that the
spectra in eclipse received together only 7% of the total weight.
The thin line and the open circles refer to the case without
weight. The weights had no significant influence on the condi-
tion numbers, but, as shown in Fig. 3, assigning a much larger
weight to the eclipse spectra in the solution of the m = 0 and
m = 1 modes would reduce the undulations removed by the au-
thors applying a “corridor” procedure as described in Sect. 6.

The upper-right panel in this row deals with two data sets
for 7 Muscae used by Bakis et al. (2007) to reconstruct the spec-
tra of two very similar late-B type components with very partial
eclipses and to derive the orbit. One data set includes 43 spec-
tra of which several were in partial eclipse (thick line, “+”). The
newer data set in a different wavelength region includes only
7 spectra (thin line, “0”), one of which is in a partial eclipse.
Both log C-curves are noisier because measured radial veloc-
ities were used rather than those predicted by the orbit. It is
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obvious that the larger data set, well-distributed over the velocity
range covered by the orbit, reduces the structure in the log C-data
significantly. While the use of the spectra in partial eclipse, but
out of mid-eclipse, helps in constraining the lowest modes (and
larger weights would have been beneficial to modes m = 0, 1),
it might be wise not to use such spectra for the solution of the
higher modes since the line profiles in those orbital phases are
different.

Below, the mid- and lower-left panel deal with the data set
for RW Lacertae analysed by Lacy et al. (2005) with the two-
dimensional cross-correlation technique developed by Zucker &
Mazeh (1994). It concerns an eclipsing late-type binary (G5 +
G7) with €,/€, ~ 1.8 near 5200 A, for which 36 spectra were
collected, almost exclusively at orbital phases corresponding
to large Doppler shifts (vx; > Ki/2). The lack of spectra at
lower velocities is reflected in small oscillations of log C for the
first 80 modes. Only the first 200 of 1025 modes are shown, be-
cause further on the curve is flat. In the mid-row panel, the thin
line (almost indistinguishable from the thick one) and the “+” in-
dicate the beneficial effect that two spectra with unit weight,
taken at each mid-eclipse would have: the condition number of
mode m = 0 is reduced from a value above 10? (even while tak-
ing into account the very small light variations out of eclipse)
to below 10 (proper weighting would bring it down even more),
allowing a spectroscopic determination of the light ratio. In fact,
Lacy et al. (2005) suspect that the system contains a third com-
ponent contributing roughly 2.5% to the total light. The lower-
row panel shows how much such a faint companion enhances the
condition number of the equations. Especially when no eclipse
spectra are available (thick line, “0”), various low-frequency
modes are destabilised. The eclipse spectra defined above, in
which the faint component has a larger contribution to the to-
tal light, reduce the effect (thin line and “+” refer to unit weight,
dashed line and “x” to a ten times larger weight for the eclipse
spectra), but log C remains one order of magnitude larger than
in the binary case for all modes. A complete spectroscopic study
of this system should be undertaken only when some spectra in
eclipse are available.

Three of the four remaining panels concern the triple sys-
tem RV Crateris (Hensberge et al. 2007; Vaz et al. 2008), con-
sisting of an eclipsing binary (late-F + late-G) representing about
half of the total light and a distant, sharp-lined late-F compan-
ion. The faint component of the close binary contributes less
than 10% to the total light below 6000 A. The data set includes
41 spectra, of which one was obtained when the brighter com-
ponent of the close binary was totally eclipsed. Twenty-five dif-
ferent wavelength intervals were reconstructed, but only those
with the most significant contribution of the fainter component
were used for the orbit determination. This case serves to show
the influence of a number of different parameters: the lower light
contribution of the faintest star at blue wavelengths enhances the
condition number for all modes, but not very significantly. A
large wavelength range can be used. Taking a four times larger
wavelength region around the same central wavelength results
in any structure in the log C-curves being moved to four times
higher modes (compare the bump near m = 100 in the 4096-
bin case to that near m = 25 for the 1024-bin case). Finally, the
righthand panel in the middle row shows the effect of adding
one spectrum in the middle of the very faint secondary eclipse,
with weight unity (thin line, “0”) or weight 16 (thick line, “+”7).
For comparison the result for the first ten modes without this
secondary-eclipse spectrum (weight 0) is shown with filled discs.
It shows that a spectrum in the secondary eclipse is useful for
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stabilising the solution of low Fourier modes, and thus reduc-
ing the undulations seen in Fig. 11, although the original per-
ception when planning the observations was that the line pro-
files at the time of these ring-like eclipse would exclude any use.
(Evidently, it should not be used for any but the lowest modes.)

Finally, the lower right panel deals with the only four-
component system with reconstructed spectra (Gonzélez et al.
2006) from a small data set of 11 spectra, AO Velorum, anal-
ysed with a tomographic technique. The stars contribute 40%,
28%, 16% and 16% to the total light. Lacking sufficent indica-
tions in the paper, we took the light ratio as constant in time,
although one of the stars is eclipsing and three spectra appear to
be taken with one component partially in eclipse. Nevertheless,
the computation shows that all except the lowest modes have
very acceptable condition numbers, indicating that it is not too
unreasonable to reconstruct the spectra from such complex sys-
tem from a small data set. The most adverse effects are probably
confined to the lowest modes, with modes up to m = 4 having
condition numbers larger than 10. This is interpreted as a larger
sensitivity of higher-multiplicity systems to undulations with a
more complex pattern being superposed on the continua of the
component spectra.

5. Biased input spectra

The input data for the spectrum reconstruction analysis have un-
dergone a data reduction process aiming at the removal of com-
plex instrumental effects, as fringing, contributions of stray light,
intensity modulation through the spectral orders, etc. Imperfect
data reduction (and imperfect detectors) may generate spurious
features in the observed spectra at very different frequencies. A
particularly difficult issue in echelle spectroscopy is the com-
bination of data observed in different spectral orders. As a rule,
the standard pipeline data reduction software implemented at the
telescopes do not offer consistent data at the same wavelengths
in different spectral orders, in terms of low-frequency changes of
the flux with wavelength. They may merge the inconsistent in-
formation in a global spectrum (which then contains instrumen-
tal order-merging bias) or they may leave it to the researcher to
determine the stellar continuum in each spectral order separately,
a quite nonrobust procedure.

Even when these types of pitfalls are successfully circum-
vented, the normalisation of the observed spectrum is likely
more complex than for single stars. Not only are there spectral
features of more than one component, the features also move in
time. As a consequence, the position and the number of contin-
uum windows — if any are present — will change in accordance
with orbital phase. At some level, this will introduce phase-
correlated bias in the normalisation of the spectra. This bias will
be transferred by the purely mathematical separation algorithm
to the output component spectra. The basic characteristics of the
bias progression constitute the subject of this section.

Our main concern is the phase-correlated bias, since this
leads to large bias in the output spectra. Nevertheless, some spe-
cific examples of static bias will be discussed, without any at-
tempt to exhaust the subject. Our study is based on artificial,
noise-free input spectra. They serve our purpose to illustrate
under which conditions bias is amplified in the output spectra.
While random noise complicates the determination of the ob-
served continuum and increases the uncertainty in it, it is un-
likely to increase the correlation of bias with orbital phase, ex-
cept when the noise level correlates itself with orbital phase.
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Fig. 7. Bias progression during the reconstruction of component spec-
tra in the case of a continuum gradient error that correlates strictly with
orbital phase. The upper panels show the reconstructed spectra (left),
and the bias in the 16 input (thin lines) and the 2 reconstructed compo-
nent spectra (thick lines) in units of continuum intensity for the case of
identical components, with the extreme difference in Doppler shifts be-
tween the components equal to 3.6% of the length of the reconstructed
wavelength interval. The lower panels show the inverse proportionality
of the amplitude of the bias with the relative Doppler length d (compare
left lower panel to right upper panel) and the inverse proportionality
with the fractional light ratio £;! (compare right lower panel with left
lower panel).The dotted lines in the lower panels refer to the identical-
components case shown in the right upper panel.

5.1. Bias related to orbital phase

To separate the progression of the phase-related bias from other
factors, all examples are built from the same, noiseless compo-
nent spectra of a binary star. Without loss of generality in the
conclusions, the spectra of the two components are taken to be
identical (see Fig. 5), the covered wavelength range ¢ Aln A and
its discretisation in N bins are always the same and the velocity
amplitude K, fixed. However, we vary the type of bias applied
to the continuum, the velocity-amplitude ratio K;/K, and thus
also the relative Doppler length d = (K| + K3)/(cAln Q) in units
of the size of the spectral interval, and the light ratio £;/¢,. The
light-ratio is time-independent except for the discussion of one
specific case, wherein a mid-eclipse spectrum is included.

The bias €;(In 1) applied to the continuum has an amplitude
depending on wavelength and orbital phase,

yi(Ind) — y}(ln A =1 +¢€j(Ind)y;(InA). (23)

We took the continuum to be unbiased at the velocity of the sys-
tem since this should be the spectrum that is easiest to normalise,
and bias increased proportional with the Doppler shifts to a max-
imum of 0.0025 (0.25% of the flux in the continuum). As a func-
tion of wavelength, we represented the bias in different ways: a
sinusoidal function of In A, with period equal to or smaller than
the length of the spectrum; a slope superposed on the contin-
uum level; or a constant offset, with opposite sign at both sides
of the centre, linearly connected around the centre. These dif-
ferent types of bias, as a function of wavelength, represent in a
schematic way continuum offsets (a risk when merging spectral
orders from an echelle spectrograph), continuum slope errors,
and wavy patterns due to the use of pseudo-continuum windows.

The resulting bias in the reconstructed spectra is shown in
Figs. 7, 8. The first figure concentrates on the influence of light
ratio, velocity-amplitude ratio, and relative size of the interval
in the case of a local error in the gradient of the continuum. A
similar figure for a sinusoidal disturbance of the continuum can
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Fig. 8. Bias progression during the reconstruction of component spec-
tra. Different panels refer to different bias patterns in the input spectra,
all strictly correlated with orbital phase. All cases have identical light
ratio, velocity amplitude ratio, relative Doppler length and orbital phase
distribution of input spectra (see text and label in upper panel). The two
higher-amplitude curves in each panel represent the bias in the recon-
structed spectra, the bunch of 16 lower-amplitude curves represent the
bias in the input spectra. The bias is expressed in units of continuum
flux intensity.

be found in Hensberge & Pavlovski (2007). The amplification of
phase-correlated bias during the reconstruction process is obvi-
ous. Figure 8 concentrates on different types of bias as a function
of wavelength. The bias seen in the reconstructed spectra is eas-
ily understood in the following way. Assume that the observed
spectra y; contain an additive bias 77; b(In 1), where 7; € [-1, +1]
is proportional to the instantaneous radial velocity and b(In 2) is
a smooth function. In practice, the bias we applied is not addi-
tive (Eq. (23)), but it is a good approximation for small b(In 1)
except when many wavelength bins contain much less flux than
the continuum. In order to reproduce this bias for arbitrary n; a
bias =B(In 1)/¢; in the reconstructed spectra is needed, since

I K -1 K
nb(nd) = ¢, —B(ln/l+r]—1) + 0 —B(ln/l—r]—z)
fl C 52 C
K + K> d
e s L
1 c dInA (Ind)

It immediately follows that

c In A
B(h]ﬂ) = ;a—;—%z'uf‘ b(x)dx,

i.e., the function B describing the bias in the reconstructed spec-
tra is the integral of the additive bias in the observed spectra.
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Fig. 9. Bias progression during the reconstruction of component spectra
in the presence of a 2%-deep static absorption feature (thin line in upper
right panel) not belonging to the reconstructed components. The input
spectra (except for the static feature), the parameters, and the lay-out
of the figure are the same as in Fig. 7. The bias is expressed as the
difference between the reconstructed spectra and the true stellar spectra.

Defining the variable ¢ = 2(In A — xp)/(Aln ), where xg is In A
at the mid-point of the considered log-wavelength interval, one
can also rewrite the above expression as

cAlna

R TR AN

’ ’ 1 i ’ ’
b(x")dx = 77 ﬁ(b(x )dx" - (24)
This explains the proportionality of the amplitude of the bias in
the reconstructed spectra to the length of the interval in Doppler
units, d~', and the inverse proportionality to the light factors, as
seen in Fig. 7. It also explains the parabolic shape of B when b
is linear (“gradient” case), the linear shape of B for the “offset”
case for b and the trigonometric shapes in the remaining three
cases (Fig. 8). Equation (24) also predicts very well the observed
amplitude of the bias in the reconstructed spectra.

We performed the tests shown thus far with on average
bias zero in each input spectrum. Exactly such bias is likely
to pass unnoticed since it cannot be detected by simply check-
ing the consistency of the line blocking in the observed spectra.
As expression (24) shows, in all such cases the bias B has the
same value at the edges of the reconstructed spectra. Exactly
this feature leads to the same response for the velocity-space
and Fourier-space algorithms. However, if the phase-correlated
bias described by b has non-zero average over the considered
wavelength interval, the bias in the reconstructed spectra may be
different for the two algorithms (Iliji¢ 2004).

5.2. Bias fixed in velocity space

In principle, blemishes due to the detector, imperfect flat-
fielding, unrecognized faint interstellar features, telluric lines or
absorption due to a faint, undetected component can all con-
tribute to (quasi)-static features in the observed spectra that are
not included in the model described by Eq. (1). If the model in-
cludes the reconstruction of a static stellar component, then static
features of any different origin are fully transferred to this com-
ponent. Further discussion concerns models without static stellar
component.

Figure 9 shows the results obtained by adding to the data
set shown in the lower panels of Fig. 5 a weak static absorption
feature, while the spectral lines of both reconstructed compo-
nents show orbital Doppler shifts. A lower light contribution and
a lower Doppler amplitude contribute to make the static feature
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Fig. 10. Bias induced by line strength variability in one of the compo-
nents (see text for details). The upper panel shows the true spectrum of
a single component (full line) for v = 0. The bias in the reconstructed
spectra is shown in the middle panel (applying the Fourier technique)
and the lower panel (applying the velocity-space technique). In the lat-
ter case, the reconstructed spectra were shifted by +0.04 and —0.04 in
intensity to present the results within a smaller range of intensities.

more pronounced (and slightly deformed) in the reconstructed
spectrum. In addition, small offsets of the reconstructed spectra
appear over the whole wavelength region.

5.3. Bias in line strengths

Another example of bias would be unnoticed line strength vari-
ability in one of the components. If the variability correlates with
the orbital phase, as would be the case when the variability is
due to a rotating, inhomogeneous surface with rotation and orbit
synchronized, then it would most efficiently influence the recon-
struction of the spectra.

Figure 10 illustrates that the impact on the reconstructed
spectra is quite small. In this example, the depth d, of all spec-
tral lines of the secondary component, with the larger velocity
amplitude, was modified as follows:

2 K
xj(In A= vy/e) = 1= Zdy(In A= vy/c) for va; > =

4 K
w0 d = 03j/€) = 1= 2y A= vyj/e) for vy, < —72

K>
X2;(InA—=vy5/c) = 1 —dr(Ind —v25/c) for |va] < >

where the x,;, j = 1...16 are the input spectra x,; and d> is the
deviation from the continuum at In 2 when v;; = 0. The lines of
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the secondary are thus twice as deep for the most blue-shifted
spectra as compared to the most red-shifted ones, an effect that
would not go unnoticed. The reconstructed spectra are biased
on the percent level only, with the most rapid change in bias
occuring where the line density / line blending is highest.

The bias obtained using the Fourier and the direct algorithm
appears at first sight quite different (lower panels of Fig. 10).
However, notice that the striking similarity between the bias
from the Fourier technique in the middle panel and the difference
between the bias and the dot-dashed lines in the lower panel.
With the direct method, the impact of the line variability pro-
duces a linearly increasing offset that is impeded by the implicit
periodicity of the spectra when using the Fourier technique. This
confirms the result obtained by Iliji¢ (2004).

It appears that unnoticed (small) variations in line strength
do not seriously prejudice the reconstruction of the (mean) com-
ponent spectra in the case of a reasonable orbital phase coverage;
evidently the fact that the shape of the line profiles is not affected
remains an essential requirement.

6. Elimination of spurious patterns in component
spectra

The purpose of this section is to guide the user with a list of con-
siderations needed to evaluate the reconstructed spectra. When
applicable, procedures are described to select physically realis-
tic results from a set of mathematically (quasi)-equivalent so-
Iutions. In view of the arguments given in the previous sec-
tions, the emphasis lies on low-frequency spurious patterns,
since higher-frequency patterns can be avoided by proper ob-
servation procedures.

Useful indications about the uniqueness of the solutions and
bias in the observed spectra can be retrieved from simple checks
on the data and from the computation of condition numbers.

First of all, the total observed line blocking over the con-
sidered spectral interval at different orbital phases is an indica-
tor for time-(in)dependent dilution effects in the spectral lines
of the components by the combined continuum. When studying
a system without light variability, the measured line blocking
should be constant within the uncertainties due to the noise in
the spectra and, in the case that the selected wavelength inter-
val does not have pure continuum near the edges, the change in
the line blocking factor due to Doppler shifts of spectral lines
leaving or entering the wavelength range. Often, these uncer-
tainties will turn out to be much smaller than the sensitivity
of the measured line blocking to the placement of the contin-
uum. As a consequence, with the hypothesis of a constant-light
system, one may obtain a consistent placement of the contin-
uum requiring explicitly a time-independent line blocking. In the
more general case of systems with time-dependent relative light
ratios and components with different line blocking factors, the
line blocking measurements on the observed spectra may indi-
cate that the light variability is or is not correlated with orbital
phase. A more detailed inspection may give hints on whether
eclipses, a non-spherical shape, intrinsic light or spectral line-
strength variations, or simply an incorrect continuum placement
is responsible for the changing line blocking.

If the line-blocking measurements, or/and any other knowl-
edge on the system, indicate a significant time-dependent dilu-
tion effect, then it is useful to consider how to weigh the dif-
ferent spectra (e.g. in the low Fourier modes, see Sect. 4.1.1)
to stabilise the equations as well as possible. The spectra with
the most different spectral line dilution, as compared to the ma-
jority of the observations, deserve an increased weight on the
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condition that the changes in line-blocking are not caused by in-
consistent data reduction. The arguments for and against such
weighting schemes should be carefully considered. In favour of
such weighting scheme is the reduction in the level of indeter-
minacy of (some) equations, and the reduction of the transfer of
bias to the component spectra in the case that the spectra with the
larger weight are easier to normalise, which is indeed the case for
mid-eclipse spectra. Nevertheless, when deciding on the weight
to be applied one should take into consideration that the random
noise in high-weighted spectra counts heavier in the component
spectra (a disadvantage that can be countered by optimising the
observation procedure) and that, in the specific case of partial
eclipses, the assumption of time-independent line profiles will
be invalid to some extent (resulting in a less trustworthy recon-
struction of line profiles). The disadvantages are more easily cir-
cumvented in the algorithm using the Fourier components of the
spectra. Using the velocity-space approach, Harries et al. (2003)
did not use any spectra in eclipse because of the deviating line
profiles, and they required the line strengths in the spectra of the
two components to be in the expected ratio for the derived spec-
tral types to normalise the reconstructed spectra, rather than ex-
ploiting the observed change in the dilution of the spectral lines
in eclipse.

When the (quasi)-indeterminacy of the low-frequency
spectral components is unavoidable, then the number of ill-
conditioned modes and the bias in the input-data/model deter-
mine the complexity of the problem. When the wavelength in-
terval is not much longer than the region spanned by the extreme
relative Doppler shifts, the mode 0 will be the only one that is
ill-conditioned (in absence of bias) and the reconstructed spectra
will not be deformed by undulations.

Reconstruction of longer wavelength intervals is advanta-
geous in the absence of numerous continuum windows, but im-
plies a larger risk for spurious low-frequency components in the
reconstructed spectra and may require taking the wavelength-
dependence of the light factors into account. Bias in the observed
spectra or the applied model may affect all frequencies. In both
cases, an empirical procedure may be applied that preserves the
goodness-of-fit in the comparison to the observed spectra, but
reduces the apparently unphysical components. This procedure,
described below, exploits external knowledge of the shape of the
single-component spectra, especially of the presence of contin-
uum windows and the flatness of the normalised continuum.

From this point on, the reconstructed solution will be re-
ferred to as the pseudo-spectra pi(In ). The true component
spectra x;(In ) may differ from the pseudo-spectra,

1
pk(ln A) = xk(ln )+ 7 Zk(ll’l A)
k

where the spurious pattern z;(In ) is a much smoother function
than the spectra and the patterns for different components can be
related by >, zx(Ind) = 0 to preserve in very good approxima-
tion the goodness-of-fit: the increase in rms scatter will be due
only to the Doppler shifting of the z;(In A).

In the case of two components, p;o =
functions

{2 (pr2(nd) - 1)

which can be also written in terms of the true spectra x » and the
spurious pattern z as

+ 51)2 (xl,g(ll’l /l) - 1) + Z(ll’l /l)

Xip £ Z/€1,2, the

(25)

define a corridor of “continuum” shape and offset z with the
absorption lines of x; appearing below the continuum and the
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absorption lines of x, being reversed to emission. Corrections
Fz/{, » may then be applied to the pseudo-spectra.

Any known continuum windows in either component help
in defining the local level and the shape of the spurious pat-
tern. In the absence of bias, this shape is fully defined by the
ill-determined low-mode Fourier components and will often be
nearly sinusoidal. When higher-mode Fourier components are
needed, this signals bias in the normalisation of the observed
spectra or indicates that the model assumptions applied during
the reconstruction of the spectra are not strictly valid.

If, in a higher multiplicity system, there is a pair of stars
whose mutual light ratio is the same in all observed spectra,
while the ratio of their lights to the remaining light of the sys-
tem changes, the above procedure can be applied with only a
minor technical remark: labeling the stars with 1 and 2, one has
C1j/€2j = ri2, so in expression 25 we set £; = {1 and £, = {3},
with the choice of j being irrelevant. If, on the other hand, more
stars have light ratios mutually independent of time, the proce-
dure described above must be applied stepwise: first considering
one component py in relation to the combination of the pseudo-
spectra of all other components together, the functions

€ (x(In 2) — 1) + z(In ) and — Z Lo (xp(In ) = 1) + z:(In d)
k' +k

define a corridor of “continuum” shape and offset z;. After ap-
plication of the additive corrections to all pseudo-spectra, the
same procedure may be continued with one of the K — 1 compo-
nents py in relation to the combination of the pseudo-spectra of
the K — 2 remaining ones, and so on. It may be wise to single-out
first the fainter constant-light components or those with many
bins having a continuum flux.

For a light-ratio varying marginally with time, such that the
equations remained ill-conditioned in the lowest modes, the pro-
cedure above can be applied using a time-average of the light-
ratio. If evidence for a wrong normalisation in the observed spec-
tra is detected, the most rigorous approach would be, evidently,
to search for improving the normalisation of the observed spec-
tra. In practice, this procedure is more laborious than the em-
pirical correction procedure suggested above. Nevertheless, an
example of this rigorous approach is enclosed here because it
shows how very obvious undulations can be strongly reduced
by very small changes to the continuum level, especially when
dealing with relatively-faint components (Fig. 11).

The example concerns the triple system RV Crt (described
in Sect. 4.3). The reconstruction of the low-frequency part of the
spectrum of the bright component in the close-binary is well-
determined by the inclusion of a spectrum in the totality of the
eclipse by the faint companion; the low-frequency part of the
other component spectra is ill-determined because their rela-
tive light-ratio varies only owing to the slightly non-spherical
shape of the fainter close-binary component. The upper panel of
Fig. 11 shows the reconstructed spectra. Several of the strong
lines are due to Ca I. The continuum of the bright close-binary
component is flat, but the fainter component shows an undula-
tory continuum, and the distant component shows an opposite
low-amplitude undulation in its continuum. Therefore, a sinu-
soidal correction depending on orbital phase was applied to the
observed spectra (Eq. (23)), given by
€j(In) = asin2n¢;cos Zﬂﬁ
where the bin index n = 1,...,2048 over the wavelength re-
gion, ¢ is the orbital phase, and « is the amplitude of the sinu-
soidal correction applied to the intensities. A correction of this

(26)
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Fig. 11. Reduction of the amplitude of the SVD-induced patterns, su-
perposed on the continuum of reconstructed spectra, by a change in
the normalisation of the input spectra. From upper to lower panel: re-
constructed spectra of primary (P), secondary (S) and distant compan-
ion (T) with the original normalisation, S and T are vertically shifted;
applied maximum correction to the observed continua (dotted lines,
sin2n¢; = +1 in Eq. (26)) and difference between the spectra recon-
structed starting from the original and the corrected normalisation (la-
beled full lines); the spectra of T and S reconstructed with the improved
normalisation.

type assumes that the simpler spectrum in total eclipse was nor-
malised correctly, but that the underlying broader features due to
the Doppler-shifted lines of the close-binary component induced
a normalisation error. Choosing & = 1073, i.e., changing the con-
tinuum never by more than 0.1% (and in several of the 41 spec-
tra less) results in satisfactorily flat continua in all reconstructed
spectra without enhancing the residuals to the observed spectra.
The effect on the reconstructed spectra is seen in the three lower
panels of Fig. 11. Figure 12 shows the application of the empir-
ical procedure (determination of z(In A) in the case of a pair of
stars whose mutual light ratio is approximately constant while
their light relative to the third component varies). The chosen z
is restricted mostly by the data of the fainter component because
the correction to be applied to the reconstructed spectrum is am-
plified by a larger factor, {,/({; + {3). The rectified spectra are
very similar, but not identical, to the ones obtained with the rig-
orous approach.

This example shows that the occurrence of an undulation
that deforms strongly the spectrum of a faint component can be
triggered by very small errors in the normalisation of the ob-
served spectra. It is not an indication of failure of the method,
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Fig. 12. Reduction of the amplitude of the SVD-induced patterns, su-
perposed on the continuum of reconstructed spectra, by application of
the empirical “corridor” procedure. The upper panel shows the func-
tions defining the corridor (for clarity shifted by +0.01 for 7" and —0.01
for S to move the noise out of the corridor), the lower panels show the
reconstructed spectra.

but rather an indicator of how strong the method is: it “sees” that
the input data are not consistent and generates a warning about
it in the form of a deformation of the reconstructed spectrum.
Since the intensity of weak lines is more strongly affected by a
misplacement of the continuum, the effect is most obvious in the
component spectrum whose lines are less deep in the observed
spectrum. This will almost always be the fainter component.

Setting the dilution factor for the spectral lines free, as
is done in some applications to deal with spectra in (partial)
eclipses (Hadrava 1997, 2004b), will also provide, to some ex-
tent, a flatter continuum: a smaller dilution of the spectral lines
for the blue-shifted component (and a, relatively, larger dilution
of the spectral lines for the red-shifted component) corresponds,
very roughly, to putting the continuum higher at shorter wave-
lengths and lower at longer wavelengths. In a more detailed view,
there are of course differences because the lines of both compo-
nents are distributed over the whole spectral interval, and be-
cause a change in continuum level has a greater effect on the
strength of the weak lines than the strong ones. This allows us
to discern between continuum misplacements and variable line
dilution. The statement we make here is that the two types of
parameters are not fully independent of eachother.

7. Conclusions

The equations governing the separation of component spectra
have been analysed with the purpose to discuss under which con-
ditions they lead to well-determined solutions, and how a proper
set of composite spectra can be defined. We show that the al-
gorithms acting either on the Fourier components of the spectra
or on the spectra in velocity coordinates are equivalent but each
one has its own flexibilities to deal (better) with specific require-
ments related to the binning of the input spectra, the lack of con-
tinuum windows at the edges, the identification of the shape of
spurious components, etc.

: Separation of component spectra

Assuming input spectra with pure random noise, the main
conclusions are:

— Whether the equations are well-conditioned depends on the
distribution of the input spectra over the Doppler-velocity
range covered during the orbit, and on the relative light ratios
of the components. The adequacy of the set of input spec-
tra for the purpose of reconstructing the component spectra
should be evaluated preferentially during the process of col-
lecting the observations.

— When the equations are ill-conditioned, use of the singular-
value decomposition method is mandatory, also for the algo-
rithm based on the Fourier components of the spectra.

— SVD leads to a mathematically preferable solution, but it
should never be considered to be a unique solution from the
point of view of the physics. Introduction of external knowl-
edge on the physics of single-star spectra may give prefer-
ence to a mathematically (quasi-)equivalent solution that dif-
fers from the SVD solution. Therefore, it is important to ac-
knowledge when the solution is not unique owing to math-
ematical reasons and to select all solutions acceptable from
the viewpoint of the involved physics.

— With few exceptions (vanishingly faint components, or very
specific distributions of the set of input spectra over the or-
bit), the non-uniqueness of the solutions is restricted to the
low-frequency Fourier components of the spectra.

— A necessary condition for the set of equations being well-
conditioned is that the dilution of the spectral lines by the
continuum of each other component varies significantly over
the data-set, i.e. the, ratio of the relative light factors for
each couple of components should vary significantly. Hence,
spectra in eclipse are particularly useful.

— In absence of a time-variable dilution effect, the zero-point
of the component spectra is ill-determined unless the spectral
region contains completely black absorption lines, or exter-
nal information about the depth of some lines in component
spectra is available.

— Although spectra obtained in partial eclipse do not fulfill
the requirement that the shape of the line profiles of the
partially eclipsed component is identical to the shape out-
side of the eclipse, such spectra are important to extract
the physically-correct solution for the low-frequency spec-
tral components. Mid-eclipse spectra are especially useful.
The algorithm based on the Fourier components of the spec-
tra allows us to use the spectra in partial eclipse for the lowest
frequencies, while neglecting them for all other frequencies.
The use of mid-eclipse spectra is beneficial for m = 0 and,
if the wavelength interval is large in units of Doppler shifts
and line widths, for a few more modes for which the condi-
tion number C,, computed with the spectra in partial eclipse
included is significantly lower than without them (say at least
a factor of two). The specific cases mentioned in Fig. 6 show
that the upper limit for m lies commonly in the range 1-5.

The normalised input spectra, obtained after a complex data re-
duction process, are likely not free from systematic errors. The
progression of the bias in the case of (normalisation) errors cor-
relating with the orbital phase was discussed, since it is the worst
possible scenario. The main conclusions are:

— A large amplification of any bias that correlates with orbital
phase is observed in the solution process in absence of time-
variable light ratios between couples of components. The
bias is transferred primarily to the fainter component(s) and
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its amplitude increases linearly with the length of the recon-
structed spectral interval in units of the sum of the Doppler
shifts for each couple of components.

— The two types of algorithms discussed in this paper react in a
similar, but not necessarily identical way on bias in the input
data, because of the implicit requirement for periodic data in
the Fourier algorithm.

— In first order, an orbital-phase correlated low-frequency bias
in the normalisation of the input spectra, or (neglected)
orbital-phase correlated changes in the line strengths of a
component may produce the same kind of bias in the recon-
structed spectra.

Finally, we described in Sect. 6 practical approaches to re-
move or reduce the spurious patterns introduced either by ill-
conditioned equations or by observational bias. We also dis-
cussed the laborious procedure of improving the normalisation
of the observed spectra and iterating the reconstruction pro-
cedure, as an a-posteriori correction procedure for removal of
spurious patterns from the reconstructed spectra. The need for
coupled corrections in the reconstructed spectra is emphasized,
guaranteeing that the observed line blocking is preserved in the
combination of the reconstructed component spectra.

In conclusion, the reconstruction algorithms are most pow-
erful when applied to eclipsing binaries because the time-
variable dilution effect on the spectral lines fully determines the
strength of the lines in the normalised component spectra. A flat
normalised continuum and the correct zero-intensity level are re-
constructed in a natural way when the weight of the observations
is distributed well over the range in line-strength dilution and ve-
locity amplitudes. Caution is required only with lines extending
to within K| + K, of the edges of the spectrum, and possibly over
a twice larger region near the edges when using wrap-around al-
gorithms. Except near the edges, a full astrophysical analysis of
the reconstructed component spectrum is as straightforward as
for an observed single-star spectrum. The global characteristics
of the atmosphere and its chemical composition can be derived
with precision.

In most other situations, as shown in Sect. 2, external in-
formation is necessary to determine the zero-intensity level un-
ambiguously, and the shape of broader spectral lines may ap-
pear distorted by low-frequency, spurious patterns. For studies
of sharp lines, the local continuum is easy to estimate and any
uncertainty in continuum level has much less influence on the
interpretation of the strength and the exact shape of the line than
in the case of a broad-lined spectrum. The distortions discussed
in this paper are then of minor practical importance. However,
for fainter components, with spurious patterns reaching higher
amplitude, and for fast rotators (where the location of the con-
tinuum has larger impact) and intrinsically very broad lines (as
the hydrogen lines in hotter stars or the Ca II lines in cooler stars)
the distortion of the continuum is more likely to have a dominant
impact on the quality of the analysis, and it is beneficial to con-
sider the approaches described in this paper. An early applica-
tion is described in Pavlovski & Hensberge (2005), showing that
the abundances of the main chemical species in an early-B type
binary can be derived with a precision better than 0.1 dex at rota-
tion velocities around 100 km s~!. In our opinion, the fact that the
low-frequency components of reconstructed spectra are not al-
ways determined uniquely has been misinterpreted frequently as
a basic obstacle to reconstruct large stretches of spectrum and as
a barrier lowering the confidence in the algorithm. The fact that
the patterns imposed on different components are strictly inter-
related provides a very helpful constraint for recovering the true
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low-frequency contributions to the component spectra, but it is
often not yet exploited. Consistency requirements on the physics
derived from different spectral lines, as mentioned in Sect. 2,
also constrain otherwise unknown light ratios. Future applica-
tions of the technique on a variety of systems will undoubtedly
show that significantly more information can be derived from
reconstructed spectra than obtained at present. Abundance anal-
yses, detailed studies of line-shape variations in pulsating stars
belonging to spectroscopically multiple systems (Uytterhoeven
et al. 2005), co-existence of spectroscopically peculiar and nor-
mal components in multiple systems (Frémat et al. 2005), and
their detailed analysis over a large wavelength range are realistic
aims.

Within the broader context of the disentangling of multiple
spectra, involving the determination of the orbital parameters,
future efforts should address the bias introduced possibly in the
reconstructed spectra by errors (bias) in the orbital parameters.
This type of error progression is not included in the present dis-
cussion. Intuitively, such errors are expected to alter somewhat
the shape of the spectral features rather than their strength, prob-
ably by a combination of some level of spurious broadening and
asymmetry. In contrast to the sources of bias discussed in this
paper, which distort the low-frequency modes in the component
spectra, wrong orbital parameters may affect higher-frequency
modes. However, disentangling methods are capable of using ve-
locity information at orbital phases not accessible with classical
methods and do not depend on templates, such that the errors
on the Doppler velocities may be expected to remain small for
well-determined data sets. Nevertheless, a quantitative analysis
would contribute to a correct estimation of the uncertainties on
astrophysical parameters derived from reconstructed spectra.
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Appendix A: Analytical solutions for a very simple
data-set

In order to gain insight into the structure of the equations, their
possible degeneracies and the origin of spurious patterns, the so-
lution for a very simple data-set is presented explicitly in an an-
alytical form, both in velocity space and in Fourier space.
Consider a binary system with component spectra

T U 7 e
T B
and constant light factors {; = 3/4 and ¢, = 1/4. The radial

velocities (in pixel units) for the three orbital phases are:

(A1)

20 +2). A2

Brj = (+1 0-1
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The observed composite spectra truncated to eight data bins are:

3l Sl 1111
I 563411 111
S 1 1 134111

It is irrelevant at which edge(s) the three bins with intensities at
the continuum level are added.

Yji = (A.3)

A.1. Velocity-space algorithm

Considering o j; = 1, the equations for the velocity-space algo-
rithm are:

3

4
X1,1
X122
X1,3
X14
X15
X1,6
X1,7
X1,8 1
1.9 5/6
X1,10 3/4
a-fanl = | (A4)

X1,12 1

5/6

/
1
/
1
1
1
1
1

X2,1 1
X2, !
X23 1
X24 5/6
X25 1
X2,6 1
X2,7 1
X8 3
X29 1
X2,10 1

1

4

where the design matrix A reads

000030000000 !400000000O00O0
000003000000 0!/%0000000O00O0
000000300000 00!%000000O00O0
000000030000 00O0!%00O0O0O0O0
000000003000 0000400000
000000000300 0000010000
000000000O03%0 000000114000
000000000O0O03% 00000O0O01Y%00
003000000000 0!%0000000O00O0
000300000000 0O0!%000O0O0O0O0
000030000000 0O0O0!%00O0O0O0O0
000003%000000 00O0O0!%00000 A5
000000300000 000O0O0!%0000 ()
000000030000 0000O0O01!4000
000000003000 00000O0O01Y%00
000000000300 0000O0O0O0O0I1,O0
300000000000 0O0Y0000000O0
030000000000 00O0!%00O0O0O0O0
003000000000 000000000
000300000000 00O0OO0O0O!%0000
000030000000 000O0OO01!%4000
000003000000 0000O0O0O01Y%00
000000300000 0000O0O0O0O014O0
000000030000 00O0O0O0O0O0O0O01

The matrix A holds the information about the S;;. The diag-
onal in the sub-blocks changes to the right and to the left in
accordance with the Doppler shifts (Eq. (A.2)). Note that the
size of the design matrix depends on the extreme Doppler shifts:
12 columns (2+8+2) are used to track the information related to
the first component and 10 columns (1+8+1) for the second one.
Writing Eq. (A.4) explicitly:

3 1 :
XL+ 7X004 = Y14 (i=5,...,12)

3 1 :

XL+ X201 = Y22 (i=3,...,10) (A.6)
3 1 ~

XL+ X2 = Y3, (i=1,...,8)

H. Hensberge et al.: Separation of component spectra

leads to 24 coupled equations. The solution is found minimizing
¥> =|b— A - x|”. The resulting 22 normal equations are:

X1,1 10/3
X12 4
X13 4
X14 11/3
X1,5 9
X16 12
X17 34/3
X1.8 12
X19 4
X1,10 4
X1 4
M - x| = 4 (A7)
X201 3
X22 8
X23 10
X24 11
X255 12
X26 12
X277 11
X2.8 12
X29 8
X2,10 4

where the normal matrix M = A'A is a square matrix with di-
mension 22 and reads:

300000000000 00 100 000 00
030000000000 00 010 000 00
003000000000 0% 00% 000 00
000300000000 00 500 500 00
000090000000 10 01001000
000009000000 01 001 001 00
000000900000 00 100 100 10
000000090000 00 010 010 01
000000003000 00 00% 001% 00
000000000300 00 000 1500 150
000000000030 00 000 010 00
000000000003 00 000 001 00 (A.8)
000030000000 10 000000 00
003003000000 02 000 000 00
300300300000 00 300000 00
030030030000 00 030 000 00
003003003000 00 003 000 00
000300300300 00 000 300 00
000030030030 00 000 030 00
000003003003 00 000 003 00
000000300300 00 000 000 20
000000030000 00 000 000 01

Consecutive rows correspond to the partial derivatives to the
consecutive components of the vectors x; and x,, respectively,
in Eq. (A.4). Grouping the equations (rows of the matrix and
the vectors) such that those containing the vector elements x ;
and xy, with j and k progressing by multiples of 3, are in subse-
quent rows (see the order of the elements in the x-vector in the
equation below) and then re-arranging the columns of the matrix,
to obtain non-zero sub-matrices around the diagonal leads to:

X1, 10/3

X14 11/3

X17 34/3

X110 4

X23 10

X26 12

X29 8

X122 4

X15 9

M, 0 0 18 f
X111 —

ORI *

¢ X24 11

X277 11

X2,10 4

X13 4

X16 12

X19 4

X112 4

X22 8

X25 12

X28 12



H. Hensberge et al.: Separation of component spectra

where 0 are null matrices with dimensions conform to the sub-
blocks M,, M, and M. and

30001 0 0
0300 1h 150
00901 1 1
M, =[00030 h 1) (A.10)
33303 00
03330 3 0
003300 2
30000100
09001110
00900111
00030010
My =103001000 (A.11)
33300300
03330030
00300001
30001 150
09001 1 1
00300 b1
M, =|00030 0 1 (A.12)
33002 0 0
33300 3 0
033300 3

The problem is now separated in 3 subsystems with independent
sets of variables. The determinant of each subset is zero. Hence,
there is a triple infinity of solutions:

4 — X2.6 10 — 3)62’3 4 — X2.9
1,1 1,4 1,7 1,10 3 9 3
X12 = X5+ 3 =X18
d-x1 4-x4 4-x37 4-x00
= = — = = . A.13
3 3 3 3 ( )
4—x2,2 _ 4—)62’5 _ 4—)62’8

X13 = X1,6 = X1,9 = X[,12 =

33 3

The physically-correct solution is recovered for x;; = x;, =
x13 = 1. Any other choice for these variables results in a super-
imposed pattern on the reconstructed component spectra, with a
“periodicity” of 3 pixels. Applying the SVD on the design matrix
(Eq. (A.4)) leads to the solution shown in Table A.1. It is not the
physically-correct one, but the one that minimizes the length of
the solution vector in each subset, i.e.: Z;:o xi3j i Z;Zl xgﬁj,

Z;=0 x%,3j+2 + Z?:o X35 i+l Zj‘:l X5 it Z;=0 x%,3j+2' The mini-
mum lengths found after substitution of (A.13) into these rela-
tions impose x| = %, X = %, and x;3 = %. The period-
icity of 3 pixels in the spurious component corresponds to all
|(ﬂ2j _ﬁlj) - (BZj’ _Blj’)l being multiples of 3.

The SVD solution constrains the solution well in a mathe-
matical sense, but cannot reconstruct the true component spectra
when the equations are degenerated. The shape of the spurious
pattern depends both on the different size of the block matrices
M,, M, and M,, and on the shape of the observed spectra. It
is easily checked that a pattern would be present even if the ob-
served spectra were pure continuum (though in this case, two of
three subsequent points would have identical values since M,
and M, have the same size).

A.2. Fourier-space algorithm

Considering o j,, = 1, the equations to solve order m with the
Fourier-space algorithm are:

Fou iz P Yim
((Fm)ZI (Fm)zz]( ~1'm) = (ﬂz,m) (A.14)
(Fp)31 (Fp)p ) 7 P3m
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Table A.1. The reconstructed spectra of the components in velocity and
Fourier space. The SVD-induced patterns in velocity space are in bold-
face. Note that the amplitude of the spurious component superposed
on x; is exactly three times larger than for x, and in the opposite sense.
This reflects the light ratio between the two components.

Velocity-space Fourier-space
X1 X2 X1 X2
1+3/31 - - -
1+5/24 1-5/8 - -
1+5/31 1-15/31 1 1
1+3/31 1/3-9/31 1 1/3
2/3+5/24 1-5/8 2/3 1
1+5/31 1-15/31 1 1
1+3/31 1-9/31 1 1
1+5/24 1-5/8 1 1
1+5/31 1-15/31 1 1
1+3/31 1-9/31 1 1
1+5/24 1-5/8 - -
1+5/31 - - -

Table A.2. The spurious components in the reconstructed spectra
when 6 instead of 8 pixels are used. The lay-out of the table is the same
as in Table A.1.

Velocity-space Fourier-space

X1 X2 X1 X2

1+0 - - -
1+19/90 1-19/30 | - -

1+1/5 1-3/5 1+1/5 1-3/5
1+0 1/3-0 1+1/10 1/3-3/10
2/3+19/90 1-19/30 | 2/3+13/60 1-13/20
1+1/5 1-3/5 1+1/5 1-3/5
1+0 1-0 1+1/10 1-3/10
1+19/90 1-19/30 | 1+13/60 1-13/20
1+1/5 1-3/5 - -

1+0 - - -

where, (F,)x = Fjm = (e 2™5P; xi,, and §j,, are defined
in Eq. (5) (here the index j in ¢ is omitted because the light-
factors are constant in time). The normal equations for mode m
then read:

(FuFu)u (FuFp)n (xl,m ) _ (fmu)) A15)
(FyFu)or (FFu)o J\%om )~ \Tu(2) :
with the Hermitian matrix:
3
(F} Foae = Z Ol s BoPu)) (A.16)
=1
and the vector:
3 .
V() = " Gefjjme™ 550, (A.17)
=1

J

The solution of Eq. (A.15) form = 1,2, 3 and 4 is documented in
Table A.3. The inverse Fourier transform of %, ,, and X,,, leads,
in this particular case, to the exact component spectra x; and x;
(see Table A.1). Alternatively, applying SVD directly on the de-
sign matrix (Eq. (A.14)), the same result is found.

A.3. Discussion: Fourier versus velocity space

Why show the reconstructed spectra, in this particular case, a
spurious pattern when reconstructed with one algorithm, and not
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Table A.3. Relevant numerical quantities and solution in Fourier-space.

m=1 m=2 m=3 m=4
i 27 27 27 27
(F;Fm)n %6(1 - \/E) 116 %6(1 + \/E) _13_6
(FuFn  15(1-V2) 11+vVD -3
1 3 3 3 3
(FuFn)n ¢ . 3 2 . 2
% 32-V2 39 32+V2 311
Re(,(1) iw 1% 3 ;26 ~3%
1% 3 7+\2 32 3 \2-7
Im(¥,(1)) % 96\/_ 496 2—4\9/6_ 0
% 13v2 13 13V2 19
Im(Yn(2) 35 1o ~1% 0 1
X1,m 2—}/‘7 ﬂ —\/7? -5
Xom 2i-1 + L(i+1) x

when reconstructed with the other algorithm? The answer lies in
the periodicity of the pattern imposed by the velocity differences
(3 pixels) and the periodicity of the reconstructed spectra im-
posed by the length of the spectral interval in the Fourier space
(8 pixel). The latter implies that the reconstructed spectra have
equal intensity in pixels p and p + 8, while the former imposes
equal continuum intensities in pixels p and p + 3. Both together
are only fulfilled for x| ; = x;» = x; 3 such that the difference be-
tween the reconstructed spectra and the true component spectra
is at most an offset.

It is easy to check that our data analysed over an observed
interval of 6 pixels (or any other multiple of 3) also produce
a spurious pattern when reconstructing the component spectra
with the Fourier space algorithm (Table A.2), or that a case with
all |(B2—B1;)—(B2j—PB1 ) multiples of 4 also produces a spurious
pattern with both algorithms using interval lengths of 2".

A.4. Discussion: amplitude of spurious patterns

The case worked out explicitly in this appendix is “special”
in the sense that it concerns few spectra in a spectral interval
not much larger than the Doppler shifts. Hence, the question
arises whether differences in the reconstruction may be as large
as shown here in cases with more spectra and larger spectral
intervals.

First, it is evident that the separation of the design matrix in
independent sub-blocks is much less likely when the algorithm
is capable of dealing with sub-pixel shifts. We have worked out
such examples with few spectra and few pixels (not reproduced
explicitly here) and found no spurious patterns.

Secondly, if the spectra are very regularly distributed with
regard to the Doppler shifts, but the length of the spectral interval
increases, then it can be shown that the amplitude of the spurious
pattern tends to zero.

As an example, consider three pure continuum input spectra
with the velocity structure defined by (A.2) and a wavelength
interval with length N pixels, such that the design matrix will
have 2N +6 columns and 3N rows. For N = 3N, the SVD solution
leads then to

f] + 51
X1, = ——————> X12 =X13= 5
’ 2 2, 26 ' R 2
fl +52+ Vp 1 2
%) %)
e R R (A.18)
0O+4 0+06-

2+N
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Fig. A.1. Reduction of the amplitude of the SVD-induced patterns, su-
perposed on the continuum of reconstructed spectra, with increasing
spectral interval (in units of the periodicity in the pattern) for two cases:
0 = 6 = 0.5 (+)and ¢, = 0.75, £, = 0.25 (filled symbols for the
bright component, open circles for the faint component). In this partic-
ular case, the spurious pattern is more pronounced when N is a multiple
of the periodicity.

for N =3N, -1
4 L 141
X =X = X = —
L 13 = 52 + €2 Zi 12 f% + f%
0 £
Ri= g F Ry, (A.19)
17 % o+ - 1+;vp
for N = 3N, -2
! L 4
X1 =X12= ——— X3 = 55—
2, L 2+ 02
og+46+ N—zp 17 %
X2 = Xo3 = S # Xp= s (A.20)
ST a8 I )
G+ - TN 17 %
where N, is the largest integer equal to or smaller than ,and in

all cases the remaining components of the vectors x; are deﬁned
by X = Xki43.

For growing N (N,), the difference between the xi, j di-
minishes monotonically and approaches zero when N (V) tends
to infinity. Figure A.1 summarizes the results for two particular
choices of the light factors. We conclude that the spurious pattern
caused by the regular spacing of the Doppler shifts is of practi-
cal importance for the reconstruction of small spectral intervals
(single lines) only.

With observed spectra different from flat continua, the
three x; ; would differ, as in (A.13), because of different line
blocking in the sets of bins x;_j;3;, j+3i < N. However, the basic
result that the amplitude tends to zero in large spectral intervals
remains valid.
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