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ABSTRACT

Context. The geometry and physical conditions in solar coronal loops are complicated and still not understood well. Recent highresolution observations obtained with TRACE indicate the existence of sub-resolution transverse structuring not accessible to direct
observation. This ingredient has not yet been taken into account in the previous theoretical models used for the study of transversal
coronal loop oscillations and of their damping due to resonant conversion of energy.
Aims. This study aims to assess the eﬀect of the possibly unresolved internal structure of a coronal loop on the properties of its
transverse oscillations and on the eﬃciency of resonant absorption as a damping mechanism of these oscillations.
Methods. The equilibrium configuration of a single coronal loop with internal density structuring is modelled by considering the loop
as composed of two very close, parallel, identical coronal slabs in Cartesian geometry. The period of the oscillation and the damping
time are computed for the resonantly damped fundamental kink mode. These quantities are then compared to those obtained for two
models for a single equivalent slab without internal density structuring.
Results. We find that the period and the damping time of a coronal loop with internal density structuring change by less than 15%,
when compared to the same oscillatory properties of a single coronal loop with either the same density contrast or a single coronal
loop with the same total mass.
Conclusions. Therefore the internal density structuring of a coronal loop does not aﬀect its oscillatory properties very much. However,
the sub-resolution structuring of a coronal loop with diﬀerent densities in its components or with diﬀerent widths could vary these
results.
Key words. Sun: corona – Sun: magnetic fields – Sun: oscillations

1. Introduction
Among the diﬀerent types of waves and oscillations detected
in magnetic structures of the solar corona (see Nakariakov &
Verwichte 2005; Aschwanden 2006, for recent reviews), flareinduced transverse coronal loop oscillations have attracted particular interest since their first unambiguous detection with highresolution instruments on-board space-crafts, such as SoHO and
TRACE (Aschwanden et al. 1999; Nakariakov et al. 1999).
Measurements of physical and geometrical properties of these
oscillations have been provided by Aschwanden et al. (2002)
and Schrijver et al. (2002), while from the theoretical point of
view, the observed oscillations have been interpreted in terms of
fast magnetohydrodynamic (MHD) kink mode oscillations of a
cylindrical flux tube in their fundamental harmonic (Nakariakov
et al. 1999). This interpretation has opened the way to the novel
discipline of coronal seismology, which is the determination of
unknown physical parameters in the solar corona by comparing the observed and theoretical properties of waves and oscillations in magnetic structures, such as first suggested on theoretical grounds by Uchida (1970) and Roberts et al. (1984). Some
recent examples of the application of coronal seismology can be
found in Nakariakov & Ofman (2001), Verwichte et al. (2006),
and Arregui et al. (2007).
An important property of the observed oscillations is their
rapid damping, with an exponential decay time of only a few
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periods. Several theoretical mechanisms have been proposed to
explain this damping: non-ideal eﬀects, lateral wave leakage due
to the curvature of the loops (Verwichte et al. 2006), mechanisms
based on the topology of the magnetic field lines (Schrijver &
Brown 2000), and resonant conversion of wave energy from
the global large scale kink eigenmode to localised Alfvén motions, due to the non-uniformity of the magnetic-plasma configuration (Hollweg & Yang 1988; Ruderman & Roberts 2002;
Goossens et al. 2002, 2006). Foot-point leakage through the
chromospheric density gradient (De Pontieu et al. 2001; Ofman
2002) has been invoked for the damping of Alfvén waves and
could be ascribed to the damping of transverse oscillations, as
well.
The geometry and physical conditions in real coronal loops
are complicated and still not well-understood. Slender overdense coronal flux tubes have been commonly modelled by
means of cylindrically symmetric flux tubes (Edwin & Roberts
1983; Roberts 1983). More recently, theoretical models have
explored second-order eﬀects, such as the curvature of coronal loops (Van Doorsselaere et al. 2004; Terradas et al. 2006),
the non-circularity of their cross-sections (Ruderman 2003),
or the influence of a longitudinally varying density (Andries
et al. 2005a,b; Arregui et al. 2005). Most of these previous
models assume monolithic equilibrium configurations with uniform internal density in the direction transverse to field lines,
which is an over-simplification of the real physical conditions
in coronal loops. For instance, high-resolution observations suggest the existence of sub-resolution transverse structuring, not
accessible to direct observation with our current capabilities
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(Schmelz et al. 2005). This view has been challenged in some
works (Aschwanden & Nightingale 2005; Aschwanden 2005),
although it is supported in some others (e.g. Martens et al. 2002;
Schmelz et al. 2003), so there is no definitive answer to this
controversy yet.
The purpose of this work is to assess the eﬀect of the possibly unresolved internal structure of a coronal loop on the properties of its transverse oscillations. To this end, a single coronal loop with transverse density structuring is modelled as being
composed by a system of two coronal slabs. The slab geometry
adopted in this work is far from being an accurate representation of the flux tube structures that form coronal loops. However,
this simplification allows a more detailed study of the eﬀects of
internal structuring and its causes. The period, damping time,
and damping rate of resonantly damped MHD fast modes are
computed and these quantities are then compared to those corresponding to two other similar physical coronal slab models
with identical widths and a uniform internal density and either
with identical total mass or density contrast. The diﬀerences that
arise from considering one or the other kind of system are established and the relative importance of the internal and external
non-uniform layers of the full two-slab system is investigated.
The layout of the paper is as follows. In Sect. 2, the equilibrium configuration used for the modelling of a single coronal
loop with internal density structuring is described. Also, the relevant linear MHD wave equations and the numerical procedure
followed in our analysis are presented. Section 3 describes the
analysis and the obtained results. Finally, in Sect. 4, our conclusions are drawn.

2. Physical models and linear MHD waves
2.1. Equilibrium configuration

We model the equilibrium magnetic and plasma configuration
of a single coronal loop by means of a one-dimensional system
of two identical parallel over-dense slabs in Cartesian geometry. The magnetic field is straight and pointing in the z-direction,
B = B êz . For applications to the solar corona, it is a good approximation to consider that the magnetic pressure dominates
the gas pressure. This classic plasma-β = 0 approximation implies that the magnetic field is uniform and that the density ρ(x)
or Alfvén speed vA (x) profiles can be chosen arbitrarily. The
system of two coronal slabs is then modelled through a varying equilibrium density profile in the x-direction (see Fig. 1) by
means of two density enhancements of half-width a centred on
±x0 , hence, the width of the simulated structured loop is 2as ,
with as = a + x0 . The density of each of the slabs is constant, ρi ,
and connected to the constant coronal environment with density
ρe , by transitional non-uniform layers of thickness l. The explicit
expression for the considered equilibrium density is
⎧
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Fig. 1. Schematic representation of the two density enhancements
(shaded regions) of half-width a, centred on ±x0 and representing a
coronal loop composed of two slabs in the direction transverse to the
equilibrium magnetic field. These enhancements with internal density ρi
connect to the external medium, with density ρe , by transitional nonuniform layers (light-shaded regions) of thickness l.

with ρ(−x) = ρ(x). The density profiles at the non-uniform transitional layers have been chosen following Ruderman & Roberts
(2002) and Van Doorsselaere et al. (2004) and are given by
ρi
f1 (x) =
2
and
f2 (x) =

ρi
2


1+

ρe
π [−x − (−x0 + a)]
ρe
− 1−
sin
ρi
ρi
l

(2)

1+

ρe
π [x − (x0 + a)]
ρe
− 1−
sin
·
ρi
ρi
l

(3)



It is important to point out that the particular form of the density
profile is not important for the results.
In this paper, the normal oscillation modes of this two-slab
system will be compared to two similar physical models for
a coronal loop without internal density structuring. We have
considered: (1) a single equivalent slab with the same mass,
width 2as , internal density
ρm =

2a − 2l
x0 − a + 2l
ρi +
ρe ,
x0 + a
x0 + a

(4)

and similar external non-uniform transitional layers as the twoslab system; and (2) a single slab with width 2as , the same internal density and external layers as the two-slab system, and
therefore, a diﬀerent total mass. The corresponding density profiles for the three physical systems are depicted in Fig. 2. This
figure shows three configurations with the density profiles, corresponding to the considered physical systems for three diﬀerent
values of the separation between the slabs, going from no separation (Fig. 2a) to a small separation (Fig. 2c). In the first situation (Fig. 2a), the three physical systems totally coincide. As
the distance between the slabs increases, more resonance layers
should be available at the new non-uniform internal transitional
layers, which could lead to significant diﬀerences between the
properties of the eigenmodes of the three systems.
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Fig. 2. Schematic representation of the density profile of two slabs (solid), one slab with same density and half-width, as (dash-dotted) and one
slab with same total mass and half-width as and with weighted internal density ρm (dotted). Three values of the slab separation (2x0 = distance
between vertical dashed lines) are shown, varying from no separation, a): x0 = a − l/2, to small separation, c): x0 = a + l/2, simulating a coronal
loop with unresolved internal structure.

2.2. Linear resistive MHD waves

To study small amplitude oscillations of the previous configuration, the resistive MHD equations with constant resistivity η
are linearised. As the equilibrium configuration only depends
on the x-direction, a spatial and temporal dependence of the
form expı(ωt−ky y−kz z) is assumed for all perturbed quantities, with
ω = ωR + ıωI the complex frequency and ky and kz the perpendicular and parallel wave numbers. This leads to the following
set of diﬀerential equations for the two components of the velocity perturbation, v x and vy , and the three components of the
perturbed magnetic field, b1x , b1y , and b1z ,
B
db1z
−kz b1x + ı
,
ρ
dx
B
=
−kz b1y + ky b1z ,
ρ

η d2 b1x
= −kz v x − ı
− ky2 + kz2 b1x ,
B dx2

η d2 b1y
= −kz vy − ı
− ky2 + kz2 b1y ,
B dx2

dv x
η d2 b1z
= ı
+ ky v y − ı
− ky2 + kz2 b1z .
dx
B dx2

ω vx =

(5)

ω vy

(6)

b1x
B
b1y
ω
B

ω

ω

b1z
B

(7)
(8)
(9)

When ky  0, Eqs. (5)–(9) define an eigenvalue problem for
coupled fast and Alfvén normal modes. As the plasma-β = 0,
the slow mode is absent and there are no motions parallel to
the equilibrium magnetic field, vz = 0. Solutions to these equations are usually diﬃcult to obtain, when perpendicular propagation (ky  0) is considered and transitional non-uniform layers
(l  0) are included. For this reason numerical approximations to
the solutions are obtained for constant resistivity and for a given
density profile ρ(x). The numerical solutions have been obtained
using PDE2D (Sewell 2005), a general-purpose partial diﬀerential equation solver. The numerical code uses finite elements
and allows the use of a non-uniformly distributed grid, in order
to better resolve the steep gradients that arise in the vicinity of
the resonant layers. An important point from a practical point
of view is that resistivity has to be small enough for the imaginary part of the frequency of resonantly damped fast modes to
be independent of resistivity (Poedts & Kerner 1991). This condition has been checked for the fundamental kink mode of oscillation of the two-slab system for a given range of values for the

Fig. 3. Damping time (in units of the internal Alfvén transit time,
τA = a/vAi ) vs. the magnetic Reynolds number, Rm = vAi a/η, with η
the resistivity, for the fundamental symmetric mode and four diﬀerent values of the perpendicular propagation in a two-slab system with
x0 /a = 2.25. For values of the Reynolds number in the range [104 , 109 ]
the damping time is independent of diﬀusion, such as is required by the
correspondence between the resistive eigenmode and its ideal counterpart or quasi-mode (Poedts & Kerner 1991). The equilibrium parameters are kz a = π/50, ρi /ρe = 10, and l/a = 0.5.

thickness of the non-uniform layers, l, and perpendicular wave
number, ky . Figure 3 displays the dependence of the damping
time obtained for a given value of l and diﬀerent values of ky .
One can appreciate that a value of Rm = 108 is high enough to
achieve the required independence of the damping time on the
magnetic Reynolds number. By increasing the value of Rm , the
solution becomes more “singular” at the resonant layers, hence
the number of grid points have to be chosen so as to be able to resolve the solution at those locations. The use of a 1D model turns
out to be of particular interest, since a relatively small number of
grid points has been suﬃcient for obtaining all the numerical solutions, at a reasonable computational cost. Finally, regarding the
boundary conditions, we impose the vanishing of the perturbed
velocity far away from the loop, hence u = 0 at x → ±∞.

3. Analysis and results
The fast normal oscillation modes for a system of two coronal
loops, modelled in slab geometry, have been studied recently by
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Fig. 4. Real part of the frequency a), imaginary part of the frequency b) and damping rate c), as a function of half the slab separation in units of
a for a system of two slabs (solid line), a single equivalent slab with equal mass and width (dotted-line), and single equivalent slab with equal
density contrast and width (dash-dotted line).

Luna et al. (2006) in the absence of perpendicular propagation
(ky = 0) and for piecewise constant density profiles (l = 0).
These authors find that the system is able to support a variety of
oscillatory modes. In particular, the fundamental mode is symmetric with respect to x = 0, with the two slabs oscillating in
phase with the same frequency. The frequency of this eigenmode
is constrained between two limiting values. In the limit of no
separation, it is equal to the frequency of the kink mode of a single slab with double width. As the distance between the slabs
increases, the interaction weakens and, for large separation, the
two slabs do not “feel” each other anymore and the oscillatory
frequency of the whole system is the same as the kink mode frequency of a single slab. There is also an antisymmetric mode;
in this case, the two slabs oscillate with the same frequency, but
in opposition of phase. Luna et al. (2006) find that, although
the symmetric mode is present for all possible values of the distance between the slabs, the same is not true for the antisymmetric mode, which becomes leaky when the distance between the
slabs is smaller than a certain value, which depends on the value
of the longitudinal wave number. In this paper, we only consider the fundamental symmetric kink mode of oscillation of the
two-slab system. The general oscillatory properties of a system
of two coronal loops with perpendicular propagation and with
non-uniform layers for diﬀerent equilibrium parameters will be
presented elsewhere.
When compared to Luna et al. (2006), there are two new
ingredients in the physical model under consideration in this paper. On one hand, the equilibrium density is non-uniform at the
edges of the slabs. On the other, perpendicular propagation of
the perturbations is included. When perturbations are allowed to
propagate in the perpendicular direction (ky  0), the collective
fast mode is coupled to Alfvén modes. If, in addition, the density
is allowed to vary in a non-uniform transitional layer, resonant
coupling between the fast mode and Alfvén continuum modes
takes place and, as a result, the global mode of oscillation is
damped. The real part of the frequency gives the period of the
oscillation, P = 2π/ωR , while the imaginary part is related to
the damping time, τd = 1/ωI . In this work, the real and imaginary parts of the frequency of resonantly damped oscillations are
computed.
In our numerical calculations, we consider fixed values for
the density contrast of the two-slab system, ρi /ρe = 10 and for
the longitudinal wavenumber kz a = π/50. For the observed kink
oscillation with a wave-length double the length of the loop, this
corresponds to a ratio of length to width L/2a = 25. These are

typical values for observed coronal loops. We also consider a
fixed value for the perpendicular wave number, ky a = 0.2, and
the thickness of the non-uniform layer, l/a = 0.5. Increasing
the value of the former produces a decrease in the damping
time, such as can be seen in Fig. 3, while the damping rate
also depends on the value of the latter, such as shown by
Van Doorsselaere et al. (2004). In any case, our results do not
change qualitatively when diﬀerent values for these quantities
are taken. The distance between the centres of the slabs in the
two-slab system is varied, as shown in Fig. 2, in a range going
from no separation with x0 = a − l/2 to small separation, with
x0 = a + l/2. These limits have been chosen in such a way that
we have the total equivalence of the three systems for the lower
limit. On the other hand, for the larger separation we considered, the total width of the system is still representative of actual
coronal loops. As we increase the distance between the slabs, the
weighted mean internal density, ρm , of the single equivalent slab
with the same total mass decreases and reaches 80% of ρi .
The real and imaginary parts of the frequency for the three
systems, together with the resulting damping rate, are computed
and the results are displayed in Fig. 4. These figures show that
the period, damping time, and damping per period of a system
of two slabs vary when the distance between the two slabs is increased. As for the two equivalent single slab systems, variations
in x0 are related to variations in their half-width, given by the relation as = a + x0 . These variations produce the change in the
real and imaginary parts of the frequency since the total width
and the mean density (in one case) are changed. This only reflects that diﬀerent physical systems are considered when varying x0 . However, when the values of the period, damping time,
and damping rate are considered, we see that the values corresponding to the two-slab system diﬀer by less that 15% when
compared to a single slab with the same width and either the
same density or the same total mass.
In order to shed light on the interaction between the fast
modes and the Alfvén continuum modes, we look at the values
of the computed frequencies with respect to the frequency of the
Alfvén continuum. Figures 5a–c show the transversal profiles
of the Alfvén frequency, ωA = kz vA , corresponding to the three
configurations depicted in Figs. 2a–c and the computed real parts
of the frequency, obtained for each of the three considered physical systems. We can appreciate that, first, the diﬀerences in frequency between the three physical systems are rather small and,
second, that when there is no separation between the two slabs
or when this separation is relatively small, the real part of the
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Fig. 5. Alfvén frequency profiles corresponding to the three configurations displayed in Fig. 2. The horizontal lines are the values for the real
part of the frequency corresponding to the computed eigenmode for the two-slab system (solid), single equivalent slab with equal mass and width
(dotted-line), and single equivalent slab with equal density contrast and width (dash-dotted line).

frequency for the eigenmodes of the three systems only has
crossings with the two Alfvén continua that correspond to the external non-uniform layers of the full system. On the other hand,
when the separation between the slabs is further increased (see
Figs. 2c and 5c), the real part of the frequency of the two-slab
system is inside the Alfvén continua corresponding to both the
external and internal non-uniform layers. Although one could
think that this should produce a significant diﬀerence in the
damping rate of the eigenmodes under consideration, our results
indicate that this is not the case and that the new available resonant couplings do indeed result in little eﬀect on the imaginary
part of the frequency (Fig. 4b) and on the corresponding damping rate (Fig. 4c). Hence, under the present circumstances, the
internal structuring looks almost irrelevant.
To gain further insight into the properties of the oscillatory
modes of the physical systems that are being compared and to
understand the results displayed in Fig. 4 better, we now consider
the spatial distribution of the eigenfunctions. They are complex
quantities, as are the frequencies. Figure 6 shows the perturbed
transverse velocity, v x , and the perturbed magnetic pressure, PT
(obtained from b1z ), for two diﬀerent values of the separation
between the slabs in the two-slab system. For these parameters
and for both values of the distance, the system is allowed to have
resonant couplings at the internal layers of the full system, and
the real part of the frequency is inside the corresponding Alfvén
continua.
Due to the resonant coupling of the fast kink mode to Alfvén
modes the peaks in the perturbed velocity are clearly visible in
the external non-uniform layers in Figs. 6a (slabs just touching)
and 6c. No appreciable signature of resonant coupling in the internal layers is visible in Fig. 6a. These peaks are clearly visible
when the distance between the slabs is increased further, thus
producing the smaller peaks in the internal layers in Fig. 6c.
Regarding the perturbation to the total pressure, this function
has to vanish at the centre of the system, so it does not reach
high values when the two slabs are just touching (Fig. 6b). The
amplitude of the perturbed total pressure is large in the internal
layers when the distance between the slabs is increased, although
still small when compared to its amplitude in the external layers.
Sakurai et al. (1991) in ideal MHD and Goossens et al.
(1995) in dissipative MHD have computed the jumps in the normal component of the displacement and in the Eulerian perturbation of the total pressure for the driven problem in cylindrical
geometry. For a straight field, they find that the total pressure is

continuous and that the jump in the component of the displacement is proportional to the total pressure. These results were extended to the eigenvalue problem by Tirry & Goossens (1996),
both for cylindrical and Cartesian geometry. An expression for
the jump in the energy flux across the dissipative layer has been
derived by Andries et al. (2000) and Andries & Goossens (2001).
For a straight field, this jump is proportional to the total pressure squared. This result is applicable to both cylindrical and
Cartesian geometry. We can therefore interpret the results displayed in Fig. 4 and the small eﬀect of the internal density structuring of a single coronal loop as being due to the predominance
of the resonant couplings in the external layers, when compared
to those occurring in the internal ones, due to the relative importance of the magnitude of the perturbed magnetic pressure in the
external layers with respect to its magnitude in the internal ones.
We have obtained further confirmation regarding the relative importance of the resonant couplings at the external layers
with respect to the internal ones by performing another simple
numerical experiment. We computed the imaginary part of the
frequency of the two-slab system, as a function of the separation between the slabs, by considering, separately, their values
when only the internal layers are present and when only the external ones provide the damping by resonant conversion of energy. Our results are displayed in Fig. 7. This figure indicates
that the imaginary part of the frequency of the two-slab system
turns out to be 3 orders of magnitude smaller when only the internal layers are present, while it is similar to the previously considered two-slab system with both internal and external layers,
when only the external layers are present. We can thus conclude
that the external layers are mainly responsible for the damping
of the eigenmode.

4. Summary and conclusions
We have studied the influence of the possibly unresolved density
structure of a coronal loop on the oscillatory properties of its
resonantly damped transverse oscillations. We concentrated our
analysis on the eﬀect of a non-uniform radial distribution of the
density, in the interior of a coronal loop, on the period of the oscillation and on the damping due to resonant coupling to Alfvén
waves. To model the sub-resolution structuring of a coronal loop,
a single monolithic loop was modelled as being composed of a
system of two identical parallel coronal slabs. The fundamental mode of oscillation of the two-slab system turns out to be
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Fig. 6. a) and c): real part of the transverse velocity perturbation for the resonantly damped eigenmode with ρi /ρe = 10, kz a = π/50, ky a = 0.2,
and Rm = 108 , for two diﬀerent values of the distance between the two slabs, x0 . b) and d): imaginary part of the total pressure perturbation, for
the same values of the distances.

Fig. 7. Imaginary part of the frequency for the fundamental resonantly
damped fast eigenmode in a two-slab configuration with either only the
internal non-uniform layers (triangles) or only the external non-uniform
layers (circles). The solid line indicates the solutions with both internal
and external layers. The parameters are ρi /ρe = 10, kz a = π/50, ky a =
0.2, and Rm = 108 .

symmetric (Luna et al. 2006) so should resemble the fast kink
eigenmode of a monolithic model of coronal loop, such as
is observed by TRACE. As perpendicular propagation of the

perturbations is considered and the internal density on each of
the slabs is connected to the coronal environment by means of
non-uniform layers, these eigenmodes are resonantly damped
oscillations. The real and imaginary parts of the frequency of
the fundamental symmetric eigenmode have been computed for
diﬀerent values for the distance between the two slabs, from no
separation to a small separation. For each value of the separation
between the slabs, we have also computed the real and imaginary parts of the frequency of two equivalent models of coronal
slabs with uniform internal density. One of these models has the
same density contrast and external layers and the other keeps the
same total mass while having diﬀerent internal density.
When the values of the computed quantities are compared,
our results indicate that the period, damping time, and damping
rate of the system of two slabs change very little with respect
to the same quantities for any of the two equivalent, uniform
single-slab models. By studying the spatial distribution of the
perturbed transverse velocity and perturbed total pressure, we
find that this is due to the predominance of the resonant coupling
in the external layers of the system.
Further confirmation of this result was obtained by separately computing the imaginary part of the frequency when only
the internal layers of the full system or only the external ones
were present. Our results indicate that the damping of the kink
eigenmode is produced mainly by the resonant couplings in the
external layers. We thus conclude that the influence of the internal structure of the density in a coronal loop on the features of the
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resonantly damped fast mode oscillations is not very relevant.
This result can, in principle, be extended to the case where more
sub-resolution density enhancements are present; i.e. more loops
or more internal non-uniform layers do not necessarily mean that
the damping time would be diﬀerent. Our results, therefore, disagree with the claim by Ruderman & Roberts (2002) that, when
small-scale loop structures are considered, one may expect that
resonant absorption will then occur not only in one but also in n
resonant layers, and the damping rate will be scaled accordingly
by a factor of order nl/a. Our results also disagree with numerical computations by Ofman (2005), obtained for a bundle of four
loops, for which the damping time is found to be diﬀerent to the
one obtained for a single loop.
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