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ABSTRACT

Aims. We study energetic particle transport in the solar corona in the presence of magnetic fluctuations by analyzing the motion of
protons injected at the center of a model coronal loop.
Methods. We set up a numerical realization of magnetic turbulence, in which the magnetic fluctuations are represented by a Fourier
expansion with random phases. We perform test particle simulations by varying the turbulence correlation length λ, the turbulence
level, and the proton energy. Coulomb collisions are neglected.
Results. For large λ, the ratio ρ/λ (with ρ the Larmor radius) is small, and the magnetic moment is conserved. In this case, a fraction
of the injected protons, which grow with the fluctuation level, are trapped at the top of the magnetic loop, near the injection region,
by magnetic mirroring due to the magnetic fluctuations. The rest of the protons propagate freely along B, corresponding to nearly
ballistic transport. Decreasing λ, that is, increasing the ratio ρ/λ, the magnetic moment is no longer well conserved, and pitch angle
diﬀusion progressively sets in. Pitch angle diﬀusion leads to a decrease in the trapped population and progressively changes proton
transport from ballistic to superdiﬀusive, and finally, for small λ, to diﬀusive.
Conclusions. Particle mirroring by magnetic turbulence makes for compact trapping regions. The particle dynamics inside the magnetic loop is non-Gaussian and the statistical description of transport properties requires the use of such ideas as the Lévy random
walk.
Key words. Sun: corona – turbulence – diﬀusion – Sun: flares

1. Introduction
It is widely accepted that during a solar flare a large number of
electrons, protons, and heavy ions are accelerated around the top
of the closed magnetic field lines (coronal arcades). Despite the
rapid progress made in the last few years on the mechanisms for
particle acceleration, the details for particle acceleration during
a solar flare remain an open issue (Miller et al. 1997; Cargill
2002). According to the existing observations, the high energy
particles accelerated during a solar flare can be split into three
distinct classes: (1) electrons and ions with relatively small pitch
angle are freely streaming towards the dense and cold parts of
the solar atmosphere, where high density thermalizes all particles very rapidly, causing bremsstrahlung that is recorded as hard
X-rays and γ-rays (Vilmer & MacKinnon 2003); (2) a smaller
population of high pitch angle electrons and ions are trapped inside the closed magnetic field lines at the coronal part of the
loop radiating gyrosynchrotron emission in radio wave lengths
(Melrose & Brown 1976; Kundu & Vlahos 1982; Bastian et al.
1998; Fleishman & Melnikov 1998); (3) a third and very important population may escape from the loop and it is recorded
in space and called the Solar Energetic Particles (SEP) (Reames
& Tylka 2002; Cane & Erickson 2003). Transport and kinematics of all these three populations (trapped, precipitating, and escaping) is an integral part of the theory of particle acceleration.
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Most studies on stochastic particle acceleration assumed relatively simple magnetic topologies (e.g., simple magnetic loops)
and the presence of low frequency MHD waves (Miller et al.
1990; Petrosian 1999). The Fokker-Planck equation was used
extensively for the analysis of the evolution of the high energy
particles inside magnetic traps (e.g., Fletcher 1997). On the other
hand, it is well known that irregular photospheric motions create stochastic magnetic field lines above the photosphere, so that
the transport properties of the particles will be radically diﬀerent. Cross-field transport of thermal electrons in a coronal loop
in the presence of tangled magnetic fields was recently considered by Galloway et al. (2006).
The influence of stochastic magnetic fields on particle transport is the subject of this study. We explore the propagation of
energetic protons in the presence of magnetic turbulence inside
an open coronal loop. We set up a numerical realization of magnetic fluctuations and inject a number of protons to study their
evolution over time. Energetic protons are considered as test particles. Of course, the test particle approach is only an approximation, as it is clear that turbulent transport will influence the global
plasma structure and even the turbulence properties. However,
the self-consistent solution of the turbulent transport problem
constitutes a formidable theoretical and numerical challenge. In
the case of energetic particles in coronal loops, e.g., 1 MeV protons, we can assume that the turbulence properties are related to
the thermal plasma component, so that a test particle approach
can be appropriate. In the present study, Coulomb collisions are

Article published by EDP Sciences and available at http://www.aanda.org or http://dx.doi.org/10.1051/0004-6361:20065747

1114

M. Gkioulidou et al.: Particle transport in stochastic magnetic fields

neglected. For instance, for 1 MeV protons streaming in an ambient plasma with density ne = 1010 cm−3 and temperature T 
106 K, the collisional mean free path is larger than 400 000 km
(e.g., Krall & Trivelpiece 1972). This is longer than most coronal
loops, so that, in the numerical study, collisions are neglected,
although some eﬀects of collisions are considered in the discussion. On the other hand, for say, 20 keV electrons, the collisional
mean free path is of the order of 60 000 km, so that collisions are
more relevant to the electron dynamics. Collisional transport of
non-thermal electrons in coronal loops has been considered by
Fletcher (1995, 1996).

2. Numerical model
We perform a test particle simulation in which the ions move
in a background field B0 ez plus a fluctuating field δB(r). We
use a numerical realization of a fully three dimensional turbulent magnetic field, to study the evolution of magnetic field
structures. It is basically the same model as Pommois et al.
(1998, 1999, 2001), which proved eﬀective in assessing the influence of turbulence anisotropy on transport properties, and
which we recall here for completeness. The magnetic fluctuations are constructed in a parallelepipedal box with sides  ∼ 3λ,
where λ is the turbulence correlation length, and are given by

(σ)
δB(r) = k,σ δB(k)e(σ) (k) exp i[k · r + φ(σ)
k ], where e (k) are
(σ)
the polarization vectors and φk are random phases. The Fourier
coeﬃcients are given by
δB(k) =

C
,
(k x 2 λ2 + ky 2 λ2 + kz 2 λ2 )α/4+1/2

(1)

where C is a normalization constant and the adopted spectral index is α = 3/2. With this value of α, the correlation length λ
agrees with the longest wavelengths λmax present in the turbulence. Note that with this choice of δB(k), corresponding to the
case of isotropic turbulence, the Fourier amplitude isolevels are
spherical surfaces
 in k space. The
 wave vectors are chosen on a
grid as k = 2π n x /λ, ny/λ, nz /λ /Nmin and the spectrum has a
cut-oﬀ for both the short and the long wavelengths (band spec2
2
trum) with Nmin
≤ n2x + n2y + n2z ≤ Nmax
. For the present runs,
Nmin = 3 and Nmax = 16. In this paper, we consider isotropic turbulence, with wave vectors distributed in three dimensions (3D).
Anisotropic turbulence can also be described by our numerical
model, but we leave this for a future study. A sketch of magnetic
field lines in the presence of turbulence is shown in Fig. 1.
To trace particle trajectories in the above turbulent magnetic
field, we have to numerically solve the equations of motion:
dr
=u
dt

(2)

du
q
=
u×B
dt
mcγrel

(3)

where u is the particle velocity, γrel is the Lorentz factor, and B
is the total magnetic field. We consider energetic particles with
velocity υ much larger than the Alfvén velocity. Typically,
for 1 MeV protons the particles move at υ  14 000 km s−1 ,
which is much larger than the typical Alfvén speed in the corona
with mean magnetic field ∼10 G and density ne ∼ 1010 cm−3 .
When the particle’s velocity is much larger than the Alfvén
speed, the time evolution of magnetic fluctuations can be neglected, so that the above magnetostatic approximation is justified. In the same limit, the electric force due to the electric

Fig. 1. Plot of sample field lines inside the loop simulation box, for
δB/B0 = 0.2 (axes not to scale).

field δE of the MHD waves, which is of order of δE  VA δB/c,
can be neglected.
We set up a rectangular simulation box that models an idealized coronal loop. We take the loop length Lz = 30 000 km, and
the loop thickness L x = 1000 km. In the simulation, all lengths
are normalized to the loop thickness L x = L, so that the simulation box extends from 0 to 1 L in x and y, and from −15 L to 15 L
in z. Further, velocities are normalized to υn = 14 000 km s−1 ,
and times to the inverse proton gyrofrequency, Ωi −1 . We can assume a typical value of B0 = 10 Gauss, so that Ωi −1  10−5 s.
The numerical integration is performed with a Runge-KuttaFehlberg algorithm of the fourth-fifth order with adaptive steps.
To obtain good numerical accuracy, an integration step of at most
10−1 ×Ω−1
i was chosen. This means that over 60 integration steps
are necessary to complete a gyroorbit. Since there is no electric
field, the accuracy of the integration can be checked by means
of the conservation of kinetic energy. Several checks were made
for diﬀerent particle energies, adjusting the accuracy parameter
of the integration algorithm to ensure that the relative error on
energy be less than 10−6 , and typically much less.
Ideally, the magnetic turbulence wavelengths in the loop can
extend from the loop thickness ∼L down to the dissipation scale
in the corona, which can be estimated as λdiss = ρth , where ρth is
the Larmor radius of thermal protons. Because of the finite numerical resources, we are not able to simulate such a long spectrum with our fully 3D realization of the turbulence. On the other
hand, the particle interaction with inhomogeneous fields sensitively depends on the ratio ρ/λ, where ρ is the ion Larmor radius (e.g., Zimbardo et al. 2006). To explore the influence of the
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ρ/λmax

ρ/λmin

0.05
0.1
0.2
0.1
0.1
0.1
0.05
0.1
0.2
0.1

4.2 × 10−4
4.2 × 10−4
4.2 × 10−4
4.2 × 10−3
1.4 × 10−2
4.2 × 10−2
4.2 × 10−2
4.2 × 10−2
4.2 × 10−2
4.2 × 10−1

2.24 × 10−3
2.24 × 10−3
2.24 × 10−3
2.24 × 10−2
7.3 × 10−2
2.24 × 10−1
2.24 × 10−1
2.24 × 10−1
2.24 × 10−1
2.24

diﬀerent wavelengths on proton transport, we change the ratio
between the Larmor radius and the turbulence maximum (minimum) wavelength λmax (λmin ), ρ/λmax , and ρ/λmin , in the diﬀerent runs as indicated in Table 1. In the simulation, this change of
correlation length is obtained by changing the ratio between the
side  = 3λmax of the magnetic fluctuation box and the side L of
the loop simulation box. Runs with diﬀerent values of the ratio
Q = /L and diﬀerent proton energies have been done.

3. Particle dynamics
We inject protons at the center of the simulation box, at z = 0
and x, y in a circle of radius r = 0.05 L, with velocities in random
directions and corresponding to an energy shell of 1 MeV (except for the cases indicated below). For reference, we consider
proton dynamics; however, the behavior of the other ion species
can be understood by making reference to the ratio ρ/λmax , reported in Table 1, since no electric force and no time dependence
of δB are included in our simulation. We have performed several
runs changing the turbulence level, the turbulence correlation
scale /L, and the proton energy E. In particular, E = 10 MeV
for run 2b, and E = 100 MeV for run 2c. The typical number of
injected protons is approximately 1000. For these runs the total
integration time was set to tmax = 2 × 106 Ωi −1 . For the solar
corona, we assume typical values of δB/B0 = 0.1−0.2, although
diﬀerent values have also been used, as indicated in Table 1.
3.1. Cross magnetic field transport

In Fig. 2 we present the projection of protons at z = ±15 L on
the xy plane for /L = 1, to show the cross magnetic field transport of the protons in relation with the fluctuation level. For these
specific runs we used a larger injection radius, r = 0.1 L, to have
an injection region of size comparable to the turbulence correlation length λ. It can be seen that the number of protons exiting
from the edges, that is from x, y = 0−1 L, increases with the
fluctuation level. If our magnetic field topology were diﬀerent
this number might have been even larger, since it depends on
the number of the open magnetic field lines that is included in
the simulation box. The plots of Fig. 2 are in agreement with
the fact that the transport perpendicular to the average magnetic
field B0 grows with δB/B0; if we assume that the magnetic field
line transport corresponds to the quasilinear regime, we can conclude that the magnetic field line diﬀusion coeﬃcient scales as
Dm ∼ (δB/B0)2 λ (Zimbardo et al. 1995, 2000; Pommois et al.
2001; Galloway et al. 2006). The latter expression also shows
that perpendicular diﬀusion is proportional to the turbulence correlation length. For δB/B0  0.1 and isotropic turbulence, the
magnetic configuration corresponds to only partial stochasticity
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Table 1. Run parameters.
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Fig. 2. Projection of protons’ positions on the xy plane for /L = 1 and
A ≡ δB/B0 = 0.05, 0.1, 0.2, 0.4.

(Zimbardo et al. 1995, 2000). In such a case, particles and field
lines move fast in the stochastic layer in between closed magnetic surfaces (see Fig. 2). This motion is not truly random, but
chaotic, and can give rise to directed transport (Zimbardo et al.
2004; Zimbardo 2005). The non uniform, “intermittent” distribution of protons in Fig. 2 is an example of non-Gaussian transport. It is interesting to compare Fig. 2 with standard, Gaussian
diﬀusion: in such a case, after a “collision”, particles can move
in arbitrary directions, thus smoothing out the density gradients.
Such a random motion corresponds to a density distribution of,
say, energetic particles injected at r0 described by a Gaussian
distribution like
n(r, t) = n0 (2πκt)−3/2 exp [−(r − r0 )2 /(2κt)]

(4)

where κ is the particle diﬀusion coeﬃcient. Conversely, in the
case of turbulent diﬀusion, motion can exhibit memory eﬀects
(which in the present case are due to the magnetic structure),
transport is fast in the stochastic layer, but not isotropic, so that
density gradients are not necessarily smoothed out (Mazur et al.
2000; Ruﬀolo et al. 2003; Zimbardo et al. 2004), as shown in
Fig. 2. In such a case, the density distribution is not Gaussian,
and its description may require the use of Lévy distribution
functions and fractal geometry (Bouchaud & Georges 1990;
Zimbardo 2005).
3.2. Parallel propagation and trapped particles

We found that, especially for large values of /L, a large fraction
of protons are trapped by the magnetic fluctuations, which locally create magnetic mirrors. Sample trajectories of trapped and
non-trapped protons are shown in Fig. 3. We can argue that the
dynamics of the trapped protons is radically diﬀerent from that
of non-trapped protons. The former remain localized for long
times near the injection point (although protons can slowly leak
out of the mirror regions because of the ∇B drift and the stochasticity of field lines, as well as because of collisions), while the
latter propagate relatively freely along the magnetic field, with
some modulation of υ because of the variations of |B|, so that
these particles reach the loop footpoints in a relatively short time.
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Fig. 3. Proton trajectories obtained for δB/B0 = 0.2 and /L = 1. On
the left, trajectory of a proton that is not trapped. On the right, trajectory of a trapped proton. Note the very diﬀerent axis labels, and, on the
right, the multiple reflections at the mirror points and the small lateral
displacement of the guiding center due to ∇B drift. Axes not to scale.

Fig. 5. “Snapshots” of proton positions at times t1 = 6 × 104 Ω−1
i , t2 =
4
−1
4
−1
30×104 Ω−1
i , t3 = 50×10 Ωi , and t4 = 200×10 Ωi , for δB/B0 = 0.1
and /L = 0.001.

Fig. 4. “Snapshots” of proton positions at times t1 = 6 × 104 Ω−1
i , t2 =
4
−1
4
−1
12 × 104 Ω−1
,
t
=
20
×
10
Ω
,
and
t
=
60
×
10
Ω
,
for
/L
= 1.
3
4
i
i
i
Axes not to scale.

We can see that protons are trapped in a region whose size,
parallel to the background field B0 , is of the order of the turbulence correlation length λ, which also is the scale of the magnetic
mirror due to magnetic fluctuations. For instance, the trajectory
in the left panel of Fig. 3 has a vertical size ∆z  0.2 L, comparable to λ = L/3. This implies that in the trap-plus-precipitation
model, the size of the trapping region may be set by the turbulence correlation length. The diﬀerent types of proton dynamics
can be visualized by plotting the proton positions in the simulation box at various fixed times after injection: in Fig. 4 we
show four such “snapshots” for δB/B0 = 0.1, /L = 1, and
E = 1 MeV. After some time, we can see that the trapped
particles and the free-streaming particles form two diﬀerent populations. On the other hand, Fig. 5 shows the corresponding
“snapshots” (although at later times because of the much slower

Fig. 6. Percentage of trapped protons versus the fluctuation level.

propagation) for /L = 0.001. In such a case, motion is globally
diﬀusive, trapping is unimportant, and proton positions correspond to a nearly Gaussian distribution.
In Fig. 6 we plot the dependence of the percentage of trapped
protons as a function of δB/B0 for two diﬀerent cases, /L = 1
and /L = 0.01. For /L = 1, as the fluctuation level increases,
the percentage of trapped protons increases as well, since magnetic mirroring becomes more intense. On the other hand, for
/L = 0.01, the percentage of trapped protons decreases as
the fluctuation level increases from 0.05 to 0.1. In these cases,
ρ/λmin = 2.24 × 10−1 (see Table 1), so that the magnetic moment
is no longer conserved: eﬃcient pitch angle scattering is found,
and this scattering is faster when δB/B0 is increased. As a consequence of increasing δB/B0, a smaller fraction of protons is
trapped by magnetic mirroring, due to stronger pitch angle diﬀusion. However, increasing the fluctuation level further, pitch angle diﬀusion is so fast that parallel motion becomes diﬀusive (see
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Fig. 7. Percentage of trapped protons versus the proton energy.

Fig. 8. Histograms representing the arrival time profile of 1 MeV protons at z = ±15. The parameters of each run are indicated in each panel.

later), which is slower than free-streaming. In such a case, a large
number of protons are reported as trapped since these protons remain inside the simulation box, although they are not trapped by
magnetic mirroring. In other words, these protons propagate in
a diﬀusive way, but do not have enough time, in the simulation,
to exit the loop box. For smaller correlation length, almost all
of the protons are trapped (not shown). However, they are not
trapped by magnetic mirrors, but simply, pitch angle scattering
is very eﬃcient and the parallel mean free path is very short, so
that parallel diﬀusive motion becomes slow.
In Fig. 7 we present the change in the percentage of trapped
protons with the energy. The runs were done for /L = 0.1, while
increasing the proton energy to 100 MeV in a few steps. The
number of trapped protons for E = 10 MeV increases with respect to E = 1 MeV, possibly due to the combined eﬀect of
trapping by magnetic mirroring, pitch angle diﬀusion, and retrapping. For E = 100 MeV, however, the number of the trapped
protons strongly decreases because the larger Larmor radius favors pitch angle diﬀusion. Also, protons are just faster and so
need a shorter time to exit the loop box: motion is diﬀusive, but
with a larger diﬀusion coeﬃcient than that corresponding to the
cases reported in Fig. 6 for /L = 0.01.
It is interesting to compare the particle trapping found here
to that considered by Buechner & Zelenyi (1989) for the quasineutral sheet configuration of the Earth’s magnetotail. In our
case, trapping is found when ρ/λmin  1, so that the smallest wavelength (rather than the loop radius) gives the scale that
determines whether motion is adiabatic or not. In the case of a
quasi-neutral sheet of thickness Lz , Buechner & Zelenyi (1989)
have shown that motion is adiabatic when ρ/Rc  1, with
Rc = (Bn /B0)Lz as the minimum radius of curvature of field
lines in the center of the current sheet (here, Bn is the component of the magnetic field normal to the current plane, and B0
the asymptotic field out of the current sheet). When ρ/Rc  1,
particles are trapped by bouncing motion in the magnetic mirror
due to B0 and Bn . When ρ/Rc ∼ 1, the adiabatic invariants are
no longer conserved and particles undergo chaotic motion and
pitch angle diﬀusion. Conversely, in our case adiabatic motion
depends not only on ρ/λmin , but also on the turbulence level, as
shown in Fig. 6 and, below, in Fig. 10.
Further insight on proton parallel motion can be obtained
by making the histograms of the number of protons arriving
at z = ±15 L versus time. These histograms are shown in
Fig. 8 for 1 MeV protons and for diﬀerent values of δB/B0

and Q = /L, and they mimic the time profile of the emission from the loop foot points, assuming that the emission is
directly proportional to the number of arriving protons. Separate
histograms were done for protons exiting from z = +15 L and
from z = −15 L: these exhibit the same overall behavior, which
can be taken as an indication that the number of injected protons
is statistically enough. Here we present only the histograms for
the total number of protons exiting along z. In the panels of Fig. 8
and following, we have indicated, for brevity, the ratio of spatial
scales as Q = /L, and the fluctuation amplitude as A = δB/B0.
We can see that for large correlation lengths, most protons
arrive promptly (scatter-free) to the foot points, while trapped
protons are not exiting at all. The upper row of Fig. 8, panels a,
b, and c, shows the time profile for /L = 1 and for diﬀerent fluctuation levels (as indicated): we can see that when increasing the
fluctuation level, fewer protons are arriving at middle times because more protons are trapped. In particular, the trapped protons
have a large pitch angle, that is, a small υ . Increasing δB/B0,
protons with somewhat larger υ are trapped, and this causes a
reduction in the number of protons in the tail of the time profile. A diﬀerent phenomenology is found increasing δB/B0 for
shorter correlation lengths: panels d and e of Fig. 8 show the time
profiles for /L = 0.01 and δB/B0 = 0.05, 0.1, respectively. It
can be seen that increasing the fluctuation level, a longer tail is
created in the time profile: in these cases pitch angle diﬀusion
increases with the fluctuation level, and proton motion along z
becomes diﬀusive (that is slower than scatter-free). Finally, panels b, f, and e give the time profile for /L varying from 1 to 0.1
and to 0.01, respectively, for constant fluctuation level A = 0.1
(we have found it impractical to obtain the time profiles for
/L = 0.001, as the very slow diﬀusive motion would require
even longer integration times to have enough arriving protons).
We can see clearly that decreasing the correlation length, a tail
of “late” protons develops: this “tail” is the result of pitch angle
diﬀusion, which slows down the propagation along z.
In summary, the eﬀect of increasing δB/B0 is twofold: it
causes a decrease of the tail of the time profile for large turbulence correlation lengths (because of enhanced trapping of particles with small υ ), and it causes the increase of the tail of the
time profile for small turbulence correlation lengths (because of
enhanced pitch angle diﬀusion).
We can argue that the upper row of Fig. 8 qualitatively
describes the behavior of energetic electrons, too. For instance, for 20 keV electrons, B0 = 10 G, and /L = 1,
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we obtain ρe /λ  1.5 × 10−6 , with ρe the electron gyroradius.
Comparing this estimate with the values of ρ/λ in Table 1, we
can see that electron motion is adiabatic in most cases, so that
electrons are subject to magnetic mirroring, but not to pitch angle diﬀusion (save for collisions).
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In the previous section we analyzed proton transport by means
of several diagnostics: these have evidenced that qualitatively
diﬀerent dynamics can be obtained, i.e., scatter-free propagation,
trapped motion, and diﬀusive motion, depending on the values
of /L, δB/B0, and proton energy. Here we want to characterize
these diﬀerent behaviors by means of their statistical properties
in the time asymptotic regime (that is for long enough times).
4.1. Theoretical analysis

Scatter-free or, in the opposite case, trapped dynamics correspond to nondiﬀusive, non-Gaussian behaviors, which can be
described by a generalized transport law
(∆ri )
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(5)
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and is a measure of the departure of the distribution function of
proton positions from a Gaussian distribution, which has flatness equal to 3. An Fi > 3 implies that the tails of the distribution function are higher than for a Gaussian distribution: this
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where i = x, y, z and ∆ri = ri − ri0 , with ri0 the initial proton position. Here, κi is a generalized transport coeﬃcient, corresponding to the standard diﬀusion coeﬃcient when γi = 1, and γi is
the anomalous transport exponent. We note that γi = 2 corresponds to ballistic transport (i.e., purely scatter-free), 1 < γi < 2
corresponds to superdiﬀusion, which can be described statistically by means of a Lévy random walk (Klafter et al. 1987;
Bouchaud & Georges 1990; Klafter et al. 1996; Metzler &
Klafter 2000), while γi < 1 corresponds to subdiﬀusion and
trapping. A Lévy random walk is a transport process in which
the free path lengths x have a power law probability distribution ψ(x, t) for large x, so that very long free paths have a small
but non negligible probability (e.g., Bouchaud & Georges 1990).
This is at variance with what is found in the case of Gaussian
statistics, where ψ(x, t) ∝ exp (−x2 ), so that very long displacements are very unlikely. In the case of a power law distribution
for free path lengths, ψ(x) ∝ x−1+β for x → ∞, the variance of
the free path lengths can be diverging. However, a space-time
coupling is found in the case of a physical walker, that is, for a
material particle that would not cover an arbitrarily long distance
in a fixed time, so that longer paths require a longer time. This
corresponds to the space-time coupling of Lévy random walks,
whereas in the so-called Lévy flights, the length of jumps is independent of the time. In the case of linear coupling between
space and time, ψ(x, t) ∝ x−(1+β) δ(t − x/v), superdiﬀusion with
γ = 3 − β is found for 1 < β < 2 (Klafter et al. 1987). Several
examples of Lévy statistics have been found in a variety of systems (Shlesinger et al. 1995; Zaslavsky 2002; Metzler & Klafter
2004).
For the considered runs, we have computed the mean square
displacement appearing in Eq. (5), as well as the higher order
moments needed to compute the flatness Fi of the distributions.
A running fit of the mean square displacement allows us to compute κi and γi . The flatness is defined as
Fi = (∆ri )4 /[ (∆ri )2 ]2
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Fig. 9. Running fits of the proton mean square deviations. The top panels give the diﬀusion constants κi , the middle panels the anomalous
transport exponents γi , and the bottom panels the flatnesses Fi . The
quantities for the diﬀerent axes are indicated by solid lines (x), dashed
lines (y), and dotted lines (z), respectively.

is, for instance, the case of Lévy distribution functions, which
have power law tails. On the other hand, Fi < 3 implies that the
tails of the distribution are less important than for a Gaussian
distribution: this is the case, e.g., of a “rectangular” distribution.
4.2. Results
4.2.1. Statistics for different values of correlation length

We found that an integration time tmax = 106 Ω−1
i is usually sufficient to attain the stabilization of the fitted parameters, after an
initial transient. Running fits have been made with a time window of ∆t = 3 × 105 Ω−1
i . The results of the running fits are reported in Fig. 9 for /L = 0.1, 0.01, 0.001 and for δB/B0 = 0.1.
Considering the results in the left panels of Fig. 9, obtained for
/L = 0.1, we can see that transport along the average magnetic
field is almost purely ballistic, γz  1.92, while transport perpendicular to B0 is weakly superdiﬀusive, γ x  γy  1.1. Ballistic
transport corresponds to the fact that protons that are not trapped
by magnetic mirroring can freely move along B. A similar ballistic transport is found for /L = 1 (Gkioulidou et al. 2006).
Clearly, this kind of transport is very diﬀerent from standard,
Gaussian diﬀusion. The non-Gaussian nature of transport is confirmed by the values of the flatness, which are very diﬀerent indeed from the Gaussian values of 3, F x  Fy  25, Fz  2, (see
the bottom left panel of Fig. 9). In particular, Fz  2 corresponds
to the nearly ballistic parallel motion, so that a large share of protons move like in Fig. 4. Going to smaller turbulence scales, center panels, we find superdiﬀusive motion along z, γz  1.1, and
almost normal diﬀusion along x and y. The superdiﬀusive motion along z indicates that pitch angle diﬀusion is at work, but not
so much as to imply normal diﬀusion. The flatnesses are diﬀerent from 3 in the early phases of transport, but tend to 3 for long
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coeﬃcients κ x /κz  10−5 . We suggest that these relatively small
values are due to the small turbulence level.
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Fig. 10. Same as Fig. 9, but for /L = 0.01 and δB/B0 = 0.05, 0.1, 0.2.
Note the pure ballistic transport along z for δB/B0 = 0.05.

times, showing that the departure from the Gaussian regime is
not strong. When we decrease the turbulence correlation length
further (right panels), we obtain normal, Gaussian diﬀusion, that
is, γ x  γy  γz  1 and F x  Fy  Fz  3. As discussed in
Sect. 3, in this case pitch angle diﬀusion is very fast, and protons are subject to a random diﬀusive motion in all directions.
Thus, we can see that the character of transport changes with the
ratio /L, leading to qualitatively diﬀerent regimes.
4.2.2. Statistics for different values of turbulence level

The character of parallel transport dramatically changes with the
turbulence level, too: keeping /L = 0.01, we have done runs
with δB/B0 = 0.05 and 0.2. The results, reported in Fig. 10
for 1 MeV protons, show that ballistic transport along B is obtained for δB/B0 = 0.05, γz  2, superdiﬀusive for δB/B0 = 0.1,
γz  1.1, and normal diﬀusion for δB/B0 = 0.2, γz  1.
These results show that pitch angle diﬀusion also depends, of
due course, on the turbulence level (that is, on the wave amplitude), so that for weak turbulence levels, scatter-free propagation is obtained, while for larger fluctuation levels normal,
Gaussian diﬀusion is recovered. It is interesting to notice that
superdiﬀusive transport with γz  2 is obtained even in this case
when ρ/λmin = 0.224. Considering that the Larmor orbit diameter is 2ρ and that the peak to valley variation of the wave field
corresponds to half a wavelength, we note that ρ/λmin = 0.224
corresponds to the eﬀective resonance condition. Thus, we can
see that superdiﬀusive transport is obtained even in the case
when the particle is in resonance with the turbulence (compare
with the results of Zimbardo et al. 2006). On the other hand,
perpendicular transport is found to be normal for all the runs
from δB/B0 = 0.05 to δB/B0 = 0.2, γ x  γy  1, although
in the former case F x  Fy  6−8, while in the latter case
F x  Fy  3. We also notice that in the globally diﬀusive
cases (right panels of Figs. 9 and 10), the ratio of the diﬀusion

In this paper we have carried out an in-depth investigation of energetic proton transport in the presence of magnetic turbulence,
in a configuration corresponding to a model coronal loop. One
of the most important points is the formation, because of the
considered magnetic fluctuations, of numerous local magnetic
traps (see Fig. 4) superimposed on the large-scale magnetic trap
expected from the overall magnetic field B0 of the loop. The random motions in the photosphere will create large scale stochastic field lines (represented here by the standing waves). These
local traps will work on time scales much shorter than the collision time for the ions of 1 MeV. Collisions are important for
10−20 keV electrons, but they are not going to dramatically
influence the picture presented here. The statistical properties
will be the same and their description should include the anomalous transport properties. We have characterized the proton motion by a number of numerical diagnostics, while changing parameters like the turbulence correlation length λ, the turbulence
level δB/B0, and the proton energy. We can summarize our results as follows:
1. For large λ, the ratio between the Larmor radius and turbulence wavelength is small, and the magnetic moment is conserved. In this case, a fraction of the protons, which grow
with the fluctuation level, are trapped by magnetic mirroring;
this population may be responsible for the hard X-ray and,
possibly, γ-ray emission that has been observed close to the
loop top (or the injection zone) (Veronig et al. 2005; Barat
et al. 1994). The spatial scale for trapping due to mirroring
in the magnetic turbulence is of the order of the turbulence
correlation length λ. Another major fraction of protons is not
trapped, and propagates freely along B. If we neglect collisions, this corresponds to ballistic transport; this population
can give rise to electromagnetic emission when reaching the
loop footpoints by releasing the particle kinetic energy to the
ambient plasma (Vilmer & MacKinnon 2003).
Previous research has been carried out considering coronal
trap models (Alexander 1990; Fletcher 1995, 1996, 1997),
without the inclusion of stochastic magnetic fields. In those
studies, trapping is due to the large scale magnetic mirror due
to the loop structure, and collisions play an important role in
causing pitch angle diﬀusion into the loss cone.
2. Decreasing λ, that is increasing the ratio ρ/λ, the magnetic
moment is no longer well conserved, and pitch angle diffusion progressively sets in. On the one hand, pitch angle
diﬀusion leads to a decrease of the trapped population; on
the other hand, parallel motion is perturbed, and changes
progressively from ballistic to superdiﬀusive, and finally, for
small λ, to diﬀusive. In the last case, (/L = 0.001), parallel motion becomes relatively slow and leads to a very large
trapping time of the protons (Aschwanden 1996), although
they are not trapped by magnetic mirrors.
3. The results that we have obtained for protons can give information on the electron dynamics, too. For 20 keV electrons, the Larmor radius is much smaller than that of 1 MeV
protons, so that electron motion is adiabatic and magnetic
mirroring in a trap of typical size λ is obtained. On the
other hand, it should be considered that the collisional mean
free path of electrons is shorter than that of protons, so that
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collisions will influence electron trapping and electron motion along the loop.
4. In the case of either scatter-free or superdiﬀusive transport,
or trapped motion, the proton dynamics is non-Gaussian, as
evidenced by the computed values of the flatness, and the statistical description of transport requires the use of such ideas
as Lévy random walk, long range correlations, fractal structures, and fractional Fokker-Planck equations (Bouchaud &
Georges 1990; Metzler & Klafter 2000; Zaslavsky 2002;
Zimbardo 2005).
5. We note that with fluctuation levels corresponding to
δB/B0 = 0.05, 0.1, 0.2, perpendicular transport is slow for
most cases (i.e., except for /L = 1), and no (or very few)
protons are able to exit the loop simulation box from the
edges. This result implies that the loop is not feeding the
corona with energetic protons, in agreement with the fact that
for considered turbulence levels the majority of magnetic
surfaces are closed (e.g., Zimbardo et al. 1995; Pommois
et al. 1998; Zimbardo et al. 2000). In other words, larger
values of δB/B0 (as for instance δB/B0 = 0.4) are needed (at
least locally) to allow the particle leakage from the coronal
loop.
We consider that the results reported here are relevant to the
propagation of solar energetic particles, too, given that the transport of such particles in solar wind magnetic turbulence is sometimes considered to be scatter-free, and sometimes diﬀusive
(e.g., Cane & Erickson 2003; McKibben 2005; Qin et al. 2005;
Zimbardo et al. 2006). Our results can help us to understand under what conditions each type of transport regime is to be expected. The strong dependence of the transport properties on ρ/λ
and on δB/B0 emphasizes the importance of understanding what
the actual features of magnetic turbulence in coronal loops are
(e.g., Nigro et al. 2005; Galloway et al. 2006). In this study the
electric fields created by the varying magnetic field or the local
shear of magnetic field (∇ × B) and the inclusion of the local resistivity have been ignored for simplicity. In real turbulent plasmas the transport and acceleration from localized electric fields
coexist and the diﬀusion both in real and momentum space go
hand in hand. Also, magnetic turbulence in the loop is likely to
be anisotropic. These eﬀects are left for a future study.
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