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ABSTRACT

Aims. We investigate how ellipticity, asymmetries and substructures separately aﬀect the ability of galaxy clusters to produce strong
lensing events, i.e. gravitational arcs, and how they influence the arc morphologies and fluxes. This is important for studies aiming,
for example, at constraining cosmological parameters from statistical lensing, or at determining the inner structure of galaxy clusters
through gravitational arcs.
Methods. We create two-dimensional smoothed, diﬀerently elliptical and asymmetric versions of some numerical models. By subtracting these smoothed mass distributions from the corresponding numerical maps and by gradually smoothing the residuals before
re-adding them to the clusters, we are able to see how the lensing properties of the clusters react to even small modification of the
cluster morphology. We study in particular by how much ellipticity, asymmetries and substructures contribute to the strong lensing
cross sections of clusters. We also investigate how cluster substructures aﬀect the morphological properties of gravitational arcs, their
positions and fluxes.
Results. On average, we find that the contributions of ellipticity, asymmetries and substructures amount to ∼40%, ∼10% and ∼30%
of the total strong lensing cross section, respectively. However, our analysis shows that substructures play a more important role
in less elliptical and asymmetric clusters, even if located at large distances from the cluster centres (∼1 h−1 Mpc). Conversely, their
eﬀect is less important in highly asymmetric lenses. The morphology, position and flux of individual arcs are strongly aﬀected by the
presence of substructures in the clusters. Removing substructures on spatial scales 50 h−1 kpc, roughly corresponding to mass scales
5 × 1010 h−1 M , alters the image multiplicity of ∼35% of the sources used in the simulations and causes position shifts larger than
5 for ∼40% of the arcs longer than 5 .
Conclusions. We conclude that any model for cluster lens cannot neglect the eﬀects of ellipticity, asymmetries and substructures. On
the other hand, the high sensitivity of gravitational arcs to deviations from regular, smooth and symmetric mass distributions suggests
that strong gravitational lensing is potentially a powerful tool to measure the level of substructures and asymmetries in clusters.
Key words. gravitational lensing – galaxies: clusters: general – dark matter

1. Introduction
Due to the improvements in the quality and in the depth of astronomical observations, in particular from space, an increasing
number of gravitational arcs has recently been discovered near
the centres of many galaxy clusters (see e.g. Broadhurst et al.
2005). Since the appearance of these images reflects the shape
of the gravitational potential that is responsible for their large
distortions, strong lensing is, in principle, a very powerful tool
for investigating how matter, in particular the dark component,
is distributed in the inner regions of cluster lenses.
Determining the inner structure of galaxy clusters is one of
the major goals in cosmology, because it should allow us to set
important constraints on the growth of the cosmic structures in
the Universe. Moreover, constraining the mass distribution in
the centre of dark matter halos has become increasingly important in recent years, since observations of the dynamics of
stars in galaxy-sized systems revealed the presence of a potential

problem within the Cold-Dark-Matter (CDM) scenario. While
numerical simulations in this cosmological framework predict
that dark matter halos in a large range of masses should develop
density profiles characterised by an inner cusp, observations of
the rotation curves of dwarf and low-surface-brightness galaxies
suggest that these objects rather have flat density profiles (Flores
& Primack 1994; Moore 1994; Burkert 1995; Burkert & Silk
1997; McGaugh & de Blok 1998; Dalcanton & Bernstein 2000;
Firmani et al. 2001).
While the centres of galaxies are dominated by stars, which
renders it extremely complicated to derive constraints on the distribution of their dark matter, galaxy clusters are an alternative
and, in many respects, preferable class of objects for testing the
predictions of the CDM model. Several authors have tried to investigate the inner structure of these large systems, using and often combining several kinds of observations. Apart from lensing,
the gravitational potential of galaxy clusters can be traced with
several other methods, for example through the emission in the
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X-ray band by the hot intra-cluster gas. However, while gravitational lensing directly probes the matter content of these objects,
the other techniques usually rely on some strong assumptions
about their dynamical state and the interaction between their
baryonic and dark matter. For example, it must be often assumed
that the gas is in hydrostatic equilibrium within the dark matter
potential well and that the system is spherically symmetric.
Some ambiguous results were found when comparing the
constraints on the inner structure of clusters as obtained from
X-ray and lensing observations. First, masses estimated from
strong lensing are usually larger by a factor of 2–3 than the
masses obtained from X-ray observations (Chen et al. 2003;
Ota et al. 2004). Deviations from axial symmetry and substructures are known to be important factors in strong lensing mass
estimates (see e.g. Bartelmann 1995; Bartelmann & Steinmetz
1996; Meneghetti et al. 2003b; Oguri et al. 2005; Gavazzi 2005).
Second, the constraints on the inner slope of the density profiles
seem to be compatible with a wide range of inner slopes (Ettori
et al. 2002; Lewis et al. 2003; Arabadjis et al. 2002; Sand et al.
2004; Bartelmann & Meneghetti 2004; Gavazzi 2005).
Apart from the above-mentioned uncertainties aﬀecting the
X-ray measurements, strong lensing observations also have several potential weaknesses. First, arcs are relatively rare events.
Frequently, all the constraints that can be set on the inner structure of clusters via strong lensing depend on a single or on a
small number of arcs and arclets observed near the cluster core.
Second, arcs are the result of highly non-linear eﬀects. This implies that their occurrence and their morphological properties are
very sensitive to ellipticity, asymmetries and substructures of the
cluster matter distribution.
Reversing the problem, this means that, in order to reliably
describe the strong lensing properties of galaxy clusters, all of
these eﬀects must be taken into account. Fitting the positions
and the morphology of gravitational arcs to derive the underlying mass distributions of the lensing cluster, usually require
to build models with multiple mass components, each of which
is characterised by its ellipticity and orientation (see e.g. Kneib
et al. 1993; Comerford et al. 2006; Broadhurst et al. 2005).
Even describing the cluster lens population in a statistical way
requires the use of realistic cluster models (Meneghetti et al.
2000, 2003b,a; Oguri 2002; Oguri et al. 2003; Dalal et al. 2005;
Hennawi et al. 2005).
Despite the fact that the importance of ellipticity, asymmetries and substructures for strong lensing has appeared clearly
in many previous studies, many questions still remain. For example, what is the typical scale of substructures that contribute
significantly to the strong lensing ability of a cluster? Where are
they located within the clusters? What is the relative importance
of asymmetries compared to ellipticity? How do substructures
influence the appearance of giant arcs? All of these open problems are important for studies aiming at constraining cosmological parameters from statistical lensing, or at determining the inner structure of galaxy clusters through gravitational arcs.
This paper aims to answer these questions. To do so, we
quantify the impact of ellipticity, asymmetries and substructures
by creating diﬀerently smoothed models of the projected mass
distributions of some numerical clusters. We gradually move
from one smoothed model to another through a sequence of intermediate steps.
In Sect. 2, we discuss the characteristics of the numerically
simulated clusters that we use in this study; in Sect. 3, we explain
how ray-tracing simulations are carried out; Sect. 4 illustrates
how we obtain smoothed versions of the numerical clusters;
in Sect. 5, we suggest a method to quantify the amount of

substructures, asymmetry and ellipticity of the cluster lenses,
based on multipole expansions of their surface density fields;
Sect. 6 is dedicated to the discussion of the results of our analysis. We summarise our conclusions in Sect. 7.

2. Numerical models
The cluster sample used in this paper is made of five massive
dark matter halos. One of them, labelled g8hr , was simulated
with very high mass resolution, but contains only dark-matter.
The others, the clusters g1, g8, g51 and g72 have lower mass
resolution but are obtained from hydro-dynamical simulations
which also include gas.
The halos we use here are massive objects with masses
8.1×1014 h−1 M (g72), 8.6×1014 h−1 M (g51), 1.4×1015 h−1 M
(g1) and 1.8 × 1015 h−1 M (g8 and g8hr ) at z = 0.3. We have chosen this redshift because it is close to where the strong lensing
eﬃciency of clusters is the largest for sources at zs  1 (Li et al.
2005).
The clusters were extracted from a cosmological simulation
with a box-size of 479 h−1 Mpc of a flat ΛCDM model with
Ω0 = 0.3, h = 0.7, σ8 = 0.9, and Ωb = 0.04 (see Yoshida
et al. 2001). Using the “Zoomed Initial Conditions” (ZIC) technique (Tormen et al. 1997), they were re-simulated with higher
mass and force resolution by populating their Lagrangian volumes in the initial domain with more particles, appropriately
adding small-scale power. The initial displacements are generated using a “glass” distribution (White 1996) for the Lagrangian
particles. The re-simulations were carried out with the TreeSPH code GADGET-2 (Springel et al. 2001; Springel 2005). For
the low resolution clusters, the simulations started with a gravitational softening length fixed at  = 30.0 h−1 kpc comoving
(Plummer-equivalent) and switch to a physical softening length
of  = 5.0 h−1 kpc at 1 + z = 6.
The particle masses are mDM = 1.13 × 109 h−1 M and
mGAS = 1.7×108 h−1 M for the dark matter and gas particles, respectively. For the high-resolution cluster g8hr the particle mass
is mDM = 2.0 × 108 h−1 M and the softening was set to half
of the value used for the low resolution runs. Its virial region at
z = 0.3 contains more than nine million particles, which allow
us to clearly resolve substructures on scales down to those of
galaxies. Despite the lower mass resolution with respect to g8hr ,
the other low resolution clusters also contain several million particles within their virial radii.
To introduce gas into the high-resolution regions of the lowresolution clusters, each particle in a control run containing only
dark matter was split into a gas and a dark matter particle. These
were displaced by half the original mean inter-particle distance,
so that the centre-of-mass and the momentum were conserved.
Selection of the initial region was done with an iterative process involving several low-resolution, dissipationless resimulations to optimise the simulated volume. The iterative
cleaning process ensures that all these haloes are free of contaminating boundary eﬀects up to at least 3 to 5 times the virial
radius.
The simulations including gas particles follow only the non
radiative evolution of the intra-cluster medium. More sophisticated versions of these clusters, where radiative cooling, heating
by a UV background, and a treatment of the star formation and
feedback processes were included exist and their lensing properties have been studied in detail by Puchwein et al. (2005).
The cluster g8hr is in principle a higher-resolution, darkmatter only version of the cluster g8, which was simulated
with non-radiative gas physics. Nevertheless the two objects can
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only be compared statistically. Indeed, the introduction of the
gas component as well as the increment of the mass resolution introduce small perturbations to the initial conditions, which
lead to slightly diﬀerent time evolutions of the simulated halos.
Furthermore, also the presence of gas and its drag due to pressure lead to significant changes in the assembly of the halo. A detailed discussion of such diﬀerences can be found in Puchwein
et al. (2005). For this reason, the lensing properties of g8 and
g8hr at z = 0.3 are not directly comparable.

3. Lensing simulations
Ray-tracing simulations are carried out using the technique described in detail in several earlier papers (e.g. Bartelmann et al.
1998; Meneghetti et al. 2000).
We select a cube of 6 h−1 Mpc comoving side length, centred on the halo centre and containing the high-density region
of the cluster. The particles in this cube are used to produce a
three-dimensional density field, by interpolating their position
on a grid of 10243 cells using the Triangular Shaped Cloud
method (Hockney & Eastwood 1988). Then, we project the
three-dimensional density field along the coordinate axes, obtaining three surface density maps Σi, j , used as lens planes in the
following lensing simulations.
The lensing simulations are performed by tracing a bundle of
2048×2048 light rays through a regular grid, covering the central
sixteenth of the lens plane. This choice is driven by the necessity
to study in detail the central region of the clusters, where critical curves form, taking into account the contribution from the
surrounding mass distribution to the deflection angle of each ray.
Deflection angles on the ray grid are computed using the
method described in Meneghetti et al. (2000). We first define
a grid of 256 × 256 “test” rays, for each of which the deflection
angle is calculated by directly summing the contributions from
all cells on the surface density map Σi, j ,
αh,k

xh,k − xi, j
4G 
= 2
Σi, j A
,
c i, j
|xh,k − xi, j |2

(1)

where A is the area of one pixel on the surface density map
and xh,k and xi, j are the positions on the lens plane of the “test”
ray (h, k) and of the surface density element (i, j). Following
Wambsganss et al. (1998), we avoid the divergence when the
distance between a light ray and the density grid-point is zero by
shifting the “test” ray grid by half-cells in both directions with
respect to the grid on which the surface density is given. We then
determine the deflection angle of each of the 2048 × 2048 light
rays by bi-cubic interpolation between the four nearest test rays.
The position y of each ray on the source plane is calculated
by applying the lens equation. If y and x are the angular positions of source and image from an arbitrarily defined optical
axis passing through the observer and perpendicular to the lens
and source planes, this is written as
y= x−

Dls
α(x),
Ds

(2)

where Dls and Ds are the angular diameter distances between
the lens and the source planes and between the observer and the
source plane, respectively.
Then, a large number of sources is distributed on the source
plane. We place this plane at redshift zs = 2. Keeping all sources
at the same redshift is an approximation justified for the purposes of the present case study, but the recent detections of arcs
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in high-redshift clusters (Zaritsky & Gonzalez 2003; Gladders
et al. 2003) indicate that more realistic simulations will have to
account for a wide source redshift distribution.
The sources are elliptical with axis ratios randomly drawn
from [0.5, 1]. Their equivalent diameter (the diameter of the circle enclosing the same area of the source) is re = 1 . They are
distributed in a region on the source plane corresponding to one
quarter of the field of view where rays are traced. As in our earlier studies, we adopt an adaptive refinement technique when
placing sources on their plane. We first start with a coarse distribution of 32 × 32 sources and then increase the source number density towards the high-magnification regions of the source
plane by adding sources on sub-grids whose resolution is increased towards the lens caustics. This increases the probability
of producing long arcs and thus the numerical eﬃciency of the
method. In order to compensate for this artificial source-density
enhancement, we assign a statistical weight to each image for
the subsequent statistical analysis that is proportional to the area
of the sub-grid cell on which the source was placed.
By collecting rays whose positions on the source plane lie
within any single source, we reconstruct the images of background galaxies and measure their length and width. Our technique for image detection and classification was described in detail by Bartelmann & Weiss (1994) and used by Meneghetti et al.
(2000, 2001, 2003a,b), Torri et al. (2004) and Meneghetti et al.
(2005b). The modifications recently suggested by Puchwein
et al. (2005) to increase the accuracy of the measurements of
the arc properties have been included in our code. The simulation process ends in a catalogue of images which is subsequently
analysed.

4. Smoothed representations of the cluster
We aim to separate the eﬀects of substructures, ellipticity and
asymmetries on the strong lensing eﬃciency of our numerical
clusters. We work in two dimensions, starting from the projected
two-dimensional mass distribution of each lens. Since the lens’
surface density profile plays a crucial role in strong lensing, we
keep it fixed and vary only the shape of the density contours.
As a first step, we construct a fiducial model for the smooth
mass distribution of the lens. This is done by measuring the ellipticity and the position angle of the surface density contours as
a function of radius on the projected mass map. The projected
density is measured in circles of increasing radii x. We determine the quadrupole moments of the density distribution in each
aperture,

S i j (x) =

d2 xΣ(x)(xi − xc,i )(x j − xc, j )

, i, j ∈ (1, 2),
d2 xΣ(x)

(3)

where xc denotes the position of the cluster centre and the integrals are extended to the area enclosed by the aperture. Both the
ellipticity  and the position angle φ of the iso-density contour
corresponding to the chosen aperture radius are derived from the
elements of the tensor S i j (r):


2
(S 11 − S 22 )2 + 4S 12
,
2
(S 11 + S 22 )
2S 12
1
·
φ(x) = arctan
2
S 11 − S 22

(x) =

(4)
(5)
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Fig. 1. Diﬀerent smoothing sequences of the projection along the x-axis of cluster g8hr . The original map is shown on the left. Top panels: smoothing
with variable ellipticity and orientation of the iso-density contours; middle panels: smoothing assuming fixed ellipticity and position angle (see
text for more details); bottom panels: smoothing assuming axial symmetry. From left to right, each row of panels show the smoothed map and the
residuals, obtained by subtracting the smoothed from the original map. The contour levels in the density maps start at ∼3.6 × 1015 h M Mpc−2 and
are spaced by 5 × 1015 h M Mpc−2 . The horizontal side length of each panel is 6 h−1 Mpc.

The ellipticity and position angle profiles are used in combination with the mean surface density profile Σ(x) of the lens to
construct a smoothed surface density map,
Σsm (x) = Σ(x,φ ),

(6)

where the equivalent radius x,φ is given by

[x1 cos φ(x) + x2 sin φ(x)]2
x,φ =
[1 − e(x)]
+[−x1 sin φ(x) + x2 cos φ(x)] [1 + e(x)]
2

1/2
,

(7)

√
√
√
and e = 1 − 1 −  2 /(1 + ) = 1 − 1 − / 1 +  ≈  (for
  1).
The resulting map conserves the mean surface density profile of the cluster and reproduces well the twist of its isodensity contours, i.e. the asymmetries of the projected mass
distribution. This is shown in Fig. 1. The panel on the left column shows the original surface density map for one projection of the high-resolution cluster g8hr . Contour levels start at
∼3.6 × 1015 h M Mpc−2 and are spaced by 5 × 1015 h M Mpc−2 .
The top-middle panel shows the smoothed map obtained from
Eq. (6). In the rest of the paper, we will call this smoothed
model the “asymmetric” model. The same colour scale and spacing of the contour levels as in the first panel are used. In the
smoothed map, the substructures on all scales are removed and
redistributed in elliptical shells around the cluster. Comparing
the strong lensing properties of the original and of the smoothed
map, we can quantify the net eﬀect of substructures on the cluster strong lensing eﬃciency. By subtracting the smoothed from

the original map, we obtain a residual map showing which substructures will not contribute to lensing after smoothing. We plot
this residual map in the right panel in the upper row of Fig. 1.
Similarly, the eﬀects of other cluster properties can be separated. For example, we can remove asymmetries and deviations
from a purely elliptical projected mass distribution by disabling
the twist of the iso-density contours in our smoothing procedure.
To do this, we fix the ellipticity and the position angle to a constant value,  = crit and φ = φcrit . We choose crit and φcrit to
be those measured in the smallest aperture containing the cluster critical curves. A smoothed map of the cluster is created as
explained earlier. The results are shown in the middle panels of
Fig. 1. A comparison of the lensing properties of this new “elliptical” model with those of the previously smoothed map allows
us to quantify the eﬀect of asymmetries, which are large-scale
deviations from elliptical two-dimensional mass distributions.
Even the cluster ellipticity can be removed, still preserving
the same mean density profile. This is easily done by inserting
 = 0 in Eq. (6). The resulting smoothed map and the residuals
obtained by subtracting it from the original projected mass map
are shown in the bottom panels of Fig. 1. If we compare the
lensing eﬃciency of such an “axially symmetric” model to that
of the previously defined elliptical model, we quantify the eﬀect
of ellipticity on the cluster strong lensing properties.
For each smoothing method, we simulate lensing of background galaxies not only for the extreme cases of the totally
smoothed maps but also for partially smoothed mass distributions. Adding the residuals R to the smoothed map, the original
surface density map of the cluster is re-obtained,
Σ(x) = Σsm (x) + R(x) .

(8)
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Fig. 2. Surface density maps of the same cluster projection as shown
in Fig. 1, smoothed with increasing smoothing length from the top left
to the bottom right panels. The background smoothed model is the one
shown in the upper right panel of Fig. 1. The smoothing lengths in the
four panels are 0, 47, 141 and 470 h−1 kpc comoving, respectively. The
horizontal side length of each panel is 6 h−1 Mpc comoving.

Substructures of diﬀerent sizes can be gradually removed from
the cluster mass distribution by filtering the residual map with
some filter function of varying width before re-adding it to the
totally smoothed map. This can be done, for example, by convolving the residual map R with a Gaussian G of width σ:
 σ) = R(x) ∗ G(x, σ) ,
R(x,


1
x2
G(x, σ) =
exp − 2 ·
2πσ2
2σ

(9)
(10)

The width σ defines the scale of the substructures which will be
filtered out of the mass map. Surface density maps with intermediate levels of substructures are finally obtained by adding the
filtered residuals to the smoothed map,

 σ) .
Σ(x, σ) = Σsm (x) + R(x,

(11)

This procedure allows us to investigate what the characteristic scale is of substructures that are important for strong lensing. Moreover, comparing how the lensing properties of diﬀerent clusters react to smoothing, we can quantify the impact of
substructures in halos with diﬀerent degrees of asymmetry and
ellipticity. A sequence of smoothed versions of the same cluster
model is shown in Fig 2. The smoothing length σ is 0, 47, 141
and 470 h−1 comoving kpc from the top left to the bottom right
panel, respectively.
Another important issue is to understand where the substructures must be located in order to have a significant impact on the
strong lensing properties of clusters. To address this problem, we
remove from the clusters the substructures located outside apertures of decreasing equivalent radius x,φ . Again, this is done by
modifying the residuals of the smoothed maps. We multiply the
residual map with the function,
⎧
⎪
1
(x,φ < l)
⎪
⎨
x2,φ
T (x,φ , l) = ⎪
,
(12)
⎪
(x,φ ≥ l)
⎩ exp − 2σ2
cut

−1

where σcut = 100 h kpc comoving and l is the equivalent
distance beyond which the substructures are suppressed. The
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Fig. 3. Surface density maps of the same cluster projection shown in
Fig. 1, suppressing the substructures in shells of decreasing equivalent
radius from the top left to the bottom right panels. The background
smoothed model is the one shown in the upper right panel of Fig. 1.
The equivalent radii beyond which the substructures are removed are
1174, 704, 352 and 235 h−1 kpc comoving, respectively. The horizontal
side length of each panel is 6 h−1 Mpc comoving.

Gaussian tail of the window function was applied to avoid sudden discontinuities in the surface density maps.
Results of the removal of cluster substructures at diﬀerent
radii are shown in Fig. 3. From the top left to the bottom right
panel, the cut-oﬀ scales l are 1174, 704, 352 and 235 h−1kpc
comoving, respectively. The residual maps filtered with the window function (12) were re-added to the totally smoothed asymmetric maps to obtain surface density distributions with the desired level of substructures within a given equivalent radius.

5. Quantifying the amount of substructures,
asymmetry and ellipticity
The variations of ellipticity and position angle of the iso-density
contours are given by the functions (x) and φ(x), which were
defined in the previous section. These are shown for the three
projections of cluster g8hr in Fig. 4. They illustrate that the projection along the x-axis of this cluster, shown in Fig. 1, is the
most elliptical at the relevant radii, with an ellipticity which
grows from  ∼ 0.4 to ∼0.58 within the inner ∼1 h−1 Mpc. The
iso-density contours have almost constant orientation in this projection. The projection along the y-axis exhibits the largest variations of ellipticity in the central region of the cluster, with 
growing from ∼0.25 to ∼0.52. It is also characterised by a large
twist of the iso-density contours, whose orientations change by
up to ∼20 degrees. When projected along the z-axis, the cluster
appears more circular and with fairly constant ellipticity ranging
between ∼0.22 and ∼0.32. The twist of the iso-density contours
is moderate within the inner 1 h−1 Mpc.
We now quantify the amount of substructure within the numerical clusters by means of multipole expansions of their surface density maps (Meneghetti et al. 2003b).
Briefly, starting from the particle positions in the numerical
simulations, we compute the surface density Σ at discrete radii xn
and position angles θk taken from [0, 1.5] h−1 Mpc and [0, 2π],
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g8 high. res.: ellipticity profiles

g8hr: power in substructures vs distance

0.8
proj. x
proj. y
proj. z

0.7

0.25
proj. x
proj. y
proj. z

0.6

0.2

0.15
0.4

Psub

Ellipticity

0.5

0.3

0.1
0.2

0.1

0.05

0
0.1

1
Distance from the center [Mpc/h]

0
0

g8 high. res.: twist of isodensity contours

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Distance from the center [Mpc/h]

40
proj. x
proj. y
proj. z

30

Fig. 5. Power in substructures as a function of distance from the cluster
centre for the three projections along the x-, y- and z-axes of cluster g8hr .
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In a fully analogous way, we can quantify the deviation from
a purely elliptical surface mass density by subtracting from Pcirc
the quadrupole term P2 (xn ):

Twist [deg]

10

0

Pell (xn ) = Pcirc (xn ) − P2 (xn ).

-10

-20

-30

-40
0.1

1
Distance from the center [Mpc/h]

Fig. 4. Variations of ellipticity (top panel) and position angle (bottom
panel) of the iso-density contours of the three projections of cluster
g8hr as function of the distance from the cluster centre. The cluster has
a virial radius of ∼2.7 h−1 Mpc.

respectively. For any xn , each discrete sample of data Σ(xn , θk ) is
expanded into a Fourier series in the position angle,
Σ(xn , θk ) =

∞


S l (xn )e−ilθk ,

(13)

l=0

where the coeﬃcients S l (xn )
S l (xn ) =

∞


Σ(xn , θk )eilθk

(14)

k=0

can be computed using fast-Fourier techniques.
We define the power spectrum Pl (xn ) of the multipole expansion l as Pl (xn ) = |S l (xn )|2 . As discussed by Meneghetti et al.
(2003b), the amount of substructure, asymmetry and ellipticity
in the mass distributions of the numerically simulated cluster at
any distance xn from the main clump can be quantified by defining an integrated power Pcirc (xn ) as the sum of the power spectra
over all multipoles, from which the monopole is subtracted in
order to remove the axially symmetric contribution,
Pcirc (xn ) =

∞


Pl (xn ) − P0 (xn ).

(15)

(16)

Separating the eﬀects of asymmetries and substructures by
means of contributions to the multipoles is not an easy task.
The two terms are mixed together in the multipole expansion. In
this paper, asymmetries are assumed to be large-scale deviations
from a purely elliptical mass distribution, which result in variations of ellipticity and position angle of the iso-density contours
as functions of radius. Their contribution to the azimuthal multipole expansion is mostly contained in the low-l tail. On the other
hand, for small xn even relatively small substructures subtend
large angles with respect to the cluster centre. The dipole term
itself contains a contribution from substructures. Assuming that
substructures are localised lumps of matter whose angular extent
is π/2 and that contribute to all multipoles of order larger than
l ∼ 2, we quantify the amount of substructures at radius xn in the
cluster by means of the quantity
Psub (xn ) = Pell (xn ) − P1 (xn ),

(17)

where the power corresponding to the dipole, P1 (xn ) has been
subtracted from Pell (xn ).
Figure 5 shows the radial profiles of Psub for the three projections along the x, y and z-axes of cluster g8hr . Peaks along the
curves indicate the presence of substructures. The amplitude of
the peaks is a growing function of the mass of the substructures.
Clearly, in the projection along the x-axis massive lumps of matter are located at distances of ∼550 and ∼700 h−1kpc from the
cluster centre. Substructures are abundant also at radii of ∼ 1 and
∼1.25 h−1Mpc. This is visible in the left panel of Fig. 1. Instead,
the most dominant substructures in the projection along the yaxis are located outside the region of radius 1 h−1 Mpc. Only a
relatively small peak is observed at ∼650 h−1kpc from the centre. Finally, when projected along the z-axis, the cluster contains
a large amount of substructure at the distance of ∼800 h−1kpc
from the centre. Other peaks are located at radii >1 h−1 Mpc.

l=0

This quantity measures the deviation from a circular distribution
of the surface mass density at a given distance xn from the cluster
centre.

6. Results
In this section, we describe the lensing properties of the numerical clusters in the sample we have analysed and quantify the
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Fig. 6. Maps of the tangential-to-radial magnification ratio for the same
cluster projection showed in the previous figures. From the top left to
the bottom right panel, we show the maps corresponding to the original
cluster and to three smoothed versions of it: using the asymmetric, the
elliptical and the axially symmetric background models.

impact of ellipticity, asymmetries and substructures on their ability to produce arcs.
6.1. Magnification and caustics

The lensing properties of the two-dimensional mass distributions
generated using the previously explained methods can be easily
determined using the standard ray-tracing technique described
in Sect. 3.
The ability of galaxy clusters to produce strong lensing
events is expected to reflect both the presence of substructures
embedded in their halos and the degree of ellipticity and asymmetry of their mass distributions. Indeed, all of these factors
contribute to increase the shear field of the clusters. This was
shown for example by Torri et al. (2004) and later confirmed by
Meneghetti et al. (2005a) and Fedeli et al. (2006), who found
that the passage of substructures through the cluster cores can
enhance the lensing cross section for the formation of arcs with
high length-to-width ratios by orders of magnitude. Meneghetti
et al. (2003b) show that elliptical models with realistic density
profiles produce a number of arcs larger by a factor of ten than
axially-symmetric lenses with the same mass. Analogous results
were obtained by Oguri et al. (2003), who compared the lensing
eﬃciency of triaxial and spherically symmetric halos, and more
recently by Hennawi et al. (2005).
By smoothing the two-dimensional mass distribution of the
clusters, both the levels of substructures and asymmetries are decreased. Thus, we expect their ability to produce highly distorted
arcs to be somewhat reduced. This expectation is supported by
the fact that the regions of the lens plane where the tangential-toradial magnification ratio exceeds a given threshold shrink significantly when smoothing is applied. This is shown in Fig. 6.
The map of the tangential-to-radial magnification ratio of the
original cluster (top right panel) is compared to those obtained
by smoothing its surface density map using the asymmetric (top
left panel), the elliptical (bottom left panel) and the axially symmetric (bottom right panel) background models. The cumulative
distributions of the pixel values in these maps are displayed in
Fig. 7. The probability of having pixels where the tangential-toradial magnification ratio exceeds the minimal value decreases at

Fig. 7. Cumulative distributions of tangential-to-radial magnifications
in the maps shown in Fig. 6.

least by a factor of two, due to removal of substructures, asymmetries and ellipticity. This does not imply that the cross section
for arcs with high length-to-width ratio decreases by the same
amount, since the excess of pixels with a large tangential-toradial magnification ratio in the unsmoothed map is in part due
to isolated clumps of matter whose angular scale is similar to or
smaller than the angular scale of the sources.
By definition, the lensing cross section, which measures a
cluster’s ability to produce arcs, is an area encompassing the
lens’ caustics. Thus, the more extended the caustics are, the
larger generally the lensing cross section is. In Fig. 8 we show
how the caustic shape changes as the smoothing length is varied. Results are shown for each of the smoothing schemes applied. As expected, the caustics shrink as the smoothing length
increases. Comparable trends are found for the asymmetric and
elliptical background models, for which the change of the caustic length is not large. On the other hand, if the cluster surface
density is gradually smoothed towards an axially symmetric distribution, the evolution of the lens’ caustics is much stronger.
Similar reductions of the caustic sizes are found when
suppressing the substructures outside a given radius. This is
shown in Fig. 9. Clearly, substructures at distances of the order of 1 h−1 Mpc already play a significant role in strong lensing.
Although they are located far away from the cluster critical region, the external shear they produce is remarkable and determines the expansion of the lens’ caustics.
6.2. Lensing cross sections

To quantify the diﬀerences between the strong-lensing eﬃciency
of clusters with diﬀerent amounts of ellipticity, asymmetries and
substructures, we focus on the statistical distributions of the arc
length-to-width ratios. Indeed, the distortion of the images of
background galaxies lensed by foreground clusters is commonly
expressed in terms of these ratios.
The eﬃciency of a galaxy cluster in producing arcs with a
given property can be quantified by means of its lensing cross
section. This is the area on the source plane where a source must
be placed in order to be imaged as an arc with that property.
The lensing cross sections for large and thin arcs are computed as described in detail in several previous papers (see e.g.
Meneghetti et al. 2005b). We consider here the cross sections
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Fig. 8. Lens caustics of the mass distribution of the cluster projected along the x-axis as obtained after smoothing using several smoothing lengths
and assuming diﬀerent background models: asymmetric model (left panel), elliptical model (central panel) and axially symmetric model (right
panel). The side length of each panel is 500 h−1 kpc comoving, corresponding to ∼1 .

Fig. 9. Lens’ caustics obtained after removing substructures from the
region outside a given radius, as given by the labels in the figure. The
side length is 500 h−1 kpc comoving, corresponding to ∼ 1 . The figure
refers to the cluster projection along the x axis.

for arcs whose length-to-width ratio exceeds a threshold
(L/W)min = 7.5, and refer to these arcs as giant arcs.
6.2.1. A particular case: the cluster g 8hr

The impact of ellipticity, asymmetry and substructures on the
lensing cross section for giant arcs obviously depends on the particular projected mass distribution of the lens. Large diﬀerences
can be found even between diﬀerent projections of the same
cluster. As an example, we show in Fig. 10 the lensing cross sections for giant arcs as a function of the smoothing length for the
three projections of cluster g8hr . Results are shown for all the
smoothing methods described earlier. The cross sections have
been normalised to that of the unsmoothed lens. The horizontal lines in each plot indicate the limiting values reached when
the surface density maps are completely smoothed. Three diﬀerent realizations of background source distributions were used to
calculate the errorbars.
As expected, the lensing cross sections decrease as the
smoothing scale increases. The decrement is generally rapid for
small smoothing lengths, then becomes shallower.

The diﬀerences between the three projections are large.
When smoothing with an elliptical background model, maximal
variations of the cross section of the order of 40% are found
for the projections along the x- and y-axes. For these two projections, circularising the surface-mass distributions reduces the
cross section by ∼85–90%. However, while for the projection
along the x-axis smoothing using the asymmetric background
model reduces the lensing cross section by 35%, for the projection along the y-axis the cross section becomes only ∼20%
smaller. The diﬀerences between these two projections can be
explained as follows. First, as discussed earlier, when projected
along the x-axis, the cluster has large substructures close to its
centre. This is evident in Fig. 5: substructures are significant at
radii between ∼400−800 h−1kpc. On the other hand, when projected along the y-axis the cluster exhibits significant substructures only at larger radii, >1 h−1 Mpc. Since strong lensing occurs
in the very inner region of the cluster, the impact of substructures close to the centre is larger than that of substructures farther away. Second, in the projection along the y-axis, the twist of
the iso-density contours and the variations of their ellipticity are
significantly larger than for the projection along the x-axis (see
Fig. 4). Therefore, while for the projection along the x-axis the
deviation from a purely elliptical mass distribution is mostly due
to the eﬀects of substructures, in the projection along the y-axis
it is due to both substructures (∼20%) and asymmetries (∼25%).
Asymmetries that are due to the presence of large-scale density
fluctuations distort the isodensity contours which are elongated
in some particular direction, varying their ellipticity and position
angle. Such large-scale modes contribute to the shear field of the
cluster, pushing the critical lines towards regions of lower surface density and increasing their size. Consequently, the strong
lensing cross section also increases.
As shown in Sect. 5, when projected along the z-axis, the
cluster appears rounder. Consequently, a smooth axially symmetric representation of this lens which conserves its surface
density profile has a lensing cross section for giant arcs that is
only 50% smaller than that of the original cluster. Smoothing
using the asymmetric or the elliptical background models is
equivalent and leads to a reduction of the lensing cross section
by ∼30%. The absence of significant diﬀerences between these
two smoothing schemes indicates that asymmetries play little
role in this projection, while the large substructure observed at
∼800 h−1kpc from the centre has a significant impact on the lensing properties of this lens, even being at a relatively large distance from the region where strong lensing occurs.
The smoothing length for which the curves converge
to the values for the completely smoothed maps tell us the
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Fig. 10. Lensing cross section for arcs with length-to-width ratio larger than 7.5 as a function of the smoothing length. Solid, dashed and dotted lines
refer to smoothing adopting the asymmetric, the elliptical and the axially symmetric background models, respectively. The curves are normalised
to the corresponding cross section for smoothing length equal to zero. The results are shown for the cluster projections along the x- (left panel),
y- (central panel), and z-axes (right panel). The critical lines in the three projections are contained in rectangles sized (395 × 105) h−2 kpc2 ,
(455 × 205) h−2 kpc2 and (262 × 87) h−2 kpc2 , respectively.

6.2.2. Mean lensing cross sections

The example of cluster g8hr shows that, depending on the particular configuration of a lens, the impact of ellipticity, asymmetry
and substructures can be substantially diﬀerent in diﬀerent clusters. Nevertheless, we can try to estimate what the statistical impact is of all these factors. We repeat the analysis shown for the
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1
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characteristic scale of cluster substructures that is important for
lensing. In those projections where localised substructures play
an important role, i.e. in the projections along the x- and the zaxes, the relevant scales are smaller (100−300 h−1kpc), while
for the projection where asymmetries are more relevant they
are larger (400 h−1kpc). Converting these spatial scales into
the corresponding mass scales in not an easy task, especially
because we are dealing with substructures in two dimensions.
Tentatively, we can assume that the substructures are spherical and their mean density corresponds to the virial overdensity ∆v (z). For z = 0.3, in the cosmological framework where
our simulations are carried out, ∆v ∼ 123. Then, the abovementioned spatial scales correspond to masses between ∼4 × 1011
and ∼2 × 1013 h−1 M .
The three cluster projections whose lensing properties were
discussed above were carried out along the three orthogonal axes
of the simulation box. In general, these axes do not coincide with
the cluster’s principal axes because it is randomly oriented with
respect to the simulation box. Thus, the roundest and the most
elliptical cluster projections that we have studied are not necessarily the roundest and the most elliptical possible projections.
In the case of g8hr , however, the principal axes do not diﬀer substantially from those of the simulation box. The cluster turns out
to be prolate with axis ratios I1 /I2 ∼ 1.9 and I2 /I3 ∼ 1.1. When
projected along the major principal axis, i.e. in its roundest projection, the ellipticity in the central region is slightly smaller than
in the projection along the z-axis, varying between 0.1 and 0.2.
When projected along the two other principal axes, the cluster
has ellipticity and twist profiles very similar to those for the
projections along the x- and the y-axes. For these reasons, the
diﬀerences between the strong lensing cross sections of the
purely elliptical and of the axially-symmetric smoothed models
are modest in the roundest projection, even smaller than for the
previously discussed projection along the z-axis. Indeed, we find
that the ellipticity accounts for only 10% of the lensing cross
section in this case. When projected along the other two principal axes, the impact of the ellipticity is similar to that for the
projections along the x- and y-axes.
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Fig. 11. Comparison between the low and the high resolution version of
cluster g8. The lensing cross section for arcs with length-to-width ratio
larger than 7.5 averaged over three orthogonal projections of the same
cluster are plotted versus the smoothing function.

cluster g8hr on our sample of clusters simulated with lower mass
resolution. Among them, we analyse the lensing properties of the
low-resolution analogue of cluster g8hr . When we compare the
sensitivity to smoothing of the low- and the high-resolution versions of the same cluster, we do not find significant diﬀerences
between them. Figure 11 shows how the lensing cross section
for giant arcs changes as a function of the smoothing length for
all three smoothing schemes applied. Each curve is the average
over the three independent projections of the clusters. The thick
and thin lines refer to the high- and low-resolution runs, respectively. Considering that, as discussed in Sect. 2, the two simulations have quite diﬀerent mass distributions, the diﬀerences
shown here, which are still within the error bars, have little significance. This suggests that our results are not aﬀected by problems of mass resolution of the numerical simulations.
In Fig. 12 we show the variation of the lensing cross section
vs. smoothing length averaged over all the low-resolution clusters that we have analysed. For each cluster, we use the three
projections along the x, y and z axes, i.e. 12 lens planes in total.
The results are shown for all three smoothing schemes adopted.
The curves show that on average removing the substructures
from the clusters reduces their lensing cross section by about
30 ∼ 35%. Removing asymmetries, i.e. transforming the cluster
mass distributions to purely elliptical, further reduces the
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Fig. 12. Mean lensing cross section for arcs with length-to-width ratio greater than 7.5 of four low-resolution clusters as a function of
the smoothing length. Solid, dashed and dotted lines refer to smoothing adopting the asymmetric, the elliptical and the axially symmetric
background models, respectively. The critical regions of the lenses have
maximal radii in the range ∼100−250 h−1 kpc.

Fig. 13. Lensing cross section for arcs with length-to-width ratio larger
than 7.5 as a function of the minimal equivalent radius containing
substructures. Results are shown for all three cluster projections. The
curves are normalised to the cross section of the cluster containing all
its substructures, corresponding to l = ∞. The critical regions of the
lenses have maximal radii in the range ∼100−250 h−1 kpc.

lensing cross section for giant arcs by ∼10%. If ellipticity is also
removed, the mean lensing cross section becomes ∼20% of that
of the unsmoothed lenses. The typical scales for the substructures that mostly aﬀect the lensing properties of their host halos are 150 h−1kpc (M  1012 h−1 M ). Note that this does not
mean that larger substructures do not aﬀect the lensing cross sections: simply, they are less abundant. We verified that only one
of the clusters in our sample (g72) is undergoing a major merger
with a massive substructure (Msub ∼ 4 × 1014 h−1 M ) at z = 0.3.
The largest scale sub-halos contribute also to the asymmetry of
the projected mass distributions. This means that smoothing further using the asymmetric background model does not remove
these large substructures completely. When smoothing using the
background elliptical and axially-symmetric models the smoothing length at which the lensing cross section approximates that of
the completely smoothed lenses is slightly larger, because largerscale contributions to the surface density fields must be removed.

the cluster centre. In the other two projections of the same cluster (long dashed and dotted lines), where large substructures are
located closer to the centre, a similar decrement of the lensing
cross section is observed at much smaller equivalent radii, between 300 and 450 h−1kpc.
When averaging over the low-resolution cluster sample, we
still find that the lensing cross sections start to decrease when
substructures outside a region of equivalent radius ∼1 h−1 Mpc
are removed from the clusters. While the minimal radius containing substructures is further reduced, the cross sections continue to become smaller. The evolution is initially shallow. A
reduction of ∼15% is observed at a minimal equivalent radius ∼300 h−1kpc. If substructures are removed from an even
smaller region around the centre of the clusters, the decrement
of the lensing cross sections becomes faster. The critical regions
of the lenses in our sample have maximal radii in the range
∼100−250h−1kpc.
This shows that substructures close to the cluster centre are
the most relevant for strong lensing, but substructures located
far away from the cluster critical region for lensing also have a
significant impact on the cluster lensing cross sections.

6.2.3. Location of important substructures

We now investigate the typical location of substructures that are
important for lensing. By ray-tracing through the mass distributions obtained after removing substructures from outside a given
equivalent radius, as discussed at the end of Sect. 4, we find that
the strong lensing eﬃciency of clusters is sensitive to substructures located within a quite large region around the cluster centre. To demonstrate this, we show in Fig. 13 how the lensing
cross section changes as a function of the minimal radius containing substructures. The cross sections are again normalised to
those of the unsmoothed lenses.
In the projection along the y-axis of cluster g8hr (short
dashed line), we note that the lensing cross section decreases
quickly when removing substructures outside an equivalent radius of ∼1 h−1 Mpc. The lensing cross section for giant arcs
is already reduced by ∼10% when the minimal equivalent radius containing substructures is ∼800 h−1kpc. In this projection
there are two large substructures at distances between 1 and
1.2 h−1 Mpc from the cluster centre which seem to influence the
strong lensing eﬃciency of this lens. Note that the critical lines
in this projection of the cluster extend up to ∼200 h−1kpc from

6.3. Arc shapes, locations and fluxes

Small changes in the positions of the caustics and therefore in the
positions of the critical lines can have huge consequences on the
appearance and location of gravitational arcs. To describe these
eﬀects we compare here the characteristics of the images of the
same population of background sources lensed both with the unsmoothed projected mass distributions of the numerical clusters
and with weakly smoothed versions of them. We smooth using
the asymmetric model using a smoothing length of 47 h−1 kpc
(M ∼ 5 × 1010 h−1 M ), not significantly exceeding the scale of
galaxies in clusters. The aim of this discussion is to show that
even relatively small substructures may play a crucial role in determining the appearance of gravitational arcs.
Sources are first distributed around the caustics of the unsmoothed lens following the method discussed in Sect. 3. Then,
the same sources are used when ray-tracing through the surface density maps from which substructures are removed. Each
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Fig. 15. Example of gravitational arc shifted by substructures. The size
of the each frame is 27 × 34 . Left panel: simulation including substructures. Right panel: simulation performed after smoothing with a
smoothing length of 47 h−1 kpc.

Fig. 14. Eﬀects of substructures on scales 50 h−1 kpc on the morphology of gravitational arcs. In the left panels shown are the arcs formed
out of two diﬀerent sources lensed by the unsmoothed mass distribution
displayed in the top left panel of Fig. 2. In the right panels, shown are
the corresponding images obtained by using as lens the mass distribution given in the top right panel of Fig. 2, which has been obtained by
smoothing with a smoothing length of 47 h−1 kpc. In all panels, the critical lines are drawn for comparison. The top and the bottom panels have
sizes of 38 × 57 and 36 × 56 , respectively.

source conserves its position, luminosity, ellipticity and orientation, allowing us to directly measure the eﬀects that removing substructures and asymmetries has on several properties of
the same arcs. For this experiment, we use an extended version
of our ray-tracing code which includes several observational effects, like sky brightness and photon noise, allowing us to mimic
observations in several photometric bands. We assume that the
sources have exponential luminosity profiles and shine with a
luminosity in the B-band LB = 1010 L . We simulate exposures
of 3 ks with a telescope with diameter of 8.2 m (VLT-like). The
throughput of the telescope has been assumed to be 0.25. The
surface brightness of the sky in the B-band has been fixed at
22.7 mag per square arcsec. In this ideal situation, no seeing is
simulated. The eﬀects of these observational eﬀects on the morphological properties of arcs will be discussed in a forthcoming
paper.
In earlier studies, Meneghetti et al. (2000) and Flores et al.
(2000) showed that the impact of galaxy-sized cluster subhalos on the statistical properties of gravitational arcs with large

length-to-width ratios is very modest. These results are confirmed in the present study. As shown in the previous section,
the lensing cross sections for long and thin arcs decrease by
∼20% when smoothing the cluster surface densities on scales
∼50 h−1 kpc. On smaller scales the decrement is only of a few
percent. However, the morphology of individual arcs is strongly
aﬀected in several cases. Arcs can become longer or shorter,
thinner or thicker. In other cases, more dramatic morphological
changes are found. For example, cluster galaxies locally perturb
the cluster potential so as to break long arcs, while in other cases
the opposite eﬀect occurs. Two examples are shown in Fig. 14.
In the upper panels, the same source is imaged as two short arcs
or as a single long arc when the unsmoothed (left panel) and the
smoothed lens (right panel) are used, respectively. The lenses
displayed in the top panels of Fig. 2 have been used for these
simulations. In the bottom panels, a single long arc becomes a
smaller arclet in the absence of substructures. The critical lines
are super-imposed on each graph. They tend to pass around individual substructures in the left panels, while they are more
regular in the right panels. Substructures slightly shift the highmagnification regions of a cluster relative to the background
sources, inducing remarkable changes in the shape of their images and in their multiplicity. For the cluster projection used in
this example, the image multiplicity is increased for ∼21% of the
sources producing arcs longer than 5 , when smoothing is applied, indicating that long arcs break up. On the other hand, for
∼10% of them the image multiplicity decreases, showing that the
caustics shrink and sources move outside of them. Consequently
the number of images decreases.
In several cases, substructures are also responsible for significant shifts of the positions of gravitational arcs. An example
is shown in Fig. 15. The size of each frame is 27 × 34 . The
morphological properties of the arc in the two simulations are
almost identical. The arc length is ∼11 , the arc width is ∼0.6 .
The luminosity peak of the arc, which we use to measure the
shift, is moved towards the bottom left corner of the frame by
∼8.5 , when substructures on scales smaller than 47 h−1kpc are
smoothed away. Similar cases are frequent. For the lens used
in this example, ∼27% of the long arcs (length >5 ) found
in the simulation including substructures are shifted by more
than 5 after smoothing. About ∼4% of them are shifted by more
than 10 . From this analysis, long arcs that split into smaller
arclets are excluded.
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Fig. 16. Probability distribution function of the diﬀerences between
arc magnitudes in simulation including and excluding substructures on
scales <47 h−1 kpc. Results are shown for three diﬀerent source sizes.
See text for more details.

Substructures aﬀect the fluxes received from the lensed
sources. The histogram in Fig. 16 (solid line) shows the probability distribution function of the diﬀerences ∆B = B−Bsm between
magnitudes of arcs with length >5 measured in the simulations
where the unsmoothed and smoothed lens projected mass maps
were used as lens planes. The analysis is restricted to arcs whose
length exceeds 5 in the simulation containing all substructures.
Some arcs are magnified, some others demagnified by the substructures. The maximal variations in luminosity correspond to
∆B ∼ −2.3 ÷ +2.4. The distribution is slightly skewed towards
negative values, indicating that in the absence of substructures
arcs tend to be less luminous. In fact, substructures contribute to
magnify the sources, as discussed in Sect. 6.1.
Sources of diﬀerent size are expected to be diﬀerently susceptible to the substructures. The dashed and the dotted lines
in Fig. 16 show how the probability distribution function of ∆B
changes when the source size is increased or decreased by a factor of two compared to the original source size used in the simulations. As expected, larger sources are less sensitive to perturbations by small substructures in the lenses.
Similar results were found for some other cluster models. For
other lenses, the impact of the substructures on the properties of
individual arcs is even stronger.
The observed arc shifts have tangential and radial components. Generally, the tangential shifts are larger than the radial
shifts. However, when large substructures located close to the
critical regions of clusters are smoothed away, significant radial shifts are possible, given that the relative size of the critical lines changes dramatically. In Fig. 17, the radial shifts of
long arcs (length > 5 ) is plotted versus the tangential shifts.
Diﬀerent symbols are used to identify arcs produced by diﬀerent
numerical clusters. As anticipated, for the majority of the arcs
produced by the clusters g1, g8, g8hr and g51 the radial shifts
are within a few arcseconds, while tangential shifts of 10 and
more are frequent. On the other hand, the arcs produced by the
cluster g72 have significantly larger radial shifts. As mentioned
above, g72 is undergoing a major merger and a secondary lump
of matter occurs near the cluster centre. The cluster critical lines,
along which arcs form, are elongated towards it. When moderate smoothing is applied, the impact of the merging substructure
is attenuated and the critical line shrinks substantially. Thus, the

Fig. 17. Distribution of long arcs (length > 5 ) in the plane radial (∆R)
vs. tangential (R∆φ) shift. Diﬀerent symbols identify arcs produced by
diﬀerent clusters. The arcs produced by the cluster g72, which is experiencing a major merger, are given by the small filled squares.
Table 1. Eﬀects of substructures on gravitational arcs. Column 1: cluster name; Col. 2: projection; Col. 3: percentage of sources whose image multiplicity increases; Col. 4: percentage of sources whose image
multiplicity decreases; Col. 5: percentage of long arcs (l > 5 ), whose
positions result to be shifted by more than 5 when substructures are
smoothed away; Col. 6: maximal variations of magnitudes of long arcs.
Cluster

proj.

g8hr

x
y
z
x
y
z
x
y
z
x
y
z
x
y
z

g1
g8
g51
g72
mean

inc. mult.
[%]
21.2
19.7
23.7
47.0
26.1
24.5
24.0
35.4
31.2
33.1
35.6
39.1
36.0
62.5
22.5
32.1

dec. mult.
[%]
9.8
3.9
10.1
1.0
0.0
0.0
4.0
9.5
6.1
6.2
5.1
6.2
4.0
0.0
0.0
4.4

shift > 5
[%]
26.6
11.1
15.5
24.0
20.0
29.5
27.0
51.1
28.2
44.7
65.7
54.3
79.4
57.1
70.9
40.3

∆B
−2.3/+2.4
−1.7/+0.8
−2.5/+1.6
−1.9/+1.1
−1.7/+0.7
−2.5/+0.8
−1.7/+1.0
−2.1/+2.1
−2.5/+0.5
−2.3/+1.7
−2.5/+1.3
−1.5/+1.3
−2.5/+2.1
−2.4/+0.0
−2.4/+1.7
−2.1/+1.3

arcs move towards the centre of the cluster and their morphology
and flux are also strongly aﬀected.
Some results for all the cluster models we analysed are summarised in Table 1. All of these eﬀects might have an enormous
impact in lensing analysis of clusters, in particular when modelling a lens by fitting gravitational arcs. These results show
that any substructure on scales comparable to those of galaxies
should be included in the model in order to avoid systematic errors. This problem will be addressed in detail in a following paper, in particular regarding the possible biases in strong lensing
mass determinations. However, by making the wrong assumption of axial symmetry, we can approximately estimate the errors
due to the radial shifts of the arcs. For axially symmetric lenses,
the mean convergence within the critical line is κ(< xc ) = 1. The
mass within xc is then
M(< xc ) = πΣcr x2c ,

(18)

where
Σcr =

c 2 Ds
4πG Dl Dls

(19)
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and ellipticity. We analysed the lensing properties of one numerical cluster simulated with very high mass resolution. We studied four other clusters obtained from N-body simulation with a
lower mass resolution.
Each cluster was projected along three independent directions. For each projection, we constructed three completely
smoothed versions. Each of them conserves the mean surface
density profile of the mass distribution of the cluster. However,
the first reproduces the variations of the ellipticity and of the
position angle of the isodensity contours as functions of the distance from the centre; the second has elliptical isodensity contours with fixed ellipticity and orientation; the third is an axially
symmetric model.
The lensing properties of the numerical clusters, of their
smoothed analogues and of several intermediate versions were
investigated using standard ray-tracing techniques.
Our main results can be summarised as follows:

Fig. 18. Distribution of the relative variations of mass determinations
from strong lensing, assuming axial symmetry and that the arc position
trace the location of the critical lines.

is the critical surface mass density and xc is in physical units.
We assume that the position of an arc traces the position of the
critical line. Then, if an arc distance from the centre changes
from R to R , the relative variation of the mass inferred from
strong lensing is
M − M  R2 − R2
∆M
=
=
·
M
M
R2

(20)

The distribution of such ∆M/M, as derived from the radial shifts
displayed in Fig. 17, is shown in Fig. 18. Without suitably modelling the eﬀects of substructures, the typical errors in mass determinations are within a factor of two, but larger errors are also
possible. Since substructures generally contribute to enlarge the
critical lines, a larger mass within the critical line would be required in order to have an arc at the observed distance from the
cluster centre.
Note that even substructures far away from the cluster centre
are important. For example, keeping the inner structure of the
projection along the y-axis of cluster g8hr unchanged, while removing the large substructures at distances >1 h−1 Mpc, we find
that more than ∼50% of the long arcs are shifted by at least 5 .
Moreover, image multiplicity increases for 26% and decreases
for 8% of the sources.
If relatively small substructures can alter many of the properties of gravitational arcs, even asymmetries may be relevant. As
noted earlier the projection along the y-axis is the most asymmetric of g8hr . Comparing the properties of arcs lensed by the
smoothed asymmetric and elliptical models of this lens, we find
significant shifts in the location of about 45% of the long arcs.
For ∼20% of the sources producing long arcs, the multiplicity is
changed.

7. Conclusions
We have quantified the impact of several properties of realistic
cluster lenses on their strong lensing ability. In particular, our
goal was to separate the eﬀects of substructures, asymmetries

– Substructures, asymmetries and ellipticity contribute to increase the ability of clusters to produce strong lensing events.
Substructured, asymmetric and highly elliptical clusters produce more extended high magnification regions in the lens
plane where long and thin arcs can form. Indeed, substructures, asymmetries and ellipticity determine the location and
the shape of the lens caustics around which sources must be
located in order to be strongly lensed by the clusters.
– The impact of substructures, asymmetries and ellipticity on
the lensing cross section in producing giant arcs is diﬀerent
for diﬀerent lenses. The lensing properties of the most symmetric clusters appear to be particularly influenced by the
substructures. On the contrary, substructures are less important in asymmetric lenses.
– On average, substructures account for ∼30% of the total cluster cross section, asymmetries for ∼10% and ellipticity for
∼40%.
– The substructures that typically contribute to lensing are on
scales 150−200 h−1kpc. Assuming a virial overdensity of
∼123 for z = 0.3, this corresponds to mass scales of the order of ∼1012 h−1 M . Substructures on larger scales are not
as frequent in our cluster sample, but, if present, they can
significantly boost the lensing cross section (see e.g. Torri
et al. 2004; Meneghetti et al. 2005b).
– Substructures play a more important role when they are located close to the cluster centre. However, the lensing cross
section for giant arcs is sensitive to substructures within a
wide region around the cluster core. In particular, our simulations show that the sensitivity to substructures far from
the centre is particularly high in those clusters whose inner
regions are unperturbed. In these cases, the loss of strong
lensing eﬃciency by removing the substructures from the
clusters is correlated with substructures within a region of
∼1 h−1 Mpc in radius; on the contrary, clusters containing
substructures in the inner regions are “screened” against external perturbers.
– Even small substructures (l  50 kpc, M  5 × 1010 h−1 M )
influence the appearance and the location of gravitational
arcs. The perturbations to the projected gravitational potential of the cluster induced by the substructures alter the multiplicity of the images of individual sources. Moreover, they
change the morphology and the flux of the images themselves. They can also shift the position of arcs with significant length to width ratios by several arcseconds on the sky.
These results highlight several important aspects of strong lensing by clusters. First, any model for cluster lenses cannot neglect
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the eﬀects of asymmetries, ellipticity and substructures. Clusters
that may appear as relaxed and symmetric, for example in Xrays, are potentially those that are most sensitive to the smallest substructures, located even at large distances from the inner
cluster regions, critical for strong lensing. Even subhalos on the
scales of galaxies can influence the strong lensing properties of
their hosts and alter the shape and the fluxes of gravitational arcs.
Therefore, if the lens modelling is not carried out with a very
high level of detail, it may be totally incorrect.
Second, the high sensitivity of gravitational arcs to deviations from regular, smooth and symmetric mass distributions
suggests that strong gravitational lensing is potentially a powerful tool to measure the level of substructures and asymmetries in clusters. Since, as we said, the sensitivity to substructures is higher in the case of more symmetric lenses, we
conclude that dynamically active clusters, like those undergoing major merger events, should be quite insensitive to “corrugations” in the projected mass distribution but highly sensitive
to asymmetries. Arcs could then be used to diagnose mergers in
clusters. Conversely, substructures should become increasingly
important for the arc morphology as clusters relax. Then the
level of substructures in clusters should be quantified by measuring their eﬀect on the arc morphology. This is particularly intriguing since measuring the fine structure of gravitational arcs
has become feasible thanks to the high spatial resolution reached
in observations from space.
Third, the strong impact of asymmetries and substructures on
the lensing properties of clusters and the wide region in the cluster where these can be located in order to produce a significant
eﬀect further support the picture that mergers might have a great
impact on the cluster optical depth for strong lensing, as suggested by several previous studies (Torri et al. 2004; Meneghetti
et al. 2005a; Fedeli et al. 2006).
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