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ABSTRACT

Context. Solar plasmas are structured and stratified both vertically and horizontally. The presence of density gradients and magnetic
fields results in an additional wave which can be electrostatic (the drift wave) and electromagnetic (the drift-Alfvén wave).
Aims. The stability is discussed of the drift-Alfvén wave which is driven by the equilibrium density gradient, in both unbounded
and bounded, collisional solar plasmas, including the eﬀects of both hot ions and a finite ion Larmor radius. The density gradient in
combination with the electron collisions with heavier plasma species is the essential source of the instability of the electrostatic drift
mode which is coupled to the dispersive Alfvén mode.
Methods. An analytical linear normal mode analysis is used for the description of the waves in spatially unlimited plasma. In the application to the magnetic structures the complex eigen-modes and the corresponding complex discrete eigen-frequencies in cylindric,
radially inhomogeneous, collisional and bounded plasma are derived and discussed.
Results. A detailed derivation of the hot ion (the finite ion Larmor radius) contribution is performed within the two fluid model.
In the analysis of modes in an unbounded plasma the exchange of identity between the electrostatic and electromagnetic modes is
demonstrated. Due to this, the frequency of the electromagnetic part of the mode becomes very diﬀerent compared to the case without
the density gradient. In the case of a bounded plasma the dispersion properties of modes involve a discrete poloidal mode number, and
eigen-functions in terms of Bessel functions with discrete zeros at the boundary. The results are applied to coronal and chromospheric
plasmas.
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1. Introduction
The electrostatic drift wave possesses the unique feature of being
unstable both in the fluid domain of a resistive plasma and in
the collision-less kinetic description. In both cases the electrons
play an essential role; in the former case, the instability is due to
their collisions with heavier species, while in the latter case the
instability arises due to the Cherenkov type electron interaction
with the parallel wave-phase velocity.
For plasmas with a not so small plasma β (>me /mi ), the
mode becomes electromagnetic and in such plasmas an interplay between the electrostatic and electromagnetic part of the
mode takes place. The electromagnetic component is an Alfvéntype perturbation which is dispersive like the kinetic-Alfvén
wave (KAW) or the inertial Alfvén wave (IAW). Which of these
modes enter the perturbations depends essentially on the plasma
β, yet it also implies a certain range of the wave numbers k⊥
in the direction perpendicular to the magnetic field lines. For the
KAW, the determining parameter is k⊥ ρ s , where ρ s = c s /Ωi , with
c s = (κT e /mi )1/2 , and Ωi = eB0/mi . For the solar coronal plasma,
ρ s is typically of the order of 1 m. For the IAW, the relevant parameter is k⊥ λe , where λe = c/ωpe , and ωpe = (e2 n0 /ε0 me )1/2 ,
implying even shorter scales, viz. <0.5 m. On the other hand,
to have modes with reasonably low and detectable frequencies
∼kz ca , where ca = B0 /(µ0 n0 mi )1/2 , the parallel wave-length is
measured in hundreds of kilometers. The huge diﬀerence in the
perpendicular and parallel scales is, in fact, favorable for the drift
wave instability.
In the present study, we apply the basic theory of the EM
drift wave to the solar plasma. This implies high and equal

electron and ion temperatures, and possibly short scales in the
perpendicular direction. Therefore, we derive and include the ion
gyro-viscosity stress tensor terms which, for short wave lengths,
appear of the same order as the standard polarization drift terms.
They both describe the finite ion Larmor radius (FLR) eﬀects,
yet the latter appears due to the time dependence of the diamagnetic drift. Some important features, like the exchange of identity
of modes and the related frequency change, will be pointed out.

2. Model and derivations
We assume a magnetic field in the z-direction, B0 ez , and an equilibrium plasma density that has a gradient in the perpendicular
direction. We then study low-frequency perturbations satisfying
the condition ∂/∂t  Ωi .
The momentum equations for ions and electrons are




∂ui
∂Az
+ (ui · ∇)ui = eni −∇φ −
e z + ui × B
mi n i
∂t
∂t
−κT i ∇ni − ∇ · Πi − mi ni νi ui ,




∂ue
∂Az
+ (ue · ∇)ue = −eni −∇φ −
e z + ue × B
me n e
∂t
∂t

(1)

−κT e ∇ne − ∇ · Πe − me ne (νe ue − νei ui ).

(2)

Here, νi ≡ νin and νe = νen + νei , i.e., we allow for the presence
of neutrals in the plasma and, in view of the huge diﬀerence in
mass, we neglect the ion momentum change due to their collisions with electrons. The model is consequently applicable to
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partially ionized as well as to fully ionized plasmas. In order to
apply the model to hot plasmas we retain the stress tensor contribution. More precisely, we keep its leading order gyro-viscous
part. In practice, provided we deal with relatively short wavelengths, this gives corrections mainly to the ion dynamics.
In the case of highly magnetized electrons and in the limit
when their inertia eﬀects are negligible, the total perpendicular
electron velocity in the linear limit reduces to
ue⊥ =

1
κT e
∇⊥ ne
ez × ∇⊥ φ −
ez ×
·
B0
eB0
ne

(3)

The parallel electron dynamics, in the limit when ion motion
is predominantly polarized in the perpendicular plain, is described by


∂
me νe 2
∂φ1 κT e ∂ne1
+ ue0 ∇⊥ Az1 +
−
−
∇ Az1 = 0. (4)
∂t
∂z
ne0 e ∂z
µ0 e2 ne0 ⊥

Another similar FLR term is obtained from the time derivative part of ∇⊥ · (ni up ) reading
−ni0 ρ2i

∂ 2 eφ1
∂
∇
− ρ2i ∇2⊥ ni1 .
∂t ⊥ κT i
∂t

(8)

Here, ρi = vT i /Ωi , and v2T i = κT i /mi .
The ion continuity equation finally yields


 
∂ ni1
∇⊥ ni0
ni1
1
2 2 eφ1
− νi ni0 ρi ∇⊥
+
+ ez × ∇⊥ φ1 ·
∂t ni0
B0
ni0
κT i ni0
⎛
⎞


ρ2 ni0 ∂ 4 ⎜⎜⎜ φ1 v2T i ni1 ⎟⎟⎟
eφ1 ni1
∂
⎟⎠ = 0.
∇⊥ ⎜⎝
+
+
−ni0 ρ2i ∇2⊥
+ i
∂t
κT i ni0
Ωi ∂t
B0 Ωi ni0

(9)

Here, ve0 denotes the equilibrium electron diamagnetic drift
velocity described by the second term in Eq. (3), i.e., ue0 =
−κT e ez × ∇⊥ ne0 /(eB0ne0 ), and we have also used Ampère law,
∇ × B = µ0 j yielding ene0 µ0 vez1 = ∇2⊥ Az1 .
The electron continuity becomes

Equations (5) and (9) are combined using the quasi-neutrality,
yielding a more convenient form of the third equation which
closes the system, viz.




∂
κT i ∂
∂
+ νi ∇2⊥ φ1 + c2a ∇2⊥ Az1 +
+ νi ∇2⊥ n1
∂t
∂z
en0 ∂t


κT i
∂
(10)
−ρ2i ∇4⊥ φ1 +
n1 = 0.
∂t
en0

∂ne1
1
1 ∂ 2
+ (ez × ∇⊥ φ1 ) · ∇⊥ ne0 +
∇ Az1 = 0.
∂t
B0
µ0 e ∂z ⊥

The given set of Eqs. (4), (5), and (10) will be used in the description of the drift-Alfvén waves in solar plasma.

(5)

The ion perpendicular motion, obtained from Eq. (1), is described by the recurrent formula
⎡
v2
⎢⎢ 1
∇⊥ ni
νi ∇⊥ φ
−
vi⊥ = αi ⎢⎣⎢ ez × ∇⊥ φ + T i ez ×
B0
Ωi
ni
Ωi B0


νi v2T i ∇⊥ ni
∇⊥ · Πi
1 ∂
+ ui⊥ · ∇⊥ ez × ui⊥
− 2
+ ez ×
+
mi ni Ωi Ωi ∂t
Ωi n i

 
νi ∇⊥ · Πi
1 νi ∂
+ ui⊥ · ∇⊥ ui⊥ .
−
−
Ωi eni B0
Ωi Ωi ∂t

(6)

Here αi = 1/(1 + ν2i /Ω2i ). In the case ν2i  Ω2i , we may set
αi → 1, the first two terms are the leading order ones and should
be used in the polarization drift, while the last two terms are
higher order terms and can be omitted.
Equation (6) is used in the ion continuity equation to calculate the terms ∇⊥ (ni ui⊥ ). The procedure is straightforward except
for the term with the convective derivative in the polarization
drift up , i.e., (ui⊥ · ∇⊥ )ez × ui⊥ , and the stress tensor contribution uπ . For a small equilibrium density gradient, the last ui⊥ in up
from (6) comprises only the leading order perturbed E × B and
diamagnetic drifts (uE1 and u∗i1 ), while the first ui is the equilibrium ion diamagnetic drift ui0 = κT i ez × ∇⊥ ni0 /(eB0 ni0 ) =
−ue0 T i /T e . On the other hand, the stress tensor part after a few
steps yields

3. Waves in unlimited plasma
In Cartesian geometry, for perturbations ∼exp(−iωt+iky y+ikz z),
Eqs. (4), (5), and (10) yield
⎡
⎞⎤
⎛
⎢⎢
⎟⎟⎟⎥⎥⎥
⎜⎜⎜
ν
i
3
2⎢
ω − ω ⎢⎢⎣ω∗e + ω∗i − i ⎜⎜⎝δ +
⎟⎟⎥⎥
2
2
1 + ky ρi ⎠⎦
⎧
⎪


⎪
kz2 c2a
νi δ
⎨
2 2 2
2
2
−
k
k
c
+
ρ
ρ
−
+ω ⎪
ω∗e ω∗i −
y
z
a
s
i
⎪
⎩
1 + ky2 ρ2i
1 + ky2 ρ2i
⎫
⎤
⎡
⎪
⎥⎥⎥ ω∗e kz2 c2a
⎢⎢⎢
⎪
(ω
+
ω
)
ν
δ
ν
ω
⎬
i
∗e
∗i
∗i
i
⎥⎦ +
−i ⎢⎢⎣ω∗i δ +
+
⎥
⎪
2
2
2
2
2
2
⎭
1 + ky ρ
1 + ky ρ
1 + ky ρ ⎪
i

i




νi
ω∗e ω∗i − kz2 c2a ky2 ρ2s + ρ2i = 0.
+i
2
2
1 + ky ρi

i

(11)

Here, ω∗e = ky ve0 , ve0 = −κT e κ0 /(eB0), κ0 = n0 /n0 , ω∗i = ky vi0 ,
vi0 = κT i κ0 /(eB0), δ = me νe ky2 /(µ0 n0 e2 ).
In the collision-less limit and for T e > T i , and after the expansion (1 + ky2 ρ2i )−1 1 − ky2 ρ2i , Eq. (11) yields the drift-Alfvén
mode derived earlier by using the kinetic theory (Weiland 2000):


ω3 − ω2 (ω∗e + ω∗i ) − ω kz2 c2a − ω∗e ω∗i + kz2 c2a ky2 ρ2s


+kz2 c2a ω∗e + ky2 ρ2s ω∗i = 0.

∇⊥ · (nuπ ) = −ρ2i ∇⊥ ni0 · ∇2⊥ ui⊥ − ni0 ρ2i ∇2⊥ ∇⊥ · ui⊥
⎛
⎞
ρ2i ni0 ∂ 4 ⎜⎜⎜ φ1 v2T i ni1 ⎟⎟⎟
2
2
⎟⎠ ·(7)
∇ ⎝⎜
= −ρi ∇⊥ ni0 · ∇⊥ ui⊥ +
+
Ωi ∂t ⊥ B0 Ωi ni0

In the limit of small ky ρ s it reduces to


(ω − ω∗e ) ω2 − ωω∗i − kz2 c2a = 0,

The first term in this expression, within the second order approximation limit, cancels out with the term (ui0 · ∇⊥ )ez × ui⊥ from the
above discussed convective derivative in the polarization drift
which appears in ∇⊥ · (ni up ). The second term in Eq. (7) is the
FLR contribution, obtained by substituting the velocity (6) into
the operator.

yielding three obvious solutions, i.e., the electrostatic drift
wave and two (accelerated and retarded) Alfvén waves
(Krall & Trivelpiece 1973):
⎡
⎛
⎞1/2 ⎤
⎜⎜⎜
4kz2 c2a ⎟⎟⎟ ⎥⎥⎥⎥
1 ⎢⎢⎢⎢
ω1 = ω∗e , ω2,3 = ⎢⎣⎢ω∗i ± ω∗i ⎜⎝1 + 2 ⎟⎠ ⎥⎦⎥ ·
(12)
2
ω∗i
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For small kz the two latter waves become
ω2

ω∗i ≡ −

ω∗e T i
,
Te

ω3 =

kz2 c2a
·
|ω∗i |

(13)

Hence, the actual frequencies of the modes in a hot plasma with
density gradients in the direction perpendicular to the magnetic
field lines, may become very diﬀerent from the frequencies of
the standard Alfvén modes propagating in opposite directions,
i.e. ±kz ca . This fact should be taken into account in fitting observations into the modeling of solar coronal plasmas.
In the limit of negligible ion thermal eﬀects Eq. (11) reduces to


ω3 − ω2 ω∗ − ωkz2 c2a 1 + ky2 ρ2s + ω∗ kz2 c2a + iνe ky2 λ2e ω2 = 0.

(14)

In the absence of a density gradient this yields a damped kineticAlfvén mode (Vranjes et al. 2006). On the other hand, in the
limit ω2  kz2 c2a we have a standard unstable drift mode
(Vranjes & Poedts 2006a) with frequency ωr = ω∗e /(1 + ky2 ρ2s )
and increment ωi = νe ω2∗e ky2 ρ2s /(kz2 v2T e ). This is a unique feature of the drift mode, which is intrinsically unstable in a collisional plasma. The instability appears as a common eﬀect of
the electron collisions νe , the finite ion mass eﬀect (the term
ky2 ρ2s ), and the equilibrium density gradient (the term ω∗e ). The
two modes are coupled even without collisions, when we have
(ω − ω∗e )(ω2 − kz2 c2a ) = ωkz2 c2a ky2 ρ2s , and the coupling vanishes
in the limit of negligible ky2 ρ2s , i.e., for the case of the drift
and the non-dispersive Alfvén modes. Clearly, in order to have
an electromagnetic drift-Alfvén mode distinguishable from the
ion sound mode, the scales along the magnetic field should be
much larger compared to those in the perpendicular direction.
Hence, to have a reasonable coupling between the drift and
kinetic-Alfvén part, and negligible parallel ion dynamics, ky ρ s
should not be too small, and the parallel wave-length must satisfy (Goldston & Rutherford 1995)
λz >

2π
Ln ,
ky ρ s

(15)

otherwise, we would in principle have a threshold for the instability of the drift mode, viz. ωr > kz c s . Here, Ln is the characteristic scale length for the inhomogeneous density. The condition (15) can be satisfied even under laboratory conditions and
especially in the present solar plasma case with very large vertical scales. In the same time, the omitted electron inertia eﬀects
imply vT e > ca , which is equivalent to the plasma β > me /mi
and to the limit which requires the inclusion of electromagnetic
eﬀects (Weiland 2000).
Although Eqs. (11) and (14) are relatively simple and cubic
only, calculating and discussing exact solutions of these equations appears practically rather inconvenient. This is seen in the
case of Eq. (14) which can be easily analytically solved, yielding three complex solutions which, however, are nontrivial to
discuss. Yet, to some extent the character of the solutions may
be understood even without directly solving the dispersion equations, i.e., by using the generalized Hurwitz method for polynomials with complex coeﬃcients (Giaretta 1979). For a general polynomial of the degree m and with complex coeﬃcients,
xm + (a1 + ib1 )xm−1 + . . . + (am + ibm ) = 0, one constructs the

Fig. 1. Frequencies ωr and increment ωi of electromagnetic the driftAlfvén perturbations with the eﬀect of the coupling between the Alfvén
(lines a and b) and drift (line c) parts. Dotted lines denote ±kz ca . The
increment of the electrostatic drift mode (multiplied by 103 ) has a maximum in the region where the retarded kinetic-Alfvén mode and the drift
mode change their identities (denoted by arrow).

sequence of m + 1 numbers c0 = 1, c1 = a1 , . . ., cr , . . ., where r
goes to m, and where


1
0
0
0 · 
 a1
1
0 · 
 −b2 −b1 a1
 a3
a2
b2
b1
a1 · 


a3
a2 −b2 · 
r(r−1)/2  −b4 −b3
cr = (−1)
.
 a
a4
b4
b3
a3 · 
 5
·
·
·
· · 
 ·
 ·
·
·
·
· · 
 a2r−1 a2r−2 b2r−2 b2r−3 a2r−3 · 
According to Giaretta (1979), the number of roots with positive
real parts equals the number of sign changes in the sequence c j .
A suﬃcient instability condition is that any of the cr has a negative sign. As a simple check, we apply the method on Eq. (14).
Here, we find c0 = 1, c1 = −ω∗ , c2 = −ω2∗ kz2 ky2 c2a ρ2s < 0,
c3 = c4a kz4 ω3∗ (δ2 + c2a ky4 kz2 ρ4s ) > 0. Consequently, we have two
sign changes in the sequence c j , i.e., two positive real roots, and
c1 and c2 are both negative, therefore, there exists at least one
unstable mode.
3.1. Coronal plasma

To discuss the roots and the increments/decrements in detail,
we solve Eq. (11) numerically by taking parameters values that
are typical for the solar atmosphere. Setting values that may
be assumed as typical for the quiet inner solar corona, viz.
T e = T i = 1.5 × 106 K, ne0 = ni0 = 1014 m−3 , and taking
B0 = 10−3 T, we calculate the spectrum for the two oppositely propagating Alfvén modes and the drift mode. Here, neutrals are absent and the dominant collisions take place between
electrons and ions, νei = (8π/me )1/2 [e2 /(4πε0)]2 ne0 Lei /(κT e )3/2 ,
Lei = log[12πε0(ε0 /ne0 )1/2 (κT e )3/2 /e3 ]. For these parameters we
obtain νei
2.1 Hz, νii
0.07 Hz, c s = 1.11 × 105 m/s,
6
ca = 2.18 × 10 m/s, vT e = 4.77 × 106 m/s, β = 0.0052 >
me /mi = 0.00054.
The behavior of the modes in terms of the parallel wavenumber kz is presented in Fig. 1 for Ln = 103 m and λy = 50 m,
while ky ρ s = 0.15. We thus have a situation similar to that described by Eq. (12), i.e., two (retarded and accelerated) damped
kinetic-Alfvén modes, lines a and b, respectively, and an electrostatic drift mode (line c). The increment of the drift mode
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Fig. 2. Frequencies ωr and increment ωi of the drift-Alfvén perturbations in terms of the coupling term ky ρs . The drift wave increment
(line d) is multiplied by 103 . Dotted lines denote |kz ca | = 34.3 Hz.

(multiplied by 103 ) is presented by line d. The drift mode is
unstable in the whole range of wave-numbers. Its frequency is
nearly constant for large values of kz . In the area denoted by the
arrow, the retarded kinetic-Alfvén mode and the drift mode do
not cross each other. Instead, they change identities as typical
for an “avoided crossing”. For observations, the low frequency
(small kz ) domain is of particular importance as this parameter can be measured, i.e. spatially resolved. It is clearly seen in
Fig. 1 that, in fact, this is the domain in which the Alfvén mode
frequency can be very diﬀerent from what is expected or predicted if the small-scale plasma inhomogeneity, which drives the
drift mode, is neglected. Here, for the given density scale length,
the two frequency limits at kz → 0 are ±16.26 Hz. Clearly, the
frequencies can be made arbitrary small by changing the equilibrium density scale length LN .
The decrement of the Alfvén modes has also been calculated
and, in general, the accelerated mode b is less damped. Its damping rate changes between −3.5 × 10−3 Hz at kz = 3.14 (in given
units), and −1.1 × 10−3 Hz at kz = 0.5. The damping rate of
the decelerated mode a has a maximum absolute value of about
2.3 × 10−2 Hz.
In Fig. 2 we present the mode behavior in terms of the coupling term ky ρ s for a fixed value of |kz ca | = 34.3 Hz (presented
by dotted lines). The notation corresponds to the one used in
Fig. 1. Note that at ky ρ s = 1 the frequencies of the two kineticAlfvén modes are around 127 and −131 Hz. Thus, the actual
frequencies may drastically diﬀer from what is expected without
the drift mode.
The drift mode frequency is normally proportional to 1/LN .
However, due to the coupling with the Alfvén modes, its behavior is also drastically changed. This is seen in Fig. 3 where we
fix ky ρ s = 0.52 and kz = 400 km. Here, contrary to what may be
expected, for small LN the mode vanishes and the decrement decreases. This is again due to the identity change with the Alfvén
mode. As a matter of fact, the Alfvén frequency for the given
numbers is constant kz ca = 34.3 Hz and the KAWs frequencies
(see Fig. 4) at large LN do not change much. For a decreasing LN
the drift mode curve does not intersect with the Alfvén mode.
Instead, the Alfvén mode takes over the behavior of the drift
mode: it grows while the drift mode decreases.
Note that, for the given parameters, the drift curve changes
its direction at frequencies around 12 Hz. This is still far enough
from the requirement of a small parallel wave-phase velocity in
comparison with the electron thermal velocity used in order to
omit the electron inertia. Here, we have kz vT e = 75 Hz. Thus, the

Fig. 3. The drift wave frequency (full line), and its increment multiplied
by 100 (dashed line) in terms of the density scale-length, corresponding
to the Alfvén modes from Fig. 4.

Fig. 4. The frequency of the kinetic-Alfvén modes corresponding to the
drift mode in Fig. 3, for the given coupling parameter ky ρs = 0.52 and
kz ca = 34.3 Hz, in terms of the density scale length.

inclusion of the electron inertia terms is not expected to considerably change the mode behavior.
We note that a similar sort of identity change of the driftAlfvén mode, known in the literature (Weiland 2000), happens
also in the case when the ion parallel dynamics is retained, and
on the condition that ca > c s . In this case, the sound part of the
drift mode is disconnected and the parallel mode dependence
goes along the line kz ca .
3.2. Application to the chromosphere

Equation (11) is solved also for the quiet Sun parameters of
the chromospheric plasma (Vernazza et al. 1981). Here, starting
from the altitude of about 2100−2200 km and below, the neutral
atoms concentration is higher compared to the ions concentration. Within the same range of the parallel wave lengths as in the
previous text, the frequencies of the Alfvén modes and the drift
mode become below 1 Hz, thus well within the limits of detection. Yet, the ion-neutral collisions appear strong enough to
damp all three modes in the given wave length range. However,
in this region the parameters change rapidly with the altitude so
that it has no sense to consider such long parallel wave lengths.
Setting T = 3.2 × 104 K, and nn0 = ni0 = 1.5 × 1016 m−3 , it turns
out that for a short density scale LN 102 m, and for λy 10 m
and λz
10 km, the drift mode is highly unstable, with a frequency ωr 16 Hz and increment ωi 2 Hz. Here, νin 2 Hz
and νe 6 × 104 Hz.
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4. Eigen-modes in bounded plasma

where

In order to present the mode behavior in magnetic structures that
are highly elongated along the magnetic field lines and localized
in the perpendicular direction, we shall rewrite the starting equations in cylindric coordinates. We use
∇r,θ = er

eθ ∂
∂
+
,
∂r
r ∂θ

∇2r,θ =

1 ∂2
∂2
1 ∂
+ 2 2,
+
2
r ∂r r ∂θ
∂r

and consider perturbations of the form 
f (r) exp(−iωt +imθ+ikz ),
where 
f (r) denotes the r-dependent amplitude and m the discrete poloidal mode number. In the same frame we have u(e,i)0 =
∓eθ κT e,i n0 /(eB0n0 ) = v(e,i)0 (r)eθ , n0 = dn0 /dr, with the minus
sign for electrons. The combined electron dynamics Eqs. (4)
and (5) yield:
⎛
ωω2 ⎞⎟⎟
ω + mΩi n0
⎜⎜⎜
2 2 2 ⎟
2
r n0
⎜⎜⎜
⎟
⎜⎜⎜∇2 + ca kz ρ s ⎟⎟⎟⎟⎟ A
z1 − 1 ρ s

φ1 = 0,
⎜⎜⎜ ⊥
⎟
⎟⎟⎠
kz c2a 1 − iνe ω
⎝
1 − iν2e ω
2
2 2
kz v T e
kz v T e

(16)

where ω2 = ω − ve0 (r)m/r, and ∇⊥ = ∂2 /∂r2 + ∂/(r∂r) − m2 /r2 .
The ion part can be discussed in two limits.
4.1. Negligible ion thermal effects

In this limit, from Eq. (10) we obtain
∇2⊥
φ1 −

kz2 c2a 2
z1 = 0,
∇ A
ω ⊥

which is used in Eq. (16) yielding


 
ω mΩi n0 
1
φ1
+
∇2⊥ ∇2⊥ −
ω(1 − iδ1 ) ρ2s
r n0


ω − mve0 /r 
2
+∇⊥
Az1 = 0.
kz ρ2s (1 − iδ1 )

(17)

(18)

(20)

(21)

κT e
,
eB0

δ1 =

νe ω
·
kz2 v2T e

The solutions of Eq. (23) are the Bessel functions of the first and
the second kind, Jn (ξr) and Yn (ξr), with a complex argument.
For nonsingular eigen-functions we keep Jn (ξr). According to
the theorems of Lommel & Bourget (Watson 1962) we have,
first, that if n > −1, then the zeros of the Bessel function Jn (z)
with the complex argument z are all real, and, second, for n ≥ 0
the functions Jn (z) and Jn+s (z) have no common zeros other than
the origin, for all s > 0. Hence, for vanishing solutions at the
boundary, we set that ξr0 = εl where εl is the real lth zero of the
complex function Jn (ξr). This allows us to write the dispersion
equation for the radially bounded plasma



ε2 ρ2s
κT e  2
(24)
ω + am
ω − kz2 c2a = ωkz2 c2a l 2 (1 − iδ).
eB0
r0
This is the equivalent of Eq. (14) in an unbounded plasma. Yet,
here both m and εl take given discrete values. Equation (24) describes the global drift-Alfvén wave, with an unstable drift wave
part. The poloidal (i.e. in the θ-direction) propagation is the consequence of the drift mode which propagates perpendicular to
both the magnetic field lines and the density gradient. Combined
with the given z-dependence, this gives the twisting of the global
modes (Vranjes & Poedts 2004a,b). The twisting vanishes for
z1
m = 0 when the two modes decouple. The eigen-functions A
can be easily found from Eq. (17), and 
n1 from Eq. (5), which is
rewritten as
kz 2 
m n0 
∇⊥ Az1 −
φ1 .
µ0 eω
r ωB0

(25)

4.2. The hot ion case

Ion thermal eﬀects enter the equations through (8), the second
term in (7), and the collisions. Using Eq. (25) in (10) for the
same Gaussian/inverse-Gaussian density profile as before, we
obtain an equation containing terms proportional to ρ4i ∇4⊥
φ1 and
z1 , which come from the second part of the stress tensor
ρ6i ∇6⊥ A
in Eq. (7). This 6th-order diﬀerential equation is to be combined
with the 2nd-order Eq. (16) in order to decouple the two potentials. In the case of the global modes studied here and, therefore,
for large scales, we have |ρi ∇⊥ | < 1 and the high order derivatives yield small terms that can be neglected. Hence, by omitting
the stress tensor contribution while still keeping the ion thermal
eﬀects through (8) and the collisions, from Eq. (10) we have
⎧
⎫
⎪
 ⎪

⎪
⎪
kz c2a
2 ⎨
2 2  ⎬
∇⊥ ⎪
ω−(ω+iνi )ρi ∇⊥ Az1 ⎪
φ1 −
= 0. (26)
⎪
⎪
2
⎩
⎭
(ω+iνi )(ω−maρ Ωi )
i

This gives

and from Eq. (20) ψ(r) is
ψ(r) = 0, or ψ(r) = c1 cosh[m log(r)] + c2 sinh[m log(r)]. (22)
Equation (21) can be readily written in the form
 2


m2
1 ∂
ψ(r)
∂
2 
−
+
+ ξ φ1 − 2 = 0,
∂r2 r ∂r r2
ξ

ω0 = am

Mode details are available in the recent reference Vranjes &
Poedts (2006b).

or

Here, consequently


ω/ρ2s + amΩi ω(ω + amκT e /eB0 )
2

+
φ1 = ψ(r),
∇⊥ −
ω(1 − iδ1 )
kz2 ρ2s c2a (1 − iδ1 )



ω(ω + ω0 ) 1
1
−
,
ξ = 2
ρ s (1 − iδ) c2a kz2 ω2
2


n1 =

To further decouple the equations for the potentials we have to
assume a density profile. We assume a realistic case, viz. n0 (r) =
N0 exp(ar2 /2), where a can be both positive and negative, and r
takes values between 0 and r0 . All the terms under the operators
in this case become constant and Eq. (18), after using (17) again,
becomes of the form
 

ω/ρ2s + amΩi ω(ω + amκT e /eB0 )
2
2

∇⊥ ∇⊥ −
+
φ1 = 0. (19)
ω(1 − iδ1 )
kz2 ρ2s c2a (1 − iδ1 )
∇2⊥ ψ(r) = 0.
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(23)


φ1 =

kz2 c2a
(ω + iνi )(ω −

maρ2i Ωi )



z1 + ψ(r), (27)
ω − ρ2i (ω + iνi )∇2⊥ A

which is used in Eq. (16) yielding
 2


m2
1 ∂
∂
2 
− 2 + η Az1 + cψ(r) = 0.
+
2
∂r
r ∂r r

(28)
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Here,




η2 = ω(ω + iνi ) ω + maρ2s Ωi ω − maρ2i Ωi





− ωkz2 c2a ω+maρ2s Ωi kz2 c2a (ω+iνi ) ρ2s (1−iδ1) ω−maρ2i Ωi
+ ρ2i (ω + maρ2s Ωi )
and
c=



ω + maρ2s Ωi

!−1

,



kz c2a ρ2s η2 (1 − iδ1 )

·

As earlier, the solutions are the Bessel functions of the first kind
and the corresponding dispersion equation reads
η2 =

ε2l
r02

·

(29)

In the cold ion limit, it reproduces Eq. (24). The solutions of
Eq. (29) describe the eigen-values of the global eigen-modes in
the given cylindrical plasma. Equation (29) can be easily solved
numerically for various harmonics by choosing the appropriate εl and m. In the case of solar coronal magnetic structures,
the density and the magnetic field have higher values compared
to the previous case (Goedbloed & Poedts 2004): ni0 = ne0 =
10−2 T, and the condition (15) now can
1016 m−3 and B0
be rewritten as 2π/(maρ sλz ) < 1. Here, we have set κ0
ar0 .
Taking as an example a magnetic column with the diameter of
200 km and, in the case when the density at its edge is 0.1 of its
value at the column axis, we get a 7×10−10 m−2 , and therefore,
the poloidal mode number m takes very high values ∼105 .

5. Conclusions
As seen from Figs. 1, 2, and 4, the frequency of the Alfvén
modes depends on the density gradient, and on the coupling
with the corresponding drift mode which is driven by the
density gradient. The drift mode is practically always unstable and its eﬀects are hardly avoidable in any realistic case.
Therefore, the change in the frequency of the Alfvén modes
should be taken into account in the analysis of observed modes
in the solar corona. In fact, this introduces a certain freedom
in the fitting of observations into the theoretical modeling.
We note in particular that the widely used one-fluid (MHD)
model is intrinsically unable to describe these phenomena.
Another consequence of the analysis is that the Alfvén modes
are generally damped, and this remains true even if they are
coupled to an unstable mode like the drift mode studied here,
and even in an environment like the solar corona which is
generally assumed as collision-less. Clearly, the coupling of
the unstable drift mode to the damped Alfvén mode has some
potential for the coronal heating problem. As a matter of fact, the

unstable drift modes will always be present in the solar corona
and, in turn, excite the Alfvén modes, which are damped and
thus contribute to the heating and the acceleration of the coronal
plasma. Of course, this is only a qualitative picture and a more
detailed modeling and study is required to get a more quantitative idea of the eﬃciency of this mechanism.
According to the typical parameter values, the electron mean
free path vT e /νe is comparable to the wave-length in the parallel
direction so that the kinetic instability of the drift wave for the
given parameters may become important and should be taken
into account. Consequently, the present two-fluid description, although introducing some novel phenomena that are as a rule not
taken into account in the modeling of solar plasma, omits some
physical eﬀects that may become essential. In fact, this problem holds for any fluid modeling, including MHD. The present
study should be understood only as a first step in a better description of the Alfvén modes that are coupled to other plasma
modes which, on the other hand, are overlooked in the standard
MHD approach.
Recently, the detection of relatively high frequency modes
(∼10 Hz) in the solar atmosphere has become possible
(DeForest 2004). The drift frequencies discussed here are within
this limit and these frequencies can be easily made much lower
for a larger density scale length LN [bearing in mind the condition (15)]. The same holds for the Alfvén frequencies which can
be made small by simply taking longer parallel wave lengths, as
it is usually done in the literature. Yet, in our view, for such long
scales the validity of the model becomes questionable as vertical stratification and gravity eﬀects should be taken into account
then.
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