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ABSTRACT

Our purpose is to evaluate the rate of the maximum energy and the acceleration rate that cosmic rays acquire in the non-relativistic
diﬀusive shock acceleration as it could apply during their lifetime in various astrophysical sites, where highly oblique shocks exist. We
examine numerically (using Monte-Carlo simulations) the eﬀect of the diﬀusion coeﬃcients on the energy gain and the acceleration
rate, by testing the role between the obliquity of the magnetic field to the shock normal, and the significance of both perpendicular
cross-field diﬀusion and parallel diﬀusion coeﬃcients to the acceleration rate. We find (and justify previous analytical work – Jokipii
1987, ApJ, 313, 842) that in highly oblique shocks the smaller the perpendicular diﬀusion gets compared to the parallel diﬀusion
coeﬃcient values, the greater the energy gain of the cosmic rays to be obtained. An explanation of the cosmic ray spectrum in
high energies, between 1015 eV and about 1018 eV is claimed, as we estimate the upper limit of energy that cosmic rays could gain
in plausible astrophysical regimes; interpreted by the scenario of cosmic rays which are injected by three diﬀerent kind of sources,
(a) supernovae which explode into the interstellar medium, (b) Red Supergiants, and (c) Wolf-Rayet stars, where the two latter explode
into their pre-supernovae winds.
Key words. acceleration of particles – shock waves – diﬀusion – scattering – magnetic fields

1. Introduction
It is been quite some time since the mechanism of particle shock
acceleration (Fermi 1949; Krymskii 1977; Axford et al. 1978;
Bell 1978a,b; Blandford & Ostriker 1978) was proposed. It is
believed to account for the origin of cosmic rays over the entire cosmic ray spectrum range detected. But questions still remain and not fully settled. The debate has reached a consensus
about firstly, that most of the cosmic rays (energies up to around
1015 eV) are produced in the shock waves for example, of Super
Nova (SN) explosions (e.g. Ginzburg 1966; Lagage & Cesarsky
1983; Drury 1983; Silberberg et al. 1990) into the interstellar
medium, or into a stellar wind (e.g. Völk & Biermann 1988).
Secondly, particle acceleration in Active Galactic Nuclei (AGN)
hot spots/jets, Pulsar winds and Gamma Ray Bursts (GRBs), has
been claimed to play an important role to the very high energy
cosmic ray production. Furthermore, a few arguments exist that
try to give a coherent view about cosmic rays (for a review see,
Biermann et al. 2005). Some of those are:
1. Explosions of stars into the interstellar medium provide most
of the hydrogen in cosmic rays, and most of the electrons,
and little of the other elements. This contribution cuts oﬀ
near a few hundred TeV.
2. Explosions of stars into their stellar winds provide everything else, all the heavier elements, even at low energies,
starting with almost all of the helium. Here the magnetic field
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is already large in stellar winds, or is enhanced by amplification in the shock as suggested by Bell (2004) and Völk et al.
(2005). These contributions reach 3 EeV.
3. A few nearby radiogalaxies may provide all cosmic rays
above 3 × 1018 eV energy per particle (e.g. Biermann &
Strittmatter 1987).
Generally speaking, the spectral region between knee and ankle is contested as to where it physically comes from, shocks
in winds, shocks in bubbles, shocks in the interstellar medium
(ISM), second order Fermi, galactic wind shocks, active binary
systems, extragalactic, etc.
Furthermore on this subject, Biermann (1993) proposed that
cosmic rays up to about 3 × 1018 eV arise from shocks which
expand within the cavity of exploded stars. On the other hand
in theoretical works of Biermann & Strittmatter (1987), Vietri
(1995, 1998), Waxman (1995), and in numerical simulations of
Meli & Quenby (2003a,b) – which justified the former – has
been proposed that cosmic rays beyond the ankle (>3 × 1018 eV),
may originate from GRB fireballs and AGN hotspots where
the plasma flow velocities and shock formations are above the
non-relativistic speeds. The latter have also shown using MonteCarlo simulations, that when very large gamma flows apply (i.e.
plasma flows having speeds of a substantial fraction of the speed
of light), the obliquity of the magnetic field to the the shock normal does not aﬀect the energy gain of the particles as they cross
the shock. In that work it was considered that the parallel coefficient κ|| , is much larger then the perpendicular one κ⊥ . In the
non-relativistic limit, Jokipii (1987) has theoretically shown that
the direction of the average magnetic field at the shock seems to
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have a large eﬀect for the acceleration mechanism when the κ||
is much larger than the κ⊥ , and as it has particularly shown, the
energy gain of the particles increases as κ⊥ decreases.
In this paper we aim to test numerically, applying MonteCarlo simulations, the above theory concerning the particles’
diﬀusion behaviour in non-relativistic highly oblique shocks and
to investigate the rate of the energy gain in the diﬀusive shock
acceleration by allowing both parallel and perpendicular coeﬃcients in the acceleration mechanism as it would apply to stellar
winds. We remind the reader that in a standard magnetic field
topology in a stellar wind, the magnetic field is asymptotically
almost perfectly perpendicular to the radial direction, so that by
necessity any radial shock is very oblique.
The structure of this paper is as follows: first we proceed presenting the analytical expressions for the diﬀusion coeﬃcients
while mentioning the arguments for the rate of energy gain and
maximum energy involving diﬀusion coeﬃcients and suggested
limits; we present briefly the numerical code used for our test.
Finally the results are been presented and we conclude by making predictions about “realistic” astrophysical environments.

2. Parallel and perpendicular diffusion coefficients
and analytical limitations
Much work has been done over the years (e.g. Jokipii 1966,
1967, 1972, 1987; Wentzel 1974; Völk 1975; Skilling 1971,
1975; Webb 1985, 1989; Kirk et al. 1988; Schlickeiser 1989a,b)
concerning studies on the kinetic theory of charged particles
propagating in turbulent electromagnetic fields. As an example, the diﬀusion coeﬃcients were discussed in detail by Bell
(1978a) and he noted that the shocks themselves generate turbulent motions, so that the region just behind the shock is highly
turbulent. This was observed in the Earths’s bow shock. One
could consider the cosmic rays as a very hot collisionless plasma.
In a collisionless plasma, collisions are defined where there is
a resonant wave-particle encounter. When these stream through
a shocked gas they may collectively generate hydromagnetic
waves which then scatter the cosmic rays themselves. There can
also be pre-existing turbulence due to a gas cloud or wind motion, prescribed by the specific site of the transport and acceleration. Initially, scattering of these cosmic rays requires fluctuations in the magnetic field. Scattering is due to real waves
moving at Alfvén speed in the ionized gas, VA = B(4πρi)−1/2
and in the direction in which the cosmic rays diﬀuse if caused
by particle beam instabilities, where ρi = mp ni and mp = the
mass of proton. A simple example is the following. If we assume that an ambient magnetic field is B = 3 × 10−6 G and
the density of both electrons and ions present in the plasma is
ni = 3 × 10−3 cm−3 (e.g. Snowden et al. 1997) then VA equals
100 km s−1 .
The scattering has two critical consequences. Firstly, it limits the rate at which cosmic rays can escape an astrophysical site
and this may account for the near-isotropy and the ages the cosmic rays have. Those cosmic ray traits can be given as well by
the eﬀective mirroring where the particles trapped in the confined plasma, can get reflected backwards and forwards on both
sides of the shock. Secondly, a specific mechanism is provided
by which energy and momentum is transferred by cosmic rays
to the interstellar medium. Then it follows that also the interstellar gas around the astrophysical site is heated and accelerated
by this process, thus one can claim that it is diﬃcult in the first
place for one to distinguish when the acceleration and the so
called transport of the particles begins.

Regarding the motion of the particles in a turbulent electromagnetic field, Lindquist (1966) finds that the relativistic generalization of Boltzmann’s equation leads to


∂F0
dx ∂F0 dp ∂F0
+
=
,
(1)
dτ ∂x
dτ ∂p
∂τ coll
where, F0 is the invariant phase space density, τ is the proper
0
time and ( ∂F
∂τ )coll represents the rate of F 0 with respect to proper
time due to collisions. A clear distinction is made between processes such as the particle’s pitch angle scattering and the radiative reaction (both influence the particle’s trajectory), which
are to be considered as a part of the collision operator and the
Lorentz force, exerted on the particle due to external electromagnetic fields. The above equation has been solved for many
conditions (e.g. Toptygin 1980). It can be shown that the time
for acceleration from an initial momentum p0 to a momentum p1
may be written as

 p1 
κ1
3
κ2 dp
,
(2)
τacc =
+
V1 − V2 p0 V1 V2 p
where one can assume that κ1 = κ as a function of momentum p
upstream, and κ2 = κ in the downstream region of the shock.
At the first instance we could understand that only the diﬀusion
coeﬃcient κ and the velocity of the plasma are those parameters
that determine the acceleration rate. Furthermore a few authors
have shown (e.g. Jokipii 1987) that the diﬀusion coeﬃcient κ
may be given by the sum of the contribution of the diﬀusion
coeﬃcients parallel and perpendicular to the magnetic field (κ||
and κ⊥ ), where ψ is the angle between the magnetic field and
a shock front placed on the x axis, κ = κ|| cos2 ψ + κ⊥ sin2 ψ.
Over the past years many theoretical and experimental studies
from various authors (e.g. Jokipii 1967 and Moussas et al. 1982a,
1982b, 1982c) have not yet succeeded to clarify the expected
values of κ|| or κ⊥ in given astrophysical circumstances. It seems
though up to now, that the value of the parallel diﬀusion coefficient (κ|| ) tends to be substantially higher (at least from interplanetary measurements) than the perpendicular diﬀusion coefficient (κ⊥ ) but, κ⊥ may approach κ|| in some situations.
In a theoretical work Jokipii (1987) investigated the rate
of the energy gain and the maximum energy in non-relativistic
shocks, which can be attained in given conditions, such as the effect of a highly oblique magnetic field and the κ to the scattering
of the particles across a shock front. Briefly, he showed that if the
perpendicular diﬀusion is much smaller then the parallel one,
particles can gain considerable energy in quasi-perpendicular
shocks compared to quasi-parallel ones and he estimated that
some limits may arise. He attempted to estimate constraints between the mean free path value of the scattered particle across
the magnetic field lines in relation to both parallel and perpendicular diﬀusion coeﬃcients and the energy that a particle will
achieve. He has generally shown that for the standard kinetic relationship between perpendicular and parallel diﬀusion the following condition should hold
κ > rg Vsh ,

(3)

where Vsh is the velocity of the shock, or else the following must
satisfied
λ||
υ
<
,
(4)
rg
Vsh
where υ is the velocity of the particle. Jokipii argues that the
above relations should hold, taking under consideration the standard kinetic theory approach. On the other hand, for the quasilinear theory where the contribution of the field random walk

A. Meli and P. L. Biermann: Cosmic rays X. The cosmic ray knee and beyond: diﬀusive acceleration at oblique shocks

or meandering could play a significant role (Barge et al. 1984),
the above relations will change and the particle acceleration behaviour will be aﬀected accordingly.
Following the above analysis, what we do is to conduct
diﬀerent Monte-Carlo simulation runs by violating or holding the inequality (given by relation (4)) and try to obtain –
by using diﬀerent inclinations of the magnetic field with respect to the shock normal – the average gain of a particle in
a complete cycle at the shock frame. We use a range of angles, between the quasi-parallel and up to perpendicular ones.
The velocity of the upstream fluid is much less than a considerable fraction of light, thus the condition allows us to use
a long range of angles without being “trapped” in the limits
of a super-luminal shock configuration, where a transformation
to the de Hoﬀmann-Teller frame (de Hoﬀmann & Teller 1950)
is not possible, allowing that VHT < Vsh tan ψ. We remind the
reader that the de Hoﬀmann-Teller frame is a reference frame
where the magnetic field and the velocity vector of the flow are
parallel upstream and downstream with the electric field, E = 0.
Our tests show (see following figures) that when κ||  κ⊥ and
the shock is almost perpendicular (ψB → 90◦ ) then the particle
gains faster much higher energies than when the magnetic field
is almost parallel to the shock normal (ψB → 0◦ ), confirming
the analytical solutions. It is straightforward from the calculations, that the acceleration rate of the particles under the above
favoured conditions is smaller in the near perpendicular shock
configurations than in the parallel ones and the limits and applications will be described in Sect. 4.

3. Numerical simulations
A Monte-Carlo code was constructed in order to simulate non◦
relativistic near parallel and oblique shocks with 0◦ <
∼ψ<
∼ 90
where ψ is the angle between the shock normal and the magnetic
field, seen in the shock frame. The velocities of the upstream
plasma flow are kept between 0.01c and 0.05c, which correspond
to astrophysical environments with non-relativistic shocks. We
note that SN shock speeds can reach up to 0.05c. For the description of the physical quantities necessary throughout the simulations we use the local fluid frame of reference (1, 2 for upstream
and downstream respectively), the normal shock frame (sh) and
the de Hoﬀman-Teller frame (HT). We isotropically inject particles from upstream with υ ≈ c, towards the shock where are
allowed to scatter in the fluid frame and across the shock discontinuity. We follow each particle trajectory across the shock
according to the standard theory “jump conditions” and each
particle leaves the system when it “escapes” far downstream at
a spatial boundary or if it reaches a well defined maximum energy Emax . For the non-relativistic shocks the compression ratio,
r = V1 /V2 , where V1 and V2 are the upstream and downstream
plasma flow velocities, is kept equal to 4. We note here that in
the test-particle theory of diﬀusive shock acceleration, the spectral index σ = 3r/(r − 1) depends on the compression ratio r.
For strong shocks in an ideal gas, (cp /cv = 5/3) which gives
σ = 4 (Axford et al. 1978; Krymskii 1977; Blandford & Ostriker
1978).
A splitting technique is used similar to one used in MonteCarlo simulations of Meli & Quenby (2003a,b), so that when
an energy is reached such that only a few accelerated particles remain, each particle is replaced by a number of N particles of statistical weight 1/N so as to keep roughly the same
number of particles being followed. For the diﬀusion along
the pressumed magnetic field lines, a guiding centre approximation is used, where the particle trajectory is followed in
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two-dimensional, pitch angle and distance along B space. The
mean free path is calculated in the respective fluid frames by
the formula: λ = λ◦ p1,2 , assuming a momentum dependence
to this mean free path for scattering along and across the field
and related to the eﬀective diﬀusion coeﬃcient. During the
simulation the particle is allowed to cross the assumed field
lines. As the particle is injected upstream an initial θ and φ
is given to it which are randomized between each scattering,
as to calculate the position of the particle in each step following the relations x0 = rg s sin ψ, y0 = −rg s cos ψ where s
is given by, s = sin θi sin φi − sin θi−1 sin φi−1 . The probability Prob, that a particle will move a distance ∆s along the field
lines at pitch angle θ before it scatters, is given by the expression Prob(∆s) ∼ exp(−∆s/λ) and the probability of finding a particle in a pitch angle interval dµ where µ = cos θ is µ, and
the time between collisions is υ|µ| for particle velocity υ and µ
chosen randomly between −1 and +1. For further discussion on
the scattering the reader is referred to the review of Quenby &
Meli (2004). Furthermore, in the shock rest frame, the flow velocities (V1 , V2 ) for upstream and downstream respectively, are
parallel to the shock normal and the magnetic fields B1 and B2
are at an angle ψ1 and ψ2 to the shock normal respectively. We
adopt a geometry with x in the flow direction, positive downstream, B1 , B2 in the x − y plane and directed in the negative x
and y directions and only Ez finite and in the positive z direction. A Lorentz transformation is performed to the local fluid
frame (1 or 2) each time the particle scatters across the shock.
For the Lorentz transformations between the shock frame and
the de Hoﬀmann-Teller frame, we need to boost by a VHT speed
along the shock frame where, VHT is equal to Vsh tan ψ1 . We will
note that the transformation to the de Hoﬀmann-Teller frame
though, is only possible if VHT is less the speed of light. This
means that tan ψ1 ≤ 1, which is actually in the limit (subluminal) we keep our calculations.
A number of ∼104 particles of a weight equal to 1.0, are injected far upstream at a constant energy (e.g. γ = 5 – assuming
particles are already relativistic in the wind). The particles are
left to move towards the shock, they collide along the way with
the scattering centers and consequently as they keep scattering
between the upstream and downstream regions of the shock (its
width is much smaller than the particle’s gyroradius) they gain
a considerable amount of energy. As we see the oblique shock,
from the de Hofmann-Teller frame where the electric field is
zero, a particle trajectory is prescribed by five coordinates and,
the energy is conserved but the direction of the velocity vector
changes. From these five quantities the magnetic moment (pM )
is conserved as the particle encounters the shock and as it scatters. Specifically, Hudson (1965) showed analytically, for nonrelativistic flows and super-luminal case field inclinations, that
the moment is conserved. Terasawa (1979) computed trajectories in this non-relativistic limit and demonstrated both near
gyro isotropy and near conservation. Drury (1983), in a nonrelativistic approximation (V
c) uses Liouville and gyrophase
invariance to show conservation in both sub and super-luminal
cases. So, if we denote the component of the particle momentum
perpendicular to the magnetic field B, as p⊥ , then the magnetic
moment will be given by, p2⊥ /B. In the de Hofmann-Teller frame
p = | p| is also conserved, so we
 can find the downstream pitch

angle which is given by µ2 = (µ21 − µ21,c )/(1 − µ21,c ) · (µ1 /|µ1 |)
where, µ is the cosine of the pitch angle “1” and “2” denote the
upstream and downstream quantities respectively. Furthermore,
the theory for the oblique shocks postulates that from the conservation of the first adiabatic invariant one can find the new pitch
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angle in the downstream frame and similar transformations allow the particle scattering to be followed in this frame. The particle that crosses the shock from upstream, is transmitted only
if its pitch angle is less than 
the critical pitch angle (cosine of
B

HT,1
the “loss cone” angle), µc =
BHT,2 . Following the above relations of the conservation of the first adiabatic invariant, we can
find the new pitch angle in the downstream frame and similar
transformations allow the particle scattering to be followed in
this frame.

4. Results
In this section results are presented based on a series of MonteCarlo simulations for particle shocks acceleration, while using a variety of diﬀerent values for the diﬀusion coeﬃcients κ||
and κ⊥ , and the angle ψ between the magnetic field lines and
the shock normal. In other words the aim is to test analytical assumptions and conclusions focusing on Jokipii’s work (1987)
regarding non-relativistic diﬀusive particle shock acceleration
in highly oblique shocks. The behaviour of the particles seems
most crucial, aﬀecting the acceleration mechanism, by crossing
a highly oblique shock while scattering along and across the
magnetic field lines, by satisfying the inequality λ/rg < c/Vsh
(υ ∼ c is the particle’s velocity). At the same time we measure the actual time that the particles need to get to high energies (e.g. γ = 108 corresponding to around 9 × 1017 eV for
protons) and compare it with the standard theoretical expression for the acceleration time (see Eq. (2) and Fig. 1). The
first point we would like to stress out here is that the results
show that the high obliquity of the shock to the magnetic field
lines could play the most crucial role for the mean energy gain
of the diﬀusing particles confined within an appropriate simulation time scale and maximum momentum limit. Past works
(e.g. Ostrowski 1988; Takahara & Terasawa 1991; Ellison et al.
1995) studied the obliquity of the shock dependent on the Emax
and found as well that there is more rapid acceleration in nearly
perpendicular shocks than in parallel ones. Ostrowski argues that
the assumption that the amplitude of the magnetic field perturbations is small, must be fulfilled for the approach used to be valid.
Of course this assumption allows us to make the approximation
that the magnetic moment of the particle is conserved while it interacts with the magnetic field discontinuity, an assumption that
we follow in our simulations.
A typical run and the energy gain of a particle accelerated,
by getting reflected oﬀ or transmitted across the shock surface
(prescribed in – dimensionless – gammas) is shown in Table 1.
We note again that in the de-HT frame the intersection between
the magnetic field and the shock has a velocity, Vsh tan ψ less
or equal (for the almost perpendicular case) than c = 1. A particle hits the shock with a pitch angle which is lying inside or
outside an “angle loss cone” of 60◦ , following the standard theory of the conservation of the first adiabatic invariant at the deHT frame, and after some interactions with the shock interface
(reflections) will eventually be transmitted across it. Our simulations show that a number less than ∼20% of the particles, reflects
as many times as to get such high energies as 1018 eV within prescribed momentum and space limits of the simulation box, while
the rest leave the simulation earlier with much less energy. This
trait is a key feature in understanding the momentum gain and
distribution (see plots in Fig. 2). Particularly, in the top plot the
“classical” expected particle shock acceleration distribution momenta is shown. On the contrary, in the bottom plot of Fig. 2 we
can see how the distribution of the momenta changes under the

Fig. 1. Here we show the ratio of the simulation acceleration
rate (time_sim) to the theoretical formula (time_theo) (see Eq. (2)), versus λ/rg , where κ > rg Vsh or in other words λ/rg < υ/Vsh . In Eq. (2) κ is
κ
given by: κ = κ|| cos2 ψ + κ⊥ sin2 ψ, while we keep κ⊥|| = 1 + (λ/rg )2 . For
the simulations we use plasma flow velocity equal to 0.01c where obviously the maximum Jokipii limit is at λ/rg = 100 and for plasma
flow velocity equal to 0.05c the maximum Jokipii limit is placed at
λ/rg = 20. Analytically Eq. (2) is valid in Jokipii’s case, but has to be
used with the coeﬃcient parallel to the shock normal, which in the limit
of a highly oblique shock is almost perpendicular to the magnetic field.
A condition that it is quantitatively underpinned by Biermann (1993). It
is found that the “Jokipii limit” is faster by c/3Vsh and the momentum
boundaries for these runs were fixed at 108 gamma (i.e. ∼9 × 1017 eV
for protons). As a numerical example here, we see that the acceleration
rates almost converge together while the Jokipii limit should be lowered by at least a factor of 30 and converge with the standard analytical
limitation of κ = (1/3)rg .

extreme cases of the nearly perpendicular shocks as we describe
in Sect. 2. We can observe how the distribution of the momentum gain of the accelerated particles extends into a tail, a trend
that is clearly connected to the Lorentz transformation of the
de Hoﬀmann-Teller frame. Further to the traits of the Table 1,
it is possible that the probability of the particle to lying within
or outside the “angle loss cone” described in Sect. 3, the eﬀect
of κ, and the actual limitations that it is given to its values by following the analytical claims of Jokipii (1987), beam the particles
with an “enhanced probability” bouncing oﬀ the shock surface
with an angle less than 60◦ , which determines the reflection condition of the diﬀusive particle.
In Fig. 1 we show the ratio of the simulation acceleration
rate to the theoretical formula (see Eq. (2)), versus λ/rg , where
κ > rg Vsh or in other words λ/rg < υ/Vsh . As we mentioned
in Sect. 2, in Eq. (2) κ is given by: κ = κ|| cos2 ψ + κ⊥ sin2 ψ,
κ
while we keep κ⊥|| = 1 + (λ/rg )2 . For the simulations we use
plasma flow velocity equal to 0.01c where obviously the maximum Jokipii limit is at λ/rg = 100 and for plasma flow velocity
equal to 0.05c the maximum Jokipii limit is placed at λ/rg = 20.
Analytically Eq. (2) is valid in Jokipii’s case, but has to be used
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Table 1. The Lorentz gamma factors gain for a particle in a typical simulation run for Vsh = 0.05c and an inclination angle of 87◦ . The acceleration
of a particle and the logarithm of its energy gain in diﬀerent frames of reference is shown while it scatters and reflects oﬀ the shock surface until it
exits the system of the acceleration. Three shock crossings is a “shock-cycle”. We mention that it is shown that a reflection is counted (in particle’s
energy gain) as cycle (Drury 1983). We note that the high energy particle gains are due to the de Hoﬀmann-Teller frame Lorentz transformation
where the shock behaves as if it was relativistic. The particle is injected upstream at 20 × λ with a gamma of 5. The injection does not of course
depend on number 20, as long as it is large compared to unity. The particle gets reflected by the shock interface four times, it crosses downstream,
it crosses upstream, it gets reflected by the shock interface some times more, it crosses downstream, it leaves the system. The “particle’s fate” of
crossing or reflecting is calculated by the equations given in Sect. 3, after its directions are properly randomized using random number generators
for its scattering. As on sees, only in the nearly perpendicular shock configurations we have such high energy gains.
Gamma
inject upstream
Reflected
Reflected
Reflected
Reflected
To downstream
To upstream
Reflected
Reflected
Reflected
Reflected
Reflected
Reflected
Reflected
Reflected
To downstream

Upstream side
(de H-T frame)

Upstream fluid

1.21
1.67
2.07
2.42

Upstream side
(Shock frame)
0.69
1.14
1.45
2.93
2.32

2.83
3.05
3.53
3.98
4.44
4.86
5.24
5.60
5.78

2.81
2.90
3.31
3.78
4.22
4.69
5.10
5.48
5.84

2.80
2.89
3.30
3.78
4.22
4.69
5.10
5.47
5.83

Downstream side
(de H-T frame)

1.14
1.44
2.92
2.32
2.65

with the coeﬃcient parallel to the shock normal, which in the
limit of a highly oblique shock is almost perpendicular to the
magnetic field. A condition that it is quantitatively underpinned
by Biermann (1993). It is found that the “Jokipii limit” is faster
by c/3Vsh and the momentum boundaries for these runs were
fixed at 108 gamma (i.e. ∼9 × 1017 eV for protons). It is easily understood that we recover the standard expression, and yet
the standard derivation fails, in terms of the first order Fermi
acceleration picture (with all the steps in momentum small) for
the nearly perpendicular shock case prescribed under the above
conditions.

6.19

obvious that only when ψ → 90◦ and κ||  κ⊥ , there is a large
energy again achieved after a few shock cycles.
Furthermore, in the plots of Fig. 4 we show the diﬀerential
energy and time spectra for a simulation run using Vsh = 0.05c
and ψ = 85◦ , respectively. Note that in top plot the spectrum
is not changed while just two points are modified: 1) getting to
the maximum energy in a distribution of large and small jumps
in momentum (see Table 1) and 2) the speed of the acceleration
process (obviously aﬀected by the limits) with which we reach
the spectrum (see Fig. 1).
4.1. Supernova shocks in stellar winds – an application

In Fig. 3 we show the log of the mean energy of the particles during the acceleration process versus the number of shock
crossings for Vsh = 0.01c and Vsh = 0.05c (top and bottom plot respectively). We note that three shock crossings is
a shock-cycle. What it is shown here is similar to Fig. 1 of
Jokipii (1987). That is, the energy gain of the particles is increasing with the increasing angle between the upstream magnetic field and the shock normal, showing the same trend of the
shock eﬃciency depending on its obliquity to accelerate the particles. The scattering mean free path is kept at λ = 100rg and
λ = 20rg respectively, following the trend of Jokipii’s limits for
testing. Diﬀerent magnetic field inclinations are shown, starting from 5◦ , 25◦ , 65◦, 87◦ and 89◦ . We see the great diﬀerence
in the energy gain of the particles for the almost perpendicular case compared to smaller shock inclinations. The mean energy is the calculated energy gained by the particles (taking the
sum and dividing it with the number of particles times their statistical weight) immediately after interacting with the shock interface. Looking closely, one may see that in a shock-magnetic
field orientation of around less than 65◦ the particles do not gain
any considerable energy, but for highly oblique shock orientations (i.e. >65◦) there is a considerable particle energy gain in
a few cycles, an eﬀect that firstly stressed by Jokipii (1987).
Plasma flow velocities of 0.01c and 0.05c were used here and it is

In 1958, Parker (1958) proposed the magnetic stellar wind model
where the magnetic field lines of the wind plasma are initially in
a radial direction. Biermann (e.g. 1993) proposed the model of
spherical shocks in stellar winds which compresses an embedded
tangential magnetic field which decreases with radius r as 1/r
and with colatitude θ as sin θ by the full compression ratio of 4,
and proposes that “a principle of the smallest dominant scale”
(Prandtl 1925 and Karman & Howarth 1938) (in real space or
in velocity space) allows one to determine the relevant transport
coeﬃcients, which describe the overall transport of the particles
in the magnetic field present in the shocked region.
In more detail in this model he does not invoke resonant scattering, but fast convective turbulence as the dominant process in
the acceleration region. On the other hand the initial assumptions made in those works do not ignore resonant scattering, but
use Jokipii’s (1987) arguments to support the whole proposed
model of the acceleration, supporting the idea of a “permissible”
scattering coeﬃcient in oblique shock configurations.
The normal argument (for relativistic particles) is that κ =
r c
λ(E) c
> g3 where λ(E) is the mean free path for resonant scat3
tering of a particle of energy E and Larmor radius rg . So, as
we have already mentioned in a previous section the Jokipii
“limit” claims that possible values of the diﬀusion coeﬃcient
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Fig. 3. The log of the mean energy of the particles versus the number
of shock crossings for Vsh = 0.01c (top plot) and Vsh = 0.05c (bottom
plot). Starting from the bottom for 5◦ , 25◦ , 65◦ , 89◦ (top plot) and 87◦
(bottom plot) magnetic field inclination, respectively. We see the difference in the energy gain of the particles for the almost perpendicular case compared to smaller shock inclinations. An eﬀect that Jokipii
(1987) pointed out as well. Mean energy is the calculated energy gained
by the particles (taking the sum and dividing it with the number of particles times their statistical weight) immediately after interacting with
the shock interface (i.e. three shock crossings is a “shock-cycle”).
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Fig. 2. Top plot: the “classical” acceleration mechanism of the distribution of momenta of the accelerated particles for parallel and oblique
shocks, will look as above. Bottom plot: in the extreme cases though
of nearly perpendicular shocks (this study), the distribution for the momentum gain of the accelerated particles (expressed in Lorentz factor)
will extend into a tail, in contrary to the top plot. This trend is clearly
connected to the Lorentz transformation into the de Hoﬀmann-Teller
frame.

have to be larger than the gyroradius of the particle multiplied
by the shock speed. But this specific condition is fulfilled for
Biermann’s (1993) approach only by a factor of 1 − V2 /V1 < 1,
and it is close to unity only at the maximal energy, since in his
model the shock speed and the radial scale of the system under consideration, give both the largest gyroradius as well as the
diﬀusion coeﬃcient. In the first instance we may say that it is
clearer that by using Eq. (4), instead of (1/3)(rgc), one could
claim that Jokipii is faster by c/3Vsh, and on the other hand

simulations shows us that this factor should be even less in order to describe realistic maximum energy gain boundaries where
a cut-oﬀ in the spectrum could be reached.
So, we claim here that a maximum cutoﬀ in the spectrum
could be ∼1017 eV (protons) or around 3 × 1018 eV for iron.
Again being in a realistic picture, we consider the general case
of a shock expanding into a wind. Let is start from the mass conservation and allowing that all the mass of the gas in the wind is
snow-plowed together and that the shock-shell conserves energy
we have
 rsh
Ṁ
4πr2
dr = ∆M = mass in wind shock shell (5)
2V

4πr
wind
r
where ∆M = ṀVrshwind . We also have energy conservation and so,

 ṀV
2
wind
+ Msh,SN Vsh
= ESN . One could make the simple quesrsh
tion if the piston Msh,SN is larger, or the wind-shell ṀVwind /rsh .
Testing with realistic numbers one find that the shock-shell
is a small fraction of 1 solar mass, and so the piston always
wins. This ensures that the shock velocity is exactly constant

dN/dT*T [arb. units]

dN/dE*E [arb. units]
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is about 106 mp c2 , the first phase corresponds to about a factor
of 3 × 105 in radius and time, and a factor of 500 between radius and time from knee to ankle. Taking then a final radius for
WR stars of 1019 cm, this implies, that the knee is established at
a distance of 2 × 1017 cm, and injection starts at 7 × 1011 cm.
Moreover, these numbers could be refined, with a specific model
for the magnetic field topology and wind velocity in stellar winds
of RSG and WR stars.
Here we are including adiabatic losses as well and one may
see that even if we have more time, then the maximum energy
cannot change anymore, since we have reached the maximum allowed by the spatial condition, fitting the Larmor motion into the
available space. The other scenario is of course that if we have
less time or space, then the maximum energy is not reachable
anyway. Then of course the cutoﬀ in the energy will be much
lower than the proposed ∼1017 eV. The space in a stellar wind
is radius/4, so r/4, from the Rankine-Hugoniot conditions for
strong shocks for a gas with adiabatic index 5/3. And since the
dominant magnetic field is tangential, the Larmor limit is a constant, as then B(r) × r is constant.
Specifically, Wolf Rayet star (WR) winds could possibly provide large enough radii for the above conditions to be fulfilled,
and on the other hand in Red Super Giant stars (RSG) winds we
may find the conditions (smaller radii) where a cut oﬀ in energy
is lower than the knee region. So, for RSG stars the maximum
energy could be probably about 3 × 1014 eV and we claim that
for WR stars the maximum energy (for Z = 1) reached could be
around 1017 eV.
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Fig. 4. Top plot: a typical spectrum for 85◦ for Vsh equal to 0.05c and
λ|| /rg = 20 (at maximum Jokipii limit). Note here that the spectrum is
not changed while just two points are modified: 1) getting to the maximum energy in a distribution of large and small jumps in momentum
(see Table 1); and 2) the speed of the acceleration process (obviously
aﬀected by the limits) with which we reach the spectrum. See Fig. 1.
Bottom plot: calculation of the diﬀerential time spectrum for a single
run at Vsh equal to 0.05c at 85◦ .

throughout the expansion of the shock through the wind. It follows, that the radius of the shock rsh and time are proportional
to each other rsh = Vsh t. In the shock frame now we identify
Vsh with V1 . The acceleration rate is given also by the equation
xp
κ1
κ2
1
( dp
dt )acc = τacc with, τacc = 3( V1 + V2 ) V1 −V2 from Biermann (1993)
κ ∝ ∆r∆V and x = 2.25 below the knee, and x = 1.729 above
the knee where V1 is the upstream velocity, V2 is the downstream
velocity and p is the trans-relativistic momentum.
The adiabatic losses (Völk & Biermann 1988) are ( dp
dt )ad =
p2
dp
xp
V1 /V2 −1
V
.
These
two
terms
can
be
combined
as
(
)
3 r 1 V1 /V2
dt tot = 2t −
p
p
x−1
. Therefore one
2t = (x − 1) t , with the solution p = p0 (t/t0 )
may have
p = p0 (t/t0 )1.25 ,

(6)

up to the knee energy, and beyond
p = p0 (t/t0 )0.729 .

(7)

In this work we tried to evaluate the rate of the maximum energy and the acceleration rate that particles acquire in the nonrelativistic near perpendicular diﬀusive shock acceleration – allowing both parallel and perpendicular diﬀusion coeﬃcients for
the particle – with application to the stellar winds of Wolf Rayet
(WR) and Red Super Giant (RSG) stars.
A Monte-Carlo code was used to simulate the first order
Fermi acceleration by testing the role between the obliquity of
the magnetic field at the shock normal, the significance of the
perpendicular (cross field diﬀusion) and parallel diﬀusion coefficients, and the energy gain and acceleration rate of the particles. Our findings justify Jokipii’s work, who investigated the
first order Fermi acceleration mechanism in connection to the
high obliquity of the shock, and he showed that specific limitations should arise for the maximum energy gain of the particles
connecting to the diﬀusion coeﬃcients and the obliquity of the
magnetic fields with the shock normal. Specifically if the perpendicular diﬀusion gets smaller compared to the parallel diffusion coeﬃcient, the particles gain much more energy in few
cycles (specifically, energies that could contribute to energies
below the “knee”) than when the magnetic field at the shock
is quasi-parallel. Provided that this condition applies, then we
may claim the upper limits of the energy for sites where nonrelativistic quasi-perpendicular shock velocities take place (e.g.
Vsh ≤ 0.05c).
Findings of this work are:
1. We confirm that the spectrum is independent of which scattering coeﬃcient is used.
2. The energy gains are reached in large jumps, but only by a
small percentage of the cosmic rays taking place in the simulation (less than 20% of the total number of cosmic rays
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used). Moreover, the individual steps to get to the spectrum
are by a mixture of large and small steps in energy (not
a gaussian distribution anymore, but more like a powerlaw
distribution or a very asymmetric gaussian, with a long positive tail). In other words the distribution of ∆p
p has a long
positive tail which lets us understand the faster acceleration
rate while as it is well known, the spectrum remains unaffected by the obliquity of the shock.
3. The acceleration time scale is shorter, because the scattering
is faster for the Jokipii approach. In other words in highly
oblique shocks the energy jumps come both very large and
very small, without changing the spectrum, but shortening
the time scale of acceleration.
4. The cosmic rays reach very high energies (PeV) in a reasonable time limit frame using Eq. (4) compared to standard
Bohm limit (rg c/3), see also Fig. 1. That means that highly
oblique shocks help particles to get to “ankle” (EeV) energies faster.
Summarising, our simulations have shown that in the highly
oblique case we do reach eﬀectively the Jokipii limit in the
sense, that the eﬀective acceleration time is given by Eq. (2),
using Jokipii’s limit. We recover the standard expression, and
yet we learn that the standard derivation fails, in terms of the
Bell (1978a,b) picture (with all the steps in momentum small).
Jokipii’s diﬀusion coeﬃcient speeds acceleration up by a factor
of c/(3Vsh) comparing his diﬀusion coeﬃcient with the Bohm
coeﬃcient,where c ∼ u (u is the particle speed). This matches
what is found in our simulations as it is clear from Eqs. (3)
and (4). We further note that Eq. (2) is also valid in Jokipii’s
case, but has to be used with the coeﬃcient parallel to the shock
normal, which in the limit of a highly oblique shock is almost
perpendicular to the magnetic field. A condition that it is quantitatively underpinned by Biermann (1993).
These simulations serve as an “experiment” in order to investigate the shock-acceleration properties of the particles in the
extreme condition of nearly perpendicular shocks. By measuring the “simulation acceleration time” that a particle needs to
get some energy including the parameters or limits of Jokipii, we
can compare it with the standard expression. The diﬀusive shock
acceleration mechanism is indeed eﬃcient to accelerate particles
to high energies. The more oblique the shock is the greater the
eﬃciency of the shock to accelerate the particles.
It is quite plausible that a part of the spectrum just above the
“knee” and down close to the “ankle” is likely due to the contribution of the cosmic rays, originating from regions where nonrelativistic nearly perpendicular shocks take place, with a diﬀusion behaviour described in this work. The seed of particles to
achieve such high energies may come from remnant winds of
astrophysical sources. Our simulation findings underpin the past
analytical work of Biermann (1993) and other connected works
regarding cosmic ray acceleration in highly oblique shocks,
which are mostly realised in magnetic stellar winds.
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