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ABSTRACT

We numerically investigate the long-term temporal evolution of magnetized jets where the computational domain covers multiple wavelengths
(up to 10) of the fastest growing Kelvin-Helmholtz unstable mode. The dynamical importance of the magnetic field, which is initially uniform
and flow-aligned, varies over a significant range: the plasma β in the jets ranges from O(1000) (essentially hydrodynamical) down to O(1)
(equipartition jets). Our calculations of two-dimensional, longitudinally periodic, extended slab configurations identify an inverse cascade
process in the overall disruption to a broadened and heated jet flow. This process occurs for transonic and supersonic flows as well, with
rapid shock-dominated transients appearing in supersonic cases, and with characteristic diﬀerences depending on the initial jet width. For
configurations with a jet velocity profile having a radius that is much larger than the vorticity thickness of the flow, the cascade proceeds early
through pairing/merging of individual mode structures on both jet boundaries. Jets with radii of the order of the vorticity thickness are strongly
unstable to sinuous deformations with boundary layer-layer interactions between vortex (transonic, weak magnetic field) and shock (supersonic,
strong field) structures in a few sound crossing times. We back up these findings for planar jets with selected three-dimensional simulations of
extended cylindrical jet configurations. These tend to have more small-scale fluctuations in their relaxed endstates. The timescales and overall
scenario for the helical disruptions agree well with the 2D studies. This allows us to discuss the possible implications of our results in the
context of magnetohydrodynamic stability of astrophysical jets.
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1. Motivation
A fundamental question raised by the observations of astrophysical jets concerns the flow survival to internal instabilities.
Indeed, many collimated flows are observed to propagate over
very long distances with respect to their radial distances without being disrupted. This is for example the case of jets emanating from young stellar objects (YSO) and active galactic
nuclei (AGN). Moreover, these supersonic jets are typically observed to terminate in a strong final shock when they encounter
a denser external medium, and not as a consequence of the
development of internal instabilities. On the other hand, such
sheared flows are highly susceptible to drive Kelvin-Helmholtz
(KH) instabilities (Birkinshaw 1991; Ferrari 1998). Indeed,
high resolution hydrodynamic simulations of supersonic jets
have clearly shown how the development of KH modes can
nonlinearly lead to the formation of internal shocks, entrainment and mixing with the ambient material, and ultimately to
disruption on a few sound transit time scales (Bodo et al. 1995,
1998). Thus, the corresponding time-scale of the disruption is
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too fast by more than one order of magnitude to account for the
observations.
Among the possible mechanisms currently investigated to
explain the latter apparent discrepancy, is the role of magnetic
fields. Indeed, the presence of a large-scale magnetic field in
accretion-disk-jet systems is now well established from observations (Ray et al. 1997; Pushkarev et al. 2005; Gabuzda et al.
2004) and jet launching models (e.g. Casse & Keppens 2004,
and references therein). The magnitude of the magnetic field
is probably not suﬃcient to prevent or strongly weaken the
(linear) growth of the KH instability (Baty 2005), except for
particular magnetic field configurations (Appl & Camenzind
1992). Thus, a crucial point concerns the role of a relatively
weak magnetic field in the nonlinear stages of the KH instability. In a realistic jet, the magnetic field topology will be helical,
as the toroidal field component plays a crucial role for the collimation of the ejected flow. However, considering uniformly
magnetized jets with only a longitudinal field component, has
the advantage of unambiguously separating the eﬀect of the
magnetic field on KH modes from eﬀects due to interaction
with other magnetohydrodynamic instabilities (see, e.g. Baty
& Keppens 2002).
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In the literature, one can easily find a relatively large
amount of papers presenting numerical simulations of the
KH instability in uniformly magnetized jets (see review by
Hardee 2004, and references therein). However, most of these
studies have focused on the consequences for the evolution of the global flow morphology by using a spatial approach (Hardee et al. 1992; Zhao et al. 1992). This is not the
case of the numerical work done by Min (1997a,b) in twodimensional (2D) slab geometry, as the aim there was to study
the long-term evolution of KH instabilities by using a temporal
approach. Indeed, this latter work has highlighted the crucial
role played by the antisymmetric KH mode in the flow disruption, in contrast to the negligible role of the symmetric mode.
This is particularly true when the characteristic length scale of
the shear flow layer is of order of the jet thickness. In the opposite limit where the shear layer is much smaller than the jet radius, the flow essentially survives and the final obtained state is
a jet with a smoother velocity profile. Indeed, in this latter case,
KH vortices developing at the jet/external medium interface
lead to an enlarged transition profile with disruptive magnetic
reconnection events, in a very similar way as obtained for a single shear flow layer (see e.g. Baty et al. 2003, also referenced as
Paper I below). However, as a rather short periodic longitudinal
length (equal approximately to the wavelength of the linearly
dominant KH mode) has been adopted in Min’s configurations, the possibility for large-scale coalescence was excluded.
In Paper I, we demonstrated a strong coalescence process towards large scales occuring for a single magnetized shear flow
layer, due to pairing/merging between adjacent KH vortices.
The aim of the present work is to determine its implications for
full 2D jet configurations, thereby extrapolating Min’s studies
of “individual” KH modes to configurations on large, longitudinally extended domains. We consider a wider range of sonic
and Alfvénic Mach numbers, in order to qualify diﬀerences
in the nonlinear evolutions for jets of widely diﬀerent plasma
beta. Finally, a few selected three-dimensional (3D) uniformly
magnetized cases are investigated in order to adress the generality of our 2D results. It is often argued that, contrary to purely
hydrodynamic models, the turbulence cascade properties are
similar in 2D versus 3D MHD (Biskamp 1993). Significant differences in 3D could nevertheless be important, and are thus
explored in this work.
The paper is organized as follows. The jet model and
the numerical setup are presented in Sect. 2. In Sect. 3, we
show the numerical results obtained for 2D slab configurations.
Section 4 is devoted to the results concerning 3D cylindrical
jets. We conclude with discussing the consequences of our findings in the context of astrophysical jets stability.

2. The jet model and the numerical setup
The full set of ideal compressible MHD equations is used
in this work (see Paper I), implying that we consider “perfectly conducting” plasmas with very large kinetic and magnetic Reynolds numbers. This ideal description is a suitable
proxy for many astrophysical environments including jets.
However, small nonzero viscosity and resistivity are locally important as they allow for momentum exchange and magnetic

reconnection, respectively. This is particularly the case during
the later evolutionary stages of the MHD KH instability, when
small scale structures are formed. We rely on the inherent numerical resistivity and viscosity in the employed conservative
shock-capturing discretizations to mimic these dissipative processes. In this way, dissipation takes place through numerical
truncation at the grid-cell level within the smallest resolved
structures. The corresponding numerical dissipation coeﬃcients are consequently not constant or uniform, but depend on
the size of the structures. It is generally argued, on the basis of
a number of results, that this approach provides an adequate
model for subgrid-scale dissipation (see discussion in Jones
et al. 1998). However, a convergence study by repeating the
simulations using diﬀerent grid resolutions is recommended.
Min (1997a,b) explicitly included a resistive term with dimensionless coeﬃcient η = 0.01 in the equations, clearly dominating the numerical resistivity due to discretization eﬀects at
the moderate spatial resolution of 100 × 200 used. For similar physical cases, we checked that our results already recover
the conclusions published by Min for a resolution of 50 × 150
in correspondance with an estimated numerical Reynolds number Rm ≡ /(L x η) = O(103 ). In this definition of Rm , we use
a rescaling to the thickness  of the shear flow layer instead
of the simulation box length L x , as the latter will be varied.
The estimation is obtained by comparing resistive MHD runs
of varying η with the “ideal” approach. We may conclude that
in using grid-adaptive high resolution simulations, we are able
to reach magnetic Reynolds number up to a value of order 105
(for the individual modes study).

2.1. The jet model
In this work, we consider a jet having an initial background
flow directed along the longitudinal direction (s) and sheared
in the radial one (r),



V
Fr FR j
−
V s (r) =
1 − tanh
,
(1)
2
Rj
r
with V the amplitude of the jet velocity. The parameters R j
and F control the exact shape of the flow profile; R j is
the jet radius (radial distance where V s = V/2), and F =
R j / is a non-dimensional parameter controlling the characteristic thickness  of the shear flow (i.e. of the vorticity).
Typically, three flow profiles called Pr1, Pr2, and Pr3 are investigated in this work, in correspondance with (R j , F) equal
to (0.5, 5), (0.25, 2.5), and (0.125, 1.25) in our units respectively. In this way, we vary the radius R j while keeping  constant and equal to 0.1 in our units. This choice of dimensionalization is important, as it ensures that we use the same spatial
resolution through this initial (at t = 0) vorticity thickness for
all profiles. For the adaptive simulations, we enforce the highest eﬀective resolution at t = 0 throughout this thickness.
Note that the set of MHD equations is solved in Cartesian
geometry, so the radial coordinate r is r ≡ |y| and r ≡ (x2 +y2 )1/2
in 2D and 3D, respectively. The longitudinal coordinate s is
s ≡ x and s ≡ z in 2D and 3D, respectively. We assume that
the jet is initially in pressure equilibrium with its surroundings.
We take uniform temperature P0 and density ρ0 , setting them
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Table 1. Initial parameters of individual modes simulations.
Profile

Ms

MA

Mf

β

Resolution

Pr1-Pr2-Pr3

1

7

0.99

59

50 × 150, 100 × 300, 150 × 450, 200 × 600, 250 × 750, 300 × 900

Pr1-Pr2-Pr3

1.4

7

1.37

30

50 × 150, 100 × 300, 150 × 450, 200 × 600, 250 × 750, 300 × 900

Pr1-Pr2-Pr3

1

[2−500]

[0.89−1]

[4.8−3 × 105 ]

200 × 600

[1.15−1.4]

[2.45−1.5 × 10 ]

200 × 600

Pr1-Pr2-Pr3

1.4

[2−500]

5

All simulations have been carried out in a 2D rectangular domain with 0 ≤ x ≤ L x and −Ly ≤ y ≤ Ly , with L x = 1 and Ly = 1.5. We use either
a symmetric or antisymmetric perturbation. The transonic and supersonic cases are obtained for V = 1.29, and V = 1.806 respectively.
Table 2. Initial parameters of 2D extended simulation domains.
Profile

Ms

MA

Mf

β

Resolution

Pr1-Pr3

1

7

0.99

59

800 × 800, 1600 × 1600

Pr1-Pr3

1.4

7

1.37

30

800 × 800, 1600 × 1600

Pr1-Pr3

3

7

2.76

6.54

800 × 800, 1600 × 1600

Pr3

1

50

1

3004

1600 × 1600

All simulations have been carried out with L x = 10, Ly = 4, and using
an initially white noise perturbation. The transonic and two supersonic
cases (Ms = 1.4, and Ms = 3) are obtained for V = 1.29, V = 1.806,
and V = 3.87 respectively.

to unity and defining thus our normalization. The flow is embedded in an initially uniform longitudinal magnetic field of
amplitude B0 , that must be weak enough in order to have a linearly unstable configuration. Consequently, the sonic speed cs
is uniform and cs = (γP0 /ρ0 )1/2 = 1.29 in our units for an adiabatic index γ = 5/3. We also use the following definitions
for the sonic and Alfvénic Mach numbers, Ms = V/cs, and
MA = V/Va, where Va is the Alfvén velocity. The fast Mach
number is also defined as Mf = V/(c2s + Va2 )1/2 . The parameter values used in the diﬀerent runs (nonlinear simulations) are
listed in Tables 1 and 2.

2.2. Numerical setup
The nonlinear simulation results are obtained using the general
finite-volume based Versatile Advection Code, VAC1 (Tóth
1996) and its grid-adaptive variant AMRVAC (Keppens et al.
2003). For the present study, we use the full set of ideal compressible MHD equations. We select the explicit one-step total
variation diminishing (TVD) scheme with minmod/Woodward
limiting in 2D/3D (Collela & Woodward 1984; Harten 1983).
This is a second-order accurate shock-capturing method making use of a Roe-type approximate Riemann solver. For some
selected cases, an adaptive version of VAC, AMRVAC, is used.
This automated adaptive mesh refinement (AMR) strategy allows for a grid-level dependent choice of the spatial discretization. We follow Keppens et al. (2003) and use the computationally beneficial combination of a robust two-step Total
Variation Diminishing Lax-Friedrichs method on all but the
finest grid-level, together with the less diﬀusive TVD scheme
on the highest one. Note that all discretization methods in VAC,
1

See http://www.phys.uu.nl/˜toth

and all combinations of grid level dependent spatial discretization methods in AMRVAC, are fully conservative. AMRVAC
results employed a base spatial grid which is refined by adding
finer level grids where a higher resolution is needed. Finer level
grids are adjusted, inserted or removed by periodically checking if the grid structure should be altered in response to the
flow dynamics. We employed four grid levels with a refinement factor of 2 between two consecutive levels. Refining was
done based on a Richardson-type extrapolation procedure, using a weighted average of density, s-momentum, and longitudinal Bs components. Inclusion of the s-momentum component
is needed to guarantee that the shear layer is resolved at the
highest eﬀective resolution from t = 0.
To study instabilities in flowing plasmas, especially for
making comparisons with observational characteristics, it is
common to perform a spatial analysis in which one considers
the development of an initial perturbation imposed at a given
location, typically the jet inlet (see, e.g. Hardee 2004, and references therein). However, this approach necessarily limits the
study to modes occuring within the transit time through the domain. For the sake of studying the long time evolution, a temporal approach is preferable to the spatial one. We focus here on
this long-term temporal evolution of instabilities, leaving additional convective eﬀects beyond the scope of the present paper.
We can then consider an idealized problem assuming periodicity along the longitudinal direction. This restricts the longitudinal wavelengths λ to Fourier components that can fit in the
numerical domain of length Ls , i.e. λ = Ls /n ≤ Ls with n a positive integer. Taking Ls equal to the wavelength of the linearly
fastest growing instability λm allows the detailed study of this
individual mode, but prohibits the formation of structures on a
larger scale. Large-scale coalescence is conversely allowed by
taking Ls greatly exceeding λm . We will quantify linear growth
rates and corresponding wavelengths for our planar transonic
to supersonic jets and vary the longitudinal domain in the nonlinear simulations accordingly. We use free outflow boundaries
on the lateral sides. These artificial lateral boundaries are taken
suﬃciently far enough away from the jet core to eliminate any
eﬀect on the long-term dynamics.
The unstable background jet configuration described above
is perturbed by adding diﬀerent forms of small amplitude transverse velocity, typically one percent of V, at the initial time
t = 0. For runs designed to study individual modes, a symmetric/antisymmetric perturbation is taken mainly located at the jet
radius, in order to follow the varicose/sinuous mode. However,
a white noise perturbation using a random number generator is
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more appropriate to let all unstable wavelengths grow in a natural way, in configurations having a long computational domain
length that exceeds λm . More explicitely,
use in the latter
  we
 
r−R j 2
× ran(s), where
case (see also Paper I), vr = δV exp − 2
the function ran(s) represents a random number generator in
the range [−0.5:0.5] and δV = 0.01 quantifies the amplitude of
the velocity perturbation.

3. Results for two-dimensional jets
The use of a two-dimensional slab configuration for representing the dynamics of jets allows us to simulate the evolution
of instabilities with high resolution without prohibitive computational costs. There is a certain correspondence in the mode
nomenclature between 2D and 3D configurations. For example, the varicose and sinuous instabilities that develop in a slab
jet are analogous to the m = 0 pinch and m = 1 kink instabilities (respectively) of a cylindrical jet, m being the azimuthal
mode number. We start in Sect. 3.1 with quantifying the linear unstable modes for the diﬀerent profiles and their nonlinear
evolution on short domains. This provides the reference for the
new extended domain studies in Sect. 3.2.

3.1. Individual modes
With the aid of the LEDAFLOW code Nijboer et al. (1997),
we can compute all MHD waves and instabilities of a given
one-dimensional stationary equilibrium. For the planar jet flow
considered here, the equilibrium is quantified by the sonic and
Alfvénic Mach numbers and the parameter F = R j /e, and the
linearised compressible MHD equations are then solved for
perturbations with dependency exp (−iωt + ik x x). Using a finite element discretization for the radial variation of the linear modes, we can compute eigenvalues and corresponding
eigenfunctions under the assumption of a perfectly conducting, wall-bounded slab. These artificial lateral boundaries are
always placed at r = ±1.5, so that narrower jets are eﬀectively
further separated from these walls. This allows us to approximate modes even with considerable eigenfunction variation in
the external medium, although true leaky modes damped by radial acoustic power leakage are strictly speaking not well represented. We recall that the linear stability threshold (for developing KH modes) of transonic Ms = 1 shear flow layers is
MA >
∼ 2, it corresponds to weak enough initial magnetic fields
(see Paper I and references therein). KH instabilities can be
nonlinearly stabilized (i.e. after a small amount of quasi-linear
growth) for the somewhat restricted range 2 <
∼ 4. We will
∼ MA <
therefore concentrate on the regime that is qualified as disruptive, obtained for 4 <
∼ MA <
∼ 30. A last very weak field regime is
obtained when MA >
∼ 30, essentially hydrodynamic in the early
stages of the KH instability.
Figure 1 shows the growth rate (the imaginary part of ω =
ωR + iωI ) of the unstable modes versus horizontal wavenumber k x for the wide transonic jet (Ms = 1, MA = 7 and Pr1).
Two prominent unstable modes exist over a significant range of
horizontal wavelength λ x = 2π/k x , corresponding to a sinuous
(kink) or varicose (sausage) perturbation of the slab jet. These

Fig. 1. Growth rate ωI versus horizontal wavenumber kx for the unstable modes for a wide Pr1 transonic jet with MA = 7.

modes coincide in growth rate as soon as their wavelength
becomes shorter than the jet diameter λ x <
∼ 2R j . Indeed, at
k x = 2π, the sinuous mode is found for ω = (4.12, 1.66) and the
varicose mode has eigenfrequency ω = (4.14, 1.64). The real
part of the density eigenfunction is indicated for both modes
in the figure, showing their diﬀerent symmetry properties and
their surface mode character. Note that the phase velocity of
both modes is to a good approximation given by the local velocity of the jet at r = R j : ωR ≈ V x (R j )k x = 4.06. For wavelengths
longer than the jet diameter, the sinuous mode is the fastest
growing instability. The maximal linear growth is observed for
wavenumber k x ≈ 7.5 which is above, but close to k x = 2π.
Figure 2 shows the same information for unstable modes of a
narrow transonic jet (Ms = 1, MA = 7 and Pr3, top panel) and
a narrow supersonic jet (Ms = 3, MA = 7 and Pr3, bottom
panel). Over the entire range of wavenumbers shown, the horizontal wavelength now exceeds the jet diameter. As a result, for
these narrower jets, a clear dominance of the sinuous instability
is found, with a significant increase in growth rate. A marked
diﬀerence in phase velocity occurs as well: for k x = 2π, the
phase velocity of the sinuous mode is significantly below the
advective speed at r = R j , while it is above it for the varicose
mode. The same is true for the supersonic narrow jet, where the
oscillation frequency for the indicated k x = π modes would be
V x (R j )k x = 6.08. The eigenmode structure for the supersonic
jet clearly shows the significant density variation in the external medium, for both sinuous and varicose modes, so the modes
loose their surface character in more supersonic jet regimes
(see also Ferrari 1998; Birkinshaw 1991). Maximal sinuous
growth rate is observed at a wavenumber k x ≈ 8.5 and k x ≈ 4.5
for transonic and supersonic narrow jets, respectively. For the
supersonic flows, new branches (in addition to the surface
modes) of “body” modes become unstable for the same domain wavelengths. These latter modes are typical of two-shear
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Fig. 3. Time evolution of the cross-stream kinetic energy Ek,y (in arbitrary units) for the narrow Pr3 velocity profile perturbed with a sinuous mode. The diﬀerent curves correspond to increasing spatial resolutions 50 × 150, 100 × 300, 150 × 450, 200 × 600, 250 × 750, and
300 × 900, from lower to higher amplitudes respectively. The physical
case investigated is for Ms = 1, and MA = 7.

maximally growing mode. We perturbed with either a sinuous
or a varicose mode. The resolution taken is 200 × 600 grid
points in the x × y domain, capturing the essential dynamics.
For example, a convergence study showing the time evolution
of the cross-stream kinetic energy Ek,y averaged over the spatial
domain volume Vb = 2 × L x × Ly ,
Ek,y =

ρVy2

1
Vb

2

dxdy,

(2)

Vb

Fig. 2. Growth rate ωI versus horizontal wavenumber kx for the unstable modes for narrow Pr3 transonic (top) and supersonic (bottom) jets
with MA = 7.

layer configurations, as they become unstable by resonant reflections at the jet boundary.
With the above knowledge on the linear modes, we now
first revisit the development of individual modes. This can
be done by considering a periodic domain length L x approximately equal to the longitudinal wavelength of the linearly
fastest growing mode. Min (1997a,b) performed such numerical simulations in resistive MHD, but focused on one case with
sonic and Alfvénic Mach numbers Ms = 1 and MA = 10.
Starting with the narrow Pr3 jet at sonic Mach number
Ms = 1 and Alfvén Mach number MA = 7, we run a static
grid VAC simulation on a spatial domain where L x = 1, and
Ly = 1.5. The horizontal extent matches k x = 2π, close to the

associated to a sinuous KH mode of a Pr3 velocity profile,
is illustrated in Fig. 3 for 6 spatial resolutions ranging from
50 × 150 to 300 × 900 grid points. The linear growth and
nonlinear saturation is well represented from about 100 grid
points in the longitudinal direction. The saturation marks the
time when field line tension is able to locally overcome the centrifugal motion associated to the vortical motion, and coincides
with a maximum reached by the cross-stream kinetic (and thus
magnetic) energy, as shown in Fig. 3. At this point, a structure
similar to the classical Kelvin’s cat’s eye (of pure hydrodynamics) is formed, enriched by local strands of strongly amplified
magnetic fields. This also leads to magnetic reversals, so that
the saturated structure is subsequently rapidly disrupted due to
magnetic reconnection in fully resistive MHD. For later times,
this structure survives for a long time, and the role of the magnetic field is to enhance its slow dissipation.
We have compared the time evolution of the three unstable Ms = 1, MA = 7 jet profiles (Pr1, Pr2, and Pr3) when
initially perturbed with a varicose/sinuous mode. In accord
with the linear stability results, the varicose mode is dominated
by its sinuous counterpart, not only in terms of linear growth
rate but also nonlinearly reaching a lower maximum perturbed
energy, in agreement with Min (1997a,b). For example, the
maximum perturbed energy reached in the varicose KH instability is 10 percent lower compared to the sinuous one for
the Pr1 case, while for Pr3 it becomes negligible. The latter agrees with the linear finding that narrower jets have suppressed varicose growth rates, and are more unstable to sinuous
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Fig. 4. Magnetic field lines at saturation (t = 3) for the three profiles
(Pr1, Pr2, and Pr3, from left to right respectively) initially perturbed
with a sinuous mode. The physical case investigated is for Ms = 1,
and MA = 7. Only a part with y in the range [−1.25:1.25] of the full
computational domain is shown.

perturbations. The results showing the magnetic field deformation of sinuous KH instabilities are illustrated in Fig. 4, for a
time close to saturation when the KH instability is well developed. One can easily observe that the KH vortices of the
upper layer strongly interact with the vortices of the lower
layer for the Pr3 case, contrary to the broad Pr1 jet configuration. In fact, the evolution of the KH modes for the “thick”
jet (Pr1) is very similar to results obtained for a single shear
flow layer (Paper I) in the disruptive regime, as the two layers evolve quasi-independently. For the Pr2 profile, an interaction between the two layers occurs also before the saturation, somewhat weaker than in the Pr3 case. After the nonlinear saturation, the disruption of the vortices is illustrated
in Fig. 5 for Pr1 and Pr3. Later, a relaxed state is reached,
shown in Fig. 6. For the broad jet the quasi-steady laminar
end-state consists of two enlarged (in the cross-stream direction) flow shear layers of heated and lower density plasma, encompassing the central jet core that is nearly unaﬀected. This
is diﬀerent for Pr3, as the whole initial flow profile is dramatically altered as its energy is eﬀectively converted. The final relaxed states share some common properties in wide and
narrow jet configurations: the velocity and magnetic field vectors end up nearly aligned everywhere and the longitudinal kinetic energy, which feeds the instability, has been strongly reduced compared to its initial level. In Fig. 7, we plotted the
final and initial longitudinal component of the jet velocity profiles V x (y) at a given x location, for the three cases. This confirms the above results, with the maximum value of the velocity nearly unaﬀected for Pr1, and decreased by a factor of
order 2 for Pr3. We can quantify the disruptive eﬀect by measuring the reduction of the normalized longitudinal kinetic energy δEk,x = Ek,x (tf ) − Ek,x (0) /Ek,x (0) between the final relaxed state obtained at t = tf = 20 and the initial state at t = 0.
The results are plotted in Fig. 8 as a function of MA for Ms = 1
and all three velocity profiles. In the latter figure, one can easily
distinguish the three nonlinear regimes mentioned and defined

Fig. 5. Grey-scale images of the density distribution (left panels) in
the x − y plane, and corresponding magnetic field lines (right panels),
during the disruption at t = 5. Pr1 (top panels) and Pr3 (bottom panels) cases perturbed with a sinuous mode, for Ms = 1, and MA = 7 are
shown. Dark regions for correspond to low density values.

for a single shear flow layer in Paper I. The reduction of energy δEk,x increases for MA in the range [2:4], reaches a plateau
with a quasi-constant value for the disruptive regime, and decreases when MA >
∼ 30 when we enter the modified hydrodynamic regime. The disruptive eﬀect in terms of its maximum
kinetic energy reduction is twice as high for Pr3 (70 percent)
as for Pr1 (33 percent).
We have also investigated the supersonic regime using a
slightly supersonic Mach number Ms = 1.4. The results are
not shown because they are very similar to the transonic case,
enriched by the formation of shocklet structures that are weak
transient fast magnetosonic shocks (similar as obtained for a
single shear flow layer in Paper I). For higher supersonic flows,
it is not possible to investigate individual modes nonlinearly,
because the initial perturbations ensure that “body” modes become unstable as well (see Fig. 2).
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Fig. 6. Same as Fig. 5, but for the end of the simulations at t = 20.

3.2. Extended simulation domains
We now consider simulations in a large spatial domain, typically L x = 10 for the periodic longitudinal length, allowing for
roughly ten wavelengths of the most unstable mode. The lateral
boundaries are placed at y = ±Ly = ±4. We have used both
VAC and AMRVAC with a spatial resolution of 800 × 800 grid
points, up to eﬀective resolutions of 1600 × 1600. More explicitely, this is achieved in AMRVAC simulations with a base
resolution of 200 × 200 that is suﬃcient to resolve the initial
vorticity thickness, and three finer levels of refinement. The
choice of the spatial refinement strategy in such grid-adaptive
simulations is important. In our simulations, we have checked
for selected runs that AMR runs reproduce (much more eﬃciently in computational resources) results obtained with VAC
for the same physical case. The system is perturbed with white
noise.
Figure 9 shows density snapshots taken at three diﬀerent
times for a transonic broad Pr1 flow with MA = 7. A largescale coalescence eﬀect occuring early on each jet boundary
is clearly visible. Indeed, the initial KH vortices (10 approximately, as one can see on the top panel) are able to pair/merge
on each layer, leading to laterally enlarged structures (middle
panel). This is in exact agreement with the coalescence mech-

Fig. 7. One dimensional cut (at x = 0.5) of the longitudinal velocity
component V x (y), obtained at the end of the simulation for Pr1 (top),
Pr2 (middle), and Pr3 (bottom) cases. For comparison, the initial longitudinal velocity component is also shown.

anism previously identified for a single shear flow layer in
Paper I. During this pairing/merging mechanism the vortices
tend to be partially disrupted due to magnetic reconnection
events. However, the merged bigger vortices eventually force
a strong interaction between the two edge layers, leading to
a strong final disruption. In Fig. 10, the same flow parameters now characterize a narrow Pr3 slab jet: here there is a
strong similarity between the extended and the short domain
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Fig. 8. Kinetic energy reduction (in percentage) 100 × δEk,x as a function of the Alfvén Mach number MA , for the three transonic (Ms = 1)
flow profiles Pr1 (diamonds), Pr2 (squares), and Pr3 (circles).

run, L x = 10 versus L x = 1, as the vortices of opposing edges
interact immediately prior to the saturation (compare top panel
of Fig. 10 with the bottom panels of Fig. 5), with a disruption
ensuing just after. Pairing/merging events on individual layers
are absent for this configuration. In Fig. 11 the cross-stream
kinetic energy Ek,y as a function of time is compared for the
two profiles Pr1 and Pr3. For the broad jet Pr1, the large-scale
coalescence occurs for a long time building up in perturbed energy, with an overall saturation much later compared to Pr3.
The latter narrow jet shows pronounced kink deformations at
the time of saturation, in agreement with the linear stability results. Contrary to non-extended configurations having L x = 1,
the overall saturation level for the two profiles are comparable, thanks to the pairing/merging process of the Pr1 case. If
we measure the kinetic energy reduction due to the disruptive
eﬀect, the results give a value close to 70 percent for all flow
profiles, from broad to narrow jets.
Turning to supersonic flows having Ms = 3, the same
Alfvénic Mach number translates in a plasma beta parameter
β = 6.5, an order of magnitude reduction to the transonic case.
We again show density snapshots in Figs. 12 and 13, for the
Pr1 and Pr3 flow profiles respectively. Essential diﬀerences are
evident compared to the transonic regime. First, the dominant
surface mode that deforms the interface is characterized by flattened vortex-like structures for the broad Pr1 jet and by sinusoidal oscillations of the whole flow for the narrow supersonic
jet (top panels of the two figures). Second, additional deformations inside the jet flow are most clearly seen for the broad jet,
attributable to internal body modes. Both supersonic jet flows
are seen to induce strong compressive perturbations in the external medium, steepening rapidly into strong shocks. This, together with the pronounced sinuous deformation of the narrow
jet, is in very good agreement with the linear stability results.
The linear results for the broad supersonic jet (not shown) indicate the presence of many body modes with significant density
variation in the external medium. Note that we deduce from the
periodicity of the features observed in these two figures that
we have only 5 or 6 linearly unstable wavelengths, contrary to
the transonic regime where 10 were present. This corresponds

Fig. 9. Grey-scale images of the density distribution obtained at three
diﬀerent times (t = 7, 13, 20, from top to bottom respectively) for
a Pr1 profile in the large computational domain. The physical case
investigated is for Ms = 1, and MA = 7. A linear grey-scale is used
with density values ranging from 0.65 to 1.15. Note that only a part
with y in the range [−2:2] of the full domain is shown.

well to the shift to longer wavelengths for the most unstable
mode observed in the linear analysis. This shift towards higher
longitudinal wavelengths as the fast Mach number increases is
quantified also in Baty (2005). At later times, some large-scale
coalescence eﬀect occurs before saturation for Pr1 (see second
panel of Fig. 12), while the narrow supersonic jet shows a sud-
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Fig. 11. Time evolution of the perpendicular kinetic energy Ek,y for
Pr1 (plain line) and Pr3 (dashed line) cases in the large computational domain. The values are normalized using the initial background
kinetic energy of the flow Ek,x (t = 0). The physical case investigated
is for Ms = 1, and MA = 7.

this study are periodic in the x-direction only, the flow can be
assumed statistically homogeneous only in the longitudinal direction. Spatial Fourier transforms are consequently computed
in the x-direction. For example, the one-dimensional longitudinal energy spectrum of the longitudinal velocity V x is given by
E(k x ) =

1
2Ly

Ly
−Ly

U 2 (k x , y) dy,

(3)

where U(k x , y) is the y-dependent longitudinal Fourier transform of the V x velocity,
U(k x , y) =

Fig. 10. Same as Fig. 9, but for the Pr3 case. The snapshots correspond
to t = 5, 8, 18 from top to bottom respectively.

den, shock-dominated disruption after a few time units. The final states obtained (not shown) are again characterized by very
low residual velocities, with the jet kinetic energy eﬃciently
converted to thermal energy. The measure of the kinetic energy
reduction introduced in the previous section, gives a value close
to 80 percent for the two profiles.
In order to quantify the eﬀect of the flow profile on the energy cascade direction in somewhat more detail, we examined
spatial Fourier spectra. Since the configurations considered in

1
Lx

Lx

V x (x, y) exp (−ik x x) dx.

(4)

0

The resulting longitudinal energy spectra are plotted in Figs. 14
and 15 for transonic Pr1 and Pr3 cases respectively, at different times. For both profiles, the spectrum is clearly dominated by the contribution of n ≈ 10 (where k x = 2πn/L x )
modes at early times, confirming that roughly 10 linearly unstable (dominant) wavelengths are initially growing. This energy injected by the dominant linear modes is quickly transferred to lower mode numbers (longer wavelengths), signaling
the inverse cascade. For the broad jet Pr1, this inverse cascade
occurs very soon, as the system is still building up in perturbed
energy: an n = 2 mode already dominates before saturation at
t = 13. This clearly occurs in correspondence with the pairing/merging events already reported previously. For the narrow
jet Pr3, close to the saturation time (i.e. t = 8) the subharmonic
n = 5 has grown to an energy level comparable to n = 10, and
it dominates the spectrum at later times, e.g. during the disruption at t = 18. Hence, an inverse cascade process is also at
work for Pr3 despite the absence of pairing/merging process,
starting later in time during the disruption. The final end-states
shown in spectral energy content at t = 40 for both profiles are
dominated by the largest longitudinal wavelength available in
the domain. Analysing the evolution of the slope dependence
of the spectra with n, for 10 <
∼n<
∼ 100 the energy spectrum for
this intermediate wavenumber range settles on a k p law with
a index p value close to −4 whatever the velocity profile. For
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Fig. 12. Grey-scale images of the density distribution obtained at three
diﬀerent times (t = 10, 15, 25) for a Pr1 profile in the large computational domain. The physical case investigated is a supersonic jet having Ms = 3, and MA = 7. A linear grey-scale is used with density
values ranging from 0.15 to 1.95.

the range 1 < n <
∼ 10 that corresponds to a domain of wavelengths that are larger than the linearly fastest growing one, a
diﬀerent exponent with a value between k−1 and k−2 is found.
The numerical dissipation influences the spectral dependence
significantly beyond n >
∼ 100 at the present resolution. Finally,
note that despite the presence of shocks, similar results and
conclusions are obtained from the analysis of energy spectra
for supersonic Pr1 and Pr3 cases.

Fig. 13. Same as Fig. 12, but for the Pr3 case. The images correspond
to t = 4, 6, 10 from top to bottom respectively.

The p = −4 index of the intermediate k-range follows closely the slope law between k−4 and k−3 obtained by
Lesieur et al. (1988), in 2D purely hydrodynamic numerical
simulations of extended unstable shear flow layers. This is not
surprising, as for the parameters characterizing our jets, the kinetic energy is dominant over other energy forms (in fact the
magnetic energy is dominant only temporarily and locally at
saturation). Miura (1999) also reported a power law exponent
of −3.89 in two-dimensional transonic shear layers with a magnetic field purely perpendicular to the shear flow. The weakly
magnetized planar jets studied here suggest this to be a rather
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Fig. 14. Longitudinal spectrum E(kx ) obtained for the transonic Pr1
case, with n labelling the longitudinal wavenumber kx via the relation
kx = 2πn/L x .
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Fig. 15. Same as Fig. 14, but for the Pr3 case.

calized magnetic eﬀects, causing the vortices to be surrounded
by narrow density strands of depleted material.
general characteristic. One may note that in freely decaying,
homogeneous 2D hydrodynamic turbulence energy spectral indices of k−3 signal the simultaneous operation of an inverse
energy cascade together with a direct cascade in enstrophy
(Biskamp 1993; Rutgers 1998).
As a final example of the dynamics of extended domain jet
simulations, we performed a simulation with parameters characteristic of the modified hydrodynamic regime for a narrow
jet, i.e. with Ms = 1 and MA = 50. The magnetic field is very
weak, as the plasma β = 3000. Figure 16 illustrates one snapshot of the density patterns obtained. One can see how well developed vortices originating on each side of the jet couple and
survive as pairs for quite long times. This coupling of counterrotating vortices without merging, is known from pure 2D hydrodynamics as Batchelor coupling (Lesieur et al. 1988). These
vortex pairs tend to leave the jet core without being further disrupted, and this is only slightly modified by very weak and lo-

4. Nonlinear results: 3D cylindrical jets
The main diﬀerences expected in 3D versus 2D come from the
existence of unstable modes that are absent in 2D and are typical of a 3D cylindrical geometry. Indeed, it is known from stability theory (see Birkinshaw 1991 for example) and also from
numerical experiments (Bodo et al. 1998; Hardee 2004, and
references therein) that a wealth of body/surface modes are linearly unstable in supersonic jets (see also Fig. 2). The growth
rates for m > 1 can be comparable or even greater than the
m = 1 one when the Mach numbers are much greater than
unity. We present few selected 3D simulations with a moderate, fixed spatial grid resolution in the cross-stream plane
of 100 × 100 and with streamwise resolution up to 250. The
domain dimension was taken up to Lz = 5, and lateral boundaries typically at unit distance. This corresponds to rather
reduced resolution when compared to our 2D runs, as the
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Fig. 16. Grey scale images of the density distribution obtained for a
transonic Pr3 flow profile with MA = 50. This figure is taken at a time
after the saturation. Also indicated is the location of the finest level
grids in this grid-adaptive simulation.

computational cost became prohibitively high in 3D for long
term simulations. Nevertheless, this resolution is suﬃcient to
compare the morphological deformations induced by the development of the KH instabilities in 3D versus 2D.
Starting with a transonic Ms = 1 superAlfvénic MA = 7
configuration, we investigated both a wide (Pr1) and narrow
(Pr3) jet. The results show large-scale deformations, that resemble the corresponding 2D cases, and that can be clearly
attributed to the development of the m = 1 mode for early
times. This is discernable in 2D longitudinal cuts, which follow their 2D counterparts. Additionally, we observe that structures due to the development of m > 1 modes contribute to
the deformation of the flow. As an example, in the transverse
cut shown in Fig. 17 (top panel) an elliptical deformation is
present close to saturation for the transonic Pr1 case, thus corresponding to the growth of an m = 2 mode that is linearly
unstable. The latter figure could be contrasted to Fig. 9a shown
in Baty & Keppens (2002), where a similar uniformly magnetized 3D case with only an m = 1 surface mode perturbed is
computed. For later times, a disruption occurs like in 2D, on
a comparable timescale. However, small-scales structures (see
bottom panel of Fig. 17) strongly contribute to the deformation
of the flow. This reflects that the direct cascade towards high
wave numbers is more eﬃcient in 3D than in 2D due to more
possibilities in the nonlinear interactions. This is in agreement
with results obtained by Bodo et al. (1998), showing that the
flow disruption in purely hydrodynamic simulations is more
turbulent in 3D versus 2D. Weak evidence for the existence of
an inverse cascade is found from spectra taken from 2D longitudinal cuts. The case of a narrow jet shows the expected faster
helical disruption, with early mode-mode interactions taking
place. The final endstate is more turbulent in terms of density
and velocity fluctuations, but the broadening of the jet profile
roughly agrees with its 2D analogue.
An extended (Lz = 5) supersonic Ms = 3 jet at the same
Alfvén Mach number but of intermediate radial extent (Pr2)
was simulated up to time t = 20, corresponding to twice the
saturation time. The disruption is now again shock-dominated,

Fig. 17. Grey scale images (2D cut obtained at x = 2) of the density
distribution obtained for a 3D run of an unstable transonic Pr1 flow
profile with MA = 7. The top panel corresponds to a time t = 8 close to
saturation, and the bottom panel to a time t = 13 during the disruption.

with external shocks extending to the lateral domain boundaries. We show in Fig. 18 an isosurface of the vorticity
magnitude of order of the initial maximal value, combined with
a cutting plane showing the pressure. The isosurface shows how
several helical mode numbers contribute to the jet deformation. In the streamwise direction eventually one to two shock
fronts emerge before and at saturation, and a rapid transition
to a broadened, heated jet characterized by an Alfvén Mach
number of about 1 follows. The longitudinal energy spectra for
the axial velocity are initially dominated by modes with axial
wavenumber n = 2 and n = 3, with eventual tendency to follow monotonically decreasing k p power law behavior. An exponent of p = −4 characterizes the intermediate wavenumber
range in the strong disruption stage. Similarities are thus evident for all cases explored in 3D to those obtained in 2D, and
the extended magnetized jet transits to a heated, low velocity
structure. The central sonic mach number reached for all cases
discussed above ends up significantly below unity, an order of
magnitude reduction in the supersonic case.

5. Summary and astrophysical relevance
We can summarize our findings as follows. We have numerically studied the temporal development of KH instabilities
that occurs in uniformly magnetized jets. We focus on transonic/supersonic flows embedded in a parallel magnetic field,
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Fig. 18. An isosurface of vorticity magnitude, and a cross-cut showing the pressure, for a supersonic Ms = 3 superAlfvénic jet close to
saturation at t = 9.

with amplitudes weak enough to have a negligible eﬀect on
the linear stability. Nevertheless, the magnetic field strongly
influences the nonlinear dynamics compared to pure hydrodynamics. We extrapolate previous studies made for individual modes (allowing only the growth of single structures corresponding to the linearly fastest longitudinal wavelengths) to
extended 2D and 3D longitudinally periodic configurations.
In the nonlinear evolution of individual modes for 2D transonic flows, we quantified the ability of the jet flow to survive KH instabilities. The width of the flow profile is crucial
in this respect. Indeed, for jets having a radius much larger
than the vorticity thickness, the disruption of KH vortices due
to magnetic reconnection is only able to enlarge the interface
leaving the jet core almost unaﬀected. The fate of jets having
large vorticity thickness of the order of the radius, is fundamentally diﬀerent, as the whole jet is strongly aﬀected and
the major part of the initial kinetic energy of the background
flow is now converted into other forms of energy. Second, the
use of large spatial 2D domains has allowed us to explore the
interaction of several longitudinal wavelengths of the linearly
dominating modes in transonic/supersonic flows. A self organization process is observed in all simulations, that proceeds
through an inverse cascade of energy in Fourier spectra. For a
broad jet profile, this trend towards large scales proceeds early
via pairing/merging of the KH structures, which in turn allows
the system to reach a higher level of perturbation, compared
to a similar simulation of an individual mode. For a narrow
jet profile, the inverse cascade is observed later, after saturation and during the disruption stage. Overall, the kinetic energy
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reduction quantifying the disruption is similar for the diﬀerent
initial velocity profiles. For transonic flows Ms = 1, the kinetic
energy reduction is roughly equal to 70 percent. However, supersonic flows additionally exhibit strong shocks developing
inside the jet core, as a consequence of the nonlinear evolution
of KH body modes. Moreover, rapid shock dominated transients characterize the disruption: the corresponding kinetic energy reduction can reach up to roughly 80 percent for Ms = 3.
Finally, 3D simulations of cylindrical jets show a similar
phenomenological behaviour with respect to the cascade directions and flow disruption. This is not surprising as, in contrast
to hydrodynamics, MHD is known to have similar physical
properties in 2D versus 3D (Biskamp 1997). This is true for
turbulence cascade directions, as well as for the energy spectra
deduced from homogeneous turbulence theory. This reinforces
the relevance and importance of our simulations in 2D geometry, where a much higher spatial resolution can be reached
compared to 3D. There is a noticeable diﬀerence: the disruption is observed to be more turbulent in 3D due to the presence
of typical 3D modes, which are either linearly unstable with a
non-negligible growth rate, or which are driven by nonlinear
couplings.
The issue of large-scale magnetized flow coherence and
survival is fundamentally important for astrophysical jets.
Indeed, the remarkable stability deduced from observations can
not be reproduced by high-resolution hydrodynamic simulations (Bodo et al. 1995, 1998), even if density contrast (between the jet core and the external medium) and/or radiative
eﬀects (using well chosen cooling functions) can reduce the
discrepancy (Downes & Ray 1998; Micono et al. 2000; Stone
et al. 1997). Some jets can probably achieve a partial stabilisation through diﬀerent strategies. For example, a high Lorentz
factor can help by significantly reducing the growth rate for
relativistic jets (Hardee 2004), as well as the presence of an external magnetized wind in cases of YSO jets is found to be stabilizing against the disruptive modes (Hardee & Rosen 2002).
On the other hand, one can not ignore the presence of a largescale magnetic field, which is necessary for an eﬃcient collimation of the flow. Thus, the solution of the problem could be
also magnetic. Our results show that the nonlinear evolution of
KH instabilities is strongly enriched by the presence of a magnetic field, allowing in particular magnetic reconnection events.
However, jet flows disrupt quickly in MHD as well. Indeed,
translating the typical disruption time obtained in our simulations into a disruption length (KH modes are known to be advected at approximately half the jet velocity), we get a characteristic length that is of order a few ten times the jet radius. This
latter value has to be compared to observations showing that
some jets are able to propagate over distances up to 1000 times
their radial extent. The only way to magnetically stabilize jet
configurations like those studied here, is to have a magnetic
field component parallel to the flow of suﬃciently strong amplitude to linearly stabilize the KH modes (i.e. for a parallel
Alfvén Mach number MA <
∼ 2). Such strong magnetic fields
are hard to reconcile with observations of astrophysical jets.
On the other hand, there are observational indications as well
as theoretical arguments in favour of a large-scale magnetic
field exhibiting a helical geometry inside the jet. This may well
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change the results and conclusions presented here. Recent full
three-dimensional similations have shown that, the presence
of a significant azimuthal field component is crucial in maintaining a higher flow stability (Rosen et al. 1999). Moreover,
the presence of a background helical field eﬃciently suppress
the turbulent cascade towards small scales, thanks to the hoop
force. Second, the nonlinear interaction between simultaneously growing KH and current-driven (due to the presence of an
electrical current inside the jet core) modes can in fact aid in jet
survival as demonstrated in Baty & Keppens (2002). The latter
study was done for a transonic flow of a longitudinally short periodic jet, and should be extended to larger simulation domains
and to a wider range of Mach numbers. The interpretation of
the results for extended fast jets with more realistic magnetic
field configurations can benefit from earlier detailed numerical experiments on transmagnetosonic single shear flow layers
in 2.5 and 3 dimensions with sheared magnetic fields (Jeong
et al. 2000; Ryu et al. 2000).
Beside the issue of jet survival, internal instabilities in
astrophysical jets are evoked to explain typical morphological structures seen in observations, presumably acting together
with a concurrent mechanism based on intrinsic variability in
the jet source (see review by Gouveia Dal Pino 2005, and
references therein). This is the case for the chains of aligned
knots observed in Herbig-Haro jets ejected from young stars
(Thiele & Camenzind 2002), as well as the wiggled structures
seen in AGN jets (Nakamura & Meier 2005). Second, they
could partially explain the morphological dichotomy in observed extragalactic jets, between Fanaroﬀ-Riley type I (FR I)
and FR II jets.
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