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ABSTRACT

Non-linear eﬀects in the dynamical evolution of a shearing sheet made of stars are studied. First the implications of hitherto neglected nonlinearities of the Boltzmann equation for the dynamical evolution of the shearing sheet are investigated. Using a formalism developed previously
on the basis of the linearized Boltzmann equation it is demonstrated that the inclusion of the non-linear term leads to a feedback cycle for swing
amplified density waves in the unbounded shearing sheet. Such a feedback is unique to star disks and is not known for gas disks. In order to
present concrete examples of the non-linear feedback cycle a SCF code was developed and numerical simulations of the dynamical evolution
of the shearing sheet are performed. The numerical results seem to confirm the theoretical predictions. The evolution of the shearing sheet
resembles closely and might actually explain the recurrent spiral instabilities found in large–scale numerical simulations of the dynamical
evolution of galactic disks.
Key words. galaxies: kinematics and dynamics – galaxies: spiral

1. Introduction
The shearing sheet (Goldreich & Lynden-Bell 1965; Julian &
Toomre 1966) model has been developed as a tool to study the
dynamics of galactic disks and is particularly well suited to
theoretically describe the dynamical mechanisms responsible
for the formation of spiral arms. For simplicity, the model describes only the dynamics of a patch of a galactic disk. It is assumed to be infinitesimally thin and its radial size is assumed to
be much smaller than the disk. Polar coordinates can be therefore converted to pseudo-Cartesian coordinates and the velocity
field of the diﬀerential rotation of the disk can be approximated
by a linear shear flow. These simplifications allow an analytical treatment of the problem, which helps to clarify the underlying physical processes operating in the disk. In the previous
papers of this series (Fuchs 2001a,b, 2004, 2005) we have studied various aspects of the dynamics of spiral density waves in
a shearing sheet of stars based on the linearized Boltzmann
equation. In the present paper we study non-linear eﬀects in
the dynamical evolution of the shearing sheet. In particular, we
investigate the role of the hitherto neglected non-linear term
of the Boltzmann equation. The principal result is that the
non-linearity leads to a feedback cycle for swing amplification
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of spiral density waves. Recurrent spiral instabilities, which
lead to an ever changing appearance of the disk, have been
reported by Sellwood & Carlberg (1984) and Sellwood (1989)
from their numerical simulations of the dynamical evolution
of self gravitating, diﬀerentially rotating disks. Toomre (1990)
and Toomre & Kalnajs (1991) have argued that these recurrent spiral density waves are essentially due to swing amplified (Toomre 1981) random fluctuations of the surface density of the disks. Sellwood (1989), on the other hand, points
out that contrary to expectation the spiral instabilities stay at
the same level of activity in the experiments, if the particle
number is increased and thus the particle noise is reduced.
Moreover, Sellwood & Carlberg (1984) have shown that, once
the cycles of recurrent transient spiral density waves have established themselves in their simulations, the leading density
wavelets which are then swing amplified are extremely unlikely
due to chance alignments of the stars, because the amplitudes
of these leading wavelets are too large. They consider the recurrent spirals not to be unconnected random events arising from
swing amplified random noise. Sellwood (2000) puts forward
the notion of a feedback mechanism for spiral instabilities,
which is related to fine structure of the distribution function of
stars in phase space carved in by transient spiral density waves,
which can then in turn incite density waves again. As a concrete
example Sellwood (1989) and Sellwood & Kahn (1991) have
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developed the concept of recurring groove instabilities. These
rely on fairly sharp boundaries of the dynamically active parts
of the self gravitating disks, because they are initiated by edge
modes (Toomre 1981). The groove instabilities develop then
as rigidly rotating spiral modes of the disk1 and seed fresh
grooves through particle wave resonance at their Lindblad resonances. However, Sellwood & Carlberg (1984) have shown
in detail that the spiral structures seen in their numerical simulations are transient swing amplified shearing density waves
exactly of the kind found in the infinite shearing sheet model.
They demonstrate not only that the spiral arms shear from leading to trailing orientation, but also that the density waves grow
preferentially with azimuthal wave numbers predicted by the
shearing sheet model, which has become widely known as
the Toomre (1981) “X = 2” prescription. Exactly the same
was found by Fuchs & von Linden (1998) in their numerical simulations of the dynamical evolution of a self gravitating disk made of stars and interstellar gas. Toomre (1990)
has argued convincingly that the spiral arms of Sc galaxies
are such transient shearing density waves. One of the deeper
reasons for this success of the infinite shearing sheet model
in describing spiral density waves realistically is the rapid
convergence of the Poisson integral in self gravitating disks
(Julian & Toomre 1966). Consider, for example, the potential
of a sinusoidal density perturbation

Φ(x, y) = −G

∞

−∞

dx



∞



Σ10 sin (kx )
dy 
,
−∞
(x − x )2 + (y − y )2

(1)

where G denotes the constant of gravitation. At y = 0

Φ = −4GΣ10 sin (kx) lim

xL →∞

2πGΣ10 sin (kx)
·
= −
k

Si(kxL )
k

2. Theoretical considerations

2.1. Boltzmann equation
The time evolution of the distribution function of stars in phase
space, f , is determined by the collisionless Boltzmann equation

∂f 
+ f, H = 0 ,
∂t

(3)

where the square bracket indicates the usual Poisson bracket
and H is the Hamiltonian of the stellar orbits (cf. Paper I).
Spiral arms are usually thought to be only minor perturbations
of galactic disks. Thus we choose as in the previous studies a
perturbation “Ansatz” of the form
f = f0 + δ f , H = H0 + δΦ ,

(4)

(2)
π
2

The sine integral in Eq. (2) converges so rapidly that at kxL =
it reaches already 87% of its asymptotic value. Thus the “eﬀective range” of gravity is only about a quarter of a wave length.
The shearing sheet models eﬀectively patches of galactic disks
of such size. Thus the shearing sheet model seems to be a well
suited tool to interpret the recurring transient spiral instabilities seen in the numerical simulations of self gravitating disks.
Of course, the shearing sheet model with its rather drastic simplifications such as the neglected curvature of the mean guiding centers of the stellar orbits and the assumed homogeneous
mass distribution or the periodic boundary conditions in numerical simulations of the dynamical evolution has its limitations.
Sellwood & Carlberg (1984) noted in particular that the maximum growth factors of the shearing density waves in their simulations are somewhat larger then the predictions of the local
model. Similarly Toomre (1981) finds also greater amplification of density waves in the full disk model of Zang.
1

It is the aim of the present paper to demonstrate on the
basis of the infinite shearing sheet model that a feedback cycle of swing amplified density waves is indeed theoretically
expected. In the next section a formal derivation is presented,
while in the third section we describe numerical SCF simulations of the dynamical evolution of the shearing sheet and illustrate the feedback cycle with concrete examples. The SCF simulations are directly compared with N-body simulations of the
dynamical evolution of the shearing sheet by Toomre (1990),
Toomre & Kalnajs (1991) and Chiueh & Tseng (2000).
Non-linear interaction of density waves has been previously
studied by Tagger et al. (1987) and Sygnet et al. (1988). These
authors considered, however, the interaction of rigidly rotating, slowly growing spiral modes, which do not develop in the
unbounded shearing sheet. A preliminary report on the work
presented here was given in Fuchs (1991).

It can be shown (Toomre & Kalnajs 1980, unpublished results;
Sellwood & Kahn 1991; Fuchs 2005) that even the shearing sheet develops rigidly propagating, exponentially growing spiral modes, if a
sharp left hand boundary is introduced.

where f0 and H0 refer to the unperturbed shearing sheet, respectively. The physical idea is to subject the shearing sheet
to a small spiral-like potential perturbation δΦ and to determine the disk response δ f by solving the Boltzmann equation.
Inserting the “Ansatz” (4) into the Boltzmann Eq. (3) leads to
 

∂δ f 
+ f0 , δΦ + δ f, H0 = −[δ f, δΦ] ,
∂t

(5)

where the rhs represents the non-linear term of the Boltzmann
equation. The background distribution function f0 is chosen in
the following, again in the form of a Schwarzschild distribution
function.
The non-linear Poisson bracket has the explicit form
∂δ f ∂δΦ ∂δ f ∂δΦ
+
∂w1 ∂J1
∂w2 ∂J2
∂δ f ∂δΦ ∂δ f ∂δΦ
−
−
,
∂J1 ∂w1
∂J2 ∂w2

[δ f, δΦ] =

(6)

if we use again the variables introduced in Paper I. J1 denotes
the radial action integral of a stellar orbit and J2 is an integral of
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motion related to angular momentum. w1 and w2 are the canonical conjugate variables, respectively. In expression (6) the perturbation of the distribution function can be Fourier analyzed
as

(7)
dl2 fl (J)ei[l1 w1 +l2 w2 ] .
δf =
l1

Since w1 is a genuine angle variable, l1 denotes integer numbers, whereas l2 is a real variable. The perturbation of the gravitational potential is Fourier analyzed as


δΦ =
dk x dky Φk ei[kx x+ky y]
(8)
where x and y denote the pseudo–Cartesian spatial coordinates
of the shearing sheet with y pointing in the direction of rotation. Using the orbit equations derived in Paper I the Fourier
expansion in Eq. (8) takes the form
 J −Ω
2
0
exp i [k x x + ky y] = exp i k x
−2B

√

2J1
2κJ1
sin w1 + ky w2 − ky
cos w1
+k x
κ
2B

(9)

with Oort’s second constant B and the epicyclic frequency κ.
We refer to Paper I for the meaning of Ω0 and r0 , which define the center of the shearing sheet. Inserting the two Fourier
components from Eqs. (7) and (8) into the non-linear Poisson
bracket (6) leads to

ξ
kx
fl
sin (w1 − w) fl − l2
[δ f, δΦ] =
− l1
2J1
−2B

∂ fl
∂ fl
−iky
−i
ξ cos (w1 − w) Φk
∂J2
∂J1

J2 − Ω0 r0
×exp i l1 w1 + l2 w2 + k x
 −2B
(10)
+ky w2 + ξ sin (w1 − w) ,
where the auxiliary variables ξ and w are defined as in Paper I
as ξ =

2J1
κ

k2x +

κ2 2
k
4B2 y

κ y
and w = arctan ( 2B
k x ), respectively.
k

2.2. Solution of the Boltzmann equation
The Boltzmann Eq. (5) can be viewed as a linear partial differential equation for δ f with the two inhomogeneous terms
[ f0 , δΦ] and [δ f, δΦ], respectively. Formally it can be solved
for each inhomogeneity separately and both solutions can be
then combined as the final solution
δ f = δ f1 + δ f2 .

(11)

The linearized Boltzmann equation
∂δ f1
+ [δ f1 , H0 ] = −[ f0 , δΦ]
(12)
∂t
has already been solved in Paper I and we can use directly the
result obtained there. This leaves the second equation
∂δ f2
+ [δ f2 , H0 ] = −[δ f, δΦ]
∂t

(13)

3

to be treated here, which takes the explicit form
∂δ f2 A
∂δ f2
∂δ f2
+κ
+ (J2 − Ω0 r0 )
=
∂t
∂w1
B
∂w2
 ξ
kx
fl
sin (w1 − w) fl + l2
l1
2J1
−2B

∂ fl
∂ fl
+iky
+i
ξ cos (w1 − w) Φk
∂J2
∂J1

J2 − Ω0 r0
×exp i l1 w1 + l2 w2 + k x
 −2B
+ky w2 + ξ sin (w1 − w)

(14)

with the first Oort constant A = Ω0 + B. Equation (14) is of
the same form as Eq. (20) of Paper I and can be treated in the
same way. Since the coeﬃcients of the diﬀerential Eq. (14) do
not depend on time t or the variable w2 , Eq. (14) can be Fourier
transformed with respect to t and w2 leading to
d f2,ω
A
iω f2,ω +κ
+ i(ky + l2 ) (J2 − Ω0 r0 ) f2,ω =
dw1
B
 ξ
kx
fl Φk |ω
sin (w1 − w) fl Φk |ω + l2
l1
2J1
−2B

∂ fl
∂ fl
+iky
Φk |ω + i
Φk |ω ξ cos (w1 − w)
∂J2
∂J1

J2 − Ω0 r0
×exp i l1 w1 + l2 w2 + k x
 −2B
+ky w2 + ξ sin (w1 − w) .

(15)

fl
and Φk ,
Notice that the products of fl and Φk and ∂J∂ 1,2
respectively, have been Fourier transformed with respect to
time simultaneously, which has to be taken into account
when transforming back from frequency to the time domain.
Equation (15) is of exactly the same form as Eq. (23) of Paper I
and can be solved in the same way by determining first the
solution of the homogeneous part of the equation, then constructing a particular integral of the inhomogeneous equation
by “variation of the constant”, and finally adjusting the constant of integration so that the solution is uniquely defined in
velocity space. We report here only the final result
⎡
⎤
⎢⎢⎢
J2 − Ω0 r0 ⎥⎥⎥⎥
ei[πη+l1 w1 ]
⎢
exp i⎢⎣ωt + (ky + l2 )w2 + k x
f2,ω =
⎥
2i sin πη
−2B ⎦

 1
∂ fl
l2 k x fl Φk |ω + iky
Φk |ω
×
−2B
∂J2
 0
×
dw1 exp i[(l1 + η)w1 + ξ sin (w1 + w1 − w)]
−2π
 0
ξ
fl Φk |ω
dw1 sin (w1 + w1 − w)
+l1
2J1
−2π
× exp i[(l1 + η)w1 + ξ sin (w1 + w1 − w)]
 0
∂ fl
Φk |ω
dw1 cos (w1 + w1 − w)
+iξ
∂J1
−2π

× exp i[(l1 + η)w1 + ξ sin (w1 + w1 − w)] ,
(16)


where η = 1κ ω + (ky + l2 ) AB (J2 − Ω0 r0 ) has been introduced
as an abbreviation to keep the formulae a little more compact.
w1 is an auxiliary variable.
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2.3. Self consistent perturbations
Even in the linear case the spatial pattern of the disk response is diﬀerent to that of the imprinted potential perturbation (cf. Eq. (10) of Paper I). In particular, through the
dependence on η and thus on the J2 variable there is a further dependence of the disk response on the x coordinate. This
means that the disk response to a Fourier component of the potential is not a Fourier component of the general disk response.
Kalnajs (1971) has shown a way to overcome this diﬃculty by
integrating the disk response over all wave numbers and then
Fourier transforming this with respect to the spatial x and y coordinates again. The result is integrated over velocity space in
order to obtain the surface density of the disk response and inserted into the Poisson equation whose lhs is also Fourier transformed,
 +∞  +∞  +∞
1


dz
dx
dye−i[kx x+ky y]
2
(2π)
−∞
−∞
−∞
 2
  +∞
 +∞
∂
∂2
∂2
+
+
dk x
dky Φk |ω
∂x2 ∂y2 ∂z2
−∞
−∞


× exp i[k x x + ky y] − k2x + ky2 |z|
= −2 k2x + ky2 Φk |ω ei[kx x+ky y]
 +∞  +∞
4πG


=
dx
dye−i[kx x+ky y]
(2π)2 −∞
−∞
 +∞
 +∞
 +∞  +∞
dk x
dky
du
dvδ f .
−∞

−∞

−∞

−∞

−∞

The integration over the wave number ky contracts the integrand of (18) to ky = ky − l2 , which is the customary sum rule
of wave numbers well known from plasma physics. There is an
analogous sum rule for the k x wave numbers, which is, however, not directly obvious from expression (18) because of the
diﬀerent Fourier transforms in Eqs. (7) and (8).

2.4. Volterra integral equation
It was shown in Paper I that the solution of the linearized
Boltzmann Eq. (12) leads, upon inserting it into the Fourier
transformed Poisson Eq. (17), to the Volterra integral equation
(ky > 0)
 kx


Φk =
dk x K k x , kx Φk + rkl  ,
(20)
−∞

(17)

−∞

In this way self consistent perturbations of a self gravitating
disk can be calculated (cf. Eqs. (35) and (36) of Paper I).
Accordingly, on the rhs of Eq. (17) a multiple integral over the
disk response to the non–linear term of the form
 +∞
 +∞
 2π
 +∞
4πG
dJ
dJ
dw
dw2
1
2
1
(2π)2 0
−∞
0
−∞
 +∞
 +∞
∞  +∞

dl2
dk x
dky
l1 =−∞

variables. ξ and and w are defined in an analogous way to
ξ and w, respectively, for primed wave numbers. The integrations with respect to J1 and J2 cannot be carried out directly,
because fl (J) is not known explicitely. Integrations over the angle variables w1 and w1 lead to intermediate results which are
not enlightening. But the integration over the w2 variable gives
immediately
 +∞


1

dw2 ei[ky +l2 −ky ]w2 = δ ky + l2 − ky .
(19)
2π −∞

−∞

 J −Ω r

2
0 0
+ ky w2 + ξ sin (w1 − w )
exp − i kx
−2B


ei[πη+l1 w1 ]
J2 − Ω0 r0
×
exp i ωt + (ky + l2 )w2 + k x
2i sin πη
−2B
 1

∂ fl
l2 k x fl Φk |ω + iky
×
Φk |ω
−2B
∂J2
 0
×
dw1 exp i[(l1 + η)w1 + ξ sin (w1 + w1 − w)]
−2π
 0
ξ
fl Φk |ω
dw1 sin (w1 + w1 − w)
+l1
2J1
−2π
× exp i[(l1 + η)w1 + ξ sin (w1 + w1 − w)]
 0
∂ fl
Φk |ω
dw1 cos (w1 + w1 − w)
+iξ
∂J1
−2π

× exp i[(l1 + η)w1 + ξ sin (w1 + w1 − w)] .
(18)
has to be considered. Again we have changed from spatial
(x, y) and (u, v) velocity coordinates to (J1 , J2 ) and (w1 , w2 )

where the kernel K is given by Eq. (67) of Paper I. rkl  describes
an inhomogeneity of Eq. (20) related either to an initial nonequilibrium state of the shearing sheet or an external perturbation. The formal solution of Eq. (13) as derived in the previous
section and then inserted into the Fourier transformed Poisson
Eq. (17) has to be added to the rhs of Eq. (20) in order to obtain
the solution of the non-linear Boltzmann equation. This means
formally a further inhomogeneity of the Volterra Eq. (20), rknl ,
which is given by (cf. Eq. (36) of Paper I)
 +∞
 +∞
 2π
2G
nl
dJ1
dJ2
dw1
rk =
−∞
0
−2 kx 2 + ky 2 0
 +∞
∞  +∞

dl2
dk x
l1 =−∞

−∞

−∞

 J −Ω r

2
0 0
+ ξ sin (w1 − w )
exp − i kx
−2B
J2 − Ω0 r0
ei[πη+l1 w1 ]
exp i[ωt + ky w2 + k x
]
×
2i sin πη
−2B
 1

∂ fl
×
l2 k x fl Φk |ω + iky
Φk |ω
−2B
∂J2
 0
×
dw1 exp i[(l1 + η)w1 + ξ sin (w1 + w1 − w)]
−2π
 0
ξ
fl Φk |ω
dw1 sin (w1 + w1 − w)
+l1
2J1
−2π
× exp i[(l1 + η)w1 + ξ sin (w1 + w1 − w)]
 0
∂ fl
+iξ
Φk |ω
dw1 cos (w1 + w1 − w)
∂J1
−2π

× exp i[(l1 + η)w1 + ξ sin (w1 + w1 − w)] .
(21)

B. Fuchs et al.: Density waves in the shearing sheet. V.

5

The Volterra Eq. (20) is derived in the frequency domain. If
transformed back to the time domain, we find for the linear part
 t


 k − 2Ak (t − t ), k
dt K
Φk (t) = 2A|ky |
x
y
x
−∞

×Φkx −2Aky (t−t ),ky (t ) + rkl  (t) ,

(22)

where the overhead tilde indicates that the ω–dependent term
of the kernel K has been split oﬀ. In deriving Eq. (22), use of
the convolution theorem of the Fourier transform of products
of functions has been made (cf. Paper I). In order to transform
the non-linear term back into the time domain we consider first
in expression (21) the terms that depend explicitely on ω,
 ∞+iν
1

=
(23)
dωei[ωt+πη+ηw1 ]
sin (πη)
−∞+iν
 ∞+i ν
κ
A
eiπη


dηei[(κη− B (J2 −Ω0 r0 )ky )t+ηw1 ]
κ
sin (πη)
−∞+i νκ
with η = 1κ (ω + AB (J2 − Ω0 r0 )ky ). According to Landau’s rule
the imaginary part of the frequency is chosen negative, (ω) =
ν < 0. By deforming the integration contour in the complex
frequency plane we find that expression (23) is proportional to
the unit step function

1, κt + w1 ≥ 0

u(κt + w1 ) =
.
(24)
0, κt + w1 < 0
Thus the inhomogeneity (21) of the Volterra equation can be
cast formally into the form
 +∞
 +∞
 2π
dJ1
dJ2
dw1
rknl (t) = 2G
−∞

0

∞ 

l1 =−∞





+∞

−∞

dl2

0



+∞

−∞

dk x

0

−2π

dw1



t+w1 /κ
−∞

dt

N1 (J, w1 , w1 , l, k x , k , t − t ) fl (t )Φkx ,ky −l2 (t )

∂ fl
|t Φkx ,ky −l2 (t )
∂J1

∂ fl
+N3 (J, w1 , w1 , l, k x , k , t − t )
|t Φkx ,ky −l2 (t ) , (25)
∂J2
which has to be added to the rhs of Eq. (22). Again use of the
convolution theorem of the Fourier transform of products of
functions has been made. Since w1 is less than or equal to zero,
the integration over time t extends to the upper limit t.
+N2 (J, w1 , w1 , l, k x , k , t − t )

2.5. Discussion of the Volterra equation
The Volterra Eq. (22) augmented by rknl reveals clearly the role
of the non-linear term of the Boltzmann equation in the dynamical evolution of the shearing sheet.
In Fig. 1 the linear evolution of a density wave, calculated
neglecting the non-linear part of Eq. (22), is illustrated. The
density wave is initialized as
t2



in − 2
rk ∝ δ(kx − (kin
x + 2Aky t))δ(ky − ky )e T ,

(26)

where T is a time constant. As can be seen from Fig. 1 or
directly from the interplay of the indices of the Fourier coeﬃcients of the gravitational potential in the linear Eq. (22),

Fig. 1. Linear swing amplification of a density wave in the shearing
sheet. The wave is initialized as a delta like impulse in wave numin
ber space with an initial wave vector (kin
x , ky ) = (−2, 0.5) kcrit , which
corresponds to initially leading arms, and an initial amplitude of 0.04.
The impulse travels at constant wave number kyin with an eﬀective rain
in
dial wave number keﬀ
x = k x + 2Aky t. The wave numbers are given in
units of kcrit defined below, and the time unit is Ω−1
0 , the inverse of the
mean angular velocity of the shearing sheet. Negative amplitudes at
t > 9.5Ω−1
0 are not shown. The parameters of the disk model are A/Ω0
= 0.5 and Q = 1.4.

kx −2Aky (t−t ), with time t at which the Fourier coeﬃcients are
taken, the delta impulse travels at constant wave number kyin to
in
positive wave numbers k x at a speed of k̇eﬀ
x = 2Aky . The wave
crests of the density waves are oriented perpendicular to the
wave vectors, which means that the wave crests swing around
from leading to trailing orientation. While swinging around the
wave is amplified and then dies out. In addition the amplitude
shows oscillatory behaviour. Trailing density waves are not effectively amplified (cf. Paper I). Since no outer boundaries have
been introduced, no rigidly rotating spiral modes appear in the
shearing sheet (cf. Paper II). If the non-linear term is taken
into account in Eq. (22), the evolution of the shearing sheet
becomes more complicated. In the non-linear term (25) Fourier
coeﬃcients of the perturbations of the distribution function and
the gravitational potential are combined. Since the non-linear
term represents an inhomogeneity of the Volterra integral equation, each combination of the Fourier coeﬃcients sampled over
times t earlier than t provides fresh input for the swing amplification mechanism. It is instructive to rewrite the inhomogeneity
rknl given by Eq. (25) formally as
 t
(t)
=
dt0 δ(t − t0 )rnl
(27)
rnl
k
k (t0 )
−∞

and to consider for each t0 -epoch the corresponding Volterra
equation
 t


 k − 2Ak (t − t ), k
dt K
Φk ,t0 (t) = 2A|ky |
x
y
x
−∞

×Φkx −2Aky (t−t ),ky ,t0 (t ) + δ(t − t0 )rnl
k (t0 ) .

(28)

Obviously the full Volterra equation is given by the superposition
 t
Φk (t) =
dt0 Φ k ,t0 (t)
−∞
 t


 k − 2Ak (t − t ), k
= 2A|ky |
dt K
x
y
x
−∞
 t
dt0 Φkx −2Aky (t−t ),ky ,t0 (t ) + rnl
(29)
×
k (t) .
−∞
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As can be seen from Eq. (28) each δ-impulse, sampling the history of the evolution of the sheet prior to t0 , is propagated linearly to time t independently of the following evolution of the
sheet. On the other hand, these linearly evolving δ-impulses influence later δ-impulses by non-linear interaction of the Fourier
components, always cascading oﬀ fresh input for the swing amplification mechanism. Only at t0 = t is there an instantaneous
non-linear interaction of the Fourier components. Thus the nonlinear interactions lead inter alia to a feedback cycle for swing
amplification. Even the interaction of a pair of trailing Fourier
components (k > 0), which are decaying, if coupled so that
their wave vectors are subtracted from each other, leads to leading density waves as an input to the swing amplification mechanism, which is then amplified accordingly. Combined with
some residual particle noise this might well account for the recurrent spiral instabilities reported from the numerical simulations. As mentioned above, Sellwood & Carlberg (1984) have
demonstrated by analyzing the evolution of individual spiral
arms in their simulations that these are indeed swing amplified
density waves of the same type as in the shearing sheet. The effect of the non-linear term of the Boltzmann equation thus has
aspects that are completely diﬀerent to the eﬀects of non-linear
terms in the hydrodynamical or Jeans equations. If the latter are
used to describe the dynamics of density waves, the non-linear
advective and enthalpy terms imply instantaneous non-linear
interaction of the Fourier components and have been shown
to lead to saturation and soliton-like self-modulation eﬀects of
the density waves (Ikeuchi & Nakamura 1976; Norman 1978;
Meinel 1983).
The feedback cycle described here is of course an eﬀect
depending quadratically on the magnitude of the perturbations
of the sheet. Thus, if the amplitudes of the density waves are at
very low levels, the eﬃciency of the swing amplification mechanism might not be suﬃcient to sustain the cycle and it will die
out eventually.

with
Φk = −

2πG
Σk
k

(32)

for the gravitational potential, where k = |k| (cf. Eqs. (32) to
(34) of Paper I). Changing to real quantities the transformation
pair can be written as

A(k) =
d2 R Σ(R) cos (k, R) , A(−k) = A(k) ,

B(k) =
d2 R Σ(R) sin (k, R) , B(−k) = −B(k) ,

Σ(R) =

 ∞
 ∞
1
dk
dky (A(k) cos (k, R)
x
2π2 −∞
0
+B(k) sin (k, R)) ,

(33)


 ∞
G ∞
dk x
dky
Φ(R, z = 0) = −
π −∞
0
1
× (A(k) cos (k, R) + B(k) sin (k, R)) .
k
In the simulation the surface density is given by
Σ(R) =

N


∆Σ δ(x − x j )δ(y − y j ) ,

(34)

j=1

where (x j , y j ) denotes the position of particle j. ∆Σ is its contribution to the surface density, ∆Σ = Σ0 /N. Accordingly we
find from Eq. (33)
A(k) =

N


∆Σ cos (k, R j ) − 4Σ0

j=1

B(k) =

N


sin (k x x0 ) sin (ky y0 )
,
kx
ky

∆Σ sin (k, R j ) .

(35)

j=1

3. Numerical self consistent field simulations
In the previous section we have developed the theoretical concept of a feedback cycle for density waves in the shearing sheet
mitigated by the non-linear coupling of the waves. In order to
demonstrate concrete examples of this eﬀect we have run numerical simulations of the dynamical evolution of the shearing
sheet.

3.1. Self consistent field method (SCF)
The SCF method relies on a complete set of pairwise basis
functions into which the density of the particles and the gravitational potential are simultaneously expanded. Each of the pairwise basis functions solve the Poisson equation. For the shearing sheet these are simply Fourier transforms,

(30)
Σ(R) =
d2 kΣk ei (k,R) ,
for the surface density of the sheet, and

Φ(R, z = 0) =
d2 kΦ k ei (k,R)

(31)

In practice we cannot simulate an infinite sheet, but choose a
finite size 2x0 × 2y0 . This active sheet is surrounded by virtual sheets of the same size sliding along the central sheet according to the linear shear flow. If particles are leaving the
active sheet across one side, they are re-fed into the opposite
side as if entering from one of the neighbouring virtual sheets
with exactly the same particle distribution as in the active sheet
(Wisdom & Tremaine 1988; Toomre 1990). Moreover, the SCF
method is meant to simulate the fluctuations of the surface density of the sheet. Thus we have subtracted in Eqs. (35) the
Fourier coeﬃcients of the unperturbed background density Σ0
 x0  y0
sin (k x x0 ) sin (ky y0 )
dx
dy Σ0 e−i(k,R) = 4Σ0
·
(36)
kx
ky
−x0
−y0
Otherwise there would be an extra force pulling all particles
towards the center of the sheet.
We have discussed in the introduction that the reason for
the success of the infinite shearing sheet model describing spiral density waves realistically is the rapid convergence of the
Poisson integral in self gravitating disks and that the “eﬀective range” of gravity of the density waves is only of the order
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λcrit /2. Thus, if the size of the simulated sheet is chosen large
enough, it should behave like an infinite shearing sheet. Next
the wave numbers are discretized with bin widths ∆k x and ∆ky ,
respectively. Discretizing Eqs. (33) accordingly we obtain for
the planar components of the gradient of the gravitational potential


Gkn
∆k x
∆ky
(37)
−∇Φ(R j , z = 0) =
2
k x,n
ky,n
π k2x,n + ky,n
×[−A(kn ) sin (kn , R j ) + B(kn ) cos (kn , R j )] ,
with kn = (k x,n , ky,n ). In each time step of the numerical algorithm the coeﬃcients A(kn ) and B(kn ) and the forces (37)
due to the fluctuations in the sheet are calculated anew. Then
all particles are moved one time step ahead. The equations of
motion are the epicyclic equations of motion augmented by the
fluctuating forces (Toomre 1981, 1990),
ẍ = 2Ω0 ẏ + 4Ω0 A −
ÿ = −2Ω0 ẋ −

∂Φ
(x, y) ,
∂x

∂Φ
(x, y),
∂y

u = ẋ ,

v = ẏ + 2Ax.

(38)

In a quiet disk the fluctuating forces would be zero and the particles would follow simply epicyclic orbits. In the simulations
the equations of motion (38) are integrated numerically using
the symplectic integrator described in the appendix.

3.2. Trial runs
The basic dynamics of the shearing sheet is characterized by
0
Oort’s constants A = − 12 R0 dΩ
= A − Ω0 , the epicyclic fredR0 , B √
quency of the particle orbits κ = −4Ω0 B, the epicyclic ratio
of the velocity dispersions of the particles σ2u /σ2v = 4Ω20 /κ2 ,
the critical wave number kcrit = κ2 /(2πGΣ0 ) and the critical
wave length λcrit = 2π/kcrit , and finally the Toomre stability
parameter Q = κσu /(3.36GΣ0). We introduce dimensionless
model units in the following way. The length unit is λcrit = 1
and accordingly the wave number unit kcrit = 2π. We set
GΣ0 = 1 which implies κ = 2π. The time unit is then the
epicyclic period tκ = 1. Moreover we assume a flat rotation
√
curve, A = −B = 12 Ω0 so that A = −B = √π2 and Ω0 = 2π.
The radial velocity dispersion is given by σu = 3.36
2π Q and the
√
epicyclic ratio is σu /σv = 2. In all the simulations presented
here we have used the following parameters:

number of particles
√ N = 32768
size x0 =10, y0 = 2x0 = 14.1
time step 0.03125
bin size of wave numbers ∆kx = ∆ky = 0.0625
64 bins in k x ranging from –4 to 4
32 bins in ky ranging from 0 to 4
Q=1.2
The simulations were set up as illustrated in Fig. 2 according to (Sellwood’s 1983) quiet start recipe where the particles are distributed spatially homogeneously and according to
a Schwarzschild distribution in velocity space. In Fig. 3 we

Fig. 2. Initial set up of the 32 768 particles in the simulation of the
shearing sheet. The y-axis points into the direction of the shear flow.
The size is 2x0 × 2y0 = 20 × 28λcrit .

show the simulation of the dynamical evolution of the shearing sheet over 4 time units as snapshots of the 32 768 particle positions. The sheet, which was initially homogeneous,
quickly develops density waves which can be seen as streaks
in the frames in Fig. 3 in the time interval t ≈ 1 to 2.
However, the sheet then becomes featureless again. This is
due to rapid dynamical heating of the sheet which was already observed by Sellwood & Carlberg (1984) and in other
numerical simulations of the dynamical evolution of galactic disks such as by Tomley et al. (1991), Toomre (1990),
Toomre & Kalnajs (1991), Chiueh & Tseng (2000). We illustrate the dynamical heating in Fig. 4 where we show the evolution of the ratio Q2 = u2 /Σ20 , which mimics the Q parameter, as function of time. During the evolution of the sheet
its value has risen from 0.4 to 5.2, which reflects the rise of
the velocity dispersion of the particles with time and that the
sheet has become dynamically hot. The nearly linear rise of
Q2 in the early phases of the simulation nicely fits the dynamical disk heating eﬀect of density waves described theoretically by Fuchs (2001b) and Griv et al. (2002). In order to
remedy this eﬀect we have cooled the sheet dynamically like
Sellwood & Carlberg (1984) by adding during the simulation
particles on orbits with their initial epicycle amplitudes. In
Figs. 5 and 6 we show the results of a simulation which grew
linearly from 16 384 particles to 32 768 particles as in the previous simulation. As can be seen from Figs. 5 and 6 the density
wave activity and the pseudo-Q parameter stayed fairly constant throughout the simulation, even though the velocity dispersion of the particles was rising. Since the Q parameter is
larger than in the initial stages of the previous run, the amplitudes of the density waves shown in Fig. 5 are smaller than in
the early frames of Fig. 3. We illustrate the tips of the spiked
amplitude distribution of the A(k) Fourier coeﬃcients of the
density waves in Fig. 7. The distribution of the B(k) Fourier
coeﬃcients is very similar. As expected from linear theory
(Julian & Toomre 1966; Toomre 1981; Fuchs 2001a) density
waves with wave numbers in the region around k ≈ (1, 0.5) kcrit
implying pitch angles of about 27◦ have the largest amplitudes. These are the streaks seen in Fig. 5. They are, however, not stationary patterns, but formed by the superposition
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Fig. 3. Dynamical evolution of the shearing sheet. Snapshots of particle positions are shown for t = 0.5, 1, ... 3.5, and 4, respectively. The y-axis
is oriented in the direction of the shear flow. The size of each frame is the same as in Fig. 2.

particles. Later on the power spectrum develops not only the
high peak at positive k x ≈ 1 kcrit wave numbers which corresponds to the maximally swing amplified amplitudes of the
shearing density waves, but is also significantly higher at negative k x wave numbers than the power spectrum of randomly distributed particles. Such leading density waves are the input to
the swing amplification mechanism. We conclude in agreement
with Sellwood & Carlberg (1984), who presented a similar argument, that the recurring density waves are indeed not amplified random noise, but are connected events. The enhanced
power at leading wave numbers supports the argument that the
coupling of trailing density waves can lead to leading input to
the swing amplifier.

Fig. 4. The rise of Q2 = u2 /Σ20 as function of time illustrating the
disk heating. The time unit is the epicyclic period.

of transientshearing density waves. A cut through the power
spectrum A2 (k) + B2 (k) of the density wave amplitudes at
a given ky wave number is also instructive. In Fig. 8 cuts
at ky = 0.5 kcrit are illustrated for the initial (t = 0) and a
later stage (t = 2) of the simulation. Initially the power spectrum is flat in accordance with random distribution of the disk

The SCF simulations shown in Fig. 5 look very similar to the direct N-body simulations of the dynamical
evolution of the shearing sheet by Toomre (1990) and
Toomre & Kalnajs (1991). In these simulations an artificial
friction force acting on the particles in the sheet is included in order to overcome the disk heating problem.
Toomre & Kalnajs (1991) explain the “hotch-potch of swirling
density waves” as the collective response of the shearing sheet
to each of its individual members by polarization clouds around
each particle. Instead of this quasi-linear concept we prefer to
interpret our simulations in terms of the feedback cycle described in Sect. 2. The SCF simulations illustrated in Fig. 5
resemble closely the direct N-body simulations of Chiueh &
Tseng (2000, their run a). Disk heating eﬀects are apparently
controlled there by the choice the softening length.
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Fig. 5. Same as Fig. 3, but the shearing sheet is dynamically cooled by accretion of particles during the simulation.

Fig. 7. Peaks of positive A(k) Fourier coeﬃcients in the simulation
presented in Fig. 5 at times t = 0.5, 1, ... 3.5, and 4, respectively. For
clarity only contour levels of at least 40% of the maxima of the spikes
are shown. The wave numbers are given in units of kcrit .

Fig. 6. Same as Fig. 4, but the shearing sheet is dynamically cooled by
accretion of particles during the simulation.

3.3. Exciting a swing amplified density wave
The numerically simulated shearing sheet is subjected to a
“strong” external potential perturbation of the form considered
in Sect. 2.5,
t2

in − 2
δΦ k ∝ δ(k x − (kin
x + 2Aky t))δ(ky − ky )e T .

(39)

It was shown in Paper I that according to linear theory the
shearing sheet responds with a swing amplified shearing density wave. In Fig. 9 the result of a simulation with a time constant of T = 1.8 is traced in k-wave-vector space. As can be
seen from Fig. 9 the disk response is indeed of exactly the same
nature as predicted by linear theory. The impulse travels from
negative k x to positive wave numbers and the amplitude is maximally amplified around k x ≈ 2.
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the waves (cf. Fig. 3 of Toomre 1981), which would lead to
Landau damping (Lynden-Bell & Kalnajs 1972). Thus in our
view hardly any Landau damping is to be expected. The density waves die out, because the density contrast is wiped out by
the epicyclic motions of the stars, when the density wave crests
are wrapped up tightly by the shear (Julian & Toomre 1966;
Fuchs 2001a).

4. Summary and conclusion


Fig. 8. Power spectrum A2 (kx , 0.5) + B2 (kx , 0.5) of the density wave
amplitudes in the simulation shown in Fig. 5. The dashed and solid
lines correspond to times t = 0 and t = 2, respectively. The wave
numbers are given in units of kcrit .

3.4. Non-linear wave coupling
The shearing sheet is now subjected to two independent impulsive external potential perturbations of the form given in
Eq. (39) with initial wave vectors kin,1 and kin,2 , respectively.
As shown in Figs. 10 and 11 both perturbations evolve like
the single perturbation in the previous section. However, further density waves appear with circumferential wave numbers
ky as predicted by the sum rule given in Eq. (19). We interpret
these new density waves, which are delayed relative to the imposed perturbations, as examples of the onset of the non–linear
feedback cycle predicted theoretically in Sect. (2). In Fig. 10
an example is shown which started with the initial wave vectors kin,1 = (−2, 0.5) kcrit and kin,2 = (−3, 1) kcrit, respectively.
At time t = 0.88 there appears a new weak feature at about
k = (0.9, 1.5) kcrit. This then couples back with the first externally triggered wave leading to a strong wave at time t = 1.13
with ky = 1 kcrit , which travels behind the second externally
triggered wave. The example in Fig. 11 started with initial
wave vectors kin,1 = (−2, 0.5) kcrit and kin,2 = (−3, 1.5) kcrit,
respectively. At time t = 0.5 a new weak feature appears
at about k = (−3, 1.5) kcrit. After the second externally triggered wave was wrapped up very tightly, so that it travelled
out of the frames shown in Fig. 11, there appears at time t =
1.13 a new strong wave at k = (1, 1) kcrit. Non–linear coupling of density waves with diﬀerent wave numbers, which led
to recurrent density wave activity, has already been noted by
Chiueh & Tseng (2000) in their simulations, although no detailed explanation was oﬀered. They also find the decline of
the amplitudes of density waves at given ky wave number which
they ascribe to Landau damping. However, since density waves
in the shearing sheet swing around with the shear flow, there
is eﬀectively no relative streaming of disk particles relative to

The aim of this paper is to study non-linear eﬀects in the dynamical evolution of an unbounded shearing sheet made of
stars, which models a patch of a galactic disk. We have analyzed these eﬀects both theoretically and by numerical simulations.
First we have investigated theoretically the implication of
the non-linear term of the Boltzmann equation for the dynamical evolution of the shearing sheet. The non-linear term
is expressed in terms of Fourier expansions of the perturbations of the distribution function of the stars in phase space
and the gravitational potential of the sheet, respectively, and
the Boltzmann equation augmented by this term is formally
solved. It is shown that this further term can be viewed formally as an inhomogeneity of the fundamental Volterra integral equation which describes the dynamical evolution of the
shearing sheet. The inhomogeneity is given by combinations of
the Fourier coeﬃcients of the perturbations of the distribution
function and the gravitational potential of the sheet, sampled
over the past history of the evolution of the sheet. This leads to
a feedback cycle for swing amplified density waves. It is quite
diﬀerent from the eﬀect of non-linearities of the hydrodynamical or Jeans equations, which have been used alternatively to
describe the dynamics of the shearing sheet or galactic disks.
In order to present concrete examples of the non-linear
feedback cycle we have developed a self-consistent field code
and have run numerical simulations of the dynamical evolution
of the shearing sheet. The SCF method is based on a set of
pairwise basis functions into which the surface density and the
gravitational potential of the shearing sheet are expanded. Each
of the pairwise basis functions solve the Poisson equation. In
the case of the shearing sheet these are simply Fourier transforms. The equations of motion of the particles in the shearing
sheet are the epicyclic equations of motion, which describe the
motion of the particles in the unperturbed sheet, augmented by
the forces due to the fluctuations of the sheet. In the simulations the shearing sheet turned out to be prone to rapid dynamical heating. Thus it was necessary to cool the sheet dynamically
by adding mass continously to the sheet during the simulations.
We have shown that the live shearing sheet responds to impulsive external potential perturbations by developing shearing
density waves. In particular, by applying simultaneous multiple perturbations we have demonstrated the appearance of nonlinearly induced shearing density waves, exactly as theoretically predicted.
The feedback cycle found here might well account for the
hitherto unexplained recurrent shearing spiral instabilities seen
in the large scale numerical simulations of the dynamical evolution of galactic disks.
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Fig. 9. Response of the shearing sheet to an external impulsive potential perturbation with an initial wave vector (kx , ky ) = (−2, 0.5) kcrit traced
in wave number space. Frames are shown for time t = 0, 0.25,..., 1.5, and 1.75, respectively.

Fig. 10. Response of the shearing sheet to two external impulsive potential perturbations with initial wave vectors (kx , ky ) = (−2, 0.5) kcrit and
(kx , ky ) = (−3, 1) kcrit , respectively traced in wave number space. Frames are shown for time t = 0, 0.25, 0.5, 0.88, 1.0, 1.13, 1.25, and 1.38,
respectively.
Acknowledgements. We are indebted to the anonymous referee for
comments that helped to improve the paper. B.F. thanks E. Sedlmayr
and H. Völk for their encouragement to pursue non–linear studies. T.T.
acknowledges support by a grant from the Alexander–von–Humboldt
foundation.

Appendix A: A generalized leap-frog scheme
We consider a set of ordinary diﬀerential equations
u̇ = f (u, x),

ẋ = g(u, x) ,

(A.1)

where u and x may be also vectors. Integrating Eqs. (A.1) by a
small time step h from t0 to t0 + h leads to
1
u(t0 + h) = u0 + u̇0 h + ü0 h2 + O(h3 )
2
1
= u0 + f (u, x)h + f˙(u, x)h2 + O(h3 )
2 


 
1
∂
∂
= u0 + f (u, x)h + h2 f ·
f + g·
f (A.2)
2
∂u
∂x
+O(h3 ) ,
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Fig. 11. Same as Fig. 10, but with two external impulsive potential perturbations with initial wave vectors (kx , ky ) = (–2, 0.5) kcrit and (kx , ky ) =
(−3, 1.5) kcrit , respectively. Frames are shown for time t = 0, 0.25, 0.5, 0.75, 1.0, 1.13, 1.25, and 1.38, respectively.

1
ẍ0 h2 + O(h3 )
2
1
= x0 + g(u, x)h + ġ(u, x)h2 + O(h3 )
2 


 
1
∂
∂
= x0 + g(u, x)h + h2 f ·
g+ g·
g
2
∂u
∂x

and finally

x(t0 + h) = x0 + ẋ0 h +

+O(h3 ) .

(A.3)

Adopting the principle of the leap–frog algorithm (Hockney &
Eastwood 1988) we introduce mid-points,
x1/2 = x(t0 + h/2),

u1/2 = u(t0 + h/2) ,

and can write



h
g(u0 , x0 ) ·
2

h
f (u0 , x0 ) ·
g(u1/2, x0 ) = g(u0 , x0 ) +
2
f (u0 , x1/2 ) = f (u0 , x0 ) +

(A.4)

ẋ = u
ẏ = v − 2Ax .
(A.5)

It follows then
u(t0 + h) = u0 + h f (u0 , x1/2 )


h2
∂
+
f (u0 , x0 ) ·
f (u0 , x0 ) + O(h3 )
2
∂u
= u0 + h f (u0 , x1/2 )


h2
∂
+
f (u0 , x1/2 ) ·
f (u0 , x1/2 ) + O(h3 ) ,
2
∂u
x(t0 + h) = x0 + hg(u1/2, x0 )


h2
∂
+
g(u0 , x0 ) ·
g(u0 , x0 ) + O(h3 )
2
∂x
= x0 + hg(u1/2, x0 )


h2
∂
+
g(u1/2, x0 ) ·
g(u1/2, x0 ) + O(h3 ) ,
2
∂x

u̇ = 2Ω0 v + f x
v̇ = 2Bu + fy



∂
f + O(h2 ) ,
∂x

∂
g + O(h2 ) .
∂u

u1/2 = u−1/2 + h f (u−1/2 , x0 )


h2
∂
+
f (u−1/2 , x0 ) ·
f (u−1/2 , x0 ) + O(h3 )
2
∂u
x1 = x0 + hg(u1/2, x0 )


h2
∂
+
(A.7)
g(u1/2 , x0 ) ·
g(u1/2 , x0 ) + O(h3 ) .
2
∂x
The equations of motion (36) of the particles in the shearing
sheet can be written as a set of first order diﬀerential equations,

(A.8)

From Eqs. (A.7) we derive the leap-frog scheme


u1/2 = u−1/2 + h 2Ω0 v−1/2 + f x (x0 , y0 )


+h2 Ω0 2Bu−1/2 + fy (x0 , y0 ) + O(h3 ) ,


v1/2 = v−1/2 + h 2Bu−1/2 + fy (x0 , y0 )


+h2 (A − Ω0 ) 2Ω0 v−1/2 + f x (x0 , y0 ) + O(h3 ) ,
x1 = x0 + hu1/2 + O(h3 )
y1 = y0 + h(v1/2 − 2Ax0 ) − h2 Au1/2 + O(h3 ) .

(A.9)

The time step was set to h = 0.03125 in the simulations. Thus
the orbits are integrated with an accuracy of h2 = 0.001.
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