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Abstract. Core collapse supernovae are a promising source of detectable gravitational waves. Most of the existing (multidi-
mensional) numerical simulations of core collapse in general relativity were done using approximations of the Einstein field
equations. As recently shown by Dimmelmeier et al. (2002a, A&A, 388, 917), Dimmelmeier et al. (2002b, A&A, 393, 523),
one of the most interesting such approximations is the so-called conformal flatness condition (CFC) of Isenberg, Wilson; and
Mathews. Building on this previous work we present new results from numerical simulations of relativistic rotational core col-
lapse in axisymmetry, with the aim of improving the dynamics and gravitational waveforms. The computer code used for these
simulations models the evolution of the coupled system of metric and fluid equations using the 3 + 1 formalism, specialized
to a new framework for the gravitational field equations we call CFC+. In this approach we add new degrees of freedom to
the original CFC equations, which extend them by terms of second post-Newtonian order. The resulting metric equations are
still of elliptic type, but the number of equations is significantly augmented in comparison to the original CFC approach. The
hydrodynamic evolution and the CFC spacetime metric are calculated with the code developed by Dimmelmeier et al. (2002a,
A&A, 388, 917), which has been conveniently extended to account for the additional CFC+ equations. The corrections included
in CFC+ are computed by solving a system of elliptic linear equations. The new formalism is assessed with time evolutions
of both rotating neutron stars in equilibrium and gravitational core collapse of rotating polytropes. Gravitational wave signals
for a comprehensive sample of collapse models are extracted using either the quadrupole formula or directly from the metric.
We discuss our results on the dynamics and the gravitational wave emission through a detailed comparison between CFC and
CFC+ simulations. The main conclusion is that, for the neutron star spacetimes analyzed in the present work, no significant
differences are found among CFC, CFC+, and full general relativity, which highlights the suitability of the former.
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1. Introduction

One of the most interesting topics in relativistic astrophysics is
the formation and evolution of compact objects, such as those
produced in the rotational core collapse of massive stars or
produced in the merging of a compact binary consisting of
two white dwarfs, of two neutron stars, or of a white dwarf
and a neutron star. The catastrophic events in which the new-
born compact objects are formed offer a promising source of
gravitational waves in the kHz frequency range, thus optimal
for detection of objects located at galactic distances with the
new ground-based interferometer detectors such as LIGO or
VIRGO.

Gravitational radiation is produced by accelerating mat-
ter whose dynamics is not spherically symmetric. Among
astrophysical sources of gravitational radiation, axisymmet-
ric sources, such as rotational core collapse, are particularly

amenable to numerical investigations, as present-day compu-
tational resources allow for more accurate calculations than in
full three dimensions. The early phase of the merging of two
compact objects, when the two bodies start to plunge from
the innermost stable circular orbit, is a three-dimensional sit-
uation, although after the merging itself the scenario is again
suitable for investigations in axisymmetry. On the other hand,
Newtonian gravity does not correctly describe the dynamics
of these processes, and one has to use general relativity for
a proper description, as well as to compute waveforms, or
at least some approximation better than the Newtonian one.
Post-Newtonian approximations of the metric in the near zone
match the features described before quite well, and probably
most of these scenarios can still be handled without fully gen-
eral relativistic calculations. Let d be the typical dimension of
the source, v the typical velocity of the system, and t the typical
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timescale of variation of the gravitational field; hence, the typi-
cal frequency of the gravitational waves in the wave zone is 1/t,
and the wavelength is λ ∼ ct, where c is the speed of light. From
the virial theorem it follows that t is also the typical dynamical
timescale, hence d ∼ vt and v/c ∼ d/ct ∼ d/λ. Therefore, a
post-Newtonian expansion around v/c → 0 is equivalent to an
expansion around d/λ → 0. For the typical scales involved in
core collapse and neutron star evolution we get d2/λ2 ∼ 0.05.
That estimate yields first and second order post-Newtonian cor-
rections of about 5% and 0.3%, respectively. We note, however,
that although these corrections may seem to be small, the non-
linearity of the equations makes it difficult to predict their ef-
fects beforehand in a numerical simulation.

During the last two decades, calculations of gravitational
waveforms from core collapse were done using different ap-
proaches for gravity (Müller 1982; Finn 1989; Mönchmeyer
et al. 1991; Bonazzola & Marck 1993; Yamada & Sato 1995;
Zwerger & Müller 1997; Rampp et al. 1998; Dimmelmeier
et al. 2001, 2002a,b; Fryer et al. 2002, 2004; Imamura et al.
2003; Kotake et al. 2003; Shibata & Sekiguchi 2004a; Ott
et al. 2004). First attempts were made in Newtonian gravity,
using Eulerian codes with artificial viscosity (Müller 1982;
Finn 1989; Mönchmeyer et al. 1991) to calculate the hydro-
dynamics. Pseudo-spectral methods were used by Bonazzola
& Marck (1993), who followed the collapse without includ-
ing the bounce phase due to the appearance of numerical in-
stabilities associated with the presence of a shock wave. The
need for correctly treating the shock wave, which forms af-
ter core bounce, gradually led to the use of high-resolution
shock-capturing (HRSC) schemes. Zwerger & Müller (1997)
first used HRSC methods to simulate a sequence of collapsing
rotating polytropes in axisymmetry and provided a comprehen-
sive waveform catalog. Extensions to 3D were carried out by
Rampp et al. (1998). In both works a simple equation of state
(Janka et al. 1993) was used. Recently there were attempts to
include more realistic physics in Newtonian simulations: Ott
et al. (2004) used the equation of state of Lattimer & Swesty
(1991), while Müller et al. (2004) also incorporated 2D neu-
trino transport and computed the gravitational wave emission
produced by neutrino-driven convection.

A step forward to improve the treatment of the gravita-
tional field was taken by Dimmelmeier et al. (2001, 2002a,b),
who used the conformal flatness condition (CFC hereafter) of
Isenberg, Wilson, and Mathews (see Isenberg 1978; Wilson
et al. 1996). Note that in the spherical case CFC is not an
approximation of general relativity but rather is exact. In a
more general context it was shown that conformally flat grav-
ity agrees with full general relativity at the level of the first
post-Newtonian expansion (Kley & Schäfer 1999). Therefore
the CFC approximation reproduces quite well the main features
of the models studied, i.e. quasi-spherical sources tractable by
the post-Newtonian formalism. The major numerical advantage
of the CFC approximation is that the 3 + 1 metric equations
are reduced to elliptic equations, which, in principle, makes
their implementation more stable than in the standard formula-
tions of the field equations commonly used in numerical rela-
tivity. Concerning the core collapse waveforms, Dimmelmeier
et al. (2002b) found quantitative and also qualitative differences

between Newtonian and CFC calculations. This demonstrates
that a relativistic calculation of the spacetime dynamics is nec-
essary for properly studying core collapse and the emitted grav-
itational waves. Recently this work in axisymmetry was ex-
tended to 3D by Dimmelmeier et al. (2005), who combined
HRSC methods for the hydrodynamic equations and spectral
methods for the metric equations.

First multidimensional core collapse simulations in full
general relativity were reported by Siebel et al. (2003), who
used the characteristic formulation of the Einstein equations.
In these simulations the gravitational waveform extraction us-
ing the Bondi news function at future null infinity was ham-
pered by gauge effects and numerical inaccuracies. Recently,
Shibata & Sekiguchi (2004a) performed simulations in axisym-
metry using the so-called Cartoon method to solve the Einstein
equations, finding remarkable agreement with the CFC results
of Dimmelmeier et al. (2002b). Extensions of this work to
full 3D are reported in Shibata & Sekiguchi (2004b). Except for
Siebel et al. (2003), all existing simulations thus far computed
the gravitational wave signals using the Newtonian quadrupole
formula.

In this paper we propose a new approximation scheme for
the metric equations as an extension of the CFC approach. Our
scheme consists of adding second post-Newtonian terms to the
conformal flat metric. With the new approach, which we call
CFC+, the resulting metric equations are still elliptic, and they
reduce to full general relativity in the spherical case. Therefore,
we conserve the main advantages of the CFC approximation
at small extra computational cost (since the additional elliptic
equations are linear), while improving the computation of the
dynamics and the metric. The aim of this paper is to compare
the quality of the CFC+ approximation in different scenarios
with that of the CFC approach. In particular we study two sce-
narios of current interest in relativistic astrophysics: the grav-
itational collapse of rotating stellar cores to neutron stars (the
relevant mechanism responsible for core collapse supernovae
of types II/Ib/Ic) and the stability and oscillations of rotating
neutron stars.

This paper is organized as follows. In Sect. 2 we present the
mathematical framework and introduce the general relativistic
equations for the hydrodynamics and the spacetime metric that
we implement in the numerical code. Particular emphasis is
given to the derivation of the CFC+ equations (for technical
details see Appendices A, B, and C). Section 3 is devoted to
describing the numerical methods for solving the hydrodynam-
ics and metric equations. We go on in this section to explain
the procedure we follow to extract gravitational waves (see also
Appendix D). In Sect. 4 we specify the models used for the sim-
ulations of rotating relativistic stars. The results from the sim-
ulations of evolutions of rotating neutron stars and rotational
stellar core collapse to a neutron star are discussed in Sects. 5
and 6, respectively. Our conclusions are summarized in Sect. 7.

We use a spacelike signature (−,+,+,+) and units in which
c = G = 1, except in some passages, particularly in the
Appendices, where c and G are retained for a better under-
standing of the post-Newtonian expansion. Greek indices run
from 0 to 3, Latin indices from 1 to 3, and we adopt the stan-
dard Einstein convention for summation over repeated indices.
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The indices of 3-vectors and 3-tensors are raised and lowered
by means of the 3-metric.

2. Mathematical framework

We adopt the 3 + 1 formalism (Arnowitt et al. 1962) to foli-
ate spacetime with a metric gµν into a set of non-intersecting
spacelike hypersurfaces. The line element reads

ds2 = −α2dt2 + γi j(dxi + βidt)(dx j + β jdt), (1)

with α being the lapse function, which describes the rate of ad-
vance of time along a timelike unit vector nµ normal to a hyper-
surface, βi being the spacelike shift 3-vector, which describes
the motion of coordinates within a surface, and γi j being the
spatial 3-metric.

2.1. Hydrodynamic equations

The hydrodynamic evolution of a relativistic perfect fluid with
rest-mass current Jµ = ρuµ and energy-momentum tensor
T µν = ρhuµuν + Pgµν in a (dynamic) spacetime is determined
by a system of local conservation equations, which read

∇µJµ = 0, ∇µT µν = 0, (2)

where the covariant derivative is denoted by ∇µ. The fluid is
specified by its rest mass density ρ, its specific enthalpy h =
1 + ε + P/ρ, its pressure P, its specific internal energy ε, and
its 4-velocity uµ. The pressure is determined by an equation of
state (EOS) P = P(ρ, ε).

The 3-velocity of the fluid, as measured by an Eulerian ob-
server at rest in a spacelike hypersurface Σt, is

vi =
ui

αut
+
βi

α
· (3)

Following the work of Banyuls et al. (1997) we introduce a set
of variables in terms of the primitive (physical) hydrodynamic
variables (ρ, vi, ε), whose associated densities are conserved:

D = ρW, (4)

S i = ρhW2vi, (5)

τ = ρhW2 − P − D. (6)

In the above expressions, W is the Lorentz factor defined as
W = αut, which satisfies the relation W = 1/

√
1 − vivi.

The previous choice allows us to write the conservation
laws (2) as a first-order, flux-conservative hyperbolic system
of equations (Banyuls et al. 1997):

1
√−g

[
∂
√
γU

∂t
+
∂
√−gFi

∂xi

]
= Q, (7)

with the state vector, flux vector, and source vector given by

U = [D, S j, τ], (8)

Fi =
[
Dv̂i, S jv̂

i + δi
jP, τv̂

i + Pvi
]
, (9)

Q =
[
0,

1
2

T µν
∂gµν

∂x j
, α

(
T µ0
∂ lnα
∂xµ

− T µνΓ0
µν

)]
. (10)

Here v̂i = vi − βi/α, and
√−g = α√γ, with g = det(gµν) and

γ = det(γi j) being the determinant of the 4-metric and 3-metric,
respectively, while Γλµν are the Christoffel symbols.

For convenience, we also define the following modified
conserved quantities:

D∗ =
√
γ̄D, S ∗i =

√
γ̄S i. (11)

The determinant γ̄ is actually the ratio of γ evaluated on some
coordinate grid {xµ} and the determinant γ̂ of the flat metric γ̂i j

on the same grid: γ̄ = γ/γ̂.

2.2. 3+1 metric equations

In the 3+ 1 formalism, the Einstein equations split into (i) evo-
lution equations for the 3-metric γi j and the extrinsic curva-
ture Ki j,

∂tγi j = −2αKi j + 2∇(iβ j), (12)

∂tKi j = −∇i∇ jα + α
(
Ri j + KKi j − 2KikKk

j

)

+βk∇kKi j + 2Kk(i∇ j)β
k − 8πα

(
S i j −

γi j

2
(S k

k − E)
)
, (13)

and (ii) constraint equations,

R + K2 − Ki jK
i j − 16πE = 0, (14)

∇i(K
i j − γi jK) − 8πS j = 0, (15)

which must be fulfilled at every spacelike hypersurface.
In these equations∇i is the covariant derivative with respect

to the 3-metric γi j, Ki j the extrinsic curvature, Ri j the Ricci ten-
sor on Σt, R the scalar curvature and K = Ki

i the trace of the ex-
trinsic curvature. Brackets around indices indicate symmetriza-
tion. The projection of the energy-momentum tensor onto the
spatial hypersurface is defined as S i j = ρhW2viv j + γi jP, while
E = ρhW2 − P is the total energy per volume unit as measured
by an observer at rest in Σt.

The ADM gauge, which we will be using in the derivation
of the metric equations in Sects. 2.3 and 2.4, is defined as that
gauge for which the 3-metric can be decomposed into a confor-
mally flat term plus a transverse traceless term,

γi j = φ
4γ̂i j + hTT

i j , (16)

with

hTT
i j γ̂

i j = 0, γ̂ik∇̂khTT
i j = 0, (17)

where γ̂i j is the flat metric (with inverse γ̂i j; γ̂i j = γ̂
i j = δi j

in Cartesian coordinates), φ the conformal factor, and hTT
i j is

transverse and traceless. The conjugate momentum πi j of γi j is
traceless as well:

πi jγ̂i j = 0. (18)

2.3. CFC metric equations

In spherical symmetry hTT
i j = 0, i.e. the 3-metric is conformally

flat (CF). A first reasonable approximation in quasi-spherical
scenarios consists of imposing a vanishing hTT

i j in Eq. (16):

γi j = φ
4γ̂i j. (19)
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This is the conformal flatness condition or
Isenberg–Wilson–Mathews approximation (Isenberg 1978;
Wilson et al. 1996). In the ADM gauge a conformally flat
3-metric ensures the maximal slicing condition, K = 0. It can
hence be shown that the 3 + 1 metric Eqs. (12)–(15) reduce to
a set of five coupled elliptic (Poisson-like) equations for the
metric components,

∆̂φ = −2πφ5

(
ρhW2 − P +

Ki jKi j

16π

)
, (20)

∆̂(αφ) = 2παφ5

(
ρh(3W2 − 2) + 5P +

7Ki jKi j

16π

)
, (21)

∆̂βi = 16παφ4S i + 2φ10Ki j∇̂ j

(
α

φ6

)
− 1

3
∇̂i∇̂kβ

k, (22)

where ∇̂ and ∆̂ = γ̂i j∇̂i∇̂ j are the flat space Nabla and Laplace
operators, respectively.

Applying the CFC to the traceless part of Eq. (12) yields the
following relation between the conformal factor and the com-
ponents of the shift vector:

∂tφ =
φ

6
∇kβ

k. (23)

With this, Eq. (12) transforms into an expression for the extrin-
sic curvature components:

Ki j =
1

2α

(
∇iβ j + ∇ jβi −

2
3
γi j∇kβ

k

)
· (24)

As a consequence of setting the off-diagonal elements of
γi j to zero, the degrees of freedom representing gravitational
waves are removed from the spacetime. Therefore, we calcu-
late gravitational waveforms in a post-processing step using
the quadrupole formula. Note that at that approximation level
the ADM gauge is equivalent to the maximal slicing quasi-
isotropic (MSQI) gauge, i.e. maximal slicing (K = 0) plus
quasi-isotropic coordinates (grθ = 0 and gθθ = grr in spheri-
cal coordinates in an orthonormal basis).

2.4. CFC+ metric equations

We improve the metric approximation by adding to the CFC
metric the second post-Newtonian deviation from isotropy. We
call this approximation CFC+. Compared to the CFC metric
Eq. (19) the CFC+ metric

γi j = φ
4γ̂i j + h2PN

i j (25)

now includes a new traceless and transverse term h2PN
i j , which

is identical to hTT
i j in the decomposition (16) up to the sec-

ond post-Newtonian expansion. As described in Appendix A
this higher order correction h2PN

i j is the solution of the tensor
Poisson equation (Schäfer 1990)

∆̂h2PN
i j = γ̂

TTkl
i j Fkl, (26)

where the source Fkl is given by

Fkl = −4∇̂kU∇̂lU − 16π
S ∗kS ∗l
D∗
, (27)

with U being the “Newtonian” potential, which is the solution
of the Poisson equation

∆̂U = −4πD∗. (28)

The operator γ̂TTkl
i j is the transverse, trace-free (TT) projector

as defined in Eq. (A.6).
Of the original CFC metric Eqs. (20)–(22) for φ, α, and βi,

only the equation for the lapse function, Eq. (21), has to
be modified. It now explicitly depends on the second post-
Newtonian correction h2PN

i j :

∆̂(αφ) =
[
∆̂ (αφ)

]
h2PN

i j =0
− γ̂ikγ̂ jlh2PN

i j ∇̂k∇̂lU. (29)

The metric equations for the conformal factor φ and the shift
vector βi remain unaltered. However, the CFC+ corrections
couple implicitly, as the source terms on their right-hand sides
depend on α.

The computation of h2PN
i j , i.e. the inversion of the ten-

sor Poisson Eq. (26) by means of the Poisson integral opera-
tor ∆̂−1, is simplified by the introduction of intermediate poten-
tials S, Si, Ti, Ri, and Si j, which are solutions of the following
scalar/vector/tensor-Poisson equations:

∆̂S = −4π
S ∗i S ∗j
D∗

xi x j, (30)

∆̂Si =

[
−4π

S ∗i S ∗j
D∗
− ∇̂iU∇̂ jU

]
x j, (31)

∆̂Ti =

[
−4π

S ∗jS
∗
k

D∗
− ∇̂ jU∇̂kU

]
γ̂ jkγ̂ilx

l, (32)

∆̂Ri = ∇̂i(∇̂ jU∇̂kUx jxk), (33)

∆̂Si j = −4π
S ∗i S ∗j
D∗
− ∇̂iU∇̂ jU. (34)

These equations are designed in such a way that their source
terms approach zero like r−3 when r = |x| tends towards infin-
ity, which ensures the existence of the corresponding Poisson
integrals. With the help of these potentials, h2PN

i j can be simply
expressed as

h2PN
i j = ∆̂

−1
(
γ̂TTkl

i j Fkl

)

=
1
2
Si j − 3xk∇̂(iS j)k +

5
4
γ̂ jmxm∇̂i

(
γ̂klSkl

)

+
1
4

xk xl∇̂i∇̂ jSkl + 3∇̂(iS j) −
1
2

xk∇̂i∇̂ jSk

+
1
4
∇̂i∇̂ jS −

5
4
∇̂iT j −

1
4
∇̂iR j

+γ̂i j

[
1
4
γ̂klSkl + xkγ̂lm∇̂mSkl − γ̂kl∇̂kSl

]
, (35)

as shown in Appendix B.
Due to the specific type of elliptic solvers employed in our

computer code (see Sect. 3.2 below), it is not possible to use the
inverse image method to evaluate the intermediate potentials up
to spatial infinity. We instead solve Eqs. (30)–(34) assuming
specific boundary conditions. These are determined from the
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multipole expansion M of the intermediate potentials S, Si,
Ti, Ri, and Si j. As detailed in Appendix C, these multipole
expansions are given by

M(S) =
1
r

∫
d3x

√
γ̂

(
S ∗kS ∗l
D∗

xk xl

)
, (36)

M(Si) =
1
r

∫
d3x

√
γ̂D∗

(
S ∗i S ∗k
D∗ 2

xk + γ̂i jx
j(U + xk∇̂kU)

)

+
M2

2r
γ̂i jn

j, (37)

M(Ti) =
1
r

∫
d3x

√
γ̂D∗



γ̂klS ∗kS ∗l

D∗ 2
+ U


γ̂i jx

j

+
M2

2r
γ̂i jn

j, (38)

M(Ri) =
M2γ̂i jn j

r
, (39)

M(Si j) =
1
r

∫
d3x

√
γ̂D∗

(S ∗i S ∗j
D∗ 2

+
1
2
γ̂i jU + γ̂ik xk∂ jU

)
, (40)

modulo O(1/r2) corrections. M =
∫

d3x
√
γ̂D∗ is the baryonic

rest mass. By evaluating the above expansions at a finite radius
outside the star we obtain the necessary boundary conditions
for S, Si, Ti, Ri, and Si j.

3. Numerical implementation

The code used for the simulations presented in this paper is an
extension of the one described in Dimmelmeier et al. (2002a,b),
incorporating the new CFC+ metric equations. The interested
reader should refer to those articles for details beyond those
discussed below.

We use spherical polar coordinates {t, r, θ, ϕ} and assume
axial symmetry with respect to the rotation axis and symmetry
with respect to the equatorial plane at θ = π/2. The computa-
tional grid is composed of nr radial zones and nθ equidistant an-
gular zones, whose specific values for the simulations reported
here are given below. For convenience the radial cell-spacing is
chosen equidistant for evolutions of equilibrium neutron stars
and logarithmically spaced when simulating core collapse. As
in the original code (Dimmelmeier et al. 2002a) the part of the
grid outside the star is filled with an artificial atmosphere (as
customary in finite difference codes similar to ours; see Font
et al. 2002; Duez et al. 2002; Baiotti et al. 2004). This atmo-
sphere obeys a polytropic equation of state and has a very low
density such that its presence does not affect the dynamics of
the star (see Dimmelmeier et al. 2002a, for details). Moreover,
an extended grid containing no matter is used beyond the atmo-
sphere for the CFC+ metric calculations, namely to properly
capture the radial fall-off behavior of the metric potentials and
to extract the gravitational radiation using components of hTT

i j
in the wave zone (see Sect. 6.2).

3.1. Hydrodynamics solver

The hydrodynamics solver performs the numerical integration
of the system of hydrodynamic conservation Eqs. (7) using a

high-resolution shock-capturing (HRSC) scheme. This method
ensures numerical conservation of physically conserved quan-
tities and a correct treatment of discontinuities such as shocks.
In HRSC methods a Riemann problem has to be solved at each
cell interface, which requires the reconstruction of the prim-
itive variables (ρ, vi, ε) at these interfaces. We use the PPM
method of Colella & Woodward (1984) for the reconstruction,
which yields third order accuracy in space. The solution of the
Riemann problems then provides the numerical fluxes at cell
interfaces. To obtain this solution, the characteristic structure
of the hydrodynamics equations is explicitely needed (Banyuls
et al. 1997).

In contrast to CFC in the CFC+ approximation the metric
does not have any zero off-diagonal elements, so we have to
use the most general eigenvalues and eigenvectors in general
relativity as reported in Font (2003). Once the spectral infor-
mation is known, the numerical fluxes are computed by means
of Marquina’s approximate flux formula (Donat & Marquina
1996). The time update of the conserved vector U is done us-
ing the method of lines in combination with a Runge-Kutta
method with second order accuracy in time. Once the con-
served quantities (D, S i, τ) are updated in time, the primitive
variables need to be recovered. This is done through an iter-
ative Newton–Raphson method, as these variables cannot be
obtained in closed form from the conserved variables.

We note that the sources Q of the hydrodynamic equations
have been implemented in the code using a general form for
the metric, although they can be simplified for a metric with
vanishing nondiagonal terms in the 3-metric as, for example,
in CFC.

3.2. Metric solver

The main feature of the approximations we are using for
the metric is that only elliptic equations have to be solved
to know the metric at each time step. In our approximate
scheme we solve the equations hierarchically. First a solution
of the Poisson Eq. (28) for U is obtained. Then we solve the
Eqs. (30)–(34) for the intermediate potentials S, Si, Ti, Ri,
and Si j, which we need to calculate hTT

i j in Eq. (35). Finally,

we use hTT
i j to solve the modified equations for φ, βi, and α,

Eqs. (20), (22), (29). For each step we use different methods
according to the mathematical characteristics of each equation.

The equation for the Newtonian potential U is a linear
Poisson equation with compact support sources, so standard
methods for Poisson equations like integral solvers can be used
to obtain a numerical solution. For an equation of the form

∆̂u(x) = f (x), (41)

the solution for the potential u can be expanded in axisymme-
try as

u(x) = − 1
4π

∫
d3x′

√
γ̂

f (x)
|x − x′|

= −1
2

∞∑

l=0

Pl(µ)
(
u(l)

in (x) + u(l)
out(x)

)
, (42)
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where

u(l)
in (x) = 1

rl+1

∫
|x′|<R

dr′ dµ′ f (x′)r′l+2Pl(µ′), (43)

u(l)
out(x) = rl

∫
|x′|>R

dr′ dµ′ f (x′) 1
r′l−1 Pl(µ′). (44)

Here Pl are the Legendre polynomials, and µ = cos θ. We nu-
merically integrate Eqs. (43), (44) by assuming f (x′) to be
constant inside each computational cell, integrating over r′

and θ′ analytically within each cell, and then adding up the
partial integrals to obtain the solution at every grid point of
the computational domain. This method has been described
and tested in Müller & Steinmetz (1995) and Zwerger (1995),
and successfully used by Zwerger & Müller (1997) to calculate
the Newtonian potential in axisymmetric core collapse simula-
tions.

The Eqs. (30)–(34) for the intermediate potentials, which
are needed to compute the second post-Newtonian correc-
tions to CFC, can in general be solved separately as a scalar
Poisson equation for S, three vector Poisson equations for Si,
Ti, and Ri, and a tensor Poisson equation for Si j. In the ax-
isymmetric case we can take advantage of some additional
simplifications: the ϕ-component of the vector-Poisson equa-
tions decouples from the r- and θ-components, and the rϕ- and
θϕ-components of the tensor-Poisson equation decouple from
all other components, even though e.g. ∆̂Si � (∆̂S)i (similar
for the other vectors and tensor), which means that the vari-
ous components in general couple to each other. Therefore, the
equations can be grouped into 9 sets of linear elliptic equations:
four sets of one equation, four sets of two equations, and one
set of four equations, with coupling only within the respective
set.

The discretization of each of the equations on the {r, θ}-grid
leads to 9 sparse linear matrix equations of the type

Au = f , (45)

where u = uk
i j is the vector of unknowns with i, j labeling the

grid points and k ranging from 1 to 1, 2, or 4 depending on
the number of coupled components. The vector of sources is
respectively denoted as f = f k

i j, andA is a matrix which does
not depend on u, as the original system is linear. The linear-
ity of the equations allows us to avoid an iteration scheme and
to use instead the LU decomposition method to invertA. The
main advantage of the LU method is that the decomposition
itself (which is the most time consuming step) only has to be
done once at the beginning. Then it can be used to calculate the
solution for different source vectors f during the metric com-
putations, which is computationally very fast and efficient. The
LU decomposition is performed using standard LAPACK li-
braries for banded matrices. We use the monopole solution of
Eqs. (36)–(40) as explicit outer boundary condition for the in-
termediate potentials. This procedure is only accurate far from
the sources, and the matching of the metric to a monopole solu-
tion deteriorates if it is performed too close to a strongly grav-
itating nonspherical star. As a consequence when calculating
the components of the spacetime metric we use a grid which
extends well beyond both the boundary of the star and also
the atmosphere, and apply the boundary condition at the outer

boundary of this extended vacuum grid. An example of the in-
fluence of the location where the boundary condition is applied
on the accuracy of the metric solution is presented in Sect. 5.1.
Although the nonlinear metric equations for φ, α, and βi have
source terms with noncompact support, the location of the outer
grid boundary has much less influence on the accuracy of the
numerical solution (see Dimmelmeier et al. 2005).

At this stage we have a numerical solution for hTT
i j and are

ready to solve the CFC+ metric equations for the conformal
factor φ, the shift vector βi, and the lapse function α, Eqs. (20),
(22), (29). For the comparison between CFC and CFC+ pre-
sented in Sects. 5 and 6, we also need to solve the CFC metric
equations, which, we recall, are equivalent to the CFC+ equa-
tions up to corrections in the metric equation forα (21). As both
systems of equations are 5 nonlinear elliptic coupled Poisson-
like equations, we can apply the same methods to solve them.
In either case, we can write them in compact form as

∆̂u(x) = f (x; u(x)), (46)

where u = uk = (φ, αφ, β j), and f = f k is the vector of the
respective sources. These five scalar equations for each com-
ponent of u couple to each other via the source terms that in
general depend on the various components of u.

We use a fix-point iteration scheme in combination with
the linear Poisson solver (42) described above to solve these
equations. The value of u at each iteration s, denoted by us, is
set constant in the sources f to calculate a new value us+1,

us+1(x) = ∆̂−1 f (x; us(x)) . (47)

As a result the 5 previously coupled nonlinear equations reduce
to a decoupled set of 5 linear scalar Poisson equations. The so-
lution vector us+1 at each iteration step is obtained by solving
the associated 5 Poisson equations of the type (41) separately.
After the computation of us+1, the right-hand side of Eq. (47)
is updated by replacing us → us+1, which is used as a new
starting value for the next iteration. Convergence to the desired
numerical solution u is achieved when the relative variation
|us+1/us−1| of the numerical solution of u between two succes-
sive iterations is smaller than a certain threshold, which we set
to 10−6. In the simulations reported here the metric solver suc-
cessfully converges when using the flat metric as initial guess in
each metric computation. However, to accelerate convergence,
during the hydrodynamic evolution we take the metric from
the previous metric computation as starting value for the sub-
sequent one. Furthermore, we cut the Legendre polynomial ex-
pansion in Eq. (42) at l = 10. For the CFC metric equations in
axisymmetry the above method was recently discussed in detail
in Dimmelmeier et al. (2005).

3.3. Gravitational wave extraction

For an isolated source of gravitational radiation the metric can
be considered as asymptotically flat. In the wave zone, defined
as a neighborhood of future radiative infinity I+ for which
r 	 λ/(2π), the metric can be decomposed into the Minkowski
metric ηµν plus a small linear perturbation hrad

µν . By an appro-
priate choice of gauge it is always possible to make the latter
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quantity algebraically transverse and traceless, up to quadratic
corrections. At the linear order we then have

hrad
i j = PTTkl

i j (γkl − γ̂kl), (48)

where PTTkl
i j = γ̂i(pγ̂q) j

[(
npnk − γ̂pk

) (
nqnl − γ̂ql

)
−

(npnq − γ̂pq)
(
nknl − γ̂kl

)
/2

]
stands for the algebraic trans-

verse traceless projector. We note that the above expression
stays invariant with respect to asymptotically Minkowskian
gauge transformations of the 3-metric. It involves only two
independent components, h+ and h×, representing the two
degrees of freedom of the gravitational waves.

At linear order in the wave zone, hrad
i j can be approximated

by means of the Newtonian quadrupole formula in some Bondi-
like coordinate system. In this representation, the waveform de-
pends only on the second time derivative (denoted by a double
dot) of the mass quadrupole moment Qi j of the source,

hrad
i j (x, t) ≈ hquad

i j (x, t) = PTTkl
i j

2Q̈kl(tret)
r

, (49)

with the retarded time tret = t − r/c. The argument of Q̈kl

in the ADM gauge is not simply equal to t − r/c. It also
contains a logarithmic correction (Schäfer 1990) −2 (M +
O(1/c2)) G ln [r/(cη)]/c3+O(G2), where η denotes an arbitrary
constant with the dimension of time that cancels a term enter-
ing the first tail contribution. For large distances near future
null infinity I+, this correction cannot be neglected, but it may
be omitted in investigations focusing on time dependences as it
depends on r alone. Following Finn (1989), the time derivatives
in the standard quadrupole formula can be replaced by spatial
derivatives making use of the equations of motion. This yields
the so-called stress formula,

Q̈i j = 2
∫

d3x
√
γ̂D∗

[
γ̂k〈iγ̂ j〉lv

kvl + xkγ̂k〈i∇̂ j〉U
]
, (50)

where the brackets 〈〉 denote the symmetric and trace-free sets
of indices, e.g. γ̂k〈i∇̂ j〉U = (γ̂ki∇̂ jU + γ̂k j∇̂iU)/2 − γ̂i j∇̂kU/3.

In axisymmetry, hrad
i j has only one degree of freedom, h+.

In the quadrupole approximation and in spherical coordinates,
it takes the form

hquad
+ (x, t) =

1
8

√
15
π

sin2 θ
AE2

20 (t − r/c)

r
, (51)

with AE2
20 ∝ Q̈θθ being the amplitude of the quadrupole signal.

The above formula allows us to calculate waveforms directly
from the sources with no need to know the dynamical part of
the metric. It may be used with profit in the CFC approxima-
tion, for which the metric is isotropic and therefore has no grav-
itational wave content.

In the CFC+ approach, the non-conformal part of the
3-metric in the near zone at the dominant (second) post-
Newtonian order, h2PN

i j , is the solution of the pseudo-Poisson

Eq. (26), where the remainderO(1/c6) has been removed. This
equation has an elliptic character, so that the information it
carries propagates instantaneously. As a result, h2PN

i j is neither
wave-like nor associated to any retardation effects, reflecting
the fact that the post-Newtonian expansion is only valid at

distances comparable to the wavelength of the system λ. By
contrast, we know that the full non-conformally flat part hfull

i j
of the 3-metric carries the dynamical degrees of freedom of
the gravitational field. This indicates a relation between hfull

i j

and hrad
i j near I+ (they are indeed equal). Now, remarkably,

it turns out that there is also a link between h2PN
i j and the

radiative metric. As explained in Appendix D, the algebraic
transverse traceless projection of the former quantity evaluated
at retarded time tret behaves as hquad

i j /8 at future null infinity,

PTTkl
i j h2PN

kl (x, tret) ∼ hquad
i j /8, or in components,

h2PN
+ (x, tret) ∼ 1

8 hquad
+ (x, t), (52)

h2PN
× (x, tret) ∼ 1

8 hquad
× (x, t), (53)

where h2PN
+ can be trivially calculated from the combination

h+ = (hTT
θθ − hTT

ϕϕ )/2, whereas h2PN
× is equal to h2PN

θϕ .
We see that the two polarizations extracted directly from

h2PN
i j in the wave zone of the true waves differ from the

quadrupole waveforms by (i) a factor 8 and (ii) the absence of
retardation. The gravitational waveforms can thus be evaluated
directly from h2PN

+ and h2PN
× even though there are no propa-

gating gravitational waves in the CFC+ spacetime (which just
means that there is no radiation back-reaction due to energy
losses caused by gravitational waves). Furthermore, the wave
amplitude can be deduced solely from h2PN

+ in the axisymmet-
ric case.

In our simulations we extract the waveforms at a distance
r ∼ 50λ/(2π) in the equatorial plane. This ensures that we are
indeed in the wave zone of the true waves where the Newtonian
quadrupole formula applies. We checked that h2PN

+ ∝ sin2 θ/r
there, so that the gravitational wave amplitude AE2

20 is approxi-
mately constant independent of the radius r or angle θ (except
near the rotation axis where h2PN

+ vanishes). Due to the small-
ness of h2PN

+ for r 	 λ/(2π), some numerical error appears
because of the cancellations of the different terms in Eq. (35).
That yields an offset in the gravitational wave signal that can
be corrected as follows:

h2PN corrected
+ = h2PN

+ − a γ̂i jh2PN
i j . (54)

Although the term γ̂i jh2PN
i j should be zero in principle, it is nu-

merically comparable to h2PN
i j in the wave zone; the parameter a

corrects the offset in the waveforms.
Notice that the link between h2PN

i j and hfull
i j is trivial in the

near zone, where the post-Newtonian approximation is valid:
hfull

i j ≈ h2PN
i j . We shall henceforth denote their common value

as hTT
i j .

4. Initial models

As initial models for describing either rotating neutron stars
or rotating stellar cores at the onset of gravitational col-
lapse, we construct uniformly or differentially rotating rela-
tivistic polytropes in equilibrium. These are obtained using
Hachisu’s self-consistent field (HSCF) method as described in
Komatsu et al. (1989a,b), which solves the general relativistic
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Table 1. Equatorial radius re, axis ratio rp/re, angular velocity Ω, and
ADM mass MADM for a sequence of uniformly rotating neutron stars
used in this paper. Along the sequence the rotation rate increases from
the spherical model RNS0 to the most rapidly rotating model RNS5,
which rotates near the mass shedding limit at ΩK = 5.363 kHz.

Model re [km] rp/re Ω/ΩK MADM [M�]
RNS0 14.1 1.00 0.00 1.40
RNS1 16.2 0.95 0.42 1.44
RNS2 17.3 0.85 0.70 1.51
RNS3 18.7 0.75 0.87 1.59
RNS4 19.6 0.70 0.93 1.63
RNS5 20.7 0.65 0.98 1.67

hydrostatic equations for self-gravitating rotating matter distri-
butions, whose pressure obeys the polytropic relation

P = Kργ, (55)

where K is the polytropic constant and γ the adiabatic index.
The gauge used in the HSCF method is maximal slicing with
quasi-isotropic coordinates (MSQI). The most general metric
to describe these objects in the MSQI gauge is

ds2 = −e2ν̃dt̃2 + e2α̃
(
dr̃2 + r̃2dθ̃2

)

+e2β̃r̃2 sin θ̃2(dϕ̃ − ω̃dt̃)2, (56)

where {t̃, r̃, θ̃, ϕ̃} are the coordinates in the MSQI gauge, and ν̃,
α̃, β̃, and ω̃ are metric potentials. Hereafter quantities with a
tilde are in the MSQI gauge, and all other quantities are in the
ADM gauge. The hydrostatic equilibrium equations can be nu-
merically integrated by prescribing a value for the central den-
sity ρc and the rotation rate (selected by setting a ratio of polar
radius rp to equatorial radius re), and by choosing a rotation
law. As is common in the literature we use

Ω = Ωc
A2

A2 + d2
(57)

as rotation law, where Ω is the angular velocity of the fluid
as measured from infinity, Ωc its value at the center, and d =
r sin θ the distance to the rotation axis. The positive constant A
parametrizes the rate of differential rotation, with A→ ∞ for a
rigid rotator and A � re for differentially rotating stars.

For the study of rotating neutron stars, we choose the poly-
tropic EOS (55) with K = 1.456× 105 (in cgs units) and γ = 2.
We construct a sequence of uniformly rotating models with a
central density ρc = 7.95 × 1014 g cm−3, and a ratio rp/re of
polar to equatorial coordinate radius ranging from 1.00 (spher-
ical model; labeled RNS0) to 0.65 (rapidly rotating model near
the mass-shedding limit; labeled RNS5). A summary of im-
portant quantities specifying these models is given in Table 1.
Note also that models with this choice of parameters are of
widespread use in the literature (see e.g. Font et al. 2002; or
Dimmelmeier et al. 2005, and references therein) and will be
used in this work for comparison with previous results obtained
with independent codes.

To model a stellar iron core as initial model for simulating
rotational stellar core collapse to a neutron star we again utilize
the HSCF method with the EOS parameters K = 4.897 × 1014

Table 2. Parameters used in the core collapse simulations. The initial
models are differentially rotating stellar cores specified by the param-
eter A controling the degree of differential rotation (cf. Eq. (57)) and
the ratio of rotational to potential energy, β = T/|W |. The collapse is
initiated by reducing γ from its initial value 4/3 to γ1. Additionally,
the values for the initial equatorial radius re and the initial ADM
mass MADM are given. The label AxByGz of each model is a combi-
nation of the initial rotation parameters A and β (AxBy) and the value
of γ1 during collapse (Gz).

Model A β re MADM γ1

[103 km] [%] [km] [M�]
A1B3G3 50.0 0.89 2247 1.46 1.31
A1B3G5 50.0 0.89 2247 1.46 1.28
A2B4G5 1.0 1.81 1739 1.50 1.28
A4B5G5 0.5 4.03 1249 1.61 1.28

(in cgs units) and γ = 4/3, chosen to approximate the pressure
profile in a degenerate electron gas. The initial central density
is set to ρc ini = 1010 g cm−3. Again each initial model is further
determined by its rotation profile parameter A and the rotation
rate, which is specified by the axis ratio rp/re or equivalently by
the ratio of rotational energy and gravitational binding energy,
β = T/|W |.

Following Dimmelmeier et al. (2002a) we use a hybrid
EOS in the core collapse simulations. This EOS consists of a
polytropic part Pp = Kργ plus a thermal part Pth = (γth − 1)εth,
where γth = 1.5 and εth = ε − εp. The thermal contribution is
chosen to take the rise of thermal energy due to shock heating
into account. Details of this EOS can be found in Dimmelmeier
et al. (2002a). Gravitational collapse is initiated by slightly de-
creasing γ from its initial value to γ1 < 4/3. As ρ reaches nu-
clear density ρnuc = 2.0 × 1014 g cm−3, we raise γ to γ2 = 2.5
and adjust K accordingly to maintain monotonicity of the pres-
sure. Due to this stiffening of the EOS the core undergoes a
bounce. In Table 2 we present the main properties of models
A1B3G3, A1B3G5, A2B4G5, and A4B5G5 used in this work
to study core collapse. These models are identical to those with
the same labels in the comprehensive core collapse study per-
formed by Dimmelmeier et al. (2002b).

We note that when evolving the initial models constructed
on the basis of the HSCF method (which uses the MSQI gauge)
with the CFC+ evolution code (which uses the ADM gauge),
we have to consider that in general the two gauges differ. This
could potentially lead to an unsuitable matching of the data de-
scribing the initial models when evolved with the numerical
code. Let us consider the most general metric in a generic dy-
namic scenario,

γi j = φ
4γ̂i j + hTT

i j (ADM gauge), (58)

γ̃i j = φ̃
4γ̂i j + γ̃〈i j〉 (MSQI gauge). (59)

In general γ̃〈i j〉 is not transverse, so that the ADM gauge and
the MSQI gauge differ. To quantify the differences between
both gauges it is relevant to compare the traceless part of
the 3-metric γ〈i j〉 and the trace γ̂i jγi j = 3φ4 itself. For an
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Fig. 1. Deviation from conformal flatness along the equatorial plane
for a typical rotating stellar core initial model (model A1B3; solid
line), and for a typical rotating neutron star in equilibrium with axis
ratio rp/re = 0.7 (model RNS4; dashed line). The vertical dotted line
indicates the equatorial stellar radius for the neutron star.

equilibrium stellar model constructed within the MSQI gauge
one obtains

γ̃〈i j〉 =
(
γ̃rr − γ̃ϕϕ

)
diag

(
1
3
,

1
3
,−2

3

)
· (60)

In Fig. 1 we plot equatorial profiles of |γ̃rr − γ̃ϕϕ|/(γ̂i jγ̃i j) for (i)
the equilibrium model A1B3 used as initial data for core col-
lapse simulations (lower curve; cf. Table 2), and for (ii) the
equilibrium rotating neutron star model RNS4 (upper curve;
cf. Table 1). In both cases, but especially in the (only weakly
relativistic) collapse initial model, we observe that deviations
from conformal flatness are negligible, which makes the initial
models built with HSCF method suitable for time evolution in
the CFC approximation. It also shows that the differences be-
tween both gauges are very small, namely of the same order
of magnitude as γ̃〈i j〉. Consequently, the use of initial models
computed in the MSQI gauge for evolutions using the ADM
gauge is entirely justified since the differences are negligible
and only appear at the second post-Newtonian order.

5. Rotating neutron stars

5.1. Effects of the boundary on the metric solution

As mentioned in Sect. 3.2 the location where the boundary con-
ditions for the CFC+ intermediate potentials are imposed can
have a significant impact on the accuracy of the metric solu-
tion. Additionally, the extension of the numerical grid is also of
paramount importance for numerically solving the CFC equa-
tions to obtain the conformal factor, the shift vector, and the
lapse function. As the sources of these equations have non-
compact support, it is necessary to integrate out far enough in
radius to obtain the desired accuracy for the numerical solution.

To accomplish this we use an extended (vacuum) grid go-
ing far beyond the actual stellar boundary. Monopole behavior
at the outer boundary of this vacuum domain has been checked
by comparison with calculations done imposing zero values for
the potentials as outer boundary conditions at extremely large
distances (see Fig. 2). Convergence tests with different param-
eters for the outer grid (number of cells, distance of the outer
boundary, amplification factor of the grid) were performed.
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Fig. 2. Effects of the outer boundary conditions on the equatorial ra-
dial profile of the intermediate potential Sr (top panel) and the met-
ric component hTT

rr (bottom panel) for the rotating neutron star model
RNS4. Zero-value boundary conditions are imposed at 62 km (dashed
line), at 104 km (dashed-dotted line), at 106 km (dashed-dot-dotted
line), and at 1011 km (solid line). Alternatively, monopole boundary
conditions are imposed at 62 km (open boxes) and at 106 km (filled
circles). Overplotted to Sr is the monopole behavior (dotted line).

The conclusion of these tests is that for simulations of rotat-
ing neutron stars we need to use a numerical grid consisting of
nθ = 30 angular cells and nr = 250 radial cells (of which 100
are equally spaced inside the neutron star and 150 are loga-
rithmically spaced for the atmosphere) to correctly capture the
conformally flat part of the metric. In order to impose outer
boundary conditions for the CFC+ metric potentials, an extra
grid of 70 radial cells extending out to 106 km needs to be
added.

5.2. CFC+ corrections to the 3-metric

We now turn to measure the magnitude of the CFC+ correc-
tions to the metric of our sample of rotating neutron star mod-
els (cf. Table 1). First, from the distribution of the hydrody-
namic variables in the equilibrium models provided by the
HSCF method we recompute the CFC+ metric components.
For equilibrium configurations, i.e. in an axisymmetric station-
ary spacetime, the components hTT

rϕ and hTT
θϕ vanish. All other

components are shown in Fig. 3 for different models with in-
creasing rotation rate. Note that as discussed in Sect. 4 the
ADM gauge is not quasi-isotropic in the CFC+ approach, be-
cause hTT

rθ � 0 and hTT
rr � hTT

θθ . Therefore, a direct comparison
with the full general relativistic metric calculated in the MSQI
gauge is not possible. As expected, hTT

i j vanishes for the spher-
ical case RNS0, in which both CFC and CFC+ agree exactly
with general relativity, and their metrics have no traceless and
transverse part. As we increase the rotation rate from RNS1
to RNS5, the value of hTT

i j increases, resulting in a departure of
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Fig. 3. Radial profiles at the equator of the non-vanishing components
of hTT

i j for the sequence of models RNS0 to RNS5. The strength of the
correction hTT

i j increases with the rotation rate. The equatorial radius
of each model is given in Table 1.

the metric from conformal flatness. As hTT
i j is a correction to the

conformally flat 3-metric (which is of order unity, φ ∼ 1), it can
be shown that even in our most extreme case RNS5, which is
very near to the mass shedding limit, the values of hTT

i j amount
to a correction of only about 1%. Therefore, qualitative differ-
ences with respect to the CFC approximation are not expected
in the dynamics of such objects.

5.3. Oscillations of rotating neutron stars

A further test of the new approximation for the metric is
provided by studying pulsations of rotating neutron stars. To
this aim we perturb the neutron star models described in
Sect. 4 with a density perturbation of the form ρpert = ρ [1 +
a cos (πr/(2re))], where a is an arbitrary parameter control-
ling the strength of the perturbation. The perturbed models
are evolved in time in two different ways, either considering
coupled evolutions for the hydrodynamics and the metric, or
evolving only the hydrodynamics in a fixed background metric

Table 3. Frequencies of small-amplitude quasi-radial pulsations for
model RNS4. We compare the frequencies obtained from simulations
with the present code (using either the CFC or the CFC+ approxima-
tion) with those obtained independently from a 3D full general rel-
ativistic code (GR). The results are extracted from time evolutions
where the spacetime metric is kept fixed (Cowling approximation).
The relative differences between the CFC+ and the GR code are shown
in the last column.

Mode f CFC f CFC+ f GR Rel. diff.
[kHz] [kHz] [kHz] [%]

F 2.48 2.48 2.468 0.5
H1 4.39 4.39 4.344 1.1
H2 6.30 6.30 6.250 0.8

corresponding to the metric provided by the elliptic solvers at
the first time step (an approximation commonly referred to in
the literature as the Cowling approximation). Both metric ap-
proximations, CFC and CFC+, are used to compare the respec-
tive results.

The oscillations of the stars can be observed in various hy-
drodynamic and metric quantities. In particular we monitor the
central density ρc, the radial velocity vr at half the stellar ra-
dius, and the gravitational wave amplitudes AE2

20 extracted with
the quadrupole formula. When Fourier transforming the time
evolution of these quantities, distinctive peaks appear at the
same (discrete) frequencies for any of these variables. Those
frequencies can be identified with the quasi-normal modes of
pulsation of the star, as described in Font et al. (2000). To fur-
ther validate our approach we present the quasi-normal modes
calculated in the CFC and CFC+ approximation in comparison
with those reported by Font et al. (2002), which are calculated
with a 3D code in full general relativity (without any approxi-
mation).

Table 3 shows the mode-frequencies for the fundamental
mode (F), as well as for the first (H1) and second (H2) harmon-
ics obtained in evolutions of model RNS4 in which the space-
time metric is kept fixed (Cowling approximation). The accu-
racy in the frequency values depends on the total time of the
evolution, increasing as the evolution is extended. We evolved
all models for 30 ms, finding no significant deviations in the
hydrodynamic profiles with respect to the original profiles of
the equilibrium models. For such an evolution time the FFT
yields a maximum frequency resolution of 0.03 kHz. Table 3
shows that no differences can be observed between the mode-
frequencies computed with CFC and CFC+, and that, in addi-
tion, there is very good agreement with the general relativistic
results, since the reported values are within the affordable res-
olution in frequency.

The corresponding results for the case of coupled evo-
lutions of the spacetime metric and the hydrodynamics are
shown in Tables 4 and 5 for the fundamental mode and the
first harmonic, respectively. In these simulations, for the sake
of computational efficiency and without affecting the dynam-
ics, the metric is calculated every 100th hydrodynamic time
step and extrapolated in between, as explained in Dimmelmeier
et al. (2002a). As in the Cowling simulations, all models are
evolved for 30 ms. Even for the more rapidly rotating models,
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Table 4. Fundamental mode frequency fF of small-amplitude quasi-
radial pulsations for a sequence of rotating polytropes with increasing
ratio of polar to equatorial radius rp/re. We compare the frequencies
obtained from simulations with the present code using either the CFC
or the CFC+ approximation with those obtained independently from a
3D full general relativistic code (GR). The results are extracted from
coupled spacetime metric and hydrodynamic time evolutions. The rel-
ative differences between the CFC+ and the GR code are shown in the
last column.

Model rp/re f CFC
F f CFC+

F f GR
F Rel. diff.

[kHz] [kHz] [kHz] [%]
RNS0 1.00 1.43 1.43 1.450 1.4
RNS1 0.95 1.40 1.40 1.411 0.8
RNS2 0.85 1.34 1.34 1.350 0.7
RNS3 0.75 1.27 1.27 1.265 0.4
RNS4 0.70 1.24 1.24 1.247 0.6
RNS5 0.65 1.21 1.21 1.195 1.0

Table 5. Same as Table 4 but for the frequency fH1 of the first har-
monic mode. In the model RNS5 this harmonic was not sufficiently
excited by the perturbation chosen for a clear identification of its
frequency.

Model rp/re f CFC
H1 f CFC+

H1 f GR
H1 Rel. diff.

[kHz] [kHz] [kHz] [%]
RNS0 1.00 3.97 3.97 3.958 0.3
RNS1 0.95 3.87 3.87 3.852 0.5
RNS2 0.85 3.95 3.95 3.867 2.0
RNS3 0.75 3.98 3.98 4.031 1.3
RNS4 0.70 4.02 4.02 3.887 2.0
RNS5 0.65 – – 3.717 –

no differences in the frequencies from the CFC and CFC+ sim-
ulations can be found. This result can again be explained by the
smallness of the components of hTT

i j , which does not modify the
dynamics considerably. Furthermore, the results agree to high
precision with the GR results of Font et al. (2002) within the
limits set by the temporal and spatial resolution.

We emphasize that, for accurately extracting the oscillation
mode frequencies, the code has to maintain the initial equilib-
rium configuration in a hydrodynamical evolution for many ro-
tation periods (usually several tens of periods). Independently
of the approximation assumed for the metric (either CFC or
CFC+) and the (small) gauge mismatch, we tested that our code
is able to perform that task successfully.

6. Rotational core collapse

We now present results of simulations of rotational core col-
lapse to neutron stars. The core collapse models we have se-
lected (see Table 2) are representative of the different types of
collapse dynamics and gravitational radiation waveforms ob-
served in the CFC simulations of Dimmelmeier et al. (2002a):
A1B3G5 as type I (regular collapse), A2B4G5 as type II (mul-
tiple bounce collapse), A1B3G5 as type III (rapid collapse),
and A4B5G5 as a case with extreme rotation, i.e. a strongly
and highly differentially rotating core with an initial torus-like
structure which is strongly enhanced during collapse. We use

a numerical grid consisting of nθ = 30 equally spaced angular
cells and nr = 300 logarithmically spaced radial cells covering
the star. In order to calculate hTT

i j and extract waveforms, an ex-
tra grid of 300 radial cells extending out to 1011 km needs to
be added (600 cells for model A2B4G1).

6.1. Collapse dynamics

In Figs. 4 and 5 we compare the time evolution of selected mat-
ter and metric quantities for all four collapse models considered
using both the CFC and the CFC+ approximation. We show the
time evolution of the central density ρc, which is a representa-
tive quantity of the hydrodynamic evolution. We present ρc for
all models except model A4B5G5 for which the time evolution
of the maximum density ρmax is used instead. In this model
the density maximum is not attained at the center due to the
strong differential rotation. The evolution of the central den-
sity in models A1B3G3 and A1B3G5 (see Fig. 4) shows a dis-
tinctive rise during collapse until ρc reaches its maximum at
the time of bounce tb (at tb ∼ 49 ms and tb ∼ 30 ms, respec-
tively). Later on, the density oscillates around the new equi-
librium value of the compact remnant (which can be identified
with the new-born proto-neutron star). These oscillations are
highly damped due to the presence of an extended stellar en-
velope surrounding the proto-neutron star. Note that in models
A2B4G1 and A4B5G5 (see Fig. 5), the collapse is stopped by
rotation before nuclear matter density is reached, as strong cen-
trifugal forces build up during the collapse. As a result, the evo-
lution of model A2B4G1 is characterized by consecutive mul-
tiple bounces, while the centrifugal hang-up in model A4B5G5
causes a single bounce below nuclear matter density, leaving a
low density proto-neutron star behind.

The top panels of Figs. 4 and 5 also show the central lapse
function αc (dashed line; labels on the right vertical axis). In
the CFC+ approach the new hTT

i j terms couple directly to the
metric Eq. (29) for α, while they couple indirectly to the metric
equations for φ and βi through α itself. The evolution of the
lapse closely mirrors that of the density, decreasing while the
density increases, i.e. while the star contracts, and vice versa.

For the four collapse models considered here, there is no
direct visual evidence of discrepancies between the CFC and
CFC+ results. The corresponding curves for CFC and CFC+
in the top panels of Figs. 4 and 5 coincide perfectly in the
case of both the lapse function and the density. Therefore, as
no appreciable differences are visible, we plot the relative dif-
ferences σ of these two quantities between CFC and CFC+ in
the second panels (from the top) of these figures. Maximum
differences of the order of ∼1% are found in the density evo-
lution (solid line) for the strongly differentially rotating mod-
els A2B4G1 and A4B5G5 (see Fig. 5). In the two other mod-
els the differences are two orders of magnitude smaller. The
lapse function (dashed line) shows even smaller differences be-
tween CFC and CFC+, the maximum values ofσ being smaller
than 0.1% even for the rapidly rotating models. This is sim-
ply due to the fact that hTT

i j arises at the 2PN order in the

3-metric while it appears with a pre-factor 1/c6 in the source
of α. In fact, the relative difference roughly coincides with the
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Fig. 4. Time evolution of hydrodynamic and metric quantities for the regular collapse model A1B3G3 (left) and the rapid collapse model
A1B3G5 (right). The top panels show the central density ρc (solid line) and lapse function αc (dashed line). Both the CFC and the CFC+ results
overlap. Nuclear matter density ρnuc is indicated by the horizontal dotted line. The second pair of panels from the top displays the relative
difference σ of ρc (solid line) and αc (dashed line) between the simulation using CFC and CFC+. In the third panels the CFC+ evolution of the
absolute values of hTT

rr (solid line), hTT
θθ (dashed line), hTT

ϕϕ (dashed-dotted line), as well as the trace of hTT
i j (dotted line) are shown, all measured

at the center of the star. Note that hTT
rr and hTT

ϕϕ cannot be discerned, as they practically overlap. The bottom panels depict the evolution of
the maximum absolute values of hTT

rθ (solid line), hTT
rϕ (dashed line), and hTT

θϕ (dashed-dotted line), respectively. Again the latter two quantities
closely coincide. The vertical dotted line in all panels marks the time of bounce tb.

one expected naively from the post-Newtonian approximation
level, i.e., hTT

i j ∼ (U/c2). By contrast, for slowly rotating col-
lapses described by models A1B3G3 and A1B3G5, the non-
conformally flat contribution is one order of magnitude smaller
than (U/c2). The factor 1/10 may be interpreted as coming
from the proximity of spherical symmetry.

The time evolution of the diagonal components of hTT
i j at

the center (r = 0) are also plotted in Figs. 4 and 5 (third panels
from the top), along with the trace of hTT

i j . Correspondingly, the
maximum absolute values of the off-diagonal terms of hTT

i j are
displayed in the panels at the bottom. As expected, the various
components of hTT

i j appear and increase with deviations from
sphericity. The profiles show that in all collapse simulations,
hTT

i j is quite small in comparison to the isotropic part which is
of order unity. It can be seen that models with strong gravity but
small asphericities (such as model A1B3G3) and models with
weaker gravity but more apparent deviations from sphericity
(such as models A2B4G1 or A4B5G5) all reach values for hTT

i j

of similar magnitude. Note that the components hTT
rϕ and hTT

θϕ

rapidly decrease after the bounce, because a quasi-equilibrium
configuration is reached in the new-born proto-neutron star.
In all cases considered the trace of hTT

i j is much smaller than

the hTT
i j components themselves, i.e. numerically hTT

i j is trace-
less to high accuracy and also remains traceless during the en-
tire evolution. In addition, we checked the transverse character
of hTT

i j , i.e. ∇ihTT
i j = 0. The latter expression is found to be com-

patible with zero, as the dimensionless quantity r ∇ihTT
i j is much

smaller than hTT
i j .

The radial profiles of hTT
i j are very similar for all collapse

models we have analyzed except for model A4B5G5 that col-
lapses off-center with a torus-like structure. In Fig. 6 we com-
pare this model to a model in which the maximum density is
reached at the center (A1B3G3). The profiles are depicted at the
instant of maximum density (tb = 48.9 ms for model A1B3G3
and tb = 31.2 ms for model A4B5G5) and at the end of the
simulation, when the system has reached equilibrium. For the
spheroidal model A1B3G3, the maximum values of hTT

i j are

reached at the center, and the components hTT
θθ and hTT

ϕϕ have
local maxima inside the star. However, in the toroidal model
A4B5G5 the maximum values are off-centered, while the three
components exhibit their peak value inside the torus. Note that
the strong deviations from sphericity in model A4B5G5 gener-
ate larger values of hTT

i j as compared to model A1B3G3 at the
time of bounce, but once the torus collapses to the final oblate
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Fig. 5. Same as Fig. 4 for the multiple bounce collapse model A2B4G1 (left) and the extremely rotating collapse model A4B5G5 (right). Both
models centrifugally bounce before reaching ρnuc. Note that for model A4B5G5 we plot the maximum density ρmax instead of ρc, as this model
has a toroidal density configuration.

star, the values become smaller than for the regular collapse
model.

Table 6 summarizes the results of all collapse simulations,
including relevant information to calculate the size of the near
zone λ/(2π) needed for the gravitational wave extraction we
discuss next.

6.2. Gravitational radiation waveforms

Gravitational waves from the collapse simulations discussed
in the preceding section were calculated for both the CFC
and the CFC+ approximation of the field equations, using the
quadrupole formula. In addition, in the case of CFC+ they were
also extracted directly from hTT

i j evaluated in the wave zone.
The radial extension of the near zone λ/(2π) can be calcu-
lated from the approximate size of the source re and the typical
timescale of gravitational wave emission 1/ fmax. Results for
each collapse model are listed in Table 6, which also gives the
distance rex at which the waveforms are actually extracted from
hTT

i j . For all models this distance is much larger than λ/(2π) (by
a factor of about 50), which ensures that the wave extraction is
done in the wave zone far away from the sources.

The gravitational waveforms are displayed in the top panels
of Figs. 7 and 8. The waveforms extracted using the quadrupole
formula (solid lines) are very similar for CFC and CFC+ and
would not be discernible in the figures. Thus, only the CFC+
waveforms are plotted, along with the absolute differencesσabs

with respect to CFC (shown in the bottom panels of each

figure). For all collapse models considered the differences are
smaller than 0.1% of the signal maximum. This is expected
from the fact that the quadrupole formula involves an inte-
gral of hydrodynamic quantities, and from the observation that
the modifications in the collapse dynamics between CFC and
CFC+ are not significant, as mentioned in Sect. 6.1.

Concerning the waveforms extracted directly from hTT
i j

(dashed and dotted lines in Figs. 7 and 8), it can be seen
that when directly using Eq. (52) to calculate the wave am-
plitude AE2

20 , the resulting signals are larger at bounce for all
models. After bounce these signals show an offset for the mod-
els with stronger gravity (A1B3G3 and A1B3G5, see Fig. 7),
where the waveform amplitude should actually approach zero,
because the pulsations of the new-born proto-neutron star are
rapidly damped and the star tends towards a state of equi-
librium. If the signals are corrected by means of Eq. (54),
the offset disappears and the gravitational wave amplitude
agrees remarkably well with the waveforms calculated with the
quadrupole amplitude. Although the extraction methods are not
really independent, the agreement found between the two ways
of calculating waveforms in the CFC+ approach is a consis-
tency check for the calculation of the hTT

i j , because the asymp-
totic behavior given by Eq. (52) can be assessed numerically
this way.

The agreement holds for all cases except for model
A2B4G1, where the amplitudes obtained by the quadrupole
formula and from the hTT

i j differ by about 50% both at the main
bounce and at the subsequent bounces even after the offset
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Table 6. Summary of various quantities that characterize the different core collapse models. The table shows the time of bounce tb, the maximum
density at bounce ρb, the maximum density reached after the bounce ρf , the gravitational wave amplitude at bounce

∣∣∣AE2
20

∣∣∣
b

as measured using the
quadrupole formula, the dominant frequency fmax of proto-neutron star oscillations, the radius re f of the star after bounce and ringdown (defined
as the radial location along the equator where the density first falls below 10% of the maximum density), the size of the near zone λ/(2π), and
the distance rex at which gravitational waves are extracted from hTT

i j .

Model tb ρb ρf

∣∣∣AE2
20

∣∣∣
b

fmax re f λ/(2π) rex

[ms] [1014 g cm−3] [1014 g cm−3] [cm] [Hz] [km] [km] [103 km]
A1B3G3 48.89 4.23 3.22 1223 674 13 71 2.6
A1B3G5 30.25 4.65 3.53 131 890 9 52 2.6
A2B4G1 101.60 0.60 0.27 936 54 34 884 40.0
A4B5G5 31.23 1.78 0.096 3757 142 60 334 20.0

correction is applied. For this particular model the size of the
near zone is very large, λ/(2π) = 884 km; therefore, an accu-
rate extraction of the waveforms can only be performed at a
radius very far away from the star. We thus set the extraction
radius rex = 4 × 104 km. As a consequence the extended grid
needs to be covered with at least 600 radial zones in order to
avoid too extreme logarithmic cell spacing, which would be the
source of numerical inaccuracies in the fall-off behavior when
solving the elliptic equations with finite difference methods.

7. Summary and conclusions

We have presented a new approximation for the Einstein
field equations, which we call CFC+. We tested its suitabil-
ity for simulations of rotating neutron star spacetimes, both
for equilibrium models and for configurations formed after
gravitational core collapse. This approach is based on sec-
ond order post-Newtonian corrections from conformal flat-
ness, i.e. CFC+ represents an extension of the CFC (or
Isenberg–Wilson–Mathews) approximation. The derivation of
the extended system of equations has been presented in great
detail, as well as the boundary conditions to apply when nu-
merically solving them. All CFC+ field equations are elliptic,
since at second post-Newtonian order the hyperbolic character
of the Einstein equations disappears. This is a consequence of

the fact that the time derivatives of hTT
i j appear first at the 2.5th

post-Newtonian order.

We note in passing that solving elliptic equations en-
sures numerical stability of the solution and avoids numerical
problems sometimes encountered in long-term evolutions of
strongly gravitating systems when using the 3+1 formulation of
general relativity. On the other hand, the price to pay for using
this approximation is that gravitational radiation reaction on the
dynamics, caused by gravitational waves carrying away energy
and angular momentum from the system, is absent. However,
in the case of models where a comparison of our results to fully
general relativistic results is possible, we checked that the ab-
sence of gravitational back-reaction does not significantly af-
fect the results. In scenarios such as the merging of compact
binaries (not investigated here), this effect would indeed be im-
portant, but only at late times. Hence, CFC+ should also be a
good approximation for modeling phenomena occurring on dy-
namical timescales, such as the final stages of the plunge and
merger.

We compared the new CFC+ approximation with the CFC
approach used by Dimmelmeier et al. (2002a,b) in two differ-
ent scenarios, oscillating relativistic stars and core collapse to a
neutron star. In the case of pulsating neutron stars, we find that
there are no differences in the calculation of the quasi-radial
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Fig. 7. Gravitational wave amplitude AE2
20 computed with the CFC+ approximation of the spacetime metric for the regular collapse model

A1B3G3 (left) and the rapid collapse model A1B3G5 (right). Depicted in the top panels are the waveforms extracted using the quadrupole
formula (solid line) and extracted directly from hTT

i j with (dashed line) or without (dashed-dotted line) corrections for the offset after core
bounce. The lower panels show the absolute difference σabs of the quadrupole waveforms obtained using the CFC+ and CFC approximation of
the spacetime metric. The vertical dotted line marks the time of bounce tb.
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Fig. 8. Same as Fig. 7 for the multiple bounce model A2B4G1 (left) and the extremely rotating collapse model A4B5G5 (right).

normal mode frequencies of those objects, even in the most
extreme situations considered when the star is rotating at the
maximum allowed rate (i.e. at the mass-shedding limit). It has
been possible to compare our results directly with fully general
relativistic computations and, again, a very close agreement is
found. Furthermore, our simulations of stellar core collapse
to neutron stars covered the basic morphology and dynamics
of core collapse types studied by Dimmelmeier et al. (2002b)
well, including the extreme case of a core with strong differ-
ential rotation and torus-like structure. Once more, no signifi-
cant differences between the two approximations are observed.
Therefore, we can conclude that second post-Newtonian cor-
rections to CFC do not significantly improve the results when
simulating the dynamics of core collapse to a neutron star as
well as when investigating the evolution of neutron stars in
equilibrium.

Regarding the gravitational wave extraction we did not
observe any substantial differences between CFC and CFC+
as well. The comparison has been carried out using the

quadrupole formula, commonly employed in the literature to
extract gravitational waveforms. In addition we also calculated
the gravitational waves directly from the hTT

i j , which permits a
straightforward use of the spacetime metric to study the grav-
itational wave generation mechanism from the near zone to
the wave zone. Although the waveforms computed with the
latter approach cannot be regarded as an independent way of
calculating gravitational wave signals, it nevertheless provides
a good consistency check of the CFC+ approximation that
has served to validate the numerical scheme we use to calcu-
late hTT

i j .

The main conclusion of this work is the assessment of the
CFC approximation as a highly suitable alternative to the full
Einstein equations in axisymmetric scenarios, involving ro-
tating neutron stars in equilibrium and as end states of core
collapse. These findings are supported by two facts: first, we
demonstated that second post-Newtonian corrections do not
play an important role in either the dynamics or the gravita-
tional radiation waveforms of core collapse. This suggests that
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higher order post-Newtonian corrections will be completely in-
significant at least on dynamic timescales. Second, the direct
comparison of the CFC approach with exact fully general rel-
ativistic simulations of pulsating neutron stars yields normal-
mode frequencies in excellent agreement. Furthermore, com-
parisons of the CFC approach with fully general relativistic
simulations were also reported recently by Shibata & Sekiguchi
(2004a) in the context of axisymmetric core collapse simula-
tions. Again, the differences found in both the dynamics and
the waveforms are minute, which highlights the suitability of
CFC (and CFC+) for performing accurate simulations of those
scenarios without the need for solving the full system of the
Einstein equations.

With this investigation we showed that a numerical code
based on CFC is a very useful tool for investigating core col-
lapse to neutron stars in general relativity. Hence, the CFC ap-
proach (as well as CFC+) is suitable to form the basis of a
future core collapse supernova code which can be gradually
extended in various directions to incorporate additional physics
such as realistic equations of state, magnetic fields, and even-
tually neutrino transport. In the near future we plan to further
validate the CFC+ equations in other scenarios where higher
densities are present (e.g. collapse to a black hole), as well as
in the fully three-dimensional case (namely to investigate the
merging of neutron stars). Such scenarios are in principle be-
yond the range of applicability of the CFC approximation, but
can possibly still be handled in a satisfactory way with the new
CFC+ approach presented in this work.
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Appendix A: metric equation for the lapse function
in CFC+

The correction to the CFC metric up to second post-Newtonian
order may be obtained in the Hamiltonian framework of ADM
within the eponym gauge (see also Regge & Teitelboim 1974,
for an analysis in asymptotically flat spacetimes; and Holm
1985, for a generalization to isolated perfect fluids). The orig-
inal canonical variables are chosen to be the 3-metric γi j and
its conjugate momentum c3πi j/(16πG) with πi j = −

√
γ̄(Ki j −

Kγi j), but once the coordinate system has been fixed, four of
the six remaining field degrees of freedom are eliminated by
imposing the Hamiltonian constraint (14) and the three mo-
mentum constraints (15). These four field degrees of free-
dom correspond to the conformal factor φ and to the sym-
metric trace-free part πi j

LL of the tensor 2∆̂−1(γ̂ik∇̂k∇̂lπ
jl) −

∆̂−2(γ̂imγ̂ jn∇̂k∇̂l∇̂m∇̂nπ
kl)/2, respectively.

Only two transverse trace-free (TT) field variables are left,
namely hTT

i j = γi j − φ4γ̂i j on the one hand, and πi j
TT = π

i j − πi j
LL

on the other. By construction, we have:

γ̂kl∇̂khTT
il = 0, γ̂i jhTT

i j = 0, (A.1)

∇̂ jπ
i j
TT = 0, γ̂i jπ

i j
TT = 0. (A.2)

The reduced Hamiltonian H is obtained by substituting φ with
φ[hTT

pq , π
pq
TT] and πi j with πi j[hTT

pq , π
pq
TT] in the Hamiltonian of

general relativity for asymptotically flat spacetimes. The con-
tributions of the super-Hamiltonian and super-momentum den-
sities vanish, so that H[matter variables, hTT

pq , π
pq
TT] is given by

the surface integral defining the ADM mass “on a shell”,

H =
c4

16πG

∫
d2Ŝ i

√
γ̂γ jk

(
∇̂ jγik − ∇̂iγ jk

)

= − c4

2πG

∫
d3x

√
γ̂∆̂φ, (A.3)

where the surface element dŜ i
√
γ̂ refers to the flat metric. The

reduced Hamiltonian (A.3) contains the full dynamical infor-
mation about the system. In particular, as shown by Regge &
Teitelboim (1974), the field evolution is governed by the equa-
tions of motion

∂th
TT
i j =

16πG
c3 γ̂

TTkl
i j

δH
δπkl

TT
, (A.4)

∂tπ
i j
TT = −

16πG
c3 γ̂

i j
TTkl

δH
δhTT

kl
, (A.5)

with

γ̂TTkl
i j =

1
2

(
δk

i − γ̂
kp∆̂−1∇̂i∇̂p

) (
δl

j − γ̂
lq∆̂−1∇̂ j∇̂q

)

+
1
2

(
δk

j − γ̂
kp∆̂−1∇̂ j∇̂p

) (
δl

i − γ̂
lq∆̂−1∇̂i∇̂q

)

−1
2

(
γ̂i j − ∆̂−1∇̂i∇̂ j

) (
γ̂kl − γ̂kpγ̂lq∆̂−1∇̂p∇̂q

)
, (A.6)

and a similar formula for γ̂i j
TTkl. The role of these operators

is to ensure the transverse trace-free projection of the Fréchet
derivative δH/δπkl

TT and δH/δhTT
kl , respectively. The calculation

of H in terms of D∗, S ∗i , P, as well as the field variables hTT
i j

and πi j
TT, can be done essentially by eliminating φ in Eq. (A.3)

with the help of the Hamiltonian constraint (14). This is achiev-
able in perturbative treatments such as the post-Minkowskian
or the post-Newtonian ones, consisting of the formal expan-
sion of all quantities at play in powers of the gravitational con-
stant G or of the inverse of the square of the speed of light 1/c2.

In the course of eliminating φ, we use Eq. (14) in a more
explicit form. For this we first express the 3-curvature R as a
function of φ and hTT

i j . By making extensive use of the relations

γi j∇̂lγ
jk = −γ jk∇̂lγi j and ∇̂kγ̄ = (γ̄γi j)∇̂kγi j, the combination

γ̄3R can be written as (cf. Schwinger 1963)

γ̄3R = −γ̄2∇̂i∇̂ j

(
γ̄γi j

)

+
1
2
∇̂iγ̄

2∇̂ j

(
γ̄γi j

)
− 1

4

(
γ̄γi j

)
∇̂iγ̄∇̂ jγ̄

−1
2
γ̄
(
γ̄γ jl

)
∇̂ j

(
γ̄γik

)
∇̂iγkl

+
1
2

(
γ̄γik

) (
γ̄γ jl

)
∇̂ jγ̄∇̂iγkl

+
1
4
γ̄
(
γ̄γik

)
∇̂k

(
γ̄γ jl

)
∇̂iγ jl

−
1
4

(
γ̄γ jl

) (
γ̄γik

)
∇̂kγ̄∇̂iγ jl. (A.7)
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By definition, the determinant γ̄ is equal to the antisymmetric
sum of products 3! γ̂p[1γ̂2qγ̂3]rγp1γq2γr3 = γ̂

p[iγ̂ jqγ̂k]rγpiγq jγrk

on a Cartesian grid, the square brackets denoting antisym-
metrization of non-underlined indices. Its explicit expression is
given, e.g., by Schäfer (1985). Similarly, the i j-component of
the comatrix γ̄γi j is known to be εikl(εrmnγ̂

jrγ̂mpγ̂nqγpkγql)/2,
where εikl is the permutation operator. From the identity
εrklε jmn = 3! δ[r

j δ
k
mδ

l]
n it is straightforward to obtain γ̂ikγ̂ jlγ̄γ̂

kl

as a function of φ and hTT
i j . After inserting the relations for γ̄

and γ̄γi j in the right-hand side of Eq. (A.7), it is expanded in
powers of hTT

i j and truncated consistently at the post-Newtonian
level of hTT

i j hTT
kl , denoted as O(h2). At this point we have an ex-

pression for γ̄R as a function of ∆̂φ.
In addition to R, there is a second contribution to the left-

hand side of the Hamiltonian constraint surviving in the ab-
sence of matter, namely Ki jKi j − K2 = [πi

jπ
j
i −

1
2 (πi

i)
2]/γ̄.

In the ADM formulation, the momentum πi j decomposes into
π

i j
LL + π

i j
TT. The first term πi j

LL is of order 1/c3, being a sum
of derivatives of Poisson inverse operators acting on ∇̂ jπ

i j =

O(∇ jKi j), which is itself O(1/c3) according to the momentum
constraint equation. The second term, linear in hTT

i j , is trans-

verse and trace-free, hence γ̂i jπ
i j
TT = 0. Moreover, the ADM

gauge condition implies γ̂i jπ
i j = γ̂i jπ

i j
LL = 0.

Finally, we consider the matter source term E in the
Hamiltonian constraint. The corresponding density E∗ =

√
γ̄E

may be written as

16πG
c4

E∗ =
16πG

c2





[
(D∗h)2 + φ−4γ̂mn S ∗mS ∗n

c2

]1/2

×
(
1 − 1

2
γ̂ikγ̂ jlhTT

kl

S ∗i S ∗j
c2D∗ 2

)
− φ

6P
c2





+O
(

h

c6

)
+ O

(
h2

c2

)
· (A.8)

This yields an elliptic equation for V = 2(φ − 1) = O(1/c2) up
to O(h/c6) and O(h2/c2) corrections:

−4∆̂V = −4∇̂iφ∇̂ jφ γ̂
ikγ̂ jlhTT

kl

+
1
4
γ̂klγ̂imγ̂ jn∇̂khTT

i j ∇̂lh
TT
mn

−4∇̂i

(
φ−4∇̂ jφ γ̂

ikγ̂ jlhTT
kl

)
−

1
2
∆̂

(
γ̂i jγ̂klhTT

ik hTT
jl

)

+
1
2
∇̂i∇̂ j

(
γ̂klγ̂miγ̂n jhTT

kmhTT
ln

)

+γ̂ikγ̂ jl

(
π

i j
LLπ

kl
LL + 2πi j

LLπ
kl
TT + π

i j
TTπ

kl
TT

)

+
16πG

c2
φ−1





[
(D∗h)2 + φ−4γ̂mn S ∗mS ∗n

c2

]1/2

×
(
1 − 1

2
γ̂ikγ̂ jlhTT

kl

S ∗i S ∗j
c2D∗ 2

)
− φ

6P
c2





+O
(

h

c6

)
+ O

(
h2

c2

)
· (A.9)

As the terms containing a factor hTT
i j or πi j

TT are propor-

tional to the coupling constant G/c2 of general relativity,
Eq. (A.9) reduces to ∆̂V = −4πGD∗/c2 + O(1/c4) at the
lowest post-Newtonian approximation. Thus, if we introduce
the Newtonian potential U defined as the smooth solution of
the Poisson Eq. (28) vanishing at spatial infinity, we have
V = U/c2 + O(1/c4), plus a possible harmonic function.
Assuming an asymptotically flat space-time, this function must
tend asymptotically towards zero while being regular, and so
it has to be identically zero. Another important piece of infor-
mation provided by Eq. (A.9) is the value of the lowest order
contribution to the potential V that depends on the field vari-
ables. It is given by the equation

−4V = ∆̂−1
(
−4∇̂i∇̂ jφγ̂

ikγ̂ jlhTT
kl

)
+ O

(
h

c4

)

+pure matter part, (A.10)

which shows incidentally that φ = 1 + V/2 is not affected by a
non-zero hTT

i j at the leading post-Newtonian approximation in
the field. Inserting the resulting expression for the conformal
factor into the Hamiltonian constraint (A.9), we arrive at

−4∆̂V = − 1
c4

(
2∇̂iU∇̂ jU + 8πG

S ∗i S ∗j
D∗

)
γ̂ikγ̂ jlhTT

kl

+
1
4
γ̂klγ̂imγ̂ jn∇̂khTT

i j ∇̂lh
TT
mn

+γ̂ikγ̂ jl

(
2πi j

LLπ
kl
TT + π

i j
TTπ

kl
TT

)

+O
(

h
c6

)
+ O

(
h2

c2

)

+total derivative + pure matter part. (A.11)

The pure matter part has been kept aside because it does not
enter the computation of hTT

i j . The total derivative terms are ir-
relevant for the investigation of the field evolution. Indeed, by
virtue of relation (A.3), the Hamiltonian is given by the spatial
integral of −c4∆̂V/(4πG). Thus the dynamics of the gravita-
tional interaction is described by

H field
+int.
=

c4

16πG

∫
d3x

√
γ̂

×

−

1
c4

(
2∇̂iU∇̂ jU + 8πG

S ∗i S ∗j
D∗

)
γ̂ikγ̂ jlhTT

kl

−
1
4
∆̂

(
γ̂imγ̂ jnhTT

mn

)
hTT

i j

+γ̂ikγ̂ jl

(
2πi j

LLπ
kl
TT + π

i j
TTπ

kl
TT

)



+O
(

h

c6

)
+ O

(
h2

c2

)
, (A.12)
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in agreement with Schäfer (1990). The Hamilton equations
provide the evolution of the field. They take the explicit form

∂th
TT
i j = 2cγ̂TTkl

i j

[
γ̂kmγ̂ln

(
πmn

LL + π
mn
TT

)]

+O
(

1
c5

)
+ O

(
h
c

)

= 2cγ̂ikγ̂ jlπ
kl
TT + O

(
1
c5

)
+ O

(
h
c

)
, (A.13)

∂tπ
i j
TT = −cγ̂i j

TTkl


−

2
c4

(
∇̂mU∇̂nU + 4πG

S ∗mS ∗n
D∗

)
γ̂kmγ̂ln

−1
2
∆̂

(
γ̂kmγ̂lnhTT

mn

)



+O
(

1
c5

)
+ O

(
h
c

)
· (A.14)

The non-conformally flat part of the 3-metric appears first at the
second post-Newtonian approximation. Its leading order is ob-
tained by inserting the above expression for ∂tπ

i j
TT into the time

derivative of Eq. (A.13). The resulting equation is of wave type.
In the near zone, all terms of order 1/c6 may be neglected, in
particular the time derivative contribution to the d’Alembertian
operator. Hence the non-conformally flat part of the 3-metric
satisfies

∆̂hTT
i j = −

γ̂TTkl
i j

c4

(
4∇̂kU∇̂lU + 16πG

S ∗kS ∗l
D∗

)
+ O

(
1
c6

)
, (A.15)

which is identical up to second post-Newtonian order to
Eq. (26).

The equation for the lapse function α is derived from
the gauge conditions (17), (18) combined with the evolution
Eq. (13) for the extrinsic curvature Ki j. From the identity
πi jγ̂i j = 0, we deduce that the trace is negligible at this level
of approximation:

γ̂i jKi j =
1

2
√
γ̄

(2
√
γ̄γ̂i jK

i j) + O
(

h
c3

)

=
1

2
√
γ̄
πi jγ̂i j + O

(
h
c3

)

= O
(

1
c7

)
· (A.16)

By contracting Eq. (13) with the inverse 3-metric γi j, we ar-
rive at

γi j

c
∂tKi j =

φ−4

c
∂t

(
γ̂i jKi j

)
+ O

(
1
c8

)
= O

(
1
c8

)
, (A.17)

from which follows that

−∇i∇iα + αR + Kik (−2αKik + 2∇iβk)

−4πG
c4

(−S + 3E) = O
(

1
c8

)
· (A.18)

Due to the fact that Kik is symmetric and trace-free, neglecting
corrections of order O(h/c3), the product Kik(−2αKik + 2∇iβk)
can be written as Kik(−2αK〈ik〉 + 2∇〈iβk〉) +O(h/c6). The terms

inside the parentheses vanish according to the symmetric trace-
free version of Eq. (12),

−2αK〈i j〉 + 2∇〈iβ j〉 =
1
c
∂tγ〈i j〉 = O

(
1
c5

)
, (A.19)

so that Kik(−2αKik + 2∇iβk) = O(1/c8). Next, we see from the
Hamiltonian constraint equation that the interaction and field
parts of the scalar curvature R appearing in Eq. (A.18) are ac-
tually of orderO(h/c4) = O(1/c8). On the other hand, we know
that E∗ = O(h/c4) + pure matter terms. We have similar equal-
ities for E and S = S i

i. Therefore, we find

1
√
γ̄
∇̂i

( √
γ̄γi j∇̂ jα

)
= O

(
1
c8

)
+ pure matter part

= ∆̂α − ∇̂i∇̂ jα γ̂
ikγ̂ jlhTT

kl . (A.20)

At the lowest approximation, we may replace α by (−g00 +

βiβ
i)1/2 = 1 − U/c2 + O(1/c4). In the end, the elliptic equation

for the lapse in the presence of hTT
i j is modified to

∆̂α =
(
∆̂α

)
hTT

i j =0
−

1
c2
γ̂ikγ̂ jl hTT

i j ∇̂k∇̂lU + O
(

1
c8

)
· (A.21)

This is the desired CFC+ metric equation for the lapse func-
tion α. It can easily be transformed into Eq. (29) in Sect. 2.4,
remembering that φ coincides with the CFC conformal factor
at this level. Since U/c2 is Newtonian, γ̂ikγ̂ jlhTT

i j ∇̂k∇̂lU/c2 cor-
responds to the second post-Newtonian order for the dynamics.

The equation for the shift can be obtained in principle
by contracting the 3-metric evolution with the help of the
Euclidean metric γ̂i j. However, with respect to the conformally
flat case, the new terms are proportional to a product of the
type K (or β) times hTT

i j . They are therefore negligible at the
second post-Newtonian level and will not be computed here.
As already pointed out, the equation for the conformal factor
remains unaffected at that level as well. Thus in general, all
CFC equations, except the one for the lapse function, remain
unaltered.

Appendix B: inversion of the equation
for the 3-metric correction in CFC+

To express the second post-Newtonian correction hTT
i j in CFC+

with the help of intermediate potentials and thus to invert
Eqs. (26) into (35) in Sect. 2.4, we proceed in three stages:
(i) We make the action of γ̂TTkl

i j explicit in Eq. (26). The re-
sult is integrated formally by means of the Poisson integral
operator ∆̂−1. By virtue of its linearity property, we obtain a
weighted sum of Poisson potentials of generic type ∆̂−1Fmn (up
to possible index contractions) or super-potentials of the form
∆̂−2∇̂i∇̂ jFmn = ∆̂

−1(∆̂−1∇̂i∇̂ jFmn) and ∆̂−3∇̂i∇̂ j∇̂kFmn. (ii) We
transform the super-potentials into simple Poisson potentials in
order to get rid of all derivatives acting directly on the sources.
(iii) We insert the resulting quantities into the transverse trace-
less tensor ∆̂−1γ̂TTkl

i j Fkl and perform some additional manipu-
lations that lead to the final expression. These steps are per-
formed in detail in the following.

It is straightforward to expand the operator γ̂TTkl
i j defined in

Eq. (A.6) and to apply it to the source Fkl given in Eq. (27).
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Taking the symmetry in the two indices k and l into account,
inverting the tensor Poisson Eq. (26) then yields

hTT
i j = ∆̂

−1
(
γ̂TTkl

i j Fkl

)

= ∆̂−1Fi j −
1
2
γ̂i j∆̂

−1
(
γ̂klFkl

)

−2∆̂−2
(
γ̂kl∇̂k∇̂(iF j)l

)
+

1
2
∆̂−2∇̂i∇̂ j

(
γ̂klFkl

)

+
1
2
γ̂i j∆̂

−2∇̂k∇̂l

(
γ̂mkγ̂nlFmn

)

+
1
2
∆̂−3∇̂i∇̂ j∇̂k∇̂l

(
γ̂mkγ̂nlFmn

)
. (B.1)

As the Poisson integral ∆̂−1Fkl converges, all other
(super-)potentials entering Eq. (B.1) are also well de-
fined. However, they cannot be handled easily. For instance,
quantities such as ∆̂−2Fmn or ∆̂−3Fmn are a priori meaningless,
which shows that the derivatives cannot commute with the
integrals. In order to operate on the sources without meeting
any serious restrictions, it is convenient to resort to the tool of
Hadamard finite part regularization.

It is beyond the scope of this paper to review all properties
of the Hadamard finite part. However, as it will be used in-
tensively in the following, we recall its definition for complete-
ness, as well as those features needed in our derivation. When a
function f (x), x ∈ R3, is smooth outside a finite number of sin-
gularities, locally integrable, but not integrable on R3, we can
instead consider the new integrand (|x − x0|/r0)B f (x), where B
is a complex number, r0 a positive number, and where |x − x0|
denotes the Euclidean norm of x − x0, with x0 being an arbi-
trary vector of R3. The integral

∫
|x−x0 |>r0

d3x (|x − x0|/r0)B f (x),

defined by means of the natural measure d3x = dx1 dx2 dx3

in Cartesian coordinates, converges for B belonging to an ap-
propriate domain D of the complex plane. It can be regarded
as a holomorphic function on D. It is then possible to extend
I f (B) =

∫
d3x (|x − x0|/r0)B f (x) by analytic continuation as

close to the point B = 0 as desired, and to obtain its Laurent ex-
pansion

∑
k∈Z(I f )kBk there, as explained by Blanchet & Damour

(1986). The zeroth order coefficient (I f )0 is often referred to as
the finite part integral of f (x), which in our notation reads

FPB=0

∫
d3x

√
γ̂

(
|x − x0|

r0

)B

f (x) = (I f )0. (B.2)

The finite part integral of f may depend on the arbitrary ra-
dius r0; in fact, this will typically happen when the result con-
tains logarithms. Nonetheless, as long as f is integrable, its fi-
nite part integral coincides with

∫
d3x f and does not show any

dependence on r0.
An important property of the Hadamard regularization is

that the finite part Poisson integral of a smooth function always
exists, whereas the simple Poisson integral may not. The co-
variant expression of this finite part reads

FP∆̂−1
x0

f = FPB=0

∫
d3x′

√
γ̂

−4π

(
|x′ − x0|

r0

)B f (x′)
|x − x′|

, (B.3)

where the Euclidean volume element has been written as
d3x

√
γ̂ in an arbitrary coordinate system. When ∆̂−1 f exists,

it satisfies FP∆̂−1
x0

f = ∆̂−1 f . In any case, the regularized Poisson
integral is the particular solution of a Poisson equation of the
type ∆̂g = f . Thus, the operator FP∆̂−1 constitutes a genuine
generalization of the ordinary Poisson operator ∆̂−1 and will be
denoted as ∆̂−1

x0
henceforth. It has the important property that

it commutes with the spatial derivatives ∇̂i, which allows us to
work on the form of the elementary (super-)potentials by ap-
plying simple and systematic rules.

An important formula related to the Hadamard regulariza-
tion is the one giving the generalized Poisson integral of the
distance to the field point x,

∆̂−1
x |x − x′|A = |x − x′|A+2

(A + 2)(A + 3)
, (B.4)

for an arbitrary complex exponent A � −2,−3. Notably,
it can be used to evaluate the action of the operator
∆̂−1

x = FPC=0

∫
d3x′′

√
γ̂/(−4πrC

0 |x − x′′|) on the “ra”-potential

FPB=0

∫
d3x′

√
γ̂|x−x′|a+B f /(−4πrB

0 ) with a ∈ Z. By permuting
the two triple integrals, we obtain the relation

∆̂−1
x FPB=0

∫ d3 x′
√
γ̂

−4πrB
0
|x − x′|a+B f

= FPB=0

∫
d3 x′
√
γ̂|x−x′|a+B+2 f

−4πrB
0 (a+B+2)(a+B+3)

· (B.5)

The result has the same form as the source. If we make ∆̂−1 act
on it, we arrive at a quantity of the same type. This provides
a straightforward procedure to determine the action of ∆̂−p =

(∆̂−1)p, p ∈ N, on the original integral iteratively. In this way,
we find:

∆̂
−p
x FPB=0

∫
d3x′

√
γ̂

−4πrB
0

|x − x′|a+B f

= FPB=0

∫
d3x′

√
γ̂

−4πrB
0

(a + B + 1 + 2p)−1

× (a + B + 2p)−1 . . . (a + B + 2)−1

× |x − x′|a+B+2p f . (B.6)

If the usual “ra”-potential with source f exists, the pth iter-
ated Poisson integral ∆̂−1

x of its pth derivative also does. It is
equal to ∇̂i1 . . . ∇̂ip applied to the right-hand side of Eq. (B.6).
When we put all derivatives under the integration symbol, we
end up with a convergent integral. At this stage, one no longer
needs regularization, so we may take B = 0 if none of the terms
(a + 2p + 1), (a + 2p), . . . , (a + 2) vanish. Finally, we pull the
coefficients (a + 1 + 2p)−1(a + 2p)−1 . . . (a + 1 + p)−1 out of
the integration symbol and reintroduce the finite part. We have
then proved the formula giving the explicit action of ∆̂−p

x on
arbitrary sources,

∆̂
−p
x FPB=0

∫ d3 x′
√
γ̂

−4πrB
0
|x − x′|a+B∇̂i1 . . . ∇̂ip f =

∇̂i1 ...∇̂ip FPB=0

∫ d3 x′
√
γ̂

−4πrB
0
|x−x′ |a+B+2p f

(a+1+2p)(a+2p)...(a+2) , (B.7)

to be valid for a + 2p + 1 � N.
This allows us to write the potentials and super-potentials

in a form suitable for numerical integration. For this purpose,
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we can recourse to fairly standard techniques, some of which
were used in particular by Blanchet et al. (1990) to deal with
the derivative of the Newtonian super-potential. With the help
of Eq. (B.7) and the commutation relation ∆̂−1

x ∇̂i = ∇̂i∆̂
−1
x , we

transform the expression of the (super-)potentials ∆̂−2∇̂i∇̂ jFkl

or ∆̂−3∇̂i∇̂ j∇̂k∇̂lFmn entering the non-conformal part of the
3-metric (with possible index contractions). By doing this, we
try to minimize the number of free indices that remain inside
the integral and, for numerical reasons, to get rid of all spatial
derivatives of the densities D∗ or S ∗i in the final expressions.
The transformation of ∆̂−2∇̂i∇̂ jFkl, for instance, is achieved in
four steps: (i) we let both derivatives commute with the integra-
tion symbol, ∆̂−2∇̂i∇̂ jFkl = ∇̂i∇̂ j∆̂

−2
x Fkl; (ii) we rewrite ∆̂−2

x Fkl

according to Eq. (B.6) with p = 2; (iii) we make one of the
derivatives act on the kernel |x − x′|1+B so that there remains
only one unevaluated spatial derivative operating on a linear
combination of simple Poisson integrals; and (iv) we let the
derivative act. This yields

∆̂−2∇̂i∇̂ jFkl =
1
2

[
γ̂i j∆̂

−1
x Fkl + γ̂ jmxm∇̂i∆̂

−1
x Fkl

−∇̂i∆̂
−1
x (γ̂ jmxmFkl)

]
. (B.8)

The respective transformation of ∆̂−3∇̂i∇̂ j∇̂kFmn is very
similar:

∆̂−3∇̂i∇̂ j∇̂kFmn =
1
24
∇̂i∇̂ j∇̂kFPB=0

∫
d3x′

√
γ̂

−4πrB
0

|x − x′|3+BFmn

=
1
8
∇̂k

∫
d3x′

√
γ̂

−4π

[
γ̂ipγ̂ jq

(xp − x′p)(xq − x′q)
|x − x′|

+γ̂i j|x − x′|
]
Fmn

=
1
8

[
3γ̂(i jγ̂k)p xp∆̂−1

x Fmn − 3γ̂(i jγ̂k)p∆̂
−1
x (xpFmn)

−2γ̂p(iγ̂ j)qxp∇̂k∆̂
−1
x (xqFmn)

+γ̂ipγ̂ jqxp xq∇̂k∆̂
−1
x Fmn

+γ̂ipγ̂ jq∇̂k∆̂
−1
x (xpxqFmn)

]
. (B.9)

We are now able to deduce the expression for hTT
i j up to second

post-Newtonian order, parametrized by means of the interme-
diate elementary potentials S, Si, Ti, Ri, and Si j as

hTT
i j =

1
2
Si j − 3xk∇̂(iS j)k +

5
4
γ̂ jmxm∇̂i

(
γ̂klSkl

)

+
1
4

xk xl∇̂i∇̂ jSkl + 3∇̂(iS j) −
1
2

xk∇̂i∇̂ jSk

+
1
4
∇̂i∇̂ jS −

5
4
∇̂iT j −

1
4
∇̂iR j

+γ̂i j

[
1
4
γ̂klSkl + xkγ̂lm∇̂mSkl − γ̂kl∇̂kSl

]
+O

(
1
c6

)
· (B.10)

This is the expression we use in Eq. (35) in Sect. 2.4 with
the potentials determined by the scalar/vector/tensor Poisson
Eqs. (30)–(34).

Appendix C: multipole expansion
of the intermediate potentials

Here we derive the multipole expansion of the intermediate po-
tentials S, Si, Ti, Ri, and Si j needed for obtaining boundary
conditions for these potentials. This is done by means of the
formula (C.9) of Blanchet & Poujade (2002) specializing the
matching relation first established in Blanchet (1998) for re-
tarded quantities.

For any generic source f which admits outside the system
a multipole expansion of the formM( f ) =

∑p0
p=−∞ fp(n)rp with

n = x/r and p0 < −2, the multipole expansion of the Poisson
integral ∆̂−1 f is given by

M
(
∆̂−1 f

)
=

+∞∑

l=0

(−1)l

l!
∇̂i1 . . . ∇̂il

(
1
r

)

×FPB=0

∫
d3x′

√
γ̂

−4π

(
r′

r0

)B

x′i1 . . . x′il f

+∆̂−1
0 M( f ). (C.1)

In the special case where the source f has compact support,
M( f ) is identically zero and thus the last term above vanishes.
We recover the standard multipole formula used in electrostat-
ics for spatially limited systems.

At this stage, the multipole expansions of all our elemen-
tary potentials may be derived by application of Eq. (C.1).
We start with Si j which goes to zero at the highest order. It
involves the monopole integral with non-compact-supported
source

∫
d3x

√
γ̂∇̂iU∇̂ jU/(−4π). Remarkably, this integral ad-

mits an alternative expression whose source has compact sup-
port, which is a very useful feature for the numerical calcu-
lations. To perform the transformation, we first replace the
second potential U in the integrand ∇̂iU∇̂ jU/(−4π) by ∆̂χ/2,
where χ denotes the Newtonian super-potential χ =

∫
d3x′ |x−

x′|D∗. Next, we integrate this Laplacian by parts, being careful
to keep all contributions from the derivatives of rB. The result is

FPB=0

∫
d3x

√
γ̂

−4πrB
0

rB ∇̂i

(
χ

2

)
∇̂ j∆̂U

+FPB=0

∫
d3x

√
γ̂

−4πrB
0

[
B(B + 1)rB−2 ∇̂ jU

+2BrB−1nk ∇̂ j∇̂kU
]
∇̂i

(
χ

2

)
· (C.2)

We remark here that the second finite part on the right-hand
side vanishes. Indeed, the integration does not generate any
pole in B which is able to compensate for the cancellation of
the pre-factor B itself. Consequently, after a last integration by
parts, we arrive at the equality
∫

d3x
√
γ̂

−4π
∇̂iU∇̂ jU = −

1
2

∫
d3x

√
γ̂D∗∇̂i∇̂ jχ. (C.3)

It is not difficult to check that ∇̂ jχ = γ̂ jk xk∆̂−1(−4πD∗) −
∆̂−1(−4πγ̂ jkxkD∗) by virtue of relation (B.7). Using an integra-
tion by parts of the type
∫

d3x
√
γ̂ f ∆̂−1g =

∫
d3x

√
γ̂g ∆̂−1 f , (C.4)
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we are finally able to show that

∫
d3x

√
γ̂

−4π
∇̂iU∇̂ jU =

−
∫

d3x
√
γ̂D∗

(
γ̂ jk xk∇̂iU +

1
2
γ̂i jU

)
. (C.5)

Inserting the latter relation into the general formula (C.1) spe-
cialized for f = −4πS ∗i S ∗j/D

∗ − ∇̂iU∇̂ jU, we get

M(Si j) = 1
r

∫
d3x

√
γ̂D∗

(
S ∗i S ∗j
D∗ 2 + γ̂ jkxk∇̂iU + 1

2 γ̂i jU
)

+M
(
−4π

S ∗i S ∗j
D∗ − ∇̂iU∇̂ jU

)
· (C.6)

When examining the second term in the above equation, one
immediately observes that M(S ∗i S ∗j/D

∗) = 0 as the source

(S ∗i S ∗j/D
∗ 2)D∗ has compact support. Furthermore we notice

that M(∇̂iU∇̂ jU) = O(1/r4), hence ∆̂−1
0 M(∇̂iU∇̂ jU) =

O(1/r2) according to dimensional analysis. It may also be
checked directly with the help of the Matthew formula
∆̂−1

0 (n<i1 . . . nil>ra) = n<i1 . . . nil>ra+2/[(a + 2 − l)(a + 3 + l)].
We go on by calculatingM(Si). The part of its source with

non-compact support essentially amounts to xk∇̂iU∇̂kU. The
integral of the latter quantity may be transformed with the same
technique as the one used to establish Eq. (C.6). We find that

FPB=0

∫
d3x

√
γ̂

−4πrB
0

rBxk ∇̂iU∇̂kU

=
1
2

FPB=0

∫
d3x

√
γ̂

−4πrB
0

rB
(
xk∇̂kχ∇̂i(−4πD∗)

+2γ̂kl∇̂kχ∇̂l∇̂iU
)
. (C.7)

We may then perform an integration by parts affecting the
derivative ∇̂iD∗ of the first term and the derivative ∇̂kχ of the
second term. The contribution of ∇̂krB is proportional to B.
It can give rise to a definite non-zero result only when it is
multiplied by the factor 1/B coming from the radial integra-
tion of 1/r3. As the corresponding angular integral vanishes, so
does it. Noticing that ∆̂χ∇̂iU = 2U∇̂iU = ∇̂iU2, we see that
the resulting integral reads

1
2

∫
d3x

√
γ̂D∗

(
xk∇̂i∇̂kχ + ∇̂iχ

)

−FPB=0

∫
d3x

√
γ̂

(
r
r0

)B

∇̂iU
2. (C.8)

After integrating the second term by parts, we get an integral
whose source is proportional to B. Following the same argu-
ment as before, it can be shown to be simply zero. Expressing
again the super-potential as a combination of Poisson integrals,
and performing other integrations by parts including those of
the form (C.4), we arrive at

FPB=0

∫
d3x

√
γ̂

−4πrB
0

rBxk ∇̂iU∇̂kU =

−
∫

d3x
√
γ̂D∗γ̂i j

(
x jU + x jxk∇̂kU

)
. (C.9)

On the other hand, the source xk∇̂iU∇̂kU behaves as
M2γ̂iknk/r3 = −M2∇̂i(r−2/2), where M is the baryonic rest
mass density defined in Sect. 2.4. A direct integration leads to
the relation ∆̂−1

0 (1/r2) = ln r + const., which can also be seen
from a dimensional argument, so that ∆̂−1

0 M(xk∇̂iU∇̂kU) de-
creases asymptotically as −M2∇̂i(ln r)/2. Therefore, we have
proved the approximate equality

M(Si) = 1
r

∫
d3x

√
γ̂D∗

[
xkS iS k + γ̂i j x j(U + xk∇̂kU)

]

+M2

2r γ̂iknk + O
(

1
r2

)
· (C.10)

In the multipole expansion of Ti, the only term entering
its composition that is generated by a quantity with non-
compact support is the Poisson potential ∆̂−1(γ̂i jγ̂

klx j∇̂kU∇̂lU).
Its monopole part is composed of an integral over the source,
which simplifies by virtue of the relation 2γ̂kl∇̂kU∇̂lU = ∆̂U2−
2U∆̂U to

FPB=0

∫
d3 x
−4π

√
γ̂
(

r
r0

)B (
γ̂i jγ̂

klx j∇̂kU∇̂lU
)

= −
∫

d3x
√
γ̂D∗γ̂ik xkU, (C.11)

and of a contribution originating from the Poisson inverse
operator applied to M(γ̂i jγ̂

kl x j∇̂kU∇̂lU) = −M2∇̂i(r−2/2) +
O(1/r4). We thus have

∆̂−1
0 M(γ̂i jγ̂

klx j∇̂kU∇̂lU) = −M2

2r
γ̂i jn

j + O
(

1
r2

)
· (C.12)

The treatment of the leading term in the multipole expansion
of Ri is similar. The integral of ∇̂i(xk xl∇̂kU∇̂lU) is simply
zero by virtue of the Gauss theorem, and the monopole part of
−∆̂−1∇̂i(xk xl∇̂kU∇̂lU) is the same as that of 2γ̂i jγ̂

klx j∇̂kU∇̂lU.
We conclude with the multipole expansion for the poten-

tial S. Since its source is already of compact support, it can
simply be expanded with the help of the standard multipole
formula mentioned after Eq. (C.1).

In the end this yields the desired multipole expansions of
the elementary potentials in the second second post-Newtonian
expansion, which correspond to Eqs. (36)–(40) in Sect. 2.4.

Appendix D: post-Newtonian
and post-Minkowskian link for gravitational
waves

The equation for null outgoing geodesics in the ADM gauge
reads t − r/c − 2MADMG ln [r/(cη)]/c3 + O(G2) = const., with
MADM = M + O(1/c2) being the ADM mass and η an arbi-
trary positive constant with the dimension of time. For r large
enough compared to the typical wavelength, this also gives the
link between the time t and the distance r of a field point x
located near I+. In the post-Newtonian framework, r/c is re-
garded as a small quantity (with respect to t), which precisely
reflects the fact that the post-Newtonian metric is not accu-
rate in the wave zone. Therefore, the expression (35) for hTT

i j
cannot be used there. Instead, we should consider the post-
Minkowskian version of Eq. (A.15), where all quantities are
expanded in powers of the gravitational constant G. Higher or-
der terms in 1/c2 must not be neglected a priori, as long as they
appear at a level of approximation below the one we want to
reach.
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In general, this approach is not guaranteed to lead to a
well-defined perturbative scheme in the ADM gauge in the
sense that the contribution of order Gn+1 may become greater
than the contribution of order Gn in the neighborhood of I+.
It is worthwhile briefly pointing out the origin of the possi-
ble problem. Once the field hn

TT
i j is known at the nth post-

Minkowskian (nPM) level, the next approximation hn+1
TT
i j is

determined by the wave-like equation of the type �̂hn+1
TT
i j =

γ̂TTkl
i j Λn+1kl(hTT) + O(Gn+2) obtained by combing Eqs. (A.4)

and (A.5) as explained in Appendix A. The source Λn+1i j de-
pends non-linearly on hTT

i j , which can thus be replaced by its

nPM value hn
TT
kl . In the end, the solution of the previous wave

equation is the retarded integral of γ̂TTkl
i j Λn+1kl(hTT), which we

denote in short as �̂−1γ̂TTkl
i j Λn+1kl. The transverse traceless pro-

jector can itself be written as a converging integral with the
help of a modified version of Eq. (B.7), in which the deriva-
tives are applied to the kernel |x − x′|α+B+2p with α = −1.
Even if the retarded integral converges, it may be conveniently
replaced by its Hadamard finite part. The numerical result
is not affected, but the integral appearing under the operator
FPB=0 can now be shown to commute with the integral defining
hn+1

TT
i j after an appropriate analytic continuation. As a conse-

quence, the finite part of γ̂TTkl
i j (regarded as an integral oper-

ator, which may be referred to as γ̂TTkl
i j without any ambigu-

ity) can be pulled out from the d’Alembertian inverse symbol:
�̂−1γ̂TTkl

i j Λn+1kl = γ̂
TTkl
i j �̂

−1Λn+1kl. The behavior of Λn+1i j(hn
TT)

when r → +∞ follows from a formula extending Eq. (C.1) to
the case where the quantity to be calculated is a retarded inte-
gral. In particular, the multipole expansion of hTT

i j involves the
retarded integral of the multipole expansion of the source, reg-
ularized by means of the Hadamard finite part �̂−1

0 M(Λn+1i j).
This contribution turns out to generate terms tending towards
zero as (ln r)2/r at the 2PM order, which are thus out of con-
trol. The structure of the field has not been investigated yet at
higher PM order in ADM gauge, but a similar phenomenon is
likely to happen in that case too.

Fortunately, the previous problem can be cured at the post-
linear level either by moving to some radiative gauge where u =
t−r/c is a conformal coordinate, or by absorbing the logarithms
into the arguments of some multipole moments. In harmonic
gauge, the logarithms occurring in the post-Minkowskian itera-
tion were shown (Blanchet 1987) to be removable to all orders.
In ADM gauge, the possibility of such an elimination has been
checked explicitly at the post-linear level by Schäfer (1990)
from a formula adapting the derivation of Appendix A in order
to include in the Hamiltonian the relative Newtonian part of the
2PM corrections to all terms quadratic in hTT

i j (or πi j
TT). The new

wave equation for the field variable reads

�̂hTT
i j = γ

TTkl
i j

[
Fkl +

4
c2

(
−2πGD∗hTT

kl

+γ̂mn∇̂mU∇̂nhTT
kl + U∆̂hTT

kl

)]

+O




(
hTT

)0

c6


+ O




(
hTT

)1

c4


+ O

((
hTT

)2
)
· (D.1)

The Green function method provides the required solution,
but the computation is rather delicate. The result is a retarded
integral, to which it remains to apply the transverse trace-
free projector γ̂TTkl

i j . The action of the second spatial deriva-

tives ∇̂k∇̂l on a quantity of the form f (t − r/c)/r leads to the
“monopole” term γ̂kpγ̂lqnpnq f̈ (t − r/c)/(rc2), each dot denot-
ing a time derivative, plus 1/r2 corrections. It follows that
∆̂−1∇̂k∇̂l[ f (t − r/c)/r] = γ̂kpγ̂lqnpnq f (t − r/c)/r + O(1/r2).
Similarly, it is not difficult to check that ∆̂−2∇̂i∇̂ j∇̂k∇̂l[ f (t −
r/c)/r] = γ̂ipγ̂ jqγ̂krγ̂lsnpnqnrns f (t − r/c)/r +O(1/r2). This im-
plies that the operator (A.6), applied to a term f (t − r/c)/r,
reduces to the projector PTTkl

i j . Using the latter property, we re-
cover the well-known relation

hTT
i j =

1
r

PTTkl
i j

×
{
Mkl

[
t− r

c
− 2G

c3

(
M + O

(
1
c2

))
ln

(
r

cη

)

+O(G2)

]
+ O

(
1
c2

)}
+ O

(
1
r2

)
, (D.2)

with Mi j(t) =
∫

d3x
√
γ̂Fi j/(−4π) being the Newtonian

monopole moment associated to the source Fi j.
Because of the algebraic transverse traceless projection, we

may substitute M〈i j〉 by Mi j without affecting the outcome in the
above relation. Since we still work at the 2PN level, we do not
need to include any higher order corrections in the expression
of Mi j. The retarded argument t−r/c−2GMADM/c3 ln[r/(cη)]+
O(G2) coincides with the null radiative coordinate. It can be
viewed as the actual retarded time tret of the field variable at
I+ up to the 1PM order. Taking the preceding into account, we
arrive at

hTT
i j ≈ PTTkl

i j
M<kl>(tret)

r
+ O

(
1
r2

)
· (D.3)

We now improve the formula for Mi j by making use of
Eq. (C.5), which leads to

M〈i j〉 =
4G
c4

∫
d3x

√
γ̂D∗




S ∗〈iS
∗
j〉

D∗2
+ xkγ̂k<i∇̂ j〉U


 · (D.4)

Excluding 1PN errors, this integral equals
4G

∫
d3x

√
γ̂D(γ̂kiγ̂l jv

〈kvl〉 + xkγ̂k〈i∇̂ j〉U)/c4. This is propor-
tional to (twice) the second time derivative of the Newtonian
quadrupole 2Q̈i j at this level, as can be checked with the help
of the relation

d
dt

∫
d3x

√
γ̂D∗ f (x, t) =

∫
d3x

√
γ̂D∗

(
vi∇̂i + ∂t

)
f (x, t), (D.5)

which is valid for any C1 function f . We have thus derived the
Newtonian quadrupole formula

hTT
i j ∼ PTTkl

i j
2GQ̈kl

rc4
(D.6)

in the neighborhood of future null infinity.
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It is now possible to investigate the asymptotic behavior
of h2PN

i j in a similar way as we did for the intermediate poten-
tials. The computation does not present any particular subtleties
in contrast to that of the full field variable dominant contribu-
tion. The operator γ̂TTkl

i j commutes with the Poisson integral

so that M(∆̂−1γ̂TTkl
i j Fkl) = γ̂TTkl

i j M(∆̂−1Fkl) = γ̂TTkl
i j (Mkl/r) +

O(1/r2). The action of the transverse trace-free projector is
computed with the help of Eq. (B.4), which gives

h2PN
i j (x, t) =

[
3

16 γ̂(i jγ̂
kl) + 3

4δ
k
(iγ̂ j)pnlnp

+ 3
16 γ̂ipγ̂ jqnpnqnknl

− 5
16

(
γ̂i jnknl + γ̂klγ̂ipγ̂ jqnpnq

)]

×Mkl(t)
r + O

(
1
r2

)
, (D.7)

with M〈i j〉 = 2GQ̈i j/c4. By applying the operator PTTkl
i j on both

sides of Eq. (D.7), we find that PTTkl
i j h2PN

kl = PTTkl
i j GQ̈kl/(4rc4).

As a conclusion, with the notations of Sect. 3.3, we have (cf.
Eqs. (52), (53)):

PTTkl
i j h2PN

kl (x, tret) ∼
1
8

hquad
i j (x, t). (D.8)
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