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Abstract. We study the planar and the three-dimensional 1:2 resonant motion with Neptune (N1:2) in the framework of the
elliptic restricted three-body problem. We examine the dynamics at the 1:2 mean motion resonance with Neptune in a hierarchy
of models: the planar circular, the planar elliptic, the three-dimensional circular and the three-dimensional elliptic restricted
three body problem. We start from the planar circular model in which we compute families of symmetric periodic orbits with
stable and unstable segments. Using the circular planar model as the basic model, we proceed to more realistic models, namely
the planar elliptic and the 3D circular problem. Families of symmetric periodic orbits of the above models bifurcate from the
families of periodic orbits of the planar circular problem. Moreover, we compute families of symmetric periodic orbits in the
3D elliptic restricted three-body problem. These new families bifurcate from the families of periodic orbits of the planar elliptic
and the 3D circular problem. The stability of all orbits is studied and the structure of the phase space is discussed in detail.
Key words. celestial mechanics – minor planets, asteroids – Kuiper Belt

1. Introduction
The Solar System beyond Neptune consists of a large population of small primordial bodies called Egdeworth-Kuiper belt
(E-K) objects or trans-Neptunian objects (TNO’s) (see for instance Jewitt 1999; Jewitt & Luu 2000). Many of them have
been discovered at the 2:3 resonant region and a few objects
have been found close to the 1:2 mean motion resonance with
Neptune.
Several studies of the dynamics of the Edgeworth-Kuiper
belt have been made up to now: The first theoretical approach
to the dynamics of the Kuiper belt was performed by Knežević
et al. (1991), who analytically computed the location of the
main secular resonances from 2 to 50 AU (aN1:2 = 47.777 AU).
Many works based on numerical integrations were done to understand the dynamical structure of the Kuiper belt (Levison
& Duncan 1993; Holman & Wisdom 1993; Duncan et al.
1995). Especially, in the case of 1:2 resonance with Neptune,
a large number of papers has been devoted to the dynamics of this resonance (Beaugé 1994; Beaugé & Ferraz-Mello
1994; Morbidelli et al. 1995; Malhotra 1996; Gallardo &
Ferraz-Mello 1997; Winter & Murray 1997; Melita & Brunini
2000; Nesvorný & Roig 2001). Reviews of the dynamical
structure of the E-K belt and the origin of the Jupiter family of
comets were presented by Morbidelli (1999) and Jewitt (1999).
It is known that inside the 1:2 mean motion resonance, as
well as in higher order resonances of type 1:k, k > 2, there
are several libration modes (Message 1958; Schubart 1964).
Resonant orbits may alternate among the diﬀerent libration

modes, exhibiting a chaotic behavior which may drive diﬀusion towards large eccentricity. The most regular orbits in the
N1:2 resonance are those in a small-amplitude asymmetric libration mode (Morbidelli et al. 1995). It is however possible
that, due to the peculiar dynamical structure of the 1:2 resonance, a significant fraction of the captured orbits could be
unstable on billion year time-scales, thus reducing the number of surviving objects (Morbidelli 1999). An interesting dynamical characteristic of the 1:2 resonance is the existence of
asymmetric librations (Beaugé 1994; Malhotra 1996; Winter &
Murray 1997; Chiang & Jordan 2002). The existence of asymmetric librations and their importance for the stability of the
1:2 and 1:3 resonant motion in satellite and extrasolar planetary systems has recently shown by Beaugé et al. (2003) and
Ferraz-Mello et al. (2003). Lee & Peale (2003) and Lee (2004)
have also done extensive work on this topic. A detailed analysis of asymmetric periodic orbits in 1:2, 1:3 and 1:4 exterior
resonances with Neptune was made by Voyatzis et al. (2004).
In the present paper we start from the planar circular model
and then we proceed to the planar elliptic (non-zero eccentricity of Neptune) and 3D circular problem in which families of symmetric periodic orbits of the small body are computed. A detailed analysis of families of periodic orbits in
the planar circular restricted problem and their stability was
performed by Hadjidemetriou & Ichtiaroglou (1984) for µ =
0.001. Moreover, a review of diﬀerent types of periodic orbits is given in Hadjidemetriou (1988). An atlas of the planar circular restricted three-body problem was produced by
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Winter & Murray (1994a,b). Hénon (1997) made a systematic
study of generating families, which are the limits of families of
periodic orbits in the restricted three-body problem when the
mass ratio of the two main bodies becomes vanishingly small.
In the planar elliptic problem, the families of periodic orbits bifurcate from the families of periodic orbits of the planar
circular problem at those points where the period is a multiple of the period of Neptune (in the inertial frame). A systematic study of the resonant structure of the restricted three-body
problem for the Sun-Jupiter-asteroid system in the plane was
made by Hadjidemetriou (1993). Periodic orbits in the external resonances in the planar elliptic restricted three-body problem were computed by Varadi (1999) and Haghighipour et al.
(2003).
Broucke (2001) made an extensive numerical study of orbits of planets of a binary star system in the three-dimensional
restricted problem. A detailed analysis of symmetric periodic orbits of the 3D circular problem (CR3BP) at the exterior resonances 1:2, 2:3 and 3:4 was made by Kotoulas &
Hadjidemetriou 2002 (hereafter called KH2002). Basing our
work on the latter paper, we proceed to the computation of the
families of periodic orbits of the 3D elliptic restricted threebody problem (ER3BP). The new three-dimensional families of
symmetric periodic orbits in the elliptic problem bifurcate from
the families of the 3D circular problem at those points where
the period is a multiple of the period of Neptune (in the inertial frame) or from vertical critical orbits of the corresponding
planar elliptic problem (Sect. 4). Their stability is also studied.
The Poincaré mapping of the ER3BP is six-dimensional.
The existence of fixed points is an important feature of the
mapping. These correspond to periodic orbits of the system.
Moreover, their position and stability determine critically the
topology of the phase space. This clarifies why it is important
to know the families of symmetric periodic orbits. Thus, the dynamics inside the 1:2 resonance with Neptune is still an open
subject of debate and we believe that our work contributes to
the understanding of this problem.

where

r1 = (x + µr)2 + y2 + z2 ,

r2 = [x − (1 − µ)r]2 + y2 + z2 .

(2)

The distance, r, between Sun and Neptune and the polar angle, θ, which will be taken as the true anomaly of Neptune,
are known functions of time. For computational purposes we
have computed the diﬀerential equations in the variables x, y, z
obtained from Eq. (1), together with the diﬀerential equations
in r, θ of the two-body problem obtained from the Lagrangian:

 1
L = 0.5 ṙ2 + r2 θ̇2 + ·
r

(3)

In the particular case of circular motion of Neptune, we have
r = 1 and θ̇ = n = 1 in normalized units.
In the above mentioned rotating frame Oxyz there exist
families of symmetric periodic orbits for the small body which
“lie” outside the orbit of Neptune. In this work we shall consider direct periodic orbits for the small body, i.e. the TNO revolves around the Sun in the same direction as Neptune (with
respect to the inertial frame). For the mass of Neptune we have
chosen the value µ = 5.178 × 10−5 and the orbital period of
Neptune around the Sun, in the normalized units we use, is
equal to 2π.

3. The planar restricted three-body problem
The study of the planar restricted three-body problem at the
1:2 mean motion resonance with Neptune will be done with the
computation of periodic orbits. Other known methods are: averaged Hamiltonians and mapping models. The periodic orbits
are of particular interest since they define the structure of the
associated resonance. In this section we shall present families
of periodic orbits in the planar restricted three-body problem
and study their stability type.

3.1. The circular case
2. The Lagrangian for the motion of a small body
We shall use a rotating frame of reference Oxyz whose x-axis
is the line joining the Sun, S, with Neptune, N, the positive direction being from S to N, its origin is at their centre of mass,
the y-axis is in the orbital plane of Neptune and the z-axis is
perpendicular to the xy plane. In the usual normalized units the
semimajor axis of Neptune’s heliocentric orbit = 1, the gravitational constant is G = 1 and the total mass mS + mN = 1. For
the theory of the restricted three-body problem see Szebehely
(1967) or Roy (1982). In the general case, where the orbit
of Neptune is elliptic, the angular velocity of rotation of the
Oxyz frame is not constant and the positions of the Sun and
Neptune on the rotating x-axis are not fixed.
The Lagrangian of a small body in the rotating frame, in
the units mentioned above, is:
 1−µ µ

2
2 
+ ,
L = 0.5 ẋ − θ̇y + ẏ + θ̇x + (ż)2 +
r1
r2

(1)

In this paragraph we shall deal with symmetric periodic orbits.
This means that the initial conditions of a periodic orbit are:
x(0) = x0 , y(0) = 0, ẋ(0) = 0, ẏ(0) = ẏ0 .

(4)

At half the period T of the orbit we must have:
y (x0 , ẏ0 ; T/2) = 0, ẋ (x0 , ẏ0 ; T/2) = 0.

(5)

Equations (5) give the periodicity conditions for a symmetric
periodic orbit in the planar circular problem. A symmetric periodic orbit of multiplicity p starts perpendicularly from the
x-axis and again crosses the x-axis perpendicularly after p intersections in the same direction. There are two families of periodic orbits for the 1:2 resonance, symmetric with respect to
the x-axis, one of them corresponding to the small body at perihelion at t = 0 (Family I) and the other to the small body
at aphelion (Family II). Each member of the family is defined
by its initial conditions (x0 , ẏ0 ), or equivalently, by (x0 , h),
where h is the Jacobi-constant. Thus, a monoparametric family
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the Sun and Neptune is not constant now and the xOy frame
is not a uniformly rotating system. The initial conditions also
involve the position and velocity of the Sun and Neptune at
t = 0. For a symmetric periodic orbit of the small body we get:
y(0) = 0, ẋ(0) = 0, ṙ(0) = 0, θ(0) = 0, π

Fig. 1. a) The families I and II of 1:2 resonant periodic orbits (µ > 0)
in the plane e(0) − h where h is the Jacobi-constant. The gap at the resonance is due to the non-continuation of the circular orbits. At point D
the stability type changes. The small body is at perihelion (e(0) > 0)
or at aphelion (e(0) < 0) at t = 0. b) Family II of symmetric periodic
orbits at the plane x(0) − e(0). The bifurcation points from the planar
circular problem to the planar elliptic (E1 , E2 ) and to 3D circular one
(A1 , A2 ) are also indicated. The symbols “S” and “U” denote stability
and instability respectively.

with an indication that Neptune is at perihelion or aphelion
at t = 0. The nonzero initial conditions are then: x(0) = x0 ,
ẏ(0) = ẏ0 and also r(0), θ̇(0), which, however, are determined
from Keplerian theory in terms of the eccentricity of Neptune,
taking into account that the semimajor-axis of the Sun-Neptune
system is equal to one. Thus, the eccentricity of Neptune (eN )
appears as a parameter of the problem. By varying eN we have
a family of periodic orbits of the elliptic problem. For ṙ(0) = 0
and θ(0) = 0 or π the periodicity conditions are now:
y (x0 , ẏ0 ; eN ; T/2) = 0, ẋ (x0 , ẏ0 ; eN ; T/2) = 0

of symmetric periodic orbits is defined by a smooth curve in the
plane x0 − h of initial conditions, which is called the “characteristic curve”. Along each family the eccentricity of the small
body increases starting from zero. These families are shown in
Fig. 1a (for other diagrams see KH2002).
Periodic orbits of the family I1:2 start with multiplicity
p = 1. In the family I1:2 we have a collision orbit with Neptune
when the eccentricity satisfies the relation a(1 −e) = 1, where a
is the semimajor axis of the corresponding resonant orbit. This
collision orbit occurs at e = 0.37. The family I1:2 starts out
unstable; after the collision orbit the multiplicity of periodic
orbits changes from 1 to 2 and this family becomes stable.
So, the family I1:2 consists of two parts: Ia (unstable), Ib (stable)
(Fig. 1a).
In the family II1:2 , we start with multiplicity p = 1 but
the multiplicity changes from 1 to 2 at e = 0.312. No collision orbits appear in this family. Family II1:2 starts with stable orbits until a certain value of the eccentricity (e1 = 0.035)
and then the orbits become unstable. At a very high value
of the eccentricity (e2 = 0.96) the family II1:2 again becomes stable. So, family II1:2 consists of three parts: IIa (stable),
IIb (unstable) and IIc (stable) (Fig. 1b). The stability of periodic
orbits has been studied many times in the past (Hénon 1965;
Hadjidemetriou 1988; Celletti et al. 2002). The transition from
stability to instability and vice versa in the family II1:2 coincides with the bifurcation to asymmetric librations. These were
studied by Beaugé (1994), Morbidelli et al. (1995), Malhotra
(1996), Winter & Murray (1997) and Chiang & Jordan (2002).
Moreover, asymmetric librations are associated with asymmetric periodic orbits (Voyatzis et al. 2004).

3.2. The elliptic case
We briefly state some basic facts. For the details of computing periodic orbits in this problem and their stability, see
Broucke (1968, 1969). Families of periodic orbits of the planar ER3BP were computed by Kribbel & Dvorak (1988) and
Hadjidemetriou (1992, 1993).
We have two degrees of freedom, as in the circular problem,
but now the system is non-autonomous. The distance between

(6)

(7)

where T is the period of the periodic orbit in the rotating frame.
Due to the fact that at t = T /2 we must have ṙ = 0 and θ = 0, π
too, it arises that the period T must necessarily be equal to 2π
(or a multiple of it). In the normalized units (mS + mN = 1, G =
1, aN = 1) the period of Neptune is equal to 2π. This means that
the periodic orbits in the elliptic problem in the rotating frame
are also periodic in the inertial frame, in contrast to the circular
case where, in general, this is not true.
The bifurcation for elliptic periodic orbits is at the point
where the period is exactly equal to 4π. There are two bifurcation points in the family II1:2 : E1 (e = 0.07) and E2 (e = 0.637)
(Fig. 1b). So, these points give rise to two pairs of families of
periodic orbits in the planar elliptic problem. The first pair is:
1:2
1:2
1:2
1:2
1:2
E1:2
1p , E1a and the second: E2p , E2a . In the families E1p , E2p
1:2
Neptune is at perihelion at t = 0 and in the families E1:2
1a , E2a
Neptune is at aphelion at t = 0. The numerical computations
1:2
have revealed that the families E1:2
1a and E2a merge at eN = 0.24.
All are unstable (KH2002). These families are also presented
in Fig. 2.
Families of periodic orbits in the 3D ER3BP bifurcate from
the vertical critical orbits of the planar elliptic problem. So, we
1:2
1:2
computed the vertical stability of the families E1:2
1p , E2p , E1a ,
1:2
E2a . We found that there is one vertical critical orbit in the
family E1:2
1p . It is M1 (e = 0.218, eN = 0.474) (Fig. 2a). This
vertical critical orbit can give rise to a family of periodic orbits
at the 3D ER3BP (Sect. 4.2). On the other hand, families E1:2
1a ,
1:2
E1:2
and
E
are
vertically
stable
(Figs.
2b–c).
In
Figs.
2a–c
we
2p
2a
6
have used the parameter b2 = (2αν − 2) × 10 for the vertical
axis, instead of the vertical stability index αν (Hénon 1973) of
the periodic orbits of the elliptic problem. This help us to have
a clear view of the results when αν is close to 1. We note here
that a periodic orbit is vertically critical when αν = 1 or b2 = 0.
The majority of periodic orbits in the planar elliptic problem is unstable for the of 1:2 resonance (Haghighipour et al.
2003). Haghighipour et al. (2003) made an extensive numerical study of the periodic orbits of planar, elliptic restricted
three-body planetary systems consisting of a star, an inner massive planet and an outer massless body in the external 1:2 mean
motion resonance. But for certain values of the mass and the
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Fig. 2. Diagrams of the parameter b2 -eccentricity of the small body
for all the families of periodic orbits of the planar elliptic problem:
1:2
1:2
1:2
a) family E1:2
1p ; b) E1a and E2a ; c) E2p .

orbital eccentricity of the inner planet they found stable periodic orbits. Their results were applied to the 1:2 resonance of
the extrasolar planetary system GJ 876.

4. The 3D restricted three-body problem
The 3D elliptic restricted three-body problem is a nonautonomous Hamiltonian system with three degrees of freedom. This model is the most realistic one in the framework of
the restricted three-body problem since it describes the motion
of the small body in space and the perturber planet is in an elliptic orbit. The study of such systems presents several diﬃculties (Simó 1995). Skokos (2001) made a complete analysis of
the stability of periodic orbits of high dimensional autonomous
Hamiltonian systems. Here, as in the planar case, we shall start
with the 3D circular case.

4.1. The 3D circular problem at 1:2 resonance
The three-dimensional families of symmetric periodic orbits
in the circular problem bifurcate from the vertical critical orbits of the corresponding planar circular problem (Hénon 1973;
Markellos et al. 1981). Three-dimensional periodic orbits were
also studied in the past (e.g. Zagouras & Markellos 1977;
Michalodimitrakis 1979; Broucke 2001). Ichtiaroglou et al.
(1978) gave a proof that a vertical critical orbit of the planar restricted three-body problem (circular or elliptic) can be continued to a periodic orbit of the corresponding three-dimensional
problem. Moreover, Ichtiaroglou & Michalodimitrakis (1980)
showed the existence of families of 3D periodic orbits which
bifurcate from vertical critical orbits of the planar, general or
restricted, problem of three bodies.
Checking the vertical stability of the families I1:2 and II1:2 ,
we found that the family I1:2 is vertically stable; vertical critical
orbits do exist in the family II1:2 . There are two vertical critical orbits in the family II1:2 : A1 (e = 0.059) and A2 (e = 0.066)
(Fig. 1b) which can cause bifurcation for the 3D families A1
and A2 respectively. A detailed analysis of families of 3D symmetric periodic orbits and their stability was made in KH2002.
Here we present briefly the families of these orbits. These results are necessary for the connection between the two models:
the 3D circular and the 3D elliptic restricted three-body problem. All the results are referred to the rotating frame of reference Oxyz.
Family A1 is symmetric with respect to the xz-plane
(type 1) and bifurcates from the first vertical critical orbit
(e = 0.059); family A2 is symmetric with respect to the xaxis (type 2) and bifurcates from the second one (e = 0.066).

Fig. 3. Resonance 1:2: a) Projection of the family A1 on the T −
e(0) plane. b) Projection of the family A2 on the T − e(0) plane. The
points F1 , F2 and G are the bifurcation points from the 3D Circular to
3D Elliptic Problem (T = 4π). The negative values of the eccentricity
stand for the case where the small body lies initially at the aphelion of
its orbit. The symbols “S” and “U” stand for stability and instability
of periodic orbits.

Types 1 and 2 are not defined any longer; they are just types A
and B defined later in Sect. 4.3 with eN = 0.
In Fig. 3 we show the projections of the families A1 and A2
on the planes T − e(0) (period eccentricity) and we indicate
the bifurcation points in the 3D elliptic problem. Both families are unstable; a stable segment exists for the family A1
(55.7◦ < i < 63.8◦) (Fig. 3a). For the computation of the stability of periodic orbits in systems with 3 degrees of freedom
we followed the methods of Broucke (1969), Hadjidemetriou
(1975) and Michalodimitrakis (1979).
As we mentioned above, a stable segment exists for the
family A1 (55.7◦ < i < 63.8◦). The critical symmetric periodic orbits in which the instability turns to stability or viceversa may give bifurcation to 3D unstable asymmetric periodic
orbits (an analogous case to that of family II1:2 of symmetric
periodic orbits in the planar circular model). The computation
of asymmetric periodic orbits is not so easy. The Poincaré sections are four-dimensional, so we cannot have a clear picture
of them as in the case of the planar circular model and we cannot find easily the initial conditions of the asymmetric periodic
orbits. Furthermore, asymmetric periodic orbits start from unstable symmetric periodic orbits and numerical diﬃculties may
appear while they are being computed.
On the other hand there are many cases of asteroidal resonances in which bifurcation points from planar circular to planar elliptic model do not exist (Tsiganis et al. 2002a,b). This
phenomenon is associated to the specific phase space structure
of these resonances. Tsiganis et al. (2002a,b) made a systematic study of medium/high-order mean motion resonances with
Jupiter and showed that the occurrence of stable chaos is related to the fact that there do not exist families of periodic orbits
in the planar elliptic problem and in the 3D circular problem
corresponding to the examined resonance.

4.2. Methods for finding periodic orbits
in the 3D elliptic restricted three-body problem
(a) Families of periodic orbits of the 3D ER3BP, with the eccentricity of Neptune (eN ) as a parameter, bifurcate from
the families of the 3D CR3BP mentioned above at those
orbits whose period is a multiple of 2π (in general T = qp π
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Table 1. Bf points from 3D CR3BP to 3D ER3BP.
Resonance
1:2
1:2
1:2

Period
4π
4π
4π

Family
A1
A1
A2

Bifurcation Points
F1 (e = 0.05, i = 80.02◦ )
F2 (e = 0.27, i = 113.80◦ )
G(e = 0.04, i = 101.66◦ )

Table 2. Bf points from 2D ER3BP to 3D ER3BP.
Resonance
1:2

b2
0.0

Family
E1p

Bifurcation Points
M1 (e = 0.218, eN = 0.474)

where p, q are integers). Checking the value of the period T in each family of the 3D circular restricted threebody problem, we found that there exist three periodic orbits in total in the families A1 , A2 at the resonance 1:2,
whose period is equal to 4π (Fig. 3). The results are summarized in Table 1 (the term Bf points stand for bifurcation
points, see also KH2002).
(b) The second way to search for periodic orbits that bifurcate
to the 3D ER3BP is to check the vertical stability of periodic orbits of the corresponding planar elliptic problem.
This was already presented in Sect. 3.2 and the relevant results for the 3D case are shown in Table 2.

4.3. Families of periodic orbits of the 3D elliptic
restricted problem (New Families of symmetric
periodic orbits)
We shall present in the following the families of 3D resonant
periodic orbits of the elliptic restricted 3-body problem at the
1:2 exterior resonance for µ = 5.178 × 10−5 . All the results are
referred to the rotating frame of reference Oxyz. The eccentricity and the inclination vary within a family, but the semimajor
axis is almost constant, a1:2 ≈ 47.777 AU. The angles σ, ν, σz
are defined as:
σ = −λ + 2λ − , σz = −λ + 2λ − Ω, ν = +λ − 2λ +  (8)
where λ is the mean longitude,  is the longitude of perihelion,
Ω is the longitude of the ascending node of the small body and
the primed quantities refer to Neptune.
There are two types of symmetric periodic orbits in the
elliptic restricted three-body problem which are studied in the
rotating Oxyz frame:
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and r(0), θ̇(0). Consequently, a symmetric periodic orbit
can be represented by a point in the four-dimensional space
x0 − ẏ0 − z0 − eN . Also, a monoparametric family is generated
by varying the eccentricity of Neptune (eN ).
Type B: Symmetric periodic orbits with respect to the x-axis
A 3D simple symmetric periodic orbit starts at t = 0 perpendicularly from the x-axis (y(0) = 0, z(0) = 0, ẋ(0) = 0)
with Neptune at perihelion or aphelion (ṙ(0) = 0, θ = 0 or π)
and again crosses the x-axis perpendicularly at the first intersection (y(x0 , ẏ0 , ż0 ; eN ; T/2) = 0, z(x0 , ẏ0 , ż0 ; eN ; T/2) =
0, ẋ(x0 , ẏ0 , ż0 ; eN ; T/2) = 0) and (ṙ(0) = 0, θ = 0 or
π), where T is the period of the orbit. Since for a symmetric periodic orbit we have y(0) = 0, z(0) = 0, ẋ(0) = 0 and
(ṙ(0) = 0, θ = 0 or π), the non-zero initial conditions are:
x(0), ẏ(0), ż(0) and r(0), θ̇(0). Consequently, a symmetric periodic orbit can be represented by a point in the four-dimensional
space x0 − ẏ0 − ż0 − eN . Also, a monoparametric family is generated by varying the eccentricity of Neptune (eN ). Note that the
energy integral does not exist in this case.
There are two bifurcation points from the family A1 of the
3D circular problem to the 3D elliptic one (T = 4π). These
are: F1 [e = 0.05, i = 80.02◦] and F2 [e = 0.27, i = 113.80◦].
So, two pairs of families of periodic orbits of the 3D elliptic
problem arise which bifurcate from the above 3D orbits on
1:2
the family A1 . One pair is F1:2
1p , F1a and bifurcates from the
1:2
1:2
point F1 ; the other pair is F2p , F2a and bifurcates from the
point F2 . These families of periodic orbits are of type A. For
1:2
the families F1:2
1p , F2p Neptune is at perihelion and for the
1:2
1:2
families F1:2
1a , F2a it is at aphelion at t = 0. For the family F1p
we have: σ = 0, σz = 3π/2, ν = 0 and ω = 3π/2, Ω = π/2
while for the family F1:2
1a we have: σ = 0, σz = 3π/2, ν = π and
ω = 3π/2, Ω = π/2. This is so because the small body is at
perihelion at t = 0. The values of σ, σz , ν for the families F1:2
2p ,
F1:2
are:
σ
=
π,
σ
=
3π/2,
ν
=
0
and
σ
=
π,
σ
=
3π/2,
ν
=
π
z
z
2a
respectively. This is so because the small body is at aphelion
at t = 0. We also have ω = Ω = π/2.
, F1:2
(i) The families F1:2
1p
2p

1:2
1:2
1:2
In Fig. 4 we show the families F1:2
1p , F1a , F2p , F2a of
3D periodic orbits in the x0 − z0 − eN space. The curve in the
x0 −z0 plane is the projection of the family A1 of the 3D CR3BP.
In Figs. 5a and 5b we show the projections of the family F1:2
1p
Type A: Symmetric periodic orbits with respect to the xz-plane. to the z0 − eN and i(0) − e(0) planes. The same is done for
1:2
the family F1:2
2p in Figs. 5c and 5d. The family F1p starts from
A 3D simple symmetric periodic orbit starts at t = 0 the orbit F1 and terminates at the collision orbit K1 [e = 0.73,
perpendicularly from the xz-plane (y(0) = 0, ẋ(0) = 0, ż(0) = i = 62.57◦] with eN = 0.913. Numerical diﬃculties appear
0) with Neptune at perihelion or aphelion (ṙ(0) = 0, θ = 0 or π) for eN > 0.913, where eN is the eccentricity of Neptune. In
and again crosses the xz-plane perpendicularly at the first inter- this family the small body is initially at perihelion and eccensection (y(x0 , ẏ0 , z0 ; eN ; T/2) = 0, ẋ(x0 , ẏ0 , z0 ; eN ; T/2) = tricity (e) increases continuously starting from e = 0.05 and
0, ż(x0 , ẏ0 , z0 ; eN ; T/2) = 0) and (ṙ(0) = 0, θ = 0 or π), reaches the maximum value emax = 0.73 at the collision orwhere T is the period of the orbit. Since for a symmetric peri- bit K1 . The inclination starts from i = 80.02◦, attains a miniodic orbit we have y(0) = 0, ẋ(0) = 0, ż(0) = 0 and (ṙ(0) = 0, mum value at imin = 45.24◦ and then increases until i = 62.57◦
θ = 0 or π), the non-zero initial conditions are: x(0), ẏ(0), z(0) (Fig. 5b). The stability of the family F1:2
1p is shown in Fig. 5b.
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1:2
Fig. 6. Projections of the families F1:2
1a and F2a on the: a) e(0) −
eN plane, where eN is the eccentricity of Neptune and b) x(0) −
i(0) plane. The starting and the terminating points of these families
are also indicated. The negative eccentricity values denote only the
initial position of the small body at aphelion.

1:2
1:2
1:2
Fig. 4. Resonance 1:2: Projections of the families F1:2
1p , F2p , F1a , F2a
in x0 − z0 − eN space, where eN is the eccentricity of Neptune. The
points F1 and F2 are the starting points of the above families in
the 3D ER3BP. The curve in the x0 − z0 plane is the projection of
the family A1 of the 3D CR3BP.

Fig. 5. a) Projection of the family F1:2
1p on the z(0) − eN plane; and
b) on the e(0) − i(0) plane. c) Projection of the family F1:2
2p on the
z(0) − eN plane and b) on the e(0) − i(0) plane. The small body is at
perihelion (e(0) > 0) at t = 0 or at aphelion (e(0) <0) at t = 0. The
starting points (F1 , F2 ) and the terminating points (K1 , K2 ) are also
indicated.

The family F1:2
2p starts from the orbit F2 and terminates at
the collision orbit K2 [e = 0.81, i = 122.71◦] with eN = 0.85.
Numerical diﬃculties appear for eN > 0.85. In this family the
small body is at aphelion at t = 0 and the eccentricity increases continuously starting from e = 0.27 and reaches the
maximum value emax = 0.81 at the collision orbit K2 . The inclination starts from i = 113.80◦ and reaches the maximum value
imax = 122.71◦ at the orbit K2 . The stability of the family F1:2
2p is
1:2
1:2
shown in Fig. 5d. The families F1p and F2p are both unstable.
This means that we cannot have stable three dimensional motion of the small body in the 1:2 resonance for the 3D elliptic
problem at high values of inclination.

(ii) The families F1:2
, F1:2
1a
2a
In Figs. 6a– 6b we present projections of the families F1:2
1a ,
on the e(0) − eN and x(0) − i(0) planes and their coincidence. The numerical computations showed that these families
merge at a maximum eccentricity of Neptune eN = 0.165. For
the family F1:2
1a the small body is initially at perihelion while for
1:2
the family F1:2
2a is initially at aphelion. In the family F1a the eccentricity of the small body decreases starting from e0 = 0.05
until e1 = 0.0 and then increases until it reaches the maximum
value e2 = 0.085 (Fig. 6a). In the family F1:2
2a the eccentricity
decreases starting from e0 = 0.27 until it reaches the minimum
value e2 = 0.085. In Fig. 6a the line e1 = 0.0 (i = 90◦ ) determines the point at which the small body passes from perihelion to aphelion in the family F1:2
1a . The corresponding value
of Neptune’s eccentricity is: eN = 0.099. This event causes a
change in the initial value of ω and σ; it is ω = π/2, σ = π
now but the initial value for this family was ω = 3π/2, σ = 0.
Moreover, the line e2 = 0.085 determines the point (L2 ) where
the merger of the two families mentioned above takes place.
This corresponds to eN = 0.165. In the family F1:2
1a the inclination increases starting from i = 80.02◦ but in the family F1:2
2a
the inclination decreases starting from i = 113.80◦. The point
at which these families meet is i = 102.29◦ (Point: L2 , Fig. 6b).
The stability of these families is also shown in Fig. 6b. Both are
unstable. So in this case there are no stable regions of motion
in the phase space of the 3D elliptic problem.
There is one bifurcation point from the 3D circular
family A2 to the 3D elliptic problem (T = 4π). This is: G
[e = 0.037, i = 101.66◦]. So, one pair of families of periodic
orbits of the 3D elliptic problem arises from this point. The
1:2
1:2
pair is G1:2
p , Ga . For the family Gp Neptune is at perihelion
1:2
and for the family Ga it is at aphelion at t = 0. These families
of periodic orbits are of Type. For the family G1:2
p we have
σ = π, σz =0, ν = 0 and for the family G1:2
we
have
σ = π,
1a
σz = 0, ν = π. This is because the small body is at aphelion at
t = 0. For ω and Ω we have: ω = π and Ω = 0.
F1:2
2a

1:2
(iii) The families G1:2
p , Ga

In Fig. 7 we present the families G1:2
and G1:2
in the
p
a
space (x0 , (dy/dt)0 , (dz/dt)0 ). We remark here that these pic1:2
tures are the projections of the families G1:2
p and Ga on the (x0 ,
(dy/dt)0, (dz/dt)0 ) space since a family of periodic orbits of
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1:2
Fig. 8. a) Projections of the families G1:2
p and Ga on the x(0)−eN plane
and b) on the e(0)−i(0) plane. The symbol “U” denotes instability. The
negative values of the eccentricity denote only the initial position of
the small body at aphelion. The starting point (G) and the terminating
points (M1 , M2 ) are also indicated.

1:2
Fig. 7. Projections of the families G1:2
p and Ga in the x0 − ẏ0 − ż0
space, where eN is the eccentricity of Neptune. The starting (G) and
the terminating points (M1 , M2 ) of these families are also indicated.
The symbol “U” denotes instability of periodic orbits.

3D ER3BP is represented by a “characteristic curve” in the
four-dimensional space mentioned above. The family A2 of
the 3D circular restricted three-body problem is also presented.
The point G is the bifurcation point from the family A2 to the
3D ER3BP. The curve in the x0 − ẏ0 plane is the projection of
the family E1:2
1p of the planar elliptic problem.
In Figs. 8a–b we give the projections of the above families of the 3D ER3BP on the x0 − eN and e(0) − i(0) planes.
The family G1:2
p starts from the point G and terminates at the
point M1 [e = 0.218, i = 0◦ ] belonging to the family E1:2
p
of the planar periodic orbits. This point corresponds to eN =
0.474 (Fig. 8a). In this family the eccentricity of the small
body decreases, starting from e = 0.04, until it reaches the
minimum value e = 0.0 (Point N1 ) and then increases continuously and reaches the maximum value emax = 0.218 at the
orbit M1 (Fig. 8b). On the other hand the inclination
decreases continuously starting from i = 101.66◦ and
reaches the minimum value imin = 0◦ at the orbit M1 .
is unstable (Fig. 8b). In this family the small
Family G1:2
p
body is initially at aphelion (e(0) < 0). Note that at
the point N1 [e = 0.0, i = 96.68◦] the small body passes from
aphelion to perihelion. This causes a change in the initial value
of ω and σ, viz. we now have ω = 0, σ = 0 while the initial
values for the family were ω = π, σ = π. The values of σz , ν
are then: σz = 0, ν = 0.
We now come to the family G1:2
a . In the same Figs. 8a–b
we give the projections of this family on the x0 − eN and
e(0) − i(0) planes. In this family the small body is always at
aphelion (e(0) < 0, Fig. 8b) at t = 0. This family starts from the
point G and terminates at the point M2 [e = 0.847, i = 0.0◦]
with eN = 0.976 (Fig. 8a). This is a collision orbit of the planar
elliptic problem. The eccentricity increases continuously in
this family; it starts from low values (e = 0.04) and reaches
the maximum value at the collision orbit M2 (emax = 0.847).
The inclination starts from i = 101.66◦, reaches the maximum

value at i = 127.14◦ and ends at zero (orbit M2 ). Family G1:2
a
is unstable (Fig. 8b).
(iv) Comments
In this section, we studied systematically the phase space
structure of the 3D elliptic restricted three-body problem. In
Sect. 3.2 it was found that in the 1:2 resonance the topology of
the phase space in the elliptic planar model is separated by two
pairs of families of unstable periodic orbits, one of them with
very small eccentricities (e = 0.07) of the small body, which
are close to each other. This means that there exist two unstable periodic orbits, close to each other, in the system Sun –
Neptune – small body (eN = 0.00912). Moreover, unstable motion appears in the 3D circular model for small values of the
eccentricity. Exploring the phase space structure in the threedimensional elliptic problem, we found that the topology of
the phase space is separated by three pairs of unstable periodic orbits; two of them start from very small eccentricities
(e = 0.04 and e = 0.05) and the third from a moderate eccentricity (e = 0.27). The inclination attains very high values in all cases (i > 80◦ ). It means that there exist six unstable periodic orbits, one close to one another, in the system
Sun-Neptune-small body (eN = 0.00912). Consequently, large
chaotic regions appear in the phase space for small and moderate values of the eccentricity when the eccentricity of Neptune
is introduced in our model and the motion of the small body
takes place in three-dimensional space.
Although the phase space of the 3D circular model was regular for e > 0.07 and i > 0, it becomes more complicated in
the 3D elliptic case. Now it contains one more unstable fixed
point (namely there is one more unstable periodic orbit with
e = 0.27) and it is divided into two parts. The first part is
0.08 < e < 0.26 and the second is 0.28 < e < 0.62 (note the
two bifurcation points at e = 0.07 and e = 0.637 from the planar circular to elliptic model – Fig. 1b). Also, the phase space
is more diﬃcult to explore when we take into consideration
the bifurcation point e = 0.218 (eN = 0.474) from the 2D elliptic to the 3D elliptic problem and the chaotic regions are
increased. Nesvorný & Roig (2001) made a systematic study
of the stability in the 1:2 resonant region. They found that
the most stable region in the 1:2 resonance is at e = 0.3; the
chaotic structure of the resonant region at intermediate eccentricities (0.1 < e < 0.4) is complex (see above p.113). Chaotic
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motion in the 1:2 resonance was also found by Gallardo &
Ferraz-Mello (1997). So, the discovery of new objects in the
1:2 resonant area is possible only in the above two areas
because the phase space of the elliptic problem is dominated
by regular orbits.
As far as the distribution of small bodies in the 1:2 resonant region is concerned, almost 18 objects are located near the
N1:2 resonance (±0.6 AU). One of them (1999 CL119) moves
in nearly circular orbit and the rest of them have non-zero eccentricities. No objects with eccentricities e ≈ 0.07 or e ≈ 0.60
have yet been observed so perhaps they cannot stay at these
regions. Our results are in good agreement with this observation. It is worth mentioning that there exist objects with 0.07 <
e < 0.1 (e.g. 2001UP18 and 2001KA77). The majority of small
bodies at the 1:2 resonant region has eccentricity values in the
range 0.12 < e < 0.40 and inclination i < 25◦ .

5. Discussion
In this paper we presented families of periodic orbits at the
1:2 resonance in the model of the 3D elliptic restricted threebody problem. Here we should state that only symmetric periodic orbits are considered in this paper. The main results are
summarized below:
1) There exist two branches of elliptic orbits in the planar circular problem at the 1:2 resonance namely I1:2 and II1:2 .
The first one is unstable until e = 0.37 where a perpendicular collision with Neptune occurs; then it becomes stable.
The other one (II1:2 ) starts out stable; becomes unstable at
e = 0.035 and finally it again becomes stable at e = 0.96.
The critical points in which stability changes to instability
and vice versa cause bifurcation in asymmetric periodic orbits (Voyatzis et al. 2004). The location of periodic orbits is
important for obtaining the structure of the phase space.
2) Families of periodic orbits of the planar ER3BP bifurcate
from the known families of the planar circular problem.
All of them are unstable at the exterior resonance 1:2 with
Neptune. In the case of the 1:2 resonance the majority of
periodic orbits is unstable (Haghighipour et al. 2003).
3) There exist vertical critical orbits in the family II1:2 .
Families of three-dimensional periodic orbits which bifurcate from vertical critical orbits of the planar problem are
symmetric with respect to the xz-plane (type 1) or to the
x-axis (type 2). Most of them are unstable.
4) Families of periodic orbits of the 3D ER3BP were computed. These families bifurcate from the known families of
the 3D circular problem or from the vertical critical orbits
of the planar elliptic problem. They are symmetric with respect to the xz-plane (type A) or to the x-axis (type B) and
are generated by varying the eccentricity of Neptune (eN ).
All of them are unstable. The instability of symmetric periodic orbits is related to chaotic motion which was also
found by other authors, as we described in Sect. 1.
5) In the present study we dealt with realistic models with
many degrees of freedom and computed families of symmetric periodic orbits in the spatial ER3BP for a specific
value of mass and eccentricity of Neptune and found that

instability is the dominant characteristic of these orbits at
high-inclination values. But, as we saw in Sect. 4, there
exist large regular regions in the phase space structure
which can host small objects.
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