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Abstract. Magnetic flux concentrations in the solar (sub)photosphere are surrounded by strong downflows, which come into

swirling motion owing to the conservation of angular momentum. While such a whirl flow can stabilize a magnetic flux tube
against the MHD fluting instability, it potentially becomes subject to Kelvin-Helmholtz and shear instability near the edge of
the flux tube, which may lead to twisting of the magnetic field and perhaps even to the disruption of the magnetic structure.
As a first step towards studying the relevance of such instabilities, we investigate the stability of an incompressible flow with
longitudinal and azimuthal (whirl) components surrounding a cylinder with a uniform longitudinal magnetic field. We find that
a sharp jump of the azimuthal flow component at the cylinder boundary always leads to Kelvin-Helmholtz-type instability for
suﬃciently small wavelength of the perturbation. On the other hand, a smooth and wide enough transition of the azimuthal
velocity towards the surface of the cylinder leads to stable configurations, even for a discontinuous profile of the longitudinal
flow.
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1. Introduction
Concentrated magnetic fields in the solar (sub)photosphere
(“flux tubes”) are surrounded by strong downflows, which have
been inferred from the asymmetry and zero-crossing shifts of
observed Stokes V-profiles (Grossmann-Doerth et al. 1988,
1989; Bünte et al. 1993b; Grossmann-Doerth et al. 1996;
Martinez Pillet et al. 1997; Sigwarth et al. 1999). Such flows
are also a persistent feature in numerical simulations of solar
magnetic flux concentrations (Deinzer et al. 1984; Nordlund &
Stein 1990; Knölker et al. 1991; Steiner et al. 1998; Stein &
Nordlund 2002; Vögler & Schüssler 2003). The converging
downflows come into rapid swirling motion in order to conserve angular momentum (the “bathtub eﬀect”) and, by introducing a pressure gradient to compensate the centrifugal
force, provide a mechanism which prevents the flux tubes
from being fragmented by the interchange (fluting) instability,
which would otherwise disrupt the flux concentrations within
about a minute (Schüssler 1984, 1986; Steiner 1990; Bünte
et al. 1993a,b).
However, the swirling downflows themselves may give
rise to instabilities near the interface between a magnetic
flux tube and the surrounding external medium. A sharp interface between two media in relative motion is liable to
the Kelvin-Helmholtz instability, which may be modified by
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surface tension, stratification across the boundary, or the variation of the flow field within a boundary layer of finite width
(e.g., Chandrasekhar 1961). In the presence of a magnetic field,
Kelvin-Helmholtz instability of a flow parallel to the field lines
in an otherwise homogeneous medium sets in if the velocity
jump exceeds the Alfvén speed (Rae 1983). The criteria for the
Kelvin-Helmholtz instability are modified in the case of a finite
transition (shear) layer, which also introduces the possibility of
resonant flow instability (e.g., Hollweg et al. 1990). In the planar case, such eﬀects of shear layers have been studied in the
context of magnetospheric (Taroyan & Erdélyi 2002, 2003) and
coronal physics (Andries & Goossens 2001a,b). The cylindrical geometry of a magnetic flux tube introduces a new feature,
namely the radial stratification of the swirling external medium
due to the centrifugal force. The Rayleigh criterion states that
a rotating flow is stable with respect to axisymmetric perturbations if the specific angular momentum of the fluid increases
with distance from the axis of rotation. However, in the case of
a discontinuous rise of the rotational speed across the surface of
the flux tube, the resulting vortex sheet is unstable with respect
to non-axisymmetric perturbations (Michalke & Timme 1967;
Rotunno 1978). In the absence of gravity, the unstable perturbations do not vary along the rotation axis (tube axis), so that
the longitudinal magnetic field does not aﬀect this instability.
The question arises whether a smooth transition of the angular velocity from zero at the surface of the tube could lead
to a stable flow configuration around the flux tube. One could
think of such a transition layer as resulting from a preceding
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vortex sheet instability. We have therefore considered a threefold structure with a continuous profile of the rotational speed:
zero in the flux tube, a transition layer with constant vorticity,
and an external potential vortex (zero vorticity, neutrally stable
with respect to the Rayleigh criterion). We allow for diﬀerent
values of the density in the three domains. The velocity component along the flux tube is assumed to be discontinous at the
tube surface, so that we consider the least favorable case for
stability. For simplicity and to obtain an analytically tractable
problem, we restrict ourselves to the case of ideal MHD and
incompressible motion in a non-stratified medium. Eﬀects of
vertical stratification due to gravity are not expected to be very
important during the linear phase of the instability because the
shear flow instability of the rotational flow is basically twodimensional (horizontal). The assumption of incompressible
perturbations is justified as long as all fluid velocities remain
small compared to the sound speed. While this condition is well
satisfied in the solar convection zone, the Mach number may
occasionally reach values of order unity in the photosphere.
The stability properties derived here may thus be modified in
the case of high-speed vortices around photospheric flux tubes.
In subsequent work, we will therefore extend this study to the
case of compressible flows. The stability of systems with a helical flow and a magnetic field is also of considerable interest
in connection with astrophysical jets (e.g., Bodo et al. 1989,
1996) and accretion disks (e.g., Ogilvie & Pringle 1996).
The paper is organized as follows. In Sect. 2, we describe
the equilibrium configuration. We derive the dispersion relation
from the linearized perturbation equations in Sect. 3. In Sect. 4,
we discuss the case of a sharp jump (transition layer of vanishing thickness) and present the results for a finite transition layer
in Sect. 5. Our conclusions are given in Sect. 6.

2. The vortex flow configuration
We consider an infinite, uniformly magnetized, cylindrical flux
tube of radius R0 . We use cylindrical coordinates (r, ϕ, z) with
the axis of the flux tube along the z-direction. The magnetic
field strength is given by



 B 0 ez , r ≤ R 0
(1)
B0 = 

 0,
r>R ,
0

with B0 = const and ez the unit vector in the z direction. We
assume an unstratified and incompressible medium, but allow
for diﬀerent values of the density in the cylinder interior, ρ0i ,
and exterior, ρ0e , and in a transition layer (R0 ≤ r ≤ R), ρ0t ,
so that


ρ0i = ηρ0e , r ≤ R0






ρ0t = µρ0e , R0 < r ≤ R
ρ0 = 
(2)





ρ ,
r > R,
0e
with η, µ both constant.
helical form,


0,






rΩt (r)eϕ + v0z ez ,
u0 = 





 rΩ (r)e + v e ,
e
ϕ
0z z

where v0z is constant and the angular velocities Ωe and Ωt depend only on r. In an inviscid medium, rotational motion is
stable with respect to axisymmetric displacements of fluid elements if the specific angular momentum, r2 Ω, increases radially outwards. This is the Rayleigh criterion, which can be
written as
Φ(r) ≡


1 d  2
r Ω(r) ≥ 0
r dr

(4)

for stability. We consider a flow with constant Φ > 0 in the
transition layer (R0 < r ≤ R) and a marginally stable flow
(Φ = 0) in the exterior (r > R), such that the angular velocity
(and hence the azimuthal flow speed) is continuous at r = R0
and r = R:

R 2
Ω0 R2
0
Ωt (r) = 2
1
−
,
(5)
r
R − R20
Ωe (r) = Ω0

R
r

2

·

(6)

This choice leads to a minimal eﬀect of Ωe on the stability of
the shear layer while the form of Ωt permits an analytical solution of the linearized equations in particular cases. The equilibrium pressure in the flux tube is constant, while for the transition layer and the exterior we have
∇p0 = −ρ0 (u0 · ∇)u0 = ρ0 rΩ2 er .
The resulting equilibrium pressure profile is then given by


r ≤ R0
p0i = const.,






p0t (R0 ) + pct (r), R0 < r ≤ R
p0 (r) = 





 p (R) + p (r), r > R
0t
ce

p0t (R0 ) = p0i +

B20
,
8π


 2 
R
R0
r
1 ρ0t Ω20 R20 R4 
0
pct (r) =
−
+
4 ln
2
2 R2 − R2
r
R0
r
pce (r) =


R
1
ρ0e R2 Ω20 1 −
2
r

2

·

Figure 1 shows the equilibrium pressure (dashed line) given by
Eq. (8), and the angular velocity (solid line) given by Eqs. (5)
and (6).

r ≤ R0

3.1. Linearization and mode analysis

r > R,



 ,

2

0

3. Perturbation equations

(3)

(8)

with

The flow around the flux tube has a

R0 < r ≤ R

(7)

The basic equations describing our problem are the equation
of continuity, which in the incompressible case reduces to
∇ · u = 0, the momentum equation, and the induction equation.

F. Kolesnikov et al.: Instability of a helical flow

739

with
k2 =

m2
+ kz2 ,
r2

σ(r) = ω + mΩ(r) + kz v0z ,
B20
·
(15)
4πρ0
The expressions for the perturbation amplitudes of the other
quantities in terms of v̂1r are given in Appendix A. Note that
Eq. (14) agrees with the incompressible limit of the more general perturbation equations derived by Bondeson et al. (1987)
and Goossens et al. (1992).
v2A =

3.2. Matching conditions
Fig. 1. Profiles of angular velocity (solid line) and pressure (dashed
line) for the equilibrium configuration. The magnetic field is restricted
to r ≤ R0 .

We linearize these equations about the equilibrium configuration, introducing the first order quantities p1 , u1 , and B1 :
∇ · u1 = 0,

(9)

ρ0 (∂t + u0 · ∇)u1 + ρ0 (u1 · ∇)u0 = −∇Π1 + T 1 ,

(10)

(∂t + u0 · ∇)B1 + (u1 · ∇)B0 = (B0 · ∇)u1 + (B1 · ∇)u0 ,

(11)

where Π1 and T 1 are the perturbations of the total pressure and
of the magnetic tension force, respectively:
Π1 = p 1 +

1
B0 · B1 ,
4π

(12)

1
1
(B0 · ∇)B1 + (B1 · ∇)B0 .
(13)
4π
4π
Since equilibrium quantities only depend on r, we proceed with
a modal analysis and seek solutions whose dependence on t, φ,
and z is given by exp[i(ωt + mφ + kz z)], where ω is the complex frequency, m the azimuthal wave number, and kz the wave
number in z-direction. This leads to a system of ordinary differential equations for the r-dependent perturbation amplitude
functions, which can be reduced to a single equation for the
amplitude of the radial velocity perturbation, v̂1r :


2kz2 v2A m
 1 2m2

d2 v̂1r
(Φ − 2Ω)
+  + 2 3 + 2
2
2
2
r k r
dr
(σ − kz vA )rσ


 

2kz2 v2A

1 2m2 
dv̂1r
m 
+ − 2 − 2 4 1 − Φ + 2
Ω
×
2
2
dr
σ
r
k r
σ − kz v A


 m

d
2Ω
σ2
− (Φ − Ω)
− k2
+  2
2
2
dr
rσ
σ − kz v A r
T1 =

+
−

2kz2 Ω
σ2 − kz2 v2A



Φ +

2kz2 v2A
σ2 − kz2 v2A



Ω



2
(Φ
−
2Ω)

 v̂1r = 0,
2
(σ2 − kz2 vA )r2 σ2
2kz2 v2A m2

(14)

Equation (14) can be solved separately in the interior of
the cylinder, in the transition layer, and in the exterior.
Boundedness of the solutions together with uniqueness of the
normal displacement and matching of the total pressure at the
perturbed interfaces between interior, transition layer, and exterior, respectively, are required. The (Lagrangian) radial displacement of a mass element is given by
ˆ ei(ωt+mφ+kz z) ,
(16)
δr = δr
ˆ = v̂1r /iσ. At the interfaces, the solutions for δr on
where δr
both sides have to agree in order to have an unique displacement of the interface. This leads to the conditions
v̂i1r v̂t1r
=
at r = R0 ,
(17)
σi
σt
v̂t1r v̂e1r
=
at r = R,
(18)
σt
σe
where σi , σt , and σe are the values of σ in the three regions
and v̂i1r , v̂t1r , and v̂e1r are the corresponding amplitudes of the
radial velocity. A further matching condition is the continuity
of the normal stress; otherwise, infinite forces would result.
In our case, this means that the total (fluid + magnetic)
pressure, Π = p + B2 /8π has to be continuous. Consequently,
we have for the amplitude functions of the total pressure at
the perturbed interface between the interior and the transition
layer:
Π̂i (R0 + δr) = Π̂t (R0 + δr).

(19)

Expanding this equation to first order in δr gives


t 
i 
d
Π̂
d
Π̂
0
0
ˆ 0)
ˆ 0)


= Π̂t1 (R0 ) + δr(R
,
Π̂i1 (R0 ) + δr(R
dr 
dr 
r=R
r=R
0

(20)

0

and an analoguous expression for the interface between the
transition layer and the exterior. Hence, we obtain the following matching conditions at the interfaces:
ˆ d Π̂i0 − Π̂t0 = 0 at r = R0 ,
Π̂i1 − Π̂t1 + δr
(21)
dr
ˆ
Π̂t1 − Π̂e1 + δr

d
Π̂t − Π̂e0 = 0 at r = R.
dr 0

(22)
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Together with the requirement of boundedness, given by
Eqs. (17), (18), (21), and (22), Eq. (14) poses an eigenvalue
problem.

4. Discontinuous vortex flow

abη
(mΩ0 + kz v0z )2 ≤ bηkz2 v2A + kz R0 Ω20 ,
a + bη

4.1. Stability criterion
As a first step, we consider a sharp interface between the cylinder interior and the vortex flow in the exterior, i.e., there is no
transition layer (R0 = R) and both the axial and the angular velocity have a jump at r = R0 (Bünte 1993a). Under these conditions, Eq. (14) has the same form in the interior (0 ≤ r ≤ R0 )
and the exterior region (R0 ≤ r):




1 2m2 dv̂1r
d2 v̂1r
1
2m2
2
+
+ −k − 2 + 2 4 v̂1r = 0.
+
(23)
r k2 r3 dr
dr2
r
k r
We obtain bounded solutions in both regions and match them
according to the matching conditions. With x = kz r we can
write Eq. (23) in the form
dv̂1r
d2 v̂1r
+ x x2 + 3m2
2
dx
dx
!
2
− x2 + m2 + x2 − m2 v̂1r = 0.

x 2 x 2 + m2

(24)

The solution of Eq. (24) is a linear combination of derivatives
of the modified Bessel functions of the first and second kind,
(25)

where A1,2 are constants and primes denote derivatives with
respect to the argument. The internal solution must be regular
at r = 0, so that A2 = 0. The external solution is bounded only
for A1 = 0. Applying the condition of an unique displacement
of the interface, Eqs. (17) and (18), and choosing a convenient
normalization, the solution is found to be

Im (kz r)



, r < R0
(R
)R
σ
i
0
0



Im (kz R0 )



v̂1r (r) = 
(26)



Km (kz r)




 σe (R0 )R0 K  (kz R0 ) , r > R0 .
m
The dispersion relation for the frequency, ω, follows from evaluating the various perturbations in the conditions for matching the total pressure at the interface, Eqs. (21) and (22). This
yields the quadratic equation

(27)

where η = ρ0i /ρ0e is the constant density ratio and
a=

Km (kz R0 )
> 0,
−Km (kz R0 )

b=

Im (kz R0 )
> 0.
Im (kz R0 )

so that ω is real. If this condition is not met the mode grows at
a rate
ν(m, kz ) =

1 
abη (mΩ0 + kz v0z )2
a + bη
− (a + bη) bηkz2 v2A + kz R0 Ω20

1/2

.

(30)

In the following we discuss two special cases of the stability
criterion. First, we consider a purely axial flow (Ω0 = 0), and
then the case of a purely azimuthal flow (v0z = 0).

In the absence of an azimuthal flow component (Ω0 = 0), the
stability criterion given by Eq. (29) reduces to
a
v2 ≤ v2A .
a + bη 0z

(28)

(31)

We recover the result for the planar case (e.g. Sect. 106 of
Chandrasekhar 1961; Rae 1983) in the limit R0 → ∞, in which
case a, b → 1. Figure 2 (left) gives the coeﬃcient of v20z in
the case η = 1 (i. e. ρ0i = ρ0e ) as a function of kz R0 for
diﬀerent values of m. In the planar case (kz R0  1), the coeﬃcient of v0z is (1 + η)−1 = 0.5 (dashed line). For very
small and very large wavenumbers kz R0 the system behaves
as in the planar case. It is slightly more stable for perturbations with intermediate wavenumbers, corresponding to wavelengths of the order of the circumference of the cylinder. Since
a/ (a + bη) ≤ 1/ (1 + η) for all modes (m, kz ), a suﬃcient condition for stability is v20z ≤ v2A (1 + η). The stability criterion
Eq. (31) can be easily generalized to include an internal axial
flow and a constant external magnetic field: in the presence of
an internal flow, v0z is replaced by the velocity diﬀerence between inside and outside, and in the presence of an external
magnetic field the criterion takes the form
abη 2
v ≤ av2Ae + bηv2Ai ,
a + bη 0z

(a + ηb) ω2 + 2a (mΩ0 + kz v0z ) ω
+a (mΩ0 + kz v0z )2 − kz R0 Ω20 − ηbkz2 v2A = 0,

(29)

4.2. Axial flow

2

v̂1r (r) = A1 Im (kz r) + A2 Km (kz r) ,

In limiting cases we find a, b → kz R0 /|m| for |m|  kz R0 , and
a, b → 1 for |m|
kz R0 . The system is stable with respect
to a given mode (m, kz ) if the determinant of Eq. (27) is nonnegative, i.e. if

(32)

where vAi and vAe are the respective internal and external
Alfvén speeds. As an example, Fig. 2 (right) shows the Alfvén
speed
" and the (isothermal and adiabatic) sound speeds divided
by 1 + η as a function of height for two empirical solar flux
tube models (Solanki 1986) embedded in a non-magnetic atmosphere (Spruit 1977). The figure indicates that the onset of
the Kelvin-Helmholtz instability requires an external axial flow
velocity well in excess of the sound speed.
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Fig. 2. Stability of a purely axial, discontinuous flow. Left: the coeﬃcient a/(a + bη) in Eq. (31) as a function of kz R0 in the case η = 1. The
various curves correspond to diﬀerent values of m as indicated; the planar result [a/(a + bη) → 1/(1 + η) = 1/2 for kz R0 → ∞] is indicated
by the dashed line. Right: shown are Alfvén speeds for the semi-empirical solar flux tube models of Solanki (1986) embedded in non-magnetic
atmosphere (Spruit 1977). The dot-dashed line corresponds to the network tube model, while the dotted line represents the plage model. The
solid and dashed curves correspond to the adiabatic and isothermal sound speeds, respectively, both divided by (1 + η)1/2 . All quantities are
given as functions of geometrical depth in the solar atmosphere with zero depth corresponding to the level of optical depth unity (visible solar
surface).

4.3. Rotational flow
In the case of a pure external whirl flow (v0z = 0), Eq. (29)
indicates that the system is stable if


abη m2
− 1 Ω20 R0 ≤ bηkz v2A .
(33)
a + bη kz R0
Note that kz  0 supports the stability of the system by deposition of energy in (a) the magnetic field and (b) in the radial
exchange of angular momentum. In Fig. 3 we give the growth
rate from Eq. (30) as a function of kz R0 for a tube of radius
R0 = 100 km surrounded by a whirl flow of 2 km s−1 . The
dashed lines show the result for the non-magnetic case with
equal internal and external densities (η = 1), the solid lines
show the case η = 0.3, which appears to be a lower limit for
the density contrast of a photospheric magnetic flux tube. The
diﬀerent curves correspond to diﬀerent azimuthal wavenumbers m as indicated. A weak magnetic field of 100 G reduces
the growth rates for kz > 0 as indicated by the dotted lines for
the case η = 0.3. In the limit kz → 0, we have as stability
criterion (for Ω0  0)
Fig. 3. Growth rates of the Kelvin-Helmholtz instability for a pure external whirl flow of 2 km s−1 and a tube radius of R0 = 100 km. In the
absence of a magnetic field (B0 = 0) the dashed lines result for η = 1,
the solid lines for η = 0.3. A weak magnetic field of 100 G reduces
the growth rates for kz > 0 as shown by the dotted lines corresponding
to the case η = 0.3. The diﬀerent curves refer to diﬀerent values of m
(numbers on the right refer to the dashed lines, on the left to the solid
lines).

1
|m| ≤ 1 + ·
η

(34)

In this limit, the stability criterion depends solely on the azimuthal wavenumber and on the density ratio, but neither on
the angular velocity, Ω0 , nor on the magnetic field. The system
is unstable for all wavenumbers |m| ≥ m = 1 + η−1 with the
growth rate
Ω0 "
η|m|(|m| − m).
(35)
ν(m, 0) =
1+η
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For η = 1 (dashed curves in Fig. 3) we have m = 2, for
η = 0.3 (solid curves) m = 4. Consequently, a jump in the
rotational flow introduces instability for any finite value of η−1
since (in the absence of viscosity) modes with suﬃciently large
azimuthal wavenumbers violate the criterion. Since the purely
radial modes with kz = 0 are (most) unstable, the magnetic field
cannot stabilize the system.

because Ωi (R0 ) = Ωt (R0 ) = 0 and B0 = const. Using the relation between p̂i1 and p̂t1 and the corresponding amplitude functions for the radial velocity given by Eq. (A.1), we obtain


 m+1 
 m+1




R
R
 = µ 
−
α
η α1 + α2
α

2

 1
R0
R0

 m+1  
 Φt 


R
 

− α1 + α2
,


R0
ω

5. Finite transition layer

5.1. The case kz = 0

where

We now study the stability properties of the helical flow configuration described in Sect. 2. First, we consider the case kz = 0,
i.e., perturbations independent on z, which allows an analytical
solution. If the perturbations do not vary in the direction along
the tube, the magnetic field and the longitudinal flow drop from
Eq. (14), which takes an identical form in all three regions:


1 m2
d2 v̂1r 3 dv̂1r
+
+
−
(36)
v̂1r = 0.
dr2
r dr
r2
r2

Φt =

The general solution of this equation is given by
 m−1
 r m+1
r
2
v̂1r (r) = α1
+ α2
,
r1
r

(37)

where α1,2 and r1,2 are constants. Boundedness of the internal and the external solutions and applying the condition of
uniqueness of the normal displacements leads to the following
solutions in the interior (v̂i1r ), the transition layer (v̂t1r ), and the
exterior (v̂e1r ):

 m+1   m−1
 r

R
i


,
(38)
v̂1r (r) = α1 + α2
R0
R0


m−1
 R m+1
r
= α1
+ α2
,
R0
r

  m−1
 R m+1

R
e
v̂1r (r) = α1
+ α2 
,
R0
r
v̂t1r (r)

(39)

(40)

for m ≥ 1. The case m = 0 is excluded as we consider incompressible flows. For negative m, the solutions given by
Eqs. (38)–(40) have to be modified accordingly. This leads to
identical stability criteria and growth rates independent of the
sign m (see Appendix B). We therefore consider only the case
of positive m in what follows.
Matching the total pressure at the displaced interface gives
a system of two algebraic equations for α1 and α2 . The condition given in Eq. (21) for the total pressure at the interface
between the interior and the transition layer takes the form
p̂i1 (R0 ) = p̂t1 (R0 ),

(41)

where p̂i1 and p̂t1 are the amplitudes of the fluid pressure perturbation in the interior of the cylinder and in the transition
layer, respectively. This results from B̂1z = 0 in the interior
(see Eq. (A.6)), the absence of a magnetic field in the transition
layer, and from


dΠ̂t0 
dΠ̂i0 


=
=0
dr 
dr 
r=R
r=R
0

0


1 d  2
2Ω0 R2
·
r Ωt (r) = 2
r dr
R − R20

From Eq. (42) we obtain
 m+1
#
$
#
$
R
(η − µ)ω + µΦt α1 +
(η + µ)ω + µΦt α2 = 0.
R0

(42)

(43)

(44)

The matching condition for the pressure at the interface between transition layer and exterior given by Eq. (22) leads to


v̂t1r (R) dpt0 
v̂e1r (R) dpe0 
t
e

 ·
p̂1 (R) +
(45)
 = p̂1 (R) +
iσt (R) dr r=R
iσe (R) dr r=R
With dpt0 /dr = ρ0b Ω2t r and dpe0 /dr = ρ0e Ω2e r, and σt , σe , Ωt ,
Ωe given by Eqs. (15), (5) and (6), respectively, we obtain
  m−1

R
R

− α2
−µ(ω + mΩ0 ) 
α
 1 R0
m


  m−1




R
Φ

t
− α1
+ α2 


R0
ω + mΩ0 

  m−1
 µΩ20 m

R

+ α2 
− α1
R0
ω + mΩ0

  m−1

R
R 
= (ω + mΩ0 ) α1
+ α2 
m
R0

  m−1
 Ω20 m

R
+ α2 
·
− α1
R0
ω + mΩ0
Hence the second equation for α1 and α2 follows as
 m−1 
R
(µ + 1)(ω + mΩ0 )2 − µΦt (ω + mΩ0 )
R0


+(µ − 1)Ω20 m α1 + −(µ − 1)(ω + mΩ0 )2

−µΦt (ω + mΩ0 ) + (µ − 1)Ω20 m α2 = 0.

(46)

(47)

The dispersion relation is obtained by setting the discriminant
of the system of Eqs. (44) and (47) equal to a zero. This results
in a cubic equation for the (complex) frequency ω, which we
write in the form
Aβ3 + Bβ2 + Cβ + D = 0

(48)

for the normalized frequency β = ω/Ω0 . The expressions for
the coeﬃcients of this equation are given in Appendix B.
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Fig. 4. The lines Q(δ, η) = 0 in Eq. (49) separating regions of stability and instability for the case η = µ and for the modes with
m = 2, 3, 4, 5, 6, 7 (from left to right). The region below the line η = 1,
left from m = 3 curve, and below all curves at small values of η = µ
(denoted by “s”) indicates the domain of stability with respect to perturbations with arbitrary azimuthal wavenumbers.

In the special case µ = 1, a common factor (ω+mΩ0 ) can be
separated in the dispersion relation. This represents a (stable)
solution ω = −mΩ0 , which corresponds to a stationary wave
pattern in the inertial frame. In the general case, the dispersion relation has either three real solutions or one real and two
conjugate complex solutions. The flow is unstable in the latter
case because then one solution is growing in time. Reducing
the cubic equation to an incomplete cubic equation of the form
y3 + py + q = 0, we find that the system is stable provided the
condition
 p 3 q 2
Q=
+
≤0
(49)
3
2
is fulfilled. The expressions for p and q are given in
Appendix B1 .
As in the case of a sharp interface and kz = 0 (Sect. 4.4), the
stability criterion does not depend on the value of Ω0 ; only the
growth rates of unstable modes are proportional to Ω0 . Figure 4
shows the stability and instability domains in the (δ, η) plane
for the case η = µ, which means equal density in transition
layer and external region. The ratio δ = R0 /R is an inverse
measure of the width of the transition layer: δ → 1 indicating a sharp transition, δ → 0 a very wide transition. Figure 4
shows that for η = µ < 1 the flow is stable with respect to perturbations with arbitrary azimuthal wavenumber if the width
of the transition layer is comparable with the tube radius or
larger. The region η = µ > 1 tends towards instability owing to
1
For η = µ = 1 (constant density throughout) we recover the result of Michalke & Timme (1967) for their case of a stagnant inner
cylinder (γ = 0).
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the fact that an outward decreasing density corresponds to an
eﬀectively Rayleigh-Taylor unstable situation where the centrifugal force plays the role of gravity. The modes with larger m
yield larger stability domains. In the case of solar flux tubes,
the estimated width of the transition layer is typically 1−10 km
(Schüssler 1986; Hirayama 1992) and the typical flux tube radius is of order of 100 km, so that δ ≥ 0.9, well within the
unstable region in Fig. 4. The instability of such a rather sharp
transition probably leads to the thickening of this layer until it
becomes stable for δ <
∼ 0.4.
In Fig. 5 we give the real (frequency) and imaginary
(growth rate) parts of the normalized frequency β = ω/Ω0 as
a function of η = µ for m = 2 and δ = 0.2. When two stable
modes (βI = 0) merge, this creates a conjugate complex pair
with the same frequency βR , one growing (βI < 0) and one decaying (βI > 0). In the case shown, the combination of three
modes leads to the appearance of two unstable domains. For
simplicity, we restrict ourselves in this and the following section to showing results only for the case η = µ. A strong density
reduction in the flux tube would lead to η < µ because of the
eﬀect of the magnetic pressure. In view of the outward directed
centrifugal force this would increase the stability of the flow (in
analogy to a Rayleigh-Taylor stable situation).

5.2. The general case (kz  0 )
We now allow perturbations which vary along the tube, i.e.
kz  0. In this case, the eﬀect of both the axial flow (v0z ) and
the magnetic field become relevant. To determine the stability
properties we must determine the solutions of Eq. (14) in the
interior, in the transition layer, and in the exterior and match
them at the interfaces according to Eqs. (17)–(22). In the interior and the exterior, Eq. (14) reduces to Eq. (23). As shown in
Sect. 4, bounded solutions in these regions are
v̂i1r (r) = A1 Im (kz r),

(50)

v̂e1r (r) = A2 Km (kz r).

(51)

In the transition layer, Eq. (14) becomes




d2 v̂t1r
1 2m2 dv̂t1r
1
2m2
+
+
−
+
+
r k2 r3 dr
dr2
r 2 k2 r 4


2kz2
mΦt
mΦt
× 1−
− k2 + 2 Φt Ωt + 2 v̂t1r = 0.
σ
σ
r σ

(52)

Owing to the dependence of Ωt on r and the appearance of σ
in Eq. (52), there is no obvious analytical solution of this equation, so that we resort to a numerical treatment.
Equation (52) has a singular point wherever σ(r) = ω +
mΩ(r) + kz v0z = 0. This defines a continuum of real (neutrally
stable) modes, ωc , each of which resonates at a particular radius, rc , where ωc + mΩ(rc ) + kz v0z = 0. Similar eﬀects are
known, for example, for Alfvén waves in magnetic flux tubes
(e.g., Sakurai et al. 1991; Goossens & Ruderman 1996). Here
we do not consider the continuum of resonant modes, any superposition of which is expected to decay in time by phase
mixing. We rather concentrate on the discrete eigenmodes of
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Fig. 5. The mode structure for m = 2, δ = 0.2 as a function of η (=µ). The real and imaginary parts of β = ω/Ω0 give the frequency and the
growth rate of the modes, respectively. Merging of two stable modes leads to the creation of a complex conjugate mode pair, one of which is
growing (unstable) and the other decaying.

To test the numerical procedure we have considered the
case without azimuthal flow. For µ = 1, the stability properties of the system with transition layer should then be the same
as in the case of a sharp interface discussed in Sect. 4.2. The
curves in Fig. 6 show the stability boundaries given by Eq. (31)
for various values of m. The dots indicate the numerical results
obtained with our iteration procedure, which agree fairly well
with the analytical values (the maximum deviation is 0.12%).

Fig. 6. Comparison between analytical and numerical solutions in the
case of a purely longitudinal flow. The curves correspond to neutral
stability as given by the analytical result in Eq. (31) for m = 2, 3, 4,
5 (from bottom to top). The filled circles give the results for neutral
stability based upon the numerical integration and iteration procedure.

the system which describe exponentially growing instabilities.
In our numerical treatment of the problem we have therefore
avoided the resonant modes. In general, the inclusion of a magnetic field in the transition layer would lead to a continuum of
resonant Alfvén waves and, depending on the detailed conditions of the problem, possibly also to discrete overstable quasimodes (Taroyan & Erdélyi 2002, 2003). Whether such resonant
flow instability could also be relevant in the case of vortex flow
around magnetic flux tubes will be studied in subsequent work.
We solve the boundary value problem for the transition layer
by numerical integration of Eq. (52) starting at r = R0 and
by matching the boundary conditions at the interface between
the transition layer and the exterior (r = R) using a shooting
method. Details of this procedure are described in Appendix C.

We now consider parameters corresponding to solar magnetic flux tubes, namely R0 = 100 km, B0 = 1600 G, ρi =
10−7 g cm−3 . The angular velocity Ω0 = 2 × 10−2 km s−1 at
r = R, the velocity component along the tube is 10 km s−1 . In
Figs. 7–10 we show the resulting stability domains for various
azimuthal wavenumbers (m = 2 . . . 5). The dots represent the
numerically determined points of neutral stability; they outline
the curves separating stable and unstable regions. For each azimuthal wavenumber, the stability domains for kz R0 = 10−3 ,
10−2 , 10−1 , 1 are determined. Perturbations with azimuthal
wavenumbers m = 0 and m = 1 are always stable. For
kz R0 = 10−3 , the stability domains for all azimuthal wavenumbers nearly coincide with the stability domains for the case
kz = 0 (compare with Fig. 4). When the perturbation wavelength along the tube decreases (kz R0 increases), the stability domains for cases with azimuthal wavenumbers m > 2
grow and the growth rates in the unstable regions decrease.
Perturbations with m = 2 and with values kz R0 in the range
0.01 . . . 0.1 lead to a somewhat smaller domain of stability:
as can be seen in Fig. 7, the stable region is then restricted
to smaller values of the density ratios. The shrinking and expanding of the stability domain as a function of kz R0 could also
be noticed in Fig. 6. Comparing the diﬀerent modes we find
that the stability domain is mostly determined by modes with
m = 2 and 3. For larger azimuthal wavenumbers, the stability
region expands further. Negative m possess the same stability
behaviour as their positive counterparts.
We see that the inclusion of variations along the tube
(kz  0) reduces the domain of stable flux tubes by allowing Kelvin-Helmholtz instability of the longitudinal flow.
Comparing Fig. 7 with Fig. 4 we find that the domain
of stability (with respect to perturbations with arbitrary
azimuthal wavenumber m) has become somewhat smaller,
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Fig. 7. Domains of stability (“s”) and instability (“u”) for azimuthal wavenumber m = 2 and diﬀerent values of kz R0 (upper left: kz R0 = 10−3 ,
upper right: kz R0 = 10−2 , lower left: kz R0 = 10−1 , lower right: kz R0 = 1). The dots indicate the numerically determined points of neutral
stability. In the case kz R0 = 10−3 , the stability domain is nearly identical to the respective domain for the case kz = 0 (see Fig. 4). For longer
wavelengths of perturbations along the tube the stability domain first shrinks, but reexpands for kz R0 > 10−1 . The overall size of the stability
domain is mainly limited by perturbations with kz R0 10−1 .

(η = µ <
∼ 0.6, δ <
∼ 0.4), mainly with respect to the permitted density ratio. Since solar photospheric flux tubes typically
have small density ratios (η <
∼ 0.3), this does not aﬀect their
stability properties as long as the width of the transition layer
is comparable to or larger than the tube radius.

6. Conclusions
We have studied the Kelvin-Helmholtz and shear instabilities
of a homogeneously magnetized cylinder surrounded by a helical non-magnetic flow in an incompressible and unstratified
medium. The azimuthal flow component has a finite transition
layer between the stagnant tube interior and the rotating external medium, which is neutrally stable according to the Rayleigh
criterion. For perturbations that do not vary along the tube, the
magnetic field and the longitudinal flow component do not affect the properties of the shear instability. In this case, a transition layer with a width of the order of the tube radius or
larger is required to stabilize the azimuthal flow against perturbations with arbitrary azimuthal wavenumber. For perturbations varying along the tube as well, the Kelvin-Helmholtz
instability of the longitudinal flow component leads to a

reduction of the stability domain, but flux tubes with suﬃciently large internal density deficit and a broad transition layer
remain stable with respect to all perturbations. An extended
transition layer may naturally evolve as a result of the shear
instability of a sharp transition between flux tube and external
whirl flow. Consequently, strongly evacuated flux tubes in the
solar photosphere surrounded by helical flows may attain stable
configurations.
In order to maintain (partial) analytical tractability and simplicity, we could consider only a rather limited class of configuations. This leaves a number of obvious possible (in fact,
necessary) extensions of this work, which, however, in most
cases require a full numerical treatment. These include the introduction of a finite transition for the vertical flow component,
of a (possibly twisted) magnetic field in the transition layer,
of gravity, stratification, and compressibility. Among other effects, this would then allow us to study the interchange instability, the resonant flow instability and the magneto-rotational
instability (Chandrasekhar 1960; Balbus & Hawley 1991).
Acknowledgements. We are grateful to an anonymous referee for illuminating remarks and helpful suggestions.
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Fig. 8. Same as Fig. 7, but for m = 3.

Fig. 9. Same as Fig. 7, but for m = 4.
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Fig. 10. Same as Fig. 7, but for m = 5.

Appendix A: Perturbation amplitudes
The perturbations amplitudes in terms of v̂1r :
ρ0 σ
m !
p̂1 = −i 2 Dv̂1r − Ξ v̂1r ,
rσ
k

kz2
i m
Dv̂1r + Ξ v̂1r ,
v̂1φ = 2
σ
k r

i
mkz
v̂1r ,
v̂1z = 2 kz Dv̂1r − Ξ
k
rσ
kz
v̂1r ,
σ
 2


kz
kz m
Φ − 2Ω
B̂1φ = iB0
Dv̂1r +
Ξ−
v̂1r ,
σ rk2
σ
σk2

kz kz
mkz
Dv̂1r − Ξ
v̂1r ,
B̂1z = iB0
σ k2
rσk2

B̂1r = B0

where Dv̂1r and Ξ are defined as
dv̂1r v̂1r
Dv̂1r =
+
,
dr
r
Ξ=Φ+

2kz2 vA 2
Ω.
σ2 − kz2 vA 2

Appendix B: Coefficients of Eqs. (48) and (49)

B = 2mδ2m (η − µ)(1 − µ) − 2µ

×(1 − µ) − 2m(η + µ)(1 + µ) +

(A.1)

2µ
2µ
(η + µ) −
1 − δ2
1 − δ2

×(1 + µ),
(A.2)
C = m2 δ2m (η − µ)(1 − µ) − 2mµ
(A.3)
×(η − µ)(1 − µ) + 4mµ
(A.4)

−m2 (η + µ)(1 + µ) +

(A.5)
(A.6)

−

(A.8)

δ2m
δ2m
2
(1
−
µ)
−
4µ
1 − δ2
(1 − δ2 )2

2mµ
(η + µ) + m(η + µ)(1 − µ)
1 − δ2

δ2m
δ2m
δ2m
2
(1
−
µ)
−
4mµ
−
2mµ
1 − δ2
(1 − δ2 )2
1 − δ2

×(1 − µ) −

(A.7)

δ2m
(η − µ) − mδ2m
1 − δ2

4mµ
4µ2
(1
+
µ)
+
,
1 − δ2
(1 − δ2 )2

D = 2m2 µ

2m2 µ
4mµ2
2mµ
(1 + µ) +
+
(1 − µ),
2
2
2
1−δ
(1 − δ )
1 − δ2

where δ = R0 /R.
The parameters of the stability criterion given by Eq. (49)
are
B2
C
p=− 2+ ,
A
3A

For positive m we have
A = δ2m (η − µ)(1 − µ) − (η + µ)(1 + µ),

δ2m
δ2m
(η
−
µ)
+
2µ
1 − δ2
1 − δ2

q=

2B3
BC D
−
+ ·
27A3 3A2 A
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For negative m we have
A → −A, B → B, C → −C, D → D.
This leads to the same stability criteria as for positive m.

Appendix C: Procedure for the numerical solution
in the case k z  0
The condition for the uniqueness of the normal displacement at
the interface given by Eq. (17) and the analytical solution of the
equation in the interior given by Eq. (50) yield the initial value
of the perturbation amplitude of the radial velocity at r = R0 in
the transition layer,
v̂t1r (R0 ) =

A1 Im (kz R0 )(ω

+ kz v0z )

ω

·

(C.1)

Since Ω(R0 ) = 0 and B0 = const. for r ≤ R0 we have
d t 
d i 
Π̂0 r=R =
Π̂ 
= 0,
0
dr
dr 0 r=R0

(C.2)

so that the condition for the total pressure at the interface between the interior and the transition layer, Eq. (21), reduces to
Π̂i1 (R0 ) = Π̂t1 (R0 ).

(C.3)

Using Eqs. (1), (12), (15), (A.1), and (A.6), the perturbation of
the total pressure in the interior at r = R0 takes form
1
ρ0i σi
B0 B̂i1z(R0 ) = −i 2
4π
k
 i 

 i 
i 
v̂ 
v̂i1r 
 dv̂1r 
 dv̂ 
ikz2
2


×  1r 
+ 1r  +
B
+


dr r=R0 R0
4πσi k2 0 dr r=R0 R0

Π̂i1 (R0 ) = p̂i1 (R0 ) +

−1


iB20 kz2   m2


2
  2 + kz 
= −iρ0i ω +
4πω R0
 i 

v̂i1r 
 dv̂1r 
× 
+

 ·
dr r=R0 R0

(C.4)

Similarly, the perturbation of the total pressure in the transition
layer at r = R0 is obtained as



v̂t1r Φt m t 
iρ0t σt  dv̂t1r 
t
t

+
−
v̂ 
Π̂1 (R0 ) = p̂1 (R0 ) = − 2 

dr r=R0 R0 R0 σt 1r
k
−1
 2

 m
= −iρ0t (ω + kz v0z )  2 + kz2 
R0

 t 


v̂t
 dv̂ 
Φt m 
 ·
×  1r 
+ 1r 1 −
dr r=R0 R0
ω + kz v0z

(C.5)

Matching the total pressure perturbation at r = R0 gives



dv̂t1r 
B20 kz2 

−1 

= [µ(ω + kz v0z )] ηω −

dr r=R0
4πω
 
 i 
 t
v̂1r
v̂i 
 dv̂ 
Φt m
+ 1r  − 1 −
,
×  1r 
dr r=R0 R0
ω + kz v0z R0

(C.6)

where v̂i1r (R0 ) and v̂t1r (R0 ) are determined by Eqs. (50) and
(C.1). The required derivatives of the analytical solutions in the
interior and the exterior are given further.
The numerical integration of Eq. (52) yields the perturbation amplitude of the radial velocity in the transition layer and
its first derivative at r = R. The matching conditions at the
interface between the transition layer and the exterior are only
fulfilled for an eigenvalue, ω, of the problem. We iterate ω with
a Newton-Raphson method until we match the condition for the
total pressure at the interface. According to Eqs. (18), (51), and
(15), the condition for the uniqueness of the normal displacement at r = R is
v̂t1r (R)
A2 Km (kz R)
=
·
i(ω + mΩ0 + kz v0z ) i(ω + mΩ0 + kz v0z )

(C.7)

From the value of v̂t1r (R) obtained as result of the numerical
integration we can determine the value of A2 :
A2 =

v̂t1r
·
Km (kz R)

(C.8)

The condition Eq. (22) for matching the total pressure at
r = R is


d 
d 
Π̂t1 (R) + δ̂r(R) Π̂t0  = Π̂e1 (R) + δ̂r(R) Π̂e0  .
dr r=R
dr r=R
Since the magnetic field vanishes in the transition layer and in
the exterior we have


p̂t1 (R) − p̂e1 (R) + δ̂r(R) ρ0t RΩ20 − ρ0e RΩ20 = 0,
and, with Eq. (7),
p̂t1 (R) − p̂e1 (R) +

v̂t1r RΩ20 (ρ0t − ρ0e )
= 0.
iσt

(C.9)

The perturbation amplitude of the pressure in the transition
layer for r = R is, according to Eq. (A.1):




v̂t1r
ρt σt dv̂t1r 
Φt m
t
p̂1 (R) = −i 2
·
(C.10)
1−
 +
dr r=R R
σt
k
Since Φ = 0 in the exterior we have for the perturbation amplitude of the pressure in the exterior at r = R



v̂e1r
ρe σe dv̂e1r 
e
p̂1 (R) = −i 2
.
(C.11)
 +
dr r=R R
k
From Eqs. (C.9)–(C.11) we find that the condition for matching
the total pressure at r = R has the form
 t 
v̂t
dv̂1r 
Φt m
 + 1r −
v̂t
µ

dr r=R R
R(ω + mΩ0 + kz v0z ) 1r

2

v̂t RΩ2 (µ − 1)( mR2 + kz2 )
dv̂e1r 
v̂e
 + 1r + 1r 0
−
= 0.
dr r=R R
(ω + mΩ0 + kz v0z )2


(C.12)

In this condition, v̂t1r and its radial derivative results of the numerical integration of Eq. (52) in the transition layer while v̂e1r
and its radial derivative are determined according to Eq. (51)
and Eq. (C.14). Equation (C.12) gives the condition that has to
be satisfied by the eigenvalue, ω.
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The required derivatives of the analytical solutions in the
interior (see Eq. (50)) are:
dv̂i1r
d
= [A1 Im (kz r)],
dr
dr
Im (kz r) =

dIm (kz r) Im−1 (kz r) + Im+1 (kz r)
=
,
d(kz r)
2

d 
kz #
I (kz r) =
Im−2 (kz r) + 2Im (kz r)
dr m
4
$
+Im+2 (kz r) .

(C.13)

and in the exterior (see Eq. (51))
dv̂t1r
d
= [A2 Km (kz r)],
dr
dr
Km (kz r) =

dKm (kz r) Km−1 (kz r) + Km+1 (kz r)
=
,
d(kz r)
−2

d 
kz #
Km (kz r) =
Km−2 (kz r) + 2Km (kz r)
dr
4
$
+Km+2 (kz r) .

(C.14)
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