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Abstract. A method, based on the Karhunen-Loève (KL) transformation, to improve the signal-to-noise ratio of a multispectral

data cube is presented. As an illustration we have re-analyzed near-infrared multi-spectral images of the young planetary nebula
NGC 7027 previously observed by Cox et al. (2002). Our KL analysis clearly shows an enhancement of both spectral and spatial
information, particularly in the case of low signal-to-noise ratio images.
Key words. methods: data analysis – planetary nebulae: individual: NGC 7027

1. Introduction
Imaging spectroscopy, or integral field spectroscopy as it is also
called, is the ability to record spectral information for each spatial sample of an astronomical field. Spectrophotometric information of the observed object is recorded in the form of a data
cube, with spatial information in two dimensions and the spectral information in the third dimension. Because the detectors
are of a two-dimensional nature, recording the third, missing
dimension requires two classes of instruments: those for which
time scanning is used and those for which spatial sampling is
used. To the first class belong two interferometric systems, the
scanning Fabry-Pérot (e.g., Ryder et al. 1998) and the imaging
Fourier transform spectrometer or IFTS (Maillard 1995, 2000).
The FP is well adapted for the study of a single emission line
profile while an IFTS is more suitable for extended, rich emission line objects. To the second class belong the slit spectrometers with lenslet arrays, fiber bundle or image slicers as foreoptics to feed the entrance slit (Ren & Allington-Smith 2002).
The latter can record the spectra for every point of a field in a
single exposure but suﬀer from the loss of spatial resolution if
a large field of view is observed. An imaging Fourier transform
spectrometer gives simultaneously, over a large enough spectral
range, the spectrum of all the resolved points of an extended
object. It makes it possible to obtain wide field diﬀractionlimited imaging for visible to infrared wavelengths, with flexible spectral resolution. Due to its ability to achieve high
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spectral resolution, this instrument provides the capability of
measuring the gas kinematics from strong emission lines, e.g.,
the molecular hydrogen H2 1–0 S(1) emission line at 2.121 µm,
over the full molecular envelope of young PNs. Significant
astronomical results were obtained in the near infrared with
an IFTS called BEAR on the 3.6-m Canada-France-Hawaii
Telescope (Paumard et al. 2001; Cox et al. 1997, 2002, 2003).
However, observations with an IFTS require data acquisition
of a large number of frames for a given bandpass, particularly
for high spectral resolution. Consequently deep spectroscopic
investigations of many astronomical objects could be diﬃcult
to achieve because of the large total integration time needed for
these observations. This parameter competes with the achievable signal-to-noise ratio.
In this paper we show how a data processing method
based on the Karhunen-Loève (KL hereafter) transformation
(Karhunen 1947; Loève 1960) can increase the signal-to-noise
ratio of a spectrophotometric data cube making possible deep
integral field observations. This method uses a linear transformation to translate and rotate the data cube in a new coordinate
system that maximizes the variance. This approach has been
successfully used for a variety of astronomical applications including data compression (e.g. Bijaoui 1974; Pelat 1974) and
noise reduction, leading to identification of variable phenomena (Bijaoui & Doazan 1979), stellar and galaxy classifications
(e.g. Connolly et al. 1995).
To enhance the spatial and spectral components of a multispectral data cube, the cross-correlation matrix of the data cube
is first computed and a singular value decomposition is carried
out, then a small number of basis vectors are used to reproduce
a first approximation for each spectral image. As will be shown
later, images reconstructed from a limited number of basis
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vectors are less noisy than the original ones. A small and possibly significant amount of information is lost in this process.
This information is retrieved by re-adding denoised residuals
between the original and the restored images to the reconstructed ones. Denoising was obtained in this paper by using
a wavelet method which takes into account both i) the crosscorrelation between images or between spectra (KL expansion)
and ii) the spatial and spectral local correlations (wavelet denoising).
We applied the KL expansion to increase the
signal-to-noise ratio of the near-infrared spectro-imaging
observations of the young planetary nebula NGC 7027. The
data cube, consisting of 840 planes of 128 × 128 pixels,
was obtained by means of near-infrared Fourier transform
spectro-imaging observations with high spatial and high
spectral resolutions using a narrow-band filter (bandpass
4705−4745 cm−1 ) which contains H2 1−0 S(1) in its bandpass
(Cox et al. 2002).
In the second section of this paper, we describe the processing method based on the KL expansion. In Sect. 3 we outline the processing of the BEAR spectro-imaging data cube of
NGC 7027 we have used. Results of the method applied to this
data cube are presented in Sect. 4 and discussed in Sect. 5.

2. Karhunen-Loève processing

The KL expansion scheme has been widely applied for processing astronomical data (see for examples Pelat 1974; Bijaoui
1974; Bijaoui & Doazan 1979; Connolly et al. 1995; Tegmak
et al. 1997; Vogeley & Szalay 1996). Let us call Vn (k, l),
(n ∈ (1, N); k and l the pixel coordinates), the set of images
to process. We consider that for a given image n the intensities are the realization of a stochastic process with a probability density function (PDF) pn (V). A correlation may exist between the intensities of two diﬀerent images at the same pixel,
Vm (k, l) and Vn (k, l). Then it is possible to derive a set of N lin
ear combinations Si = i bni V n such that the values Si and S j
are de-correlated. This can be done by applying the Principal
Component Analysis (PCA) (e.g. Murtagh & Heck 1987) on
the intensities. Then, the KL scheme is the following:
compute the mean of each image V n , getting image V n

after
subtraction;
– compute the variance-covariance matrix C of the intensities. C is also the cross correlation matrix of images V n ;
– compute the C eigenvectors ui of components uin by decreasing eigenvalues λi ;

– compute the images Si = √1λ n uin V n .
i

The image noise increases the C diagonal terms. On the hypothesis of uniform noise, its variance has to be subtracted from
these terms.
Si is called the ith basis image. Generally only I < N images are computed. V  and S are the image (reduced from the
mean) and the basis vectors respectively. We have the relation:
S = B.V 

B = Λ− 2 U
1

where

 λ1
 0
Λ = 
 0

0

(1)

(2)


0 . . . 0 

λ2 . . . 0 

..

.
···
0 
. . . . . . λI

and:


 u11
 u
 21
U = 
 · · ·

uI1

(3)


u12 . . . u1N 

u22 . . . u2N 
 .
.

· · · . . · · · 
. . . . . . uIN

(4)

If I < N, the intensities V n are not exactly restored. The approximation Ṽ  n is:
Ṽ  = A.S

(5)

where:
1

A = ŨΛ 2

(6)

and Ũ is the U transpose matrix.
The distance between V  and its approximation Ṽ  is equal
to the sum of the eigenvalues not used in the approximation:


2.1. The KL basis

–

with:

n

|Vn (k, l) − Ṽn (k, l)|2 = KL

k,l

N


λj

(7)

j=J+1

where K and L are respectively the number of columns and
lines of the images.
The choice of eigenvectors with decreasing eigenvalues allows one to concentrate the energy in a basis having the minimum of components.

2.2. The noise of the basis
Using few basis images the KL scheme allows one to restore
images having a slight diﬀerence with the original ones. The
restored images look less noisy than the original ones. From
Eqs. (1) and (5) we get:
Ṽ  = AB.V 

(8)

R = AB has a dimension N × N and its terms are:

rnm =
uin uim .

(9)

i=1,I

If I = N, R is the identity matrix, else the sums are incomplete.
For the restored image, the variance due to the noise is:

2
σ2 Ṽn (k, l) = σ2
rnm
(10)
m

where σ is the noise variance, admitted to be the same for each
image value Vn (k, l).
If I  N no gain is obtained for the signal-to-noise ratio. In
our KL application I  N the sums are reduced and then the
noise is significantly reduced. A faint residual noise appears in
the first basis images, and it increases with the order. Denoising
can be done on each image.
2
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2.3. Denoising by the wavelet transform
Many papers have been dedicated to the application of discrete
wavelet transforms for denoising images. The reader can get a
general overview of these methods in Mallat (1999) or Starck
et al. (1998). The general framework of the algorithms is the
following:
– Application of a discrete wavelet transform: redundant
transforms allowing shift invariance reduce the artifacts
(Starck & Bijaoui 1994; Coifman & Donoho 1995).
– Thresholding: diﬀerent thresholding rules were proposed.
– Restoration: the restoration is done by the inverse transform
for un-redundant transforms. If it is not the case regularized
inversion can be done.
The relation between the measured and the restored wavelet
coeﬃcients constitutes the core of the algorithm. Many rules
were proposed. In this paper we choose Donoho’s thresholding for which the threshold t is given by Donoho & Johnstone
(1994):
t = σb 2 log(n)

(11)

where σb is the standard deviation of the wavelet coeﬃcient
and n the number of linearly independent coeﬃcients, which
decreases by a factor 2 (1D) or 4 (2D) with the scale. To reduce
the artifacts, the thresholding is then softened by subtracting
the threshold t from the absolute value of the measured coeﬃcient w. The restored coeﬃcient ŵ is set to 0 if |w| ≤ t.
A redundant wavelet transform based on the à trous algorithm (Starck & Bijaoui 1994) was applied. The denoising
may take away the orthogonality between the basis images.
Therefore, a Schmidt orthogonalization is carried out on them.

2.4. Multiscale denoising of the components
A given component ani is computed by the scalar product of
an image V n with a basis function Si considered as denoised.
Then ani is a random variable with a variance σ2 .
The component set Ai = {ain }, n ∈ (1, N), is associated to
the basis image i. Ai can be considered as its spectrum which
is a noisy set. It can also be processed using a 1-D wavelet
denoising method.

2.5. Multiscale denoising of the residuals
Each image V n is restored from the denoised basis images and
components. A diﬀerence exists between the original and the
restored image Ṽ n due to:
– The limited number of basis images;
– the basis denoising;
– the component denoising.
The residual Rn = V n − Ṽ n may contain significant information.
It can also be denoised. For this operation two possibilities do
exist: i) image per image denoising at given wavelengths ii)
spectrum per spectrum denoising at given pixels. In the first
operation significant wavelet coeﬃcients are computed from a
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pixel environment while it is the spectral neighborhood which
is used for the second denoising. This is not completely equivalent. Then the residual cube is denoised by applying successively the two operations. The denoised residuals are added
to Ṽ n to obtain the final restored image.

3. The data set: Multispectral images
of NGC 7027

3.1. Observations and data processing
The 3-D data of the young planetary nebula NGC 7027 used
in this analysis were obtained on October 24, 1999 during a
run with the BEAR imaging spectrometer at the f/35 focus of
the 3.6-m CFH Telescope at Mauna Kea (Hawaii). This instrument, based on a dual input/dual output Fourier Transform
Spectrometer (FTS) coupled to a 256 × 256 NICMOS camera, simultaneously produces spectra at each point of an extended object over a circular field of view of 24 with a scale
of 0.353 /pixel at seeing-limited spatial resolution (∼0.5 ), in
any spectral range between 1 and 2.5 µm. A detailed description of this instrument and its properties have been given by
Simons et al. (1994), Maillard (1995) and Maillard (2000).
A narrow-band filter (bandpass 4705−4745 cm−1 ) which
contains the H2 1−0 S(1) line at 4712.9 cm−1 (2.12 µm) in its
bandpass was used to reach higher spectral resolution in a minimum number of frames by a strict application of the Shannon
sampling theorem. A cube of 1150 planes with an integration
time of 9 s per image was obtained, an image being taken at
each interferometer step. The optical path diﬀerence which was
reached corresponds to a spectral resolution of 0.137 cm−1 , i.e.,
a velocity resolution of 8.9 km s−1 which is the maximum spectral resolution obtained in this mode, without being the limit of
the instrument. During the observations, the seeing was typically 0.5 . Analysis of these data was presented in Cox et al.
(2002).
Prior to the application of the KL analysis a reprocessing of
the data was performed, using the package bearprocess whose
main functions are described in Maillard (2000), plus some additional procedures. The raw frames were spatially oversampled by a factor of 4 to take full advantage of the quality of the
seeing and to accurately register each frame relatively to
the first one. To fully reconstruct the line profiles and to apply
the instrumental phase correction through the field, an oversampled cube of 840 frames over the useful part of the free
spectral range (from 4700 to 4741 cm−1 ) was computed leading to a mean velocity resolution of 3.1 km s−1 , i.e., an oversampling by a factor of 2 from the initial cube.

3.2. Contents of the data set
Figure 1 shows a typical high resolution spectrum extracted
at a bright spot of the NGC 7027 nebula from the H2 data
cube, and the images in the main emission lines identified
on the spectrum. Besides the strong H2 line, the spectrum includes the continuum and a series of weaker emission lines
which have been identified by Cox et al. (2002) as HeII (9–25)
(4716.19 cm−1 ), HeI 31 P0 –41 S at 4730.80 cm−1 , HeI 33 P0 –43 S

774
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Fig. 1. Multispectral observations of NGC 7027 using the BEAR imaging Fourier transform spectrometer (Cox et al. 2002). In the middle,
spectrum at an emission peak of the ionized region in NGC 7027 as measured in the 4700 to 4741 cm−1 filter. At the top and in the lower rows,
images of the nebula in all the detected lines, integrated over their full width, plus image of the continuum emission integrated from 4716 to
4728 cm−1 . This continuum is subtracted from each emission line image. The field of view is of 22.6 × 22.6 arcsec2 . North is up and East is left.

at 4733.52 cm−1 , [FeII] at 4739.72 cm−1 and a line which could
be identified as OI at 4729.47 cm−1 . All these lines are spectrally resolved. The distribution and the kinematics of each
emission line could be derived together with the spatial distribution of the continuum emission. An important property of
these high-resolution spectro-imaging data is that each spectral
image contains no other contribution, either from the continuum or from nearby emission lines from the ionized gas. The
general aspect of the continuum-subtracted H2 image is complex, with multiple lobes and weak H2 emission linking the
polar caps along the major axis. This bi-conical shell, which
was described in previous studies (Graham et al. 1993; Kastner
et al. 1994; Cox et al. 1997; Latter et al. 2000) and recently
modeled by Cox et al. (2002), shows holes in the brightness
distribution, noticeably to the north-west and south-east where
weak H2 emission extends beyond the main limb-brightened
structure. The kinematics of the H2 emission line is shown

in Fig. 2. At red-shifted velocities (v > 25 km s−1 ), the H2
emission shifts towards the south while it shifts towards the
north at blue-shifted velocities, indicative of a tilted, expanding envelope. The atomic lines trace the inner ionized region
showing an elliptical shape similar to the continuum emission
distribution.
Figures 1 and 2 show that, despite the high quality of the
data set, improvement of the spatial contrast is needed to analyze the faint spatial and spectral structures of the planetary
nebula. To increase the signal-to-noise ratio of these data, we
have applied the KL method to the data cube resulting from the
processing described in this section.

4. KL multispectral data cube analysis
The first step of the KL analysis is the computation of
the cross-correlation matrix of the multispectral data cube
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Fig. 2. Velocity channels maps (one spectral element of 3.1 km s−1 ) of
NGC 7027 in the 1–0 S(1) H2 emission line at 4712.9 cm−1 (2.12 µm).
The central velocity (vLSR ) is given in the upper left of each panel
and the systemic velocity is ∼25 km s−1 . The field of view is 22.6 ×
22.6 arcsec2 . North is up and East is left.

(128 × 128 × 840) resulting from the data analysis presented
in Sect. 3.1. Then, a diagonalization is carried out.
The total number of eigenvectors corresponds to the number of spectral elements of the data cube, i.e. 840. Eigenvalues,
sorted in decreasing order, and the corresponding integrated
energy distribution are plotted in Fig. 3. The eigenvalues decrease rapidly up to order ∼10 and then slope down slowly up
to order ∼250. At this order the eigenvalue is less than 20% of
the noise variance which is reached at order ∼100. In addition,
Fig. 3 shows that 85% of the energy is contained in the first
eight eigenvalues while the noise contributes ∼50% of the total
energy. To avoid a decomposition on non-significant vectors,
the KL expansion has to be truncated before reaching the noise
level, i.e. beyond the first 10–20 eigenvalues. In a first step, the
process was done using 30 vectors. It appeared that, beyond
order i = 8, basis images did not show visually clear information. Hence, we chose to work with a short expansion, i.e. using
only 8 eigenvectors, taking into account that the processing of
the residuals between the original and restored images allow us
to avoid any loss of significant spatial or spectral information.

775

These first 8 basis images and their corresponding component sets are displayed in Fig. 4. Component variations of
each basis are related to the image index, i.e. the wavenumber variations. The processed sequence contains 840 images
of 128 × 128 pixels. Close examination of each basis and its
corresponding component variations allow one to understand
the decomposition process. The basis image i = 1 represents
the “broad-band” image (i.e. integrated over the whole spectral band between 4705–4745 cm−1 ). H2 and continuum emission is dominant while contributions of other emission lines are
less significant. It is a classical representation for KL analysis, where more information is present in the basis number that
corresponds to the maximum variance. The basis i = 2 corresponds to the contribution of the H2 emission line which is
the most prominent line in our spectra while the contributions
of other spectral lines are negative. No continuum is present
in this basis number and beyond. The basis i = 3 represents
the first order of the velocity field over the H2 line and a faint
contribution of the second prominent emission line (HeI 33 P0 –
43 S) of our spectra. Other basis numbers represent high orders of the velocity field over the H2 line together with a faint
contribution of the other emission lines. In basis i = 6, the velocity field contribution of HeI, FeII and of the line identified
as OI are negative. An artifact is clearly seen in the basis image i = 5 as a bright, linear spike. This artifact, which is also
present with a fainter intensity in the basis images i = 4 and
i = 6, is probably due to a local phase shift in the process of the
zero path diﬀerence (ZPD) map determination which occurred
in the standard data reduction presented in Sect. 3.1. The ZPD
is determined for each position in the field in order to be able to
compute the spectra directly from the cosine FFT of the interferograms. The process starts from the ZPD determination at a
continuum intensity peak. The ZPD map is reconstructed stepby-step from this origin over all the pixels of the field, each
new determination being used as a best guess of the ZPD position for the next pixel. Phase shifts of half a fringe may occur
in regions where only a weak interferometric signal is present.
Hence, the corresponding artifact in the KL process does not
aﬀect our analysis since no significant signal is present in this
region. In addition, no spectral information seems to be carried
by the component variations corresponding to the basis image
i = 5. Residual telluric OH lines are present at 4709.5 cm−1 ,
4722 cm−1 , 4726.7 cm−1 and 4735.5 cm−1 in the spectral component variations of the basis image i = 8. Of course, these
spectral features, which were not totally subtracted in the data
acquisition, are not related to any spectral physical properties
of the nebula. In addition, little spatial and spectral information
is present in the basis image i = 8 and in its corresponding component variations. Hence, we only have used the first eight basis
images in the KL reconstruction process, considering that the
basis images and the component variations beyond this value
are not necessary to perform a complete data cube restoration.
The eight basis images were denoised by the wavelet transform and re-orthonormalized by the Schmidt method. The
resulting images and the corresponding denoised component
variations are displayed in Fig. 5. We obtain significant enhancement of the signal-to-noise ratio. However, evident loss in
spatial resolution due to the drastic wavelet filtering process is
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Fig. 3. Eigenvalues of the KL expansion. Left panel: eigenvalues distribution. Right panel: integrated energy distribution. The noise level is
represented by the dotted line. Note that the first eight eigenvalues represent 85% of the total energy contained within the KL expansion.
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Fig. 4. The 8 first basis images and their corresponding component variations.
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Fig. 5. The 8 first basis images and their corresponding component variations after denoising and ortho-normalization.

clearly seen in these images. The filtering we applied is needed
to perform a noiseless KL first approximation of the process
and to retain first only the significant information present in the
data cube. The remaining information is contained in the residual data cube which is the diﬀerence between the original and
the KL-restored data cube by using the first eight basis images.
This data cube, which contains significant information, is denoised image per image and then added to the first KL approximation of the reconstructed data cube. Taking into account the
chosen threshold of the wavelet filtering process only a small
amount of residual noise remains.
The KL reconstructed images corresponding to Figs. 1
and 2 are displayed in Figs. 6 and 7. These images seem to be
smoothed compared to the previous ones. The signal-to-noise
ratio of these images, made at the peak of the emission lines
or extracted at various positions in the H2 line profile, is increased because the signal-to-noise ratio of all the spectra in
the new cube has been increased by a factor of ∼4. This factor is estimated by taking the ratio of the rms noise in the two

spectra from the same position in the field, before and after
the KL analysis. As an example, Fig. 8 shows the comparison between a low signal-to-noise-ratio spectrum measured towards one pixel, at a position of faint emission in the ionized
zone of NGC 7027 and the KL restored spectrum. This illustration clearly shows that the KL process does not modify
either the line positions and profiles or significantly the peak
intensity. If the line positions were changed, a negative and
positive peak typical of a line shift would appear in the diﬀerence. No such eﬀect is detected. Consequently, the kinematics
of the gas traced by the line positions is fully conserved after
the KL analysis. Table 1 presents the minor changes of intensities and linewidths between the original and the reconstructed
spectrum.
It is interesting to note that features retained by this process
do not result from one image per image analysis, but from the
use of information contained in the whole data cube. Taking
into account the correlation between the images improves the
quality of the restoration even if a residual is re-introduced
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Fig. 6. KL reconstruction of the multispectral observation of NGC 7027 presented in Fig. 1. Significant improvement of the signal-to-noise
ratio is obtained. The rms noise of the spectrum has been divided by a factor of ∼4 (see text).

after the KL process. Another illustration is given by Fig. 9
which shows a comparison between a single-element spectral
image of the continuum taken from the raw data cube set and
its corresponding KL image. The signal-to-noise ratio is highly
increased after the KL reconstruction. By measuring the rms
noise on both images outside the emission region the gain in
signal-to-noise ratio is equal to 16. On the other hand, comparison between a continuum integrated image (from 4716 to
4727 cm−1 ) before and after the KL process (Fig. 10) does not
show a similar enhancement as in the case of a single element
spectral image, which is natural, since the integrated image already used a large fraction of the information on the continuum
component contained in the original data cube.

5. Discussion
We have proposed a method which improves the spatial and
spectral contents of an imaging spectroscopy data set. This

method uses spatial and spectral correlations among adjacent
pixels, and is particularly eﬀective in the case of a large number of spectral images.
We show that a 3D-data set can be restored with a small
number, eight in our case, of basis images. Only a small fraction of spectral and spatial information is present beyond this
position. This information is not lost because it is present in
residuals which are filtered and added to the restored KL data
cube. Working with a larger number of basis images leads to
the introduction of noise which degrades the final signal-tonoise ratio.
The KL method is more eﬃcient in the case of a low
signal-to-noise ratio where an improvement by a factor of 4 is
obtained, as illustrated in Figs. 8 and 9. In this case, the restoration process takes advantage of the redundant information contained in the whole data set. As a consequence, analysis at
the optimum spatial resolution oﬀered by the data becomes
possible. There is no need to average the signal of several
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Fig. 7. Velocity channel maps in the 1-0 S(1) H2 emission line at
4712.9 cm−1 (2.12 µm) after application of the KL reconstruction.
These images have to be compared to those of Fig. 2. Note the significant improvement of the contrast of faint structures.

pixels to increase the signal-to-noise ratio of the images. On
the other hand there is no significant gain when the signal-tonoise ratio is high because of the small contribution of the redundant information. A drastic wavelet filtering allows one to
begin the KL process with noiseless initial information. The
data set contains images that have variable signal-to-noise ratio. For high signal-to-noise ratio, e.g. the H2 emission line, the
KL process is insuﬃcient and the contribution of the residual
is high. Nevertheless, for low signal-to-noise-ratio images, the
whole information is contained in the KL process and the residual contribution is low. Note that the redundant information is
present both in spectral and spatial space and contributes to increase the signal-to-noise ratio of faint spectro-imaging data.
Starck et al. (2001) proposed another way of coupling the
KL expansion with the wavelet transform. First, the wavelet
transform is separately applied to each image. Second, KL is
done scale-by-scale. Each KL basis is then smoothed taking its
corresponding noise. The original images are restored scaleby-scale taking into account the denoised KL basis. In our
approach the KL expansion is useful only for getting an image quite acceptable but fully denoised. The lost information is
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Fig. 8. Spectrum measured towards one pixel position of a faint emission of the ionized region in NGC 7027 (upper signal) and its corresponding KL reconstruction. The bottom line is the diﬀerence between
the original and the KL reconstructed signals.

Fig. 9. One spectral element image in the continuum taken in the data
cube at spectral position 4715.48 cm−1 (left) and its corresponding
KL image (right). The signal-to-noise ratio in the KL image is highly
increased (see text).

contained in residuals and it is mainly restored after their denoising. In order to get suﬃciently smoothed images after the
KL reconstruction, few components are used. Increasing the
number of components leads to an increase of the noise in all
images reconstructed by KL. The daily experiments show that
beyond a given order, the KL components only carry information for few pixels of few images. By construction, residuals
from one image to another are quite de-correlated. Thus, their
denoising needs an individual wavelet transform process. In the
case of multicolor imaging, for which few images are to be processed, all KL components are used for the reconstruction. The
process of Starck et al. (2001) is then useful. For integral field
spectroscopy, the size is too large. Few components are computed which makes the proposed procedure necessary.
The KL decomposition allows one to detect some spectral
parasitic lines and spatial artifacts which are not related to any
spatial or spectral properties of the observed object (e.g. Figs. 4
and 5). These features could be removed from the whole data
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have shown that the KL decomposition process makes it possible to detect spatial residual artifacts and parasitic lines which
can be removed from the data. Removing these artifacts from
data could be done thanks to the application of the Independent
Component Analysis (ICA). This application will be examined
in a next paper.

Fig. 10. Comparison between a continuum integrated image
(from 4716 to 4727 cm−1 ) before and after the KL process. No significant improvement is obtained in KL process of high signal-to-noise
ratio image.

Table 1. Peak intensity and linewidth ratios of a few lines from the
original spectrum and the KL reconstructed spectrum shown in Fig. 8.
Line
H2 red-shifted component
H2 blue-shifted component
OI at 4729.47 cm−1
HeI at 4733.52 cm−1

Peak intensity
ratio

Linewidth
ratio

1.0
0.9
0.8
0.8

1.2
1.0
1.5
1.2

set thanks to the application of the Independent Component
Analysis (ICA) process. In this case, the KL analysis is used
as the first step of the whole process.

6. Conclusion
We have examined a method, based on the Karhunen-Loève
(KL) transformation, to improve the signal-to-noise ratio of
a multi-spectral data cube. We have applied this analysis on
near-infrared multi-spectral images of the young planetary
nebula NGC 7027. Significant improvement of signal-to-noise
ratio in the spectra and the images is obtained, particularly for
low signal-to-noise ratio data, for which an improvement by
a factor of 4 is obtained, while for high signal-to-noise ratio
images no improvement is obtained. The eﬃciency of the KL
analysis depends on the quality of information contained in the
data set. The higher the quality, the better the determination of
the KL basis and the reconstruction of faint structures present
in the data set. However, the KL analysis did not contribute
to the detection of new spectral or spatial features in the
NGC 7027 data set, which was already a good signal-to-noise
ratio data cube. The same analysis should be attempted on a
similar data set of a weak object, containing low signal-tonoise-ratio information, to demonstrate the potential capability
of detecting new spectral and spatial featutes. In addition, we
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