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Abstract. We investigate the diﬀusion of relativistic particles in the presence of a time constant, spatially non-homogeneous

magnetic field. We show that the intrinsic dynamical instability of the particle trajectories can provide an important source of
non-collisional diﬀusion even in the absence of time-dependent phenomena and for the simplest possible field structure that
still allows microscopic chaos.
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1. Introduction
Cross field particle diﬀusion is likely to play an important role
in magnetized plasmas every time one deals with energetic particles with large Larmor radii. Of course this happens in a number of diﬀerent astrophysical situations and in particular in the
context of high frequency radiating synchrotron sources.
The question of what the eﬃciency of diﬀusion is has considerable importance both for the understanding of particle
transport and for the problems relating to particle acceleration
at shocks. Coulomb collisions are essentially absent in astrophysical plasmas and the source of eﬃcient diﬀusion is usually
looked for in magnetic field irregularities that produce wandering of the field lines themselves or in the scattering of particles with waves (e.g. Melrose 1980). In particular, a widespread
point of view about diﬀusion of charged particles attributes it
to the particle dragging by sticky magnetic lines that chaotically wander in space. A wealth of literature is available on
this subject and on its applications to a variety of astrophysical environments. Let us just quote a few of them because of
their relevance to our present work: recent detailed numerical
studies (Casse et al. 2001) provide highly refined information
about parallel and transverse spatial diﬀusion coeﬃcients in the
presence of 3D magnetic turbulence, whereas theoretical results (Jones et al. 1998; Jokipii et al. 1993) somewhat constrain
the magnetic field structure in order to allow cross-field diﬀusion.
However, even in the absence of Coulomb collisions, crossfield Brownian-like diﬀusion can be induced by chaotic particle dynamics. Chaotic particle motions are commonly found
in presence of inhomogeneous electric fields (typically of interest to fusion plasmas, see for example Pettini et al. 1988;
Ottaviani & Pettini 1989, 1991), or in presence of inhomogeneous magnetic fields, in which case the simplest example is
provided by a charged particle moving in a magnetic dipole
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field (De Alcantara Bonfim et al. 2000). Thus, turbulent magnetic fields are not absolutely necessary for particle diﬀusion,
“mild” inhomogeneities can be eﬀective as well.
The aim of our present work is to draw attention to this
other physical mechanism which can either give rise to crossfield diﬀusion by itself, or can cooperate, and perhaps even
compete, with the stochastic wandering of magnetic field lines.
This consists of intrinsic dynamical chaos directly arising from
the microscopic equations of motion when the magnetic field
is not perfectly uniform or does not fulfil suitable symmetry requirements (Jokipii et al. 1993). To this aim, we considered the
simplest possible configuration (meaning the one with the minimum number of degrees of freedom) still guarantees a degree
of complexity suﬃcient to entail diﬀusion. We remark that the
model considered throughout this paper is the only one which
is non-trivial in the light of a theoretical result ruling out diffusion in the case of magnetic fields with one ignorable spatial
coordinate (Jones et al. 1998). Moreover, at variance with what
has been found in Casse et al. (2001), in our model Bohm scaling is not ruled out, therefore we might venture the guess that a
non-trivial interplay between chaotic motions of particles and
chaotic wandering of field lines could be responsible for the
appearance of unexpected results.

2. Outline of the model
We took the magnetic field to be directed along the z axis in
a Cartesian system of coordinates and considered the particles
motion in the (x, y) plane. The magnetic field was taken to be
in the form:


n



i 
i
i
A ki cos(k x x + ky y + φ ) k̂
B = B0 1 +
(1)
i=1

with |k | = 2π/λi , i.e. a constant uniform magnetic field
B0 k̂ with a superposed stationary and spatially inhomogeneous component B 1 (x, y) k̂, here represented as a finite sum
of Fourier components.
i
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Particles are only subject to the Lorentz force, so that the
equation of motion reads:
e
dβ
=
(β ∧ B)
dt
mγc

(2)

with e, m and γ being the particle charge, mass and Lorentz factor respectively, c representing the speed of light and β = u/c,
where u is the particle velocity.
This second order vector diﬀerential equation translates
into a system of four first order scalar equations. But these are
not all independent because of the constraint provided by energy conservation, appropriate to the situation we are dealing
with as long as radiation losses can be ignored. For time scales
short in comparison with the particle synchrotron lifetimes, β is
a constant and we can reduce the system to only three scalar
equations, writing:
1 dx
= β x = β cos α
c dt
1 dy
= βy = β sin α
c dt
dα
eB(x, y)
= −
dt
mγc

(3)

where B(x, y) is given by Eq. (1) with a suitable choice of the
amplitude coeﬃcients A ki and of the phases φ i .
The equations of motion (3) are nonlinear and, with the exception of a few very special cases, no general method for their
analytic solution is available. A numeric study is therefore necessary to work out the particle trajectories and estimate the effects of diﬀusion if a diﬀusive behaviour is found.

−1

A ki = A2 ki , which in 2D is equivalent to evenly distributing
the total energy in the perturbation among the diﬀerent spatial scales. As to A1 and A2 these were determined through the
condition:
δB
1 2
A i=
2 i=1 k
B0
n

We performed a numerical study aimed at clarifying which, if
any, are the magnetic field configurations eﬀective for producing cross field particles diﬀusion within the framework of the
model outlined in the previous section.
The parameters that are expected to be relevant in determining the eﬃciency of particle diﬀusion are the perturbation
amplitude and spectrum. We varied them both in our simulations, as we specify below.

3.1. Magnetic field description
We took the wavenumbers k i in the form:
 i 2π

k = λM n i


 x
with 1 < ni 2 + mi 2 < ρ2 ,



 k i = 2π m
y

λM

(4)

i

where ρ = λM /λm and λM and λm are, respectively, the maximum and minimum perturbation wavelength taken into account. The latter vary among the diﬀerent simulations and so
does the spectral form of the perturbation. In particular, as far
as the power spectrum of the perturbation is concerned we
have considered both a flat spectrum A ki = A1 , with A1 a constant, i.e. a field configuration such that more power is in short
wavelength modes, and a power-law spectrum of index −1,

,

(5)

with δB0 /B0, once again, varying.
Finally, the phases φ i were chosen randomly.

3.2. The relevant observables
There are two observables of central interest to our study:
the mean square displacement as a function of time, and the
Lyapunov characteristic exponent. These two observables allow to compute the diﬀusion coeﬃcient, and to test whether
the dynamics is unstable (chaotic), respectively.
By numerically following the trajectories of N particles,
and denoting by x i (0) , i = 1, . . . , N their initial conditions and
by xi (t) , i = 1, . . . , N their respective positions at any time t,
the mean square displacement is simply obtained as
r2 (t) =

N
1 
|xi (t) − xi (0)|2 .
N i=1

(6)

Hence, if the asymptotic-time dependence of r 2 (t) happens to
be linear, it is possible to define a dynamical (non-collisional)
diﬀusion coeﬃcient (Lichtenberg & Lieberman 1992) from
1 2 
r (t) ·
t→∞ t

D = lim

3. Numerical investigation of particles diffusion
in a magnetic field with fluctuating strength

2

(7)

For what concerns the Lyapunov characteristic exponent Λ, let
us briefly spend a few words describing deterministic chaos.
During the last two decades or so, there has been a growing
evidence of the independence of the two properties of determinism and predictability of classical dynamics. In fact, predictability for arbitrary long times requires also the stability of
the motions with respect to variations – however small – of the
initial conditions.
The generic situation of classical dynamical systems described by three or more nonlinear diﬀerential equations is instability of the trajectories in the Lyapunov sense. Like any
other kind of instability, dynamical instability brings about the
exponential growth of an initial perturbation; in this case it is
the distance between a reference trajectory and any other trajectory originating in its close vicinity that locally grows exponentially in time.
The degree of chaoticity of a dynamical system is quantified by the Lyapunov characteristic exponent Λ which – if
positive – measures the mean instability rate of nearby trajectories averaged along a suﬃciently long reference trajectory.
The exponent Λ also measures the typical time scale of loss of
memory of the initial conditions. Let us briefly mention how Λ
is numerically computed. To any generic dynamical system described by the equations


(8)
ẋi = X i x1 . . . xN
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we can associate the so-called tangent dynamics equations
(Lichtenberg & Lieberman 1992)
ξ̇i =

N


Jki [x(t)] ξ k ≡

k=1

N

∂X i
k=1

∂xk

ξk

(9)

where [Jki ] is the Jacobian matrix of [X i ], describing the evolution of the tangent vector ξ which is tightly related to the local
evolution of the distance of nearby trajectories to a reference
trajectory.
The numerical estimate of the Lyapunov characteristic exponent is obtained, for a single trajectory, through the following
formula:
1
|ξ(tN )|
(10)
ln
Λ(tN ) =
tN
|ξ(t0 )|
where tN is such that Λ(tN ) has reasonably attained an asymptotic value (Benettin et al. 1976). A positive asymptotic value
of Λ implies chaotic dynamics, whereas Λ(t) ∼ t −1 corresponds
to non-chaotic dynamics.

3.3. Simulations set-up
In our simulations the field was computed on a grid with N x ×
Ny cells of size ∆x × ∆y, each. The cells were such that ∆ =
∆x = ∆y = λm /5 and N x = Ny = λM /∆. The value of the field
at each point in space was found through linear interpolation
using 4 neighbouring grid points.
After testing how the choice of the number of particles considered aﬀects the results, we followed the motion of a set of
N = 100 test particles for each choice of the diﬀerent parameters discussed above. The initial conditions of the diﬀerent particles were chosen randomly, and together with the system of
equations describing the particle dynamics also the associated
one describing the tangent dynamics was integrated.
The equations were made non-dimensional by defining the
set of variables:
q1 = x/rL ,

q2 = y/rL ,

q3 = α,

τ = ΩL t,

(11)

with rL = mγc /eB0 and ΩL = c/rL . Hence, the system of
equations, for each choice of the parameters defining the field
and for each initial condition, is:
2

dq1
=
dτ
dq2
=
dτ
dq3
=
dτ
dξ1
=−
dτ
dξ2
=
dτ
dξ3
=−
dτ

β cos q3
β sin q3
−b(q1 , q2 )

(12)

β sin q3 ξ3
β cos q3 ξ3
∂b
∂b
ξ1 +
ξ2
∂q1
∂q2

with b(q1 , q2 ) = B(x/rL , y/rL )/B0.
The integration was performed using a fourth order Milne
modified predictor corrector (see e.g. Numerical Recipes).
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For purposes of comparison and program testing, for some
meaningful choices of the field configuration we integrated, together with the equations above,an analogous system of equations describing the guiding center motion in the gradient drift
approximation. The latter are supposed to describe the particle trajectories in the case where the minimum spatial scale
on which the magnetic field varies is much larger than their
Larmor radius, and are found by averaging Eq. (2) over a gyration period. One obtains:
dxgc
rL c
=
∇B ∧ B.
dt
2B20

(13)

After rescaling space and time as in Eq. (11), we can write the
system of equations relevant for cases when the guiding center
approximation holds as:
1 ∂b
2 ∂q2
1 ∂b
2 ∂q1


1 ∂2 b
∂2 b
ξ1 + 2 ξ2
2 ∂q2 ∂q1
∂ q2

 2
1 ∂ b
∂2 b
dξ2
=−
ξ1 +
ξ2 .
dτ
2 ∂2 q1
∂q1 ∂q2

dq1
=
dτ
dq2
=−
dτ
dξ1
=
dτ

(14)

We notice that the latter system of equations does not admit
chaoticity, since the dynamics is described by just two independent first order diﬀerential equations. In the following we
shall discuss how good an approximation the ∇B drift is in different situations and down to what values of the ratio λ m /rL it
applies.

4. Results
In this section we summarize our results.
First of all let us consider a situation in which the wave
spectrum extends from λ m = 10 rL to λM = 100 rL with a
total of 400 wave-modes. We take the perturbation amplitude
(δB/B0) = 0.5 (Eq. (5)) and the particle velocity to be very
close to the speed of light, corresponding to γ 10 6 . The perturbation spectrum is ∝k −1 .
Since the minimum wavelength included in the spectrum
is large compared to the particles Larmor radius, this is a case
such that the drift approximation is expected to give a reasonable description of most particles’ trajectories. In fact, Fig. 1
shows the comparison between the motion of real particles (left
panel), found through integration of Eq. (3), and of the respective drifting guiding centers (right panel), computed by integrating Eq. (13).
First of all the results in the bottom panel of Fig. 1 allow a
check of the accuracy of the integration routine. One finds that
the drift trajectories are actually coincident with the magnetic
field iso-contours to a very good accuracy.
Furthermore, it is apparent that while for some particles the
guiding center drift approximation is a good description of the
real trajectories, for some others this is not the case already for
a field varying over scales that are indeed large compared to r L .
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Fig. 1. The trajectories obtained by integrating the particles equation
of motion (top panel) are compared with those computed integrating
the gradient drift equation (bottom panel) for the same intial condition.
In both cases we plot the trajectories against a grey-scale plot of the
magnetic field strength.

Of course the situation becomes worse when one goes to fields
varying over smaller scales.
In Fig. 2 we show a plot analogous to that in Fig. 1 but
for the case when the magnetic field includes modes of wavelength between r L and 10 rL . In this case the motion of real
particles has nothing to do with that expected based on a drift.
Moreover, the trajectories plotted in Fig. 1 are shown after having been followed for a much longer time than those in Fig. 2.
It is qualitatively apparent that the area into which particles are

0

5

10

15

Fig. 2. Same as Fig. 1 but for λm = rL , λM = 10 rL . Here the bottom
panel refers to a tiny area of the plot on top.

contained grows with time much more eﬀectively in the second
case indicating that the wavelengths appropriate to enhance diffusion are those comparable with the particle Larmor radii.
This is made quantitative by Fig. 3 in which we plot the
squared displacement averaged over the ensemble of particles
for a number of diﬀerent simulations, each relating to a particular magnetic field configuration. The curves marked with
empty triangles in the first two panels, from top to bottom, refer to the average behaviour of particles in the field configurations that are shown in Figs. 1 and 2 respectively. It is apparent that particles travel far from their initial positions much
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Fig. 3. Average squared displacement as a function of time. The curves
marked with triangles refer to a perturbation spectrum ∝ k−1 (empty
triangles correspond to a perturbation amplitude δB/B0 = .5 while the
filled ones correspond to δB/B0 = 1), while the curves marked with
squares refer to the flat spectrum (k0 ) case. The vertical panels refer,
from top to bottom to the case of a perturbation spectrum extending
from 10 rL to 100 rL (top panel), from rL to 10 rL (middle panel) and
from 0.1 rL to 10 rL (bottom panel) respectively. In all panels the black
solid line represents Bohm diﬀusion.

more eﬃciently when they experience perturbations of the field
within a gyration period. Nonetheless, perturbation scales that
are smaller than the particle gyration radius are less eﬀective
than “resonant ones”. In fact, when one compares a flat spectrum (k 0 , curves marked with squares) with a k −1 spectrum
(curves marked with triangles), one always finds that the latter
is more eﬀective at producing particle diﬀusion, and the difference between the two increases in the three panels from top
to bottom. In the top panel the field spectrum does not make
much of a diﬀerence for the particle behaviour, while in the
third panel the diﬀerence is considerable, with particles going
almost five times further when the spectrum is k −1 . This is because, taking the spectrum to be flat, for a given perturbation
amplitude δB, there is a waste of power, the amount of power
invested in the short wavelength modes being larger.
As we mentioned one can properly speak of a diﬀusive behaviour only in cases when r 2 (t) ∝ t. This does not seem to be
the case for the top panel of Fig. 3. Here r 2 (t) seems to flatten
progressively. In fact the perturbation scale is large enough for
the drift approximation to be a good representation of the behaviour of a large number of particles. The trajectories of these
particles are closed and their maximum possible size is of the
order of the maximum wavelength of the perturbation.
The fact that there are a considerable number of closed particle orbits also means that there are a large number of sections
of the system that are non-chaotic. This can be seen by plotting
the Lyapunov exponent as a function of time (see Fig. 4).

Fig. 4. Logarithmic plot of the Lyapunov exponent as a function of
time. Same notation as in Fig. 3.

First of all it is clear from Fig. 4 that the origin of the diffusive behaviour is microscopic chaos. In fact the Lyapunov
exponent is always positive for our system and tends to a constant value. However, at variance with the diﬀusion coeﬃcient,
this value is largest for perturbations with the largest power
invested in short wavelength modes and decreases when one
takes the field to vary mostly on large scales. In other words,
although microscopic chaos is the source of particles diﬀusion,
it is not possible to directly relate the eﬃciency of diﬀusion to
the degree of chaoticity of the system, but there is no contradiction in this.

5. A statistical description of particle diffusion
In the following we give an approximate statistical treatment
of the problem described by Eqs. (3), (1) aiming at an analytic
estimate of the diﬀusion coeﬃcient.
In principle, when the minimum length-scale over which
the magnetic field varies is much larger than the gyration radius of the particles, we expect that the ∇B drift (Eq. (13)) provides a reasonable description of the average particle motion.
In this case the analytic computation of the diﬀusion coeﬃcient is similar to what has been developed in a diﬀerent context (Pettini et al. 1988, and references therein) along the line
of the classical works of Dupree (Dupree 1967) and Taylor and
McNamara (Taylor & McNamara 1971). However, the motions
described by Eq. (13) are not chaotic, no matter how complex
the structure of the perturbing magnetic field is. The guiding
center drift is, in fact, described by a set of just two independent ordinary diﬀerential equations. This prevents dynamical
chaos from setting in, as the minimum number of independent
first order diﬀerential equations required for this to happen is
three (Guckenheimer & Holmes 1983).
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Thus, in passing from Eqs. (3) to the vector Eq. (13), there
is an important loss of information about dynamics. However,
this is an artifact of the drift approximation which does not
aﬀect the computation of the velocity autocorrelation function (19) which, otherwise, should be computed using the equations of motion (3) and thereby eliminating the contribution of
the fast gyration. At variance, in order to simplify the computations, one a priori eliminates the fast gyration by directly going
to the drift approximation, then the loss of the source of diﬀusion – that is chaotic dynamics – is repaired by the legitimate
assumption that x(t) in Eq. (19) is a random process.
The basic equation of motion (13) is rewritten as

this is reasonable if the particle motions are suﬃciently complicated (chaotic) to destroy almost any correlation with the
magnetic field structure; ii) r(t) = x(t) − x(0) varies in time
as a random Gaussian process, in this case, assuming also an
isotropic diﬀusion so that r(t) = 0, the cumulant expansion
1 2 2
of the average of the exponential gives e ik·r(t)  = e− 4 k r (t) .
Now, by deriving with respect to time Eq. (16) and using these
two simplifying hypotheses in Eq. (19), we finally get
d2 2
r (t) = 2u(t) · u(0)
dt2

 1 2 2
⊥
(0) e− 4 k r (t) ,
= 2
C ⊥k (t)C−k

(20)

k∈Ω

u(t) =

d
x(t) = b[x(t)] × k̂
dt

(15)

with b[x] = (rL c/2B0)∇B1 [x], where B 1 is the perturbing term
in Eq. (1).
Let us consider the displacement r(t) = x(t) − x(0) of a single particle trajectory and introduce the mean square displacement r 2 (t) averaged over an ensemble
of trajectories. From
t
the formal solution x(t) = x(0) + 0 dt u(t ) of Eq. (15), one
can derive the diﬀusion equation
 t
d  2 
dτ u(t) · u(t − τ)·
(16)
r (t) = 2u(t) · r(t) = 2
dt
0
The term in x(0) vanishes if the system is statistically invariant
under spatial translations. For a standard Einstein-Fick diﬀusion process one has r 2 (t) = D t, with D a constant (diﬀusion
coeﬃcient), so that by definition dtd r2 (t) = D and by comparing with Eq. (16) we obtain the Green-Kubo expression
 ∞
dτ u(t) · u(t − τ)
(17)
D=2
0

for the asymptotic diﬀusion coeﬃcient.
The Lagrangian velocity autocorrelation function, i.e. computed along a particle trajectory, is expressed as follows


u(t) · u(0) = {b[x(t)] × k̂} · {b[x(0)] × k̂}
(18)




ik1 ·x(t)
ik2 ·x(0)
= − k̂ ×
C k1 (t)e
·
C k2 (0)e
× k̂
k1

k2

where we have assumed a time translational invariance of
the autocorrelation function, and we have expanded b[x(t)] in
Fourier series. In the case of statistically homogeneous spatial
fluctuations, the averaging · over the initial condition x(0) is
performed through an integration dx(0) which yields a delta
function δ k1 ,−k2 thus simplifying Eq. (19) to


⊥
u(t) · u(0) =
(19)
C ⊥k (t)C−k
(0)eik·[x(t)−x(0)] ,
k

where C ⊥k are the Fourier components of the magnetic field gradient in the plane perpendicular to k̂.
In order to make feasible any analytic estimate of the velocity autocorrelation function, two approximations are introduced: i) the average in Eq. (19) is split into the product of the
⊥
average C ⊥k (t)C−k
(0) and of the average of the exponential,

which is a nonlinear diﬀusion equation now in closed form.
Note that if we assume a time δ-correlation of the C ⊥k (t),
which will be true with a suitable coarse graining of time, then
⊥
(0) is replaced by |C ⊥k |2 . Analytic – when possible
C ⊥k (t)C−k
– or numeric integration of Eq. (20) gives r 2 (t) and hence
D = limt→∞ 1t r2 (t).
In the model situation we described in the previous section,
we may write Eq. (20) as
c2 rL 2  2
1 2 2
d2 2
r
(t)
=
2
k |B k |2 e− 4 k r (t) ,
(21)
2
dt2
4B0 k∈Ω
where B k are the Fourier components of the inhomogeneous
part of the magnetic field. We assume that the wave vectors fill
a 2-dimensional ring-shaped domain starting at radius k and
ending at ρk, with ρ ≥ 1, and further normalize the fluctuations
as follows:
 ρk

|B k |2 2π
dk k|B k |2 .
(22)
(δB)2 =
k

k∈Ω

We adopt as before a spectrum with equal power at all modes
|B k |2 ∼ k−2 , and a flat spectrum (∂B k/∂k) = 0.
Let us consider the former first. With the replacement
 ρk

→ 2π
dk k
k

k∈Ω

and the definitions
δB
rL ck2 t ,
B
Eq. (21) may be rewritten as
Γ = k2 r2  ,

θ=2

d2 Γ e−Γ/4 1 − e(1−ρ
=
4Γ
ln ρ
dθ2

2

)Γ/4

·

(23)

(24)

The limit ρ → 1 admits a completely analytical solution, in fact
Eq. (24) reduces to
d2 Γ e−Γ/4
=
8
dθ2
and
1/2
dΓ 
= 1 − e−Γ/4
dθ
whence
Γ = 8 ln

1 + eθ/4
·
2eθ/8

(25)

(26)

(27)
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Fig. 5. Logarithmic plot of Γ as a function of θ for ρ = 2, 10, 100:
dotted, dashed and continuous curve respectively.

For values θ  1, that is at short times, we get
Γ

θ2
, i.e. r2 
16

δB rL c k
t
B 2

0.01
0.001

825

0.01

0.1

1

10

100

1000

Fig. 6. Same as Fig. 5 but in the case of a flat spectrum (B k ∝ k0 ).

1

2

,

(28)

which is proper to a coherent motion occurring at the drift velocity if ∇B kδB.
In the opposite limit of θ  1, thus at long times, we obtain,
instead:
δB
Γ θ , i.e. r2  2 rL c t ,
(29)
B
which is a Bohm type diﬀusion independent of k.
In general, that is for ρ  1, numerical integration of
Eq. (24) shows that there is always an initial regime for which
Γ ∼ θ2 and a long time asymptotic regime for which Γ ∼ θ, as
it is apparent from Fig. 5.
With increasing extension of the spectrum, the asymptotic
regime is reached in shorter time-scales, but the changes in
the value of the diﬀusion coeﬃcient are completely negligible.
The conclusion one derives from this theoretical estimate is,
therefore, that, within our modeling of the field, the Bohm estimate of the diﬀusion coeﬃcient should still be an upper limit
for cross-field motion of the particles. Bohm diﬀusion can be
attained, but not largely overcome, for any value of the ratio
δB/B such that δB can still be considered a perturbation.
Similar results are found when the flat spectrum is considered. With the same definitions of Γ and θ as before, the relevant
equation reads in this case:


2
4
4
1
1
d2 Γ
− Γ4
2 − ρ 4Γ
+
1
e
+
ρ
=
−
e
,
(30)
2Γ ρ2 − 1 Γ
Γ
dθ2
so that by integrating once we obtain:

Γ

ρ2 Γ 
dΓ 
e− 4 4 

−
= 1 − 2
1 − e 4  .
dθ
ρ −1Γ

(31)

We integrated Eq. (31) numerically and found the result shown
in Fig. 6 below. Also in this case the motion tends to be diﬀusive, after an initial phase during which the mean squared displacement grows more than linearly with time. Again the conclusion is that the value of the diﬀusion coeﬃcient one should
expect to observe is of order D B .
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Fig. 7. Comparison between the theoretical and simulation behaviour
of r2 (t)/t as a function of time for the case of a flat spectrum with
δB/B = 0.5 (curves marked with triangles) and for the case of a spectrum ∝k−1 with the same value of δB/B (curves marked with squares).
Values on the vertical axis are in units of rL c, while the horizontal
axis is in units of particle Larmor gyrations. The simulation results
are shown as solid lines, while the statistical expectations are shown
as dashed lines. For the diﬀerent panels the caption is the same as in
Fig. 3.

In Fig. 7 we compare the time-evolution of r 2 (t)/t as
found from our direct numerical simulations with that expected
based on the statistical approach.
The first thing to notice is that in all cases we have considered, we have followed the particles’ trajectories for a long
enough time so that the asymptotic regime should have been
reached, based on the statistical estimate. In fact, in the upper panel we cannot be sure that this is the case. The average
squared displacement as a function of time is still decreasing
when the simulation ends. Predicting what would happen if one
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followed the simulation for a longer time is not straightforward.
The number of closed orbits, as we mentioned, is large in this
case, but the fact that the Lyapunov exponent seems to tend to
a positive value leaves open the possibility of a final diﬀusive
behaviour. Of course, even if this is the case, the diﬀusion coeﬃcient is going to be extremely small, and actually due to the
very few particles whose orbits are not closed.
When the perturbation is on small scales, the behaviour is
always diﬀusive, but with very diﬀerent eﬃciencies depending
on the details of the spectrum. The statistical approach is in all
cases overestimating the value of D. It always predicts the maximum of eﬃciency, which we find in just one case, i.e. when
most of the power in the perturbation of B is at wavelengths
that are resonant with the particle gyro-radius.

6. Conclusion
In this paper we have pointed out a mechanism that provides
a source of cross-field particle diﬀusion with minimal requirements on the degree of complexity of the magnetic field structure. We find that the intrinsic dynamical instability of the
particle trajectories may lead to a diﬀusive behaviour even in
the absence of time-dependence of the magnetic field or of
3-dimensional turbulence. The value of the diﬀusion coeﬃcient is found to be of order D B when most of the perturbation power is invested in wavelengths that are of order of the
particle Larmor radii.
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