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Abstract. The autocorrelation function and similarly the Fourier-power spectrum of a rotation me&ddyerap of an ex-

tended background radio source can be used to measure components of the magnetic autocorrelation and power-spectrum tensor
within a foreground Faraday screen. It is possible to reconstruct the full non-helical part of this tensor in the case of an isotropic
magnetic field distribution statistics. The helical part is only accessible with additional information; e.g. the knowledge that
the fields are force-free. The magnetic field strength, energy spectrum and autocorrelationdesagttbe obtained from the
non-helical part alone. We demonstrate thatan difer substantially fromigy, the observationally easily accessible autocor-
relation length of aiRM map. In typical astrophysical situatidry > 1g. Any RM study, which does not take this distinction

into account, likely underestimates the magnetic field strength. For power-law magnetic power spectra, and for patchy mag-
netic field configurations the centrBIM autocorrelation function is shown to have characteristic asymptotic shapes. Ways to
constrain the volume filling factor of a patchy field distribution are discussed. We discuss strategies to analyse observational
data, taking into account — with the help of a window function — the limited extent of the polarised radio source, the spatial
distribution of the electron density and average magnetic energy density in the screen, and allowing for noise reducing data
weighting. We briefly discuss thefects of possible observational artefacts, and strategies to avoid them.

Key words. magnetic fields — radiation mechanism: non-thermal — galaxies: active — intergalactic medium — galaxies: clusters:
general — radio continuum: general

1. Introduction in shock waves, in ionisation fronts, and in neutral gas-plasma
interactions, up to being primordially generated in high en-
ergy processes like phase transitions or inflation during the very

The interstellar and intergalactic plasma is magnetised. Te@/ly Universe.

origin of the magnetic fields is partly a mystery, yet it allows |n order to learn more about the magnetic field origin,
fascinating insights into dynamical processes in the Univerggsg processed plasma has to be studied. There is the possi-
Magnetic fields are an important constituent of cosmic plasgity that the magnetic fields outside galaxies, in galaxy clus-
in so far as they couple the often collisionless charged particigss and — if existing — even in the wider intergalactic space
by the Lorentz-force. They are able to inhibit transport prezrry more information on the field's origin. In clusters, mag-
cesses like heat conduction, spatial mixing of gas, and propgtic fields with a much lower degree of ordering, compared
gation of cosmic rays. They are essential for the acceleratighthe organised fields in spiral galaxies, have been detected.
of cosmic rays. They mediate forces through their tension ap@wever, they may be highly processed by turbulent gas flows
pressure, giving the plasma additional macroscopic degreegiffen by galaxy cluster mergers, which may mask their origin.
freedom in terms of Alfehic and magnetosonic waves. Theregardless, cluster magnetic fields are an interesting labora-
allow distant cosmic ray electron populations to be observggy to study magneto-hydrodynamical (MHD) turbulence, and
by magneto-curvature (synchrotron) radiation. are of great importance to understand thermal and non-thermal
Observational studies of spiral galaxies have revealgflenomenain the intra-cluster medium.
highly organised magnetic field configurations, often in align- ) ) ) ) _
ment with the optical spiral arms. These magnetic fields are D€SPite their obvious importance for many astrophysi-
believed to be generated and shaped by the dynamo actiof@fauestions, and despite many observatiofiares to mea-
the diferentially rotating galaxy disks from some initial wealUre their properties, our knowledge of galactic and inter-
seed fields. galactic magnetic fields is still poor. For an overview on the

The seed fields could have many origins, ranging from olpresent observational and theoretical knowledge the excellent
flows from stars and active galactic nuclei over battefgas '€View articles by Rees (1987), Wielebinski & Krause (1993),
Kronberg (1994), Beck et al. (1996), Kulsrud (1999), Beck

Send gfprint requests toT. A. EnRlin, (2001), Grasso & Rubinstein (2001), Carilli & Taylor (2002),
e-mail: ensslin@mpa-garching.mpg.de and Widrow (2002) should be consulted.

1.1. Cosmic magnetic fields
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1.2. Faraday rotation Similar to hydrodynamical turbulence, a broad energy injection

range is followed by a power-law spectrum at larger wavevec-

One way to probe magnetic fields is to use the Faraday rotatitgps_ For attempts to measure the magnetic power spectrum

effect. Linearly polarised radio emission experiences a rotatiﬂBm cluster simulations and radio maps see Dolag et al. (2002)
of the polarisation plane when it transverses a plasma witréﬁd Govoni et al. (2002) respectivily

non-zero magnetic field component along its propagation di-
rection. If the Faraday active medium is external to the sourcg, : i i
S cén be to measure the properties of an hypothetical large-scale

a wavelength-square dependence of the polarisation angle mea- ="~ .~ . . : .
sured can be observed and used to obtaiRtkewhich is the magnetic field outside clusters of galaxies, which could be of

: ; . o rimordial origin. A pioneering feasibility study in this direc-
proportionality constant of this dependence. Such situations 55% was done by Kolatt (1998), who already outlined several
realised in nature in cases where a polarised radio galaxy is %ihe ideas invgsti ated in thié work. He yro osed to probe
cated behind the magnetised medium of a galaxy, or behin O cosmoloaical m% netic fields b ﬁsin pcatglo uem'f)r
embedded in a galaxy cluster. 9 g y 9 9

. . . measurements of distant radio galaxies and to measure spa-
The focus of this work is on the analysis BM maps of d P

Another area of application of the theory developed here

| lust but not in the hiahl ised spiral Ir\:araday rotation maps. ARM search for fields in the Lyman-
galaxy clusters, but not in the fighly organised spiral galax- ¢ o g by Oren & Wolfe (1995) found at most a marginal

Btection. If they exist, primordial magnetic fields may be de-

round (CMB) polarisation during and shortly after the epoch

Magnetic fields in galaxy clusters are known to exist due {g recombination. as Kosowsky & Loeb (1996) proposed.

detection qf cluster v_wde synchrotro_n emission (Willson 1970), Ohno et al. (2002) proposed to use the CMB polarisation

and detection of their Faraday rotatioffieet. Although the as- f di f b | | hould thi

sociation of theRM with the intra-cluster medium is notunam—even or_RM studies of nearby ga axy ¢ uster_s. Should this
eculative proposal become technically feasible, a lot of de-

. o : : s
biguous, since it could also be produced in a magnetised pla ha . o e
skin of the observed radio galaxy (Bicknell et al. 1990), thesr[a'?ed information on intra-cluster magnetic fields could be

are arguments in favour of such an interpretation: (i) the asyr?eptamed'

metric depolarisation of double radio lobes embedded in galaxy

clusters can be understood as resulting fromfi@dénce in the 1.3. Philosophy of the paper

Faraday depth of the two lobes (Laing 1988; Garrington et al.

1988). (i) A recentRM study by Clarke et al. (2001) of point!f magnetic fields are sampled in afBaiently large volume,
sources located mostly behind (but 40% inside) galaxy clustétgy can hopefully be regarded to be statistically homogeneous
show a larger dispersion RM values than a reference sampl@nd statistically isotropic. This means that any statistical av-
without a galaxy cluster intersecting the line-of-sight. (iii) Thérage of a quantity depending on the magnetic fields does not
cluster-wide radio halos observed in some clusters of galdlepend on the exact location, shape, orientation and size of the
ies (e.g. Feretti 1999) show synchrotron emission of relativigsed sampling volume.

tic electrons within magnetic fields. The cluster fields strength The quantity we are interested in this paper is the auto-
should be within an order of magnitude of their Faraday roteerrelation (or two-point-correlation) function (more exactly:
tion estimates for the radio emitting electrons to have a reast®nsor) of the magnetic fields. The information contained in
able energy density (compared to the thermal one) (e.g. as tlam autocorrelation function is equivalent to the information
be read € Fig. 1 in Enflin & Biermann 1998). stored in the power-spectrum, as stated by the Wiener-Khinchin

Typical RM values of galaxy clusters are of the order ofheorem (WKT). We therefore present two equivalent ap-
a few 100 ragm?, being consistent with field strengths oProaches, one based in real space, and one based in Fourie
a fewuG which are well below equipartition with the thermabpace. The advantage of this redundancy is that some quanti-
cluster gas. However, in cooling flow clusters extrefRié val- ties are easier accessible in one, and others in the other space
ues of a few 1000 rah? were detected (see Carilli & Taylor Further, this allows to crosscheck computer algorithms based
2002), indicating possibly substantial magnetic pressure s@f- this work by comparing results gained by thefetient
port of the intra-cluster gas there. approaches.

Although the magnetic fields of galaxy clusters are less The observable we can use to access the magnetic fields
ordered than these of spiral galaxies, the presence of cotigFaraday rotation maps of extended polarised radio sources
ent structures is suggested by high resolution Faraday mdpsated behind a Faraday screen. Sinc&dhmap shows ba-
which exhibit sometime&®&M bands (e.g. Dreher et al. 1987sically the line-of-sight projected magnetic field distribution,
Taylor & Perley 1993; Taylor et al. 2001; Eilek & Owen 2002)the RM autocorrelation function is mainly given by the pro-
Such bands may be caused by shear-amplification of origingigted magnetic field autocorrelation function. Therefore mea-
small-scale magnetic fields, as seen in numerical MHD simgring theRM autocorrelation allows to measure the magnetic
lations of galaxy cluster formation (Dolag et al. 1999). They
are likely embedded within a magnetic power-spectrum whicht The conventions to describe the spectra mé&gdin these articles
extends over several orders of magnitude in wavevector spéo@n the one used here.
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autocorrelation, and thus provides a tool to estimate magnetith a noise reducing data weighting scheme. Tfieat of a
field strength and correlation length. finite window function is to smear out the power in Fourier-
The situation is a bit more complicated than describegpace. Since this is an unwantedtkeet one either has to find
above, due to the vector nature of the magnetic fields. This isystems which provide a ficiently large window or one has
plies that there is an autocorrelation tensor instead of a futg-account for this bias. Since thffect of a too small window
tion, which contains nine numbers corresponding to the cam the results depends strongly on the shape and size of the
relations of the dferent magnetic components against eashindow at hand, a detailed discussion of all the cases which
other, which in general can all befidirent. TheRM autocor- can happen in practice is beyond the scope of this paper. It has
relation function contains only information about one of thegde be done for each application at hand separately. Only ide-
values, the autocorrelations of the magnetic field componetlised cases are discussed here for illustration. But generally
parallel to the line-of-sight. However, in many instances thtane can state, that the analysis is sensitive to magnetic power
important symmetric part of the tensor can be reconstructex scales below a typical window size, and insensitive to scales
and using this information the magnetic field strength and cabove.
relation length can be obtained. This is possible due to three The same magnetic power spectrum can have véligrdint
observations: realizations, since all the phase information is lost in measuring
1. Magnetic isotropy: if the sampling volume is siiciently the power spect_rum (foran i_nstructive visualisation of this see
eIl\éaron & Goldreich 2001). Since the presented approach relies

large, so that the local anisotropic hature of magnetic fi on the power spectrum only, it is not important if the magnetic

distributions is averaged out, the (volume averaged) Maids are highly organised in structures like flux-ropes, or mag-

netic autocorrelation tensor is isotropic. This means, that .. . ;
. néetic sheets, or if they are relatively featureless random-phase

the diagonal elements of the tensor are all the same, an . .
lelds, as long as their power spectrum is the same.

that the g-diagonal elements are described by two num- The autocorrelation analysis is fully applicable in all such

bers, one gving thelrsyrr_lme_trlc, and one giving the'ran%'ituations, as long as the fields are sampled witticsent
symmetric (helical) contribution.

2. Divergence-freeness of magnetic fieldsthe condition statistics. The fact that this analysis is insensitive tfhedi

° : o . __ent realizations of the same power spectrum indicates that the
V-B = 0 (B is the magnetic field) couples the dlagor]nethod is not able to extract all the information which may

nal and @i-diagonal components of the symmetric part CPe in the map. Additional information is stored in higher order

the autocorrelation tensor. Knowledge of one diagonal ele- ; ) Lo
..._correlation functions, and such can in principle be used to make
ment (e.g. from arRM measurement) therefore specifies :
. Statements about whether the fields are ordered or purely ran-
fully the symmetric part of the tensor. The trace of th

autocorrelation tensor, which can be calischlar mag- dom (chaotic). The information on the magnetic field strength

) . : ) . (B?, which is the value at origin of the autocorrelation func-
netic autocorrelation functiom(r), contains all the infor- . . .
) . . tion), and correlation length (an integral over the autocorrela-
mation required to measure the average magnetic ene: . . i
. . . ioh function) does only depend on the autocorrelation function
densityeg = w(0)/(8x) or the magnetic correlation length ; .
1 foo dr u(r)/w(0) and not on the higher order correlations.
B~ ) o . . . . i
3. Unimportance of helicity: although helicity is a crucial The presented analysis relies on having a_statistically

) ) o . isotropic sample of magnetic fields, whereas MHD turbulence
quantity for the dynamics of magnetic fields, it does ng . )
. . seems to be locally inhomogeneous, which means that small
enter any estimate of the average magnetic energy densi . ; S
. ) . scale fluctuations are anisotropic with respect to the local mean
or magnetic correlation length, because helicity offilgets

off-diagonal terms of the autocorrelation tensor. The namﬂ(eﬂld' However, whenever the observing window is much larger

guantities depend only on the trace of the tensor and ara" th? correlation length Of. the Iogal mean field th_e auto-
therefore unfiected by helicity. One cannot measure helic:c_orrelatlon tensor should be isotropic due to averaging over
X an isotropic distribution of locally anisotropic subvolumes.

Ity from_a Faraday rotation map alone, since it requires ?q%is works if not a preferred direction is superposed by other
comparison of two dferent components of the magnetic

fields, whereas th& M map contains information on onIyphySlCS‘ €9-a galax_y cluster wide or|en'Fat|on of flelql I|ne_s
along a preferred axis. However, even this case can in prin-
one component.

ciple be treated by co-adding tieM signal from a sample

In a realistic situation, the sampling volume is determined lof clusters, for which a random distribution of such hypothet-
the shape of the polarised radio emitter and the geometry of tbal axes can be assumed. In any case, it is likely that mag-
Faraday screen, as given by the electron density and the magtic anisotropy also manifests itself in the Faraday rotation
netic field energy density profile. The sampling volume can lbeaps, since the projection connecting magnetic field configu-
described by a window function, through which an underlyingitions andRM maps will conserve anisotropy in most cases,
virtually statistical homogeneous magnetic field is observeskcept alignments by chance of the direction of anisotropy and
The window function is zero outside the probed volume, e.the line-of-sight. The presence of anisotropy can therefore be
for locations which are not located in front of the radio sourctested, which is discussed later in great detail.

Inside the volume the window function scales with the elec- Since there are cases where already an inspection by eye
tron density (known from X-ray observations), with the aveseems to reveal the existence of magnetic structures like flux
age magnetic energy profile (guessed from reasonable scatmges or magnetic sheets, we briefly discuss their appearance in
relations, but testable within the approach), and — if wantedhe autocorrelation and the area filling statisticdRdfl maps.
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As already stated, the presence of such structures does T resulting estimator has a strong sensitivity to poorly sam-
limit our analysis, as long as they areffstiently sampled. pled variances on scales comparable to the radio source diam-
Otherwise, one has to replace e.g. the isotropy assumption Bter. On larger scales it is also ill-defined in the mathematical
suitable generalisation. In many cases this will allow an analsense. The normalisation proposed here leads to results which
sis similar to the one proposed in this paper. We leave this filw not sifer from this. It automatically down-weights the sig-
future work and applications where this might be required. ®al from statistically insfficiently sampled baselinas, and
criteria to detect anisotropy statistically is given in this work. this bias can be controlled (Sect. 3.5). It further turns out that
the Fourier-space formulation &M statistics introduced in
Sect. 3 requires the weighting scheme proposed here.

The RM signal from diferent subvolumes of the Faraday
In Sect. 2 the autocorrelation functions of magnetic fields asdreen will diter due to electron density and typical mag-
their RM maps are introduced, and their interrelation invesetic field strength variations within the source. Such global
tigated. In Sect. 3 the same is done in Fourier space, whigriations can be regarded as variations of a window func-
has not only technical advantages, but also provides insigibh f(x), which mediates the relation between the observed
into phenomena such as turbulence. Faraday map signati®R®&ssignal and an underlying (rescaled) magnetic field, which
of magnetic structures like flux-ropes are briefly discussed i virtually homogeneous in a statistical sense. To be more
Sect. 4. Possible pitfalls due to observational artefacts are $pecific, we choose a typical positiogs within the screen
vestigated in Sect. 5. The conclusions in Sect. 6 summarise (gig. the centre of a galaxy cluster), and defigg= ne(Xrer)
main findings, and give references to the important results amttlBy = (B?(x.ef))*/?. We then define the window function by
formulae in detail.

1.4. Structure of the paper

f(X) = Lix, e @) Lizz z(x,) h(X1) g(X) Ne(X)/Neo, (4)

2. Real f lati . . . — .
eal space formulation wherelcondition IS defined to be 1 i€onditionis true, otherwise

2.1. Basics 0. g(x) = (B?(x))*/?/By is the dimensionless average magnetic

The Farad ion f i t-siah llel o thaxi field profile. In galaxy clusters a reasonable working assump-
e Faraday rotation for a line-of-sight parallel to thexis ;2 ¢ ihis may bay(x) = (Ne(X)/Neq)®, for which we expect

and displaced by, from it, which starts at a polarised radioaB ~ 1 (e.g. see Dolag et al. 2001). The functh, ) allows

source atzs(x,) and ends at the observer located at infinity ias to assign dierent pixels in the map fierent weight} e.g.
given by in cases where the noise is a function of the position one might

00 want to down-weight noisy regiofisif no weighting applies
RM(x.) = a f dz re(x) B(X), 1) h(x,) = 1 everywhere.

=) The expectation of the observ&dM correlations are

whereag = €*/(2rméc*), x = (x., 2), ne the electron density,
andB the magnetic field strength. We assume in the following obs agngo s [
that any Faraday rotation due to a foreground as the Galdfgrm(r1)) = Ay fd Xﬁrz
or the Earth’s ionosphere is subtracted from Bl values, B
and only theRM of the Faraday screen is remaining. We also

neglect any redshiftféects, which can be included by insertingNith = (rLry), andB(X) = B(X)/g(x) the rescaled mag-

ey :
the factor (1+ Zeasni(2))™” into the integrand. r}etic field. If properly rescaled, the average strength of the

The fogus of this work is on the st_atlst|cal expectatlon_ Yeld is independent of the position. In that case, the rescaled
the two-point, or autocorrelation function of Faraday rotation

maps. This is defined by

xF(X) (X + 1) (BAX) BAX + 1)), (5)

2 We note that the average magnetic field strength profile can be
Cam(XL.r1) = (RM(X,) RM(X, + 1)), 2) tested a posteriori for consistency with the data, by comparing the
RM(X.: F1) = (RM(x.) (X0 + 1)) @) observed values & M?(x,) to the model expectations (see Sect. 2.4).

where the brackets indicate the expectation value of a statisti- If h(x,) # 1 for somex, € Q the corresponding weight has to
cal ensemble average, which in practice may be replaced beaintroduced into the analysis. The mofiicéent way to do this is
suitable average, e.g. over an obseriR¥ map. For a given to make the data weighting virtually part of the measurement pro-

polarised background radio source of projected &raee de- C€SS, by WritingRM(x,) — RM"(x,) = RM(x.)h(x,). For conve-
fine the observable correlation function as nience, we drop the supersctigain in the following, and just note
that the analysis described here has to be applied to the weighted data

1 RMY(x
Cbs(r =—fdx2RMx RM(X, +1.), 3 ().
Ru( 1) Ao + (x.) (s +) (3) 4 If o(x,) is the noise of thdkM map at positiorx, a reasonable
choice of a weighting function would b&(x,) = oo/o(x.). If the

\r/]vhere IthS issun;.ed thatM(x, ) = Olfch)r X h¢ gi] Aals taklt_an .noise map itself could have errors, the danger of over-weighting noisy
ere to be the radio source area, although other norma 'Sat'B&gls with underestimated noise can be avoided by thresholding: if

are imaginable, e.g. one might choose the area over which ;s a threshold below which the noise is regarded to be tolerable, we
andx, + r, are simultaneously withig. This latter weight- propose to usé(x.) = 1/(1 + o-(x.)/o). Another choice would be
ing would give a statistically unbiased estimatorGym(r.), h(x,) = 1,(x,)<s, Which just cuts out regions which are recognised
but we do not recommend its usage for the following reasorss.too noisy.
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magnetic field autocorrelation tensor should also be indepédeld distribution, in the following called brieflyisotropic
dent of position: turbulencé:

Mij () = (Bi(X) Bj(x +r))- ©) () = w(r) = 2Mn(r) + ML(r) = rizd—i(ﬁ ML(r)). (12)
If the spatial variation of the window function is on much larger

scales than the correlation lengiiof the magnetic fields, then N the last step Eq. (9) was used. Since the average magnetic
Eq. (5) can be approximated to be energy density is given byeg) = w(0)/(87) the magnetic
field strength can be determined by measuring the zero-point

Crm(ry) = (Cgt;;,“'(u))zal C.(r.), with alzagnﬁ_o L, of w(r). This can be done by Faraday rotation measurements:

= TheRM autocorrelation can be written as
C.(r2) = [ driMadr). andr=(r..r) ™ L - .
—oo 2[ dr w( rf+r§)=f ar ——-  (13)
—00 r,

CJ_ r)=5
Here, we introduced the characteristic depth of the Faraday( : r2—y2
screenL = V11/Aa, WhereVi = [dx® f2(x) is the probed
effective volume. We also introduced for convenience thd is therefore just a line-of-sight projection of the magnetic
normalised RM autocorrelation functionC, which differs autocorrelation. Thus the magnetic autocorrelatio(ry can
from Cry Only by a geometry dependent factar be derived fronC_ (r) by inverting an Abel integral equation:
In the following we ignore the influence of the window o
2 d aqy 22 0)

function in the discussion, since forfgiently large windows w(r) = —— — y ——— (14)
it only affectsa;. We therefore writeB for B and keep in mind ardr Jr Vy? -2

that our measured field strenglj is estimated for a volume : _g 0 q C.(v) (15)
close to the reference locatians. At other locations, the aver- o Y W

age magnetic energy density is givendgyx) = g*(x) B3. This

approach assumes implicitly that typical length scales are thgere the prime denotes a derivative. For the second equation
same throughout the Faraday screen. Féicantly extended it was used thai(r) stays bounded far — oo.

screens, this assumption can be tested by comparing resultdNow, an observational program to measure magnetic fields

from different and separately analysed regions oRRemap. IS obvious: from a high quality Faraday rotation map of a ho-
mogeneous, (hopefully) isotropic medium of known geometry

and electron density (e.g. derived from X-ray mapsRihMau-
tocorrelation has to be calculated (Eq. (7)). From this an Abel
The magnetic autocorrelation tensor for homogeneoléegration (Egs. (14) or (15)) leads to the magnetic autocorre-
isotropic turbulence, as assumed throughout the rest of tiion function, which give¢B?) at its origin. Formally,

paper, can be written as

2.2. Isotropic magnetic correlation tensor

- @) =w0=-2 "o, (16)

Mij (D=MN ()3 + (ML) = M) 5 + Mu( & (8) T Y
but this formulation is notoriously sensitive to noise. More sta-

(e.g. Subramanian 1999) where the longitudinal, normal, ap@ methods are presented later.

helical autocorrelation functiond], (r), My(r), andMy(r) re-

spectively, only depend on the distance, not on the direction. .

The conditionV-B = 0 leads t0d/dr; M;(r) = 0 (here and 2-3- Correlation volume, area, and length

below we make use of the sum convention). This allows us 9 jsotropic magnetic turbulence statements about integrals

connect the non-helical correlation functions by of w(r) and C,(r,) can be made. If correlations are short

1d , ranged, in the sense thht (r)r® — 0 forr — oo, e.g. be-
Mn(r) = Ea(f ML (1)) (9) cause of a finite size of the magnetised volume, then Eq. (12)

. . implies
(Subramanian 1999). Tieecomponent of the magnetic auto-
- - . 4 00
correlat!on tensor depends only on the longitudinal and nomq;llgl _ar f drr2w(r) = 0. (17)
correlations, and not on the helical part: w(0) Jo
r2 rf _ This means that the magnetic autocorrelation voligis zero

MzAr) = ML(r) 75 + Mn(r) 3 with r = (1., 12), (10)  andw(r) must therefore have positive and negative values if the

magnetic field is non-zero. With the help of Eqgs. (13) or (15)

which implies that Faraday rotation is insensitive to magnetigis can be translated into a statement on the more directly mea-
helicity. It is also useful to introduce the magnetic autocorrelgy s pleR M autocorrelation:

tion function
2n

w(r) = (B(X)-B(x + r)) = Mii(r), (11) Arm= C.0) fo dryr, Cu(r) =0 (18)

which is the trace of the autocorrelation tensor, and depemiso C, (r) must have positive and negative values for a non-
only onr (in the case of a statistically isotropic magnetizero magnetic field, since the autocorrelation agg of the
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RM map is zero. We note, that Eq. (18) can conveniently lfield autocorrelation length. As shown later, R correlation

expressed as length is more strongly weighted towards the largest length-
) scales in the magnetic fluctuation spectrum than the magnetic

(f dx, RM(XL)) correlation length. This is crucial, since in some cases these
T T 0y PM(y 12 (19)  scales have been assumed to be identical, which could have led

M= P
[ dx. RM(x,)? _ _ o
to systematic underestimates of magnetic field strengths.

a form which should make clear that any foregrouri Having now defined two characteristic length-scales of the
has to be removed before this quantity can satisfy Eq. (18glds and theiRM maps, suitable criteria testing the observed
Equations (17)—(19) are a direct consequenc&d = 0. autocorrelation volume and area for statistical completeness
These equations can be used to test how much a given obsan be formulatedV3y < A3 and|A®S| < A3,,. We note
vation (or model) deviates from giving a proper average of ahat for strictly positive and therefore unphysical autocorrela-

isotropic ensemble. tion functions one would expef?s™y ~ A3 and|A%S| ~ 12,
For example, the frequently usedagnetic cell-modelin statistically.
which cells of length-scalig are filled with a from cell-to-cell This can be turned around. For dlstiently largeRM map

randomly oriented but internally homogeneous magnetic fielsf, a Faraday rotation screen with isotropic magnetic fields
does not fulfilv-B = 0. As a consequence it gives positivany homogeneol®M contribution from additional magnetised
autocorrelation volumes and surfaces of the oMgr~ Ige” foregrounds can relatively accurately be measured. If there is a
andAgwm ~ |12, respectively. Therefore it should be possible tweak screen-intrinsic homogeneous magnetic field component,

exclude such an oversimplified model observationally. its z-component is
Other integral quantities of the turbulent magnetic field to
look at are the existing non-zero magnetic @l autocor- [ d?x RM(x.)
relation lengths. The magnetic autocorrelation length can ﬁ)BeZ> - o Neo fd3x f(x.)’ (22)
defined as
© u(r) C.(0) where in f(x) the average magnetic field profile may be set
Ag = f dr m =2 OB (20) tog(x) = 1 everywhere for a truly homogeneous component.

where for the derivation of the last expression Egs. (13) or (15)4
can be used. Even in globally homogeneous turbulence, there'is
always a preferred direction defined by the local magnetic fieNow, all the necessary tools are introduced to test if the window
One can ask for the correlation length along and perpendicufianiction f(x) was based on a sensible model for the average
to this locally defined direction and gets = 315, andA, = magnetic energy density profil(x) and the proper geome-

Testing the window function

3 g so thatlg = 1(1; +21.).5 try of the radio source within the Faraday scresx,) (see
An observationally easily accessible length scale is tl. (4)). Models can eventually be excluded a-posteriori on the
Faraday rotation autocorrelation length: basis of
00 2
© C.(r) [ drrw(r) 2,0y RM(X.)? -
rm= | dr e : 21) X ()= 3y (23)
RM L, SCO T T drul) (21) (RM(x.)2)

From comparing Egs. (20) and (21) it is obvious tha/,}/hereforthe expectedM dispersion

theRM correlation length-scale is not identical to the magnetic o 1, 5, o0 )
(RM(x,)*) = anno BO/le dz f4(x) (24)

5 The ratio of 3/, = 2 seems to be small given the highly

anisotropic nature of MHD turbulence (some recent progress on thiss to be used. As shown befdg (e.g. by Eq. (16)), ands
can be found in S_rldhar &_Goldrelch 1994, Goldrel_ch & Sridhar 1997é.g. by Eg. (20)) can be derived for a given window function
Maron & Goldreich 2001; Cho et al. 2002). But it has to be note

) i obs i i i
that there usually the magnetic fluctuations on top of a mean field ar%x) US;QQCRM(I'J_). For a good choice of the window funcition,

investigated, whereas here the correlation lengths of an isotropiczﬂ@e ge
oriented magnetic field distribution sampled on length-scales above 1
the scale of the locally present mean field of these studies, is invgé\-, = — deiXZ(XL) ~1, (25)
tigated. The ratiol;/1, = 2 seems also to be in contradiction to the Ao

typical MHD turbulence picture of long and thin magnetic flux ropegind |arger values if the true and assumed moddlisrdsignif-
with large aspect ratios. However, this is not necessarily the case. ﬁ%{ntly. The model discriminating power lies also in the spa-
a given positionkyepe ON a flux rope, the correlation length along ang;, distribution y?(x.), and not only in its global average. If
perpendicular will typically have a much larger ratio thgni, = 2. some large scale trends are apparent, e QXﬂQED is system-

b e

But the positionxope is a special position, since it was selected to be . IV higher i | ivheral - f
a high field strength region, whereas the correlation lengénd, atically higher in more central or more peripheral regions o

are defined by the statistical average over all positions in the volurig€ Faraday screen, then such a modeiffoq) should be dis-

In order to make statements about the presence or absence of f¢oured. This can be tested by averagiix,) e.g. in radial
netic filaments higher order statistics, beyond the two-point level us@ins for a roughly spherical screen, as a relaxed galaxy cluster
mostly in this work, have to be applied. should be, and checking for apparent trends.



T. A. Enf3lin and C. Vogt: Faraday rotation screens 841

We note, that this method of model testing can be regardearmalisedRM map is also identical to this, as a transformation
as a refined Laing-Garringtorfect (Laing 1988; Garrington of Eq. (7) shows, we can state
et al. 1988): the more distant radio cocoon of a radio galaxy A 1
in a galaxy cluster is usually more depolarised than the nea@ar(k,) = M A{k,,0) = = w(k_, 0). (32)
radio cocoon due to the statistically larger Faraday depth. This 2
is observed whenever the observational resolution is not ableis Fourier-space version of Eqg. (13) says, that the 2-d trans-
to resolve theRM structures. Here, we assume that the obsdermedRM map reveals th&, = 0 plane ofM,Ak), which in
vational resolution is dficient to resolve thdRM structures, the isotropic case is all what is rgquired to reconstruct the full
so that a dferent depth of some part of the radio source obragnetic autocorrelatian(k) = 2C, (k).
served, or a dierent average magnetic energy profile leads to a
different statistical Faraday degfRM(x_)?). Since this can be
tested by suitable statistics, e.g. the simgistatistic proposed
here, incorrect models can be identified. We recall that the power spectrulje (k) of a functionF(x)

It may be hard in an individual case to disentangle the @6 given by the absolute-square of its Fourier transformation
fect of changing the total depth of the used polarised radioPjr) (k) = |[F(K)I2. The WKT states that the Fourier transforma-
source if it is embedded in the Faraday screen, andffeetef tion of an autocorrelation functioBr (r), estimated within a
changinngbS, since these two parameters can be quite degavindow with volumeV, (as in Eq. (3)), gives the (windowed)
erate. However, there may be situations in which the geomegwer spectrum of this function, and vice versa:
is suficiently constrained because of additional knowledge of A
the source position, or statistical arguments can be used il?[ﬁ](k) = Vo Ciry (K). (33)

suficiently large sample of similar systems were observed. The WKT allows us to write the Fourier transformed autocor-
relation tensor as

3.2. Power spectra

3. Fourier space formulation - 1 . —

_ Mij (k) = 3 (Bi(k) Bj(k), (34)
3.1. Basics

whereV denotes the volume of the window function, which
94 for practical work withRM maps often the probedfective
volumeV = V[ as defined in Sect. 2.1.

We use the following convention for the Fourier transformati
of an-dimensional functiorf (x):

. n i kex Thus, the 3-d magnetic power spectrum (the Fourier trans-
F(k) = fd xF(x)e (26) formed magnetic autocorrelation functie(r)) can be directly
1 A Cikex connected to the one-dimensional magnetic energy spectrum in

F(x) = @) fd KF(k)e™ ™ (27) " the case of isotropic turbulence:
The Fourier transformed isotropic magnetic autocorrelation _A4n k? (k) _ k2 (k)
tensor reads ep(K) dk = 2 Br dk = R dk, (35)
Mii (K) = Mn(K) (5i. _ ﬁ) —igim ﬁ A(K) (28) where we wrotav(k) = @w(k) due to isotropy. The WKT also

. R ™k connects the 2-dimensional Fourier-transforrRémap with
where we have directly used tHe-B = 0 condition in the Fourier transformedM autocorrelation function:
the formk; Mij (k) = O to reduce the degrees of freedom to two <|RAM(kl)|2>
components, a normal and helical part. The two correspondigg(k,) = ——- (36)
spherically symmetric functions ik-space are given in terms 4 A
of their real space counterparts as: Thus, by comparing Egs. (32), (35), and (36) one finds that

the magnetic energy spectrum is most easily measured from

Mn (K) :fd3rMN(r)e”‘" =4z | dr rZMN(r)SIT((k ") (29) a given observation by simply Fourier transforming the map
q q 0 r RM(x_), and averaging this over rings ki -space:
AK) = M = 3 [ Priun et b e
K = ———— dé IRM(K )4, 37
Ar (>, kr coskr) — sin(kr) %5 a1 Aq (27)* Jo ¢ 1RM(k.) (37)
=X drr=Mgy(r) " . (30) _ _ _ _
0 r wherek, = k(cosg, sing). Equation (37) gives a direct model

One can also introduce the Eourier trapsformed trace of tingependent observational route to measure the turbulent en-
autocorrelation tensan(k) = M;i(k) = 2 My(k). A compari- €rgy spectrum. The average magnetic energy density can be
son with the transformerzcomponent of the autocorrelationeasily obtained from this via

tensor R
- ~ obs _ * ob _ 2 kJ. |RM(kL)|2
M,AK) = MN(k)(l— kﬁ/kz) 31) %8 - fo dk eg’(k) = fd ke " Ag (20 (38)

reveals that in th&, = 0 plane these two functions are identicalvhere the last integration extends over the Fourier transformed
(up to a constant factor 2). Since the 2-d Fourier transformBd/ map and can be done in practice by summing over pixels.
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Fig. 1. Left: C,(r,) for power-law spectra of magnetic fluctuatiomgk)” = o k52 Lk <k<kp) Within the rangek; = 1tok, = 10* with
normalisationwg = 1 and diferent slopes as labelled. For comparison, the thin line showsRi\é correlation function expected for a single-
scale power spectrum, as it can arise for isotropic linear force-free figlds,() = 7 (B?) Jo(k=r.)/(2ke) with ke = 3, and(B?) = 0.075; see
Sect. 3.4). Right: + C, (r,)/C.(0) in logarithmic units for the same power-law spectra. The unbent lines are the asymptotic spectra given |
the first two terms in Eq. (44).

Also the correlation lengths can be expressed in terfs3. Power-law power spectra

of i(k): In many cases the small-scale magnetic energy spectrum is a
Iy dkkib(k) I3 dkid(k) power-law, sayeg(k) = ok® (e.g.s = 5/3 for Kolmogorov-

to ﬂm’ ARm = Zm' (39) ke turbulence, as expected if the magnetic fields were shaped
0 0 by a mostly hydrodynamical turbulence) og(k) = ok 2—S

Thus, theRM correlation length has a much larger weight ofor k; < k < kz (with k; <« kp). For the behaviour of, (r,) on
the large-scale fluctuations than the magnetic correlation lengtith scales Eq. (43) can be written as
has. Equating these two length-scales, as sometimes done in the

literature, is at least questionable in the likely case of a broader(r+) = C.(0) = G() dor? + Ryuj(rL), (44)
turbulence spectrum. In typical situations (e.g. for a broad max:
. : . where
imum of the magnetic power spectrum as often found in hydro-
dynamical turbulence) one expegdts < Arm. Since the former (0) = wdk kw(k) (45)
is the one which enters the magnetic field estimates by us%g ~Jo Ax
the measure®M-dispersion, (%)
G(s)=——2"_for0O<s<2 and (46)
2 V, 2 2+s
(B?) = 2Crm(0) _ 2(RM%) withL = VU1 (40) 2527 ST (&2)

Ay’
using the easily measurablgy instead ofig likely underesti-

mates the magnetic field strength. _ _ On small scales (more specifically fey < 1/r, < ko) and
The isotropic magnetic autocorrelation function can be ex;. \vall behaved power spectra outskie< k < ko the term

2 12 00
le Al R0 = 4 [ kK@ - ok 2 (L= k). (47
0

pressed as Ry, (r) is negligibly small. We therefore propose to fit
4 0 .. sinkr)
u) = g5 [ di@ TR (41) Can(r) ~Co—Cur® 48)

Similarly, theRM autocorrelation function can be written as to the inner part of an observationally determiretfl cor-

1 o relation function. From this, the turbulence spectral index
C.(ry))=— f dk ka(K) Jo(kr,), (42) C.(0) = Co/ai, and the power-law normalisatiomy, =

4r Jo C1/(a1 G(s)) can be inferred. A rough estimate kf andk;,
whereJn(X) is thenth Bessel function. In order to analyse théhe scales on which the spectrum deviates from the power-law,
behaviour of theRM autocorrelations close to the origin, it iscan also be obtained from finding the-values, where the fit
useful to rewrite the last equation as: becomes poor. A more accurate determination of these scales

© kK © ki) can always be done in the Fourier domain (see Egs. (32), (36)

C.(ry) = f dk ——= - f dk —— (1 - Jo(kry)). (43) and(37)). We therefore recommend the usage of Eq. (48) more

0 4n 0 ax for consistency checks and rapid and rofithy-eyediagnos-
The first term givesC,(0), and the second describes howics of the steepness of the magnetic power spectrum rather than
C.(r.) approaches zero for, — oo. for high-precession analysis.
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100

The shape of th&M correlation function close to the ori-
gin allows a direct readfbof the type of magnetic turbulence.
A top-down scenario, where most of the energy resides on 10
large scalesq > 1) and the smaller scales are populated by
a turbulent cascade as in the Kolmogorov-, Kraichnan-, and 1
Goldreich-Sridhar-phenomenologies, leads to a flat cusp at the
origin, and a convex shape near to it. A bottom-up magnet& 01 k-
turbulence scenario, where the fields originate on small sca@s
and are enlarged by shear flows or other inverse cascade ac-
tions (s < 1), leads to a sharp cusp at the origin, and a concave
slope next to it. A spectral energy distribution with as much en-
ergy on small as on large scales= 1) leads to a linear cusp
at the origin. The behaviour @, (r,) for these three cases is

0.01 ¥

0.001

illustrated in Fig. 1. 0'00010_1 - .1 T 10
kip
3.4. Helical correlations and force-free fields Fig. 2. Response irC, (k.) to a single-scale magnetic power signal

Faraday rotation maps do not contain information about the (k) = o(k = p) atwavenumbep for different radiiR of a cylindrical
.window function.

lical part of the autocorrelation tensor. Therefore, additional in-
formation is required in order to be able to measure the helical ) = 1n 5o )
correlations. For example any relation between the helical used the identitil,(k) = siw(k) (1 - k;/k?). Without the
non-helical components would befBaient. termqi/q2 the convolution mtegral in Eq. (51_) Would_descrlbe
In order to give an example for such additional informa redistribution of the magnetic power within Fourier space,

i i 2
tion, we discuss the case of force-free fields (FFFs). The cdflich conserves the total magnetic energy. But the g
dition for FFFs read¥xB = ke B, whereks can in general 1€2ds to some loss of magnetic power.

be a function of position. For simplicity, we restrict to be In any situation in which there is substantial magnetic
spatially constant. Such so-calléidear FFFslead to a very POWer on scales comparable or larger than the window size

simple structure of the components Iﬁfj(k): for k # ke all Eq._ (51) can be use_d to estimate th_e response_of thg obser-
components vanish, and far= ke one getaViy (ke) = —H (ke), vation to the magnetic power on a given scpléy inserting

leaving the magnetic energy density (or the helicity) as tfd%) = 6(q—p). Ideally, thisis then used within a matched-filter

only remaining free parameter for a given characteristic way&?alysis or as the response matrix in a maximum-likelihood
vector k.. FFFs are therefore also calledaximally helical reconstruction of the underlying power-spectra. The computa-
fields tion of the response matrix relating input powsgn) and mea-

. A b . .
From the fact that for a linear FFF only one spherical sheﬁwed signalC?Yk,) can be cumbersome since in general a

in wave-vector space is populated with magnetic power, tﬁélorf3-d|mensr,]|onal mtegrall (depefndmg 'g one USTS the
spatial autocorrelation function is easily obtained as delta function) has to be evaluated for each matrix element.

Therefore we restrict our discussion here to three highly sym-

wr(r) = (B? sinker)/(ker) (49) metric, idealised cases, and an approximative treatment of a
more realistic configuration, which should give a feeling for
(Subramanian 1999), and tRM autocorrelation as the general behaviour.
A cylindrical window: suppose a circular radio source
_ 2
Cu(r) = 7(B Jolke 1.)/(2ke). (50) with radiusR is seen through a very deep Faraday screen, so

that the depth., can be approximated to be infinite long. The
window functionf(x) = 1, <r leads to

Ek. R

2
Here, we discuss thdfect of a finite window function on mag- 7k
netic field estimates, in order to possibly correct for the biaghere §(k) is the Dirac's delta function. Inserting this into
made with the robust weighting scheme introduced in Sect. 2E0. (51) gives
Taking a finite window functionf(r) into account, Eq. (32)

This function is shown on the left side of Fig. 1.

3.5. Finite window functions W(K) = 5(ky), (53)

Jf(\/k§+ p2—2pkLcos¢R)

becomes Cobs i p (¥ g 54
&)= 5 [t & wik, - 1) A STy
= - w —_— —_— R
T2 a4 o £ which is shown in Fig. 2. One can clearly see that with increas-
where we introduced ing w_mdo_w size the response becomes more and more delta-
) function-like.
[T (K)? A sheet-like window seen edge-orsuppose a very elon-

W(k) = (213 Vi’ (52) gated radio source is seen through a deep Faraday screen, so
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Fig. 3. Response irC, (k. (cosg, sing)) to a single-scale magnetic Fig. 4. Response irC, (k.) to a single-scale magnetic power signal
power signaw(k) = 6(k — p) at wavenumbep for a sheet-like win- (k) = 6(k— p) at wavenumbep for a sheet-like window seen face-on
dow seen edge-on with diametiey = 10/ p for different wavevector for different diameterk,.

orientationsp with respect to the sheet normal.

that the window function is approximated fyx) = Lok, Wherethe weighting function

This gives 2
DK = = 1R 2 22 (K} | -1 61

W(K) = AL, (k«) 5(k,) (ko) 65) P =512 2 2] (61)
where we introduced a shortcut for the Fourier transformed kL, 3kL,/16: kL, < 1
1-d-box-window of sizé.: ~ = X (62)

ox-window of sizd_: (16/3)2+ (k)2 1 k> 1

L sirf(kL/2)

AL(k) = 2 (K2 (k) for L — oo. (56)  describes the relative contribution offdirent parts of the spec-

trum. Note thatg(k) D(K) is not the observed power spectrum,
but only the contribution to the magnetic energy estimate, that
Aobs, _ P _ aFp denotes the hypergeometric function, and that the asymp-
CUAKL) = Li,<p) 57 (AL (K — 1) + AL (kx + 1)), (57 totic approximation has an overall accuracy of better than 5%.
where we wrotd = (p? — k2)1/2 for brevity. The anisotropic SinceD(K) < 1 everywhere, it is obvious that the derived mag-
response of this window is much more delta-function like fdtetic fields are underestimated, especially if there is substantial
wavevectors oriented along the sheet axis than oriented pergBagnetic power on scales comparable and larger than the win-
dicular to it, as can be seen in Fig. 3. dow size.

A sheet-like window seen face-orsuppose the windowis  In principle, itis possible to correct for any bias, if the win-
an infinitely extended homogeneous layer of thickrigss z=  dow function is reliably known and if the statistical sampling
direction, e.g. a magnetised skin layer of a large radio souréesuficiently good even on the large scales so that dividing the
so thatf (X) = 1jp<zL,}, and observed magnetic power spectrum by the weighting function
gives sensible results (and not just amplifies the noise).

This leads to a response of

W(K) = A (k) 6°(k.). (58) Approximative treatment of a realistic window: in a re-
wheres?(k, ) is the 2-d Dirac’s delta function. alistic situation, often a relatively small sized radio galaxy is
The response function seen through a deep Faraday screen. In such a case the dept
ot K2 - can again be ap_proxmated to be infinite for the purpose of the
PHKL) = L <pp ——=A\, ( 1/p2 - kL) (59) Fourier-space window:
2 _ k2
PyFTA W(K) = 60 WL (K. (63)

is isotropic, and is shown in Fig. 4. In this geometry, power gets
scattered out of thk, = 0 plane due to the finite window sizewhere we introduced the projected Fourier-window
in z-direction. This leads to a loss of magnetic power in any .
measurement, which does not correct for this bias. I (k)P
Wok) = &5 a (64)
The observed magnetic energy density estimated with the (27T)2A{fl]

help of Eq. (38) can be shown to be related to the real magnetic.
power spectrum via which results from a projected window function:

£20s = f dk e5(K) D(K), (60) f2(x,) = f dz f2(x)/L, with Agg,j = f d?x, f3(x,).  (65)
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Here,L; is an arbitrary but fixed reference length, e.g. the tyjpo-add diferent observations, the window functions have to be
ical source siz&, = V[51/Aq. In the case that the observationwell understood. Especially the scaling of the average magnetic
ally measured magnetic power spectrum results from a sphégld energy density with location within the Faraday screen

cal average over the data and from screen-to-screen should be known. Since this is still
- poorly known, it is worth to check if indications of anisotropy
%K) = i f dop 2 COYk (cosg, sing)) (66) are presentin every dataset itself.
A good way to check for indications of anisotropy is by

the response to a delta function-like magnetic power-spectr§#f iNspection of maps @, (k.) or equivalenthC, (r.) or by
i(q) = 6(q— p) is given by comparing profiles which were calculated usinfjetient angu-

lar slices. A more quantitative estimate of apparent anisotropy
ﬁ)ng(kJ_) 2p fdqu W.(91) Lk, -piq. <k, +p) (67) can be obtained by the use of multipole moments. Since the
\/4q2 02— (P + 2 — K2)? dipole moment vgmshes dgg to mirror symmetneﬁllr(kl)
+ + + andC,(r.), the first non-trivial multipole is the quadrupole
2p (47, Qb doWL(a(coss.sing) | o momen
7 Jk.-pl \/4 PP — (P + p? - K2)? QY = f k. Co (kL) (2k kj — K& 6ij) k7 (70)

This approximative response can be easily computed numégind similarly forC, (r,)). Here we allowed for a weighting

cally for any model window function. In many cases it shoultactork,” in order to balance the contributions fronffdrent

be suficiently accurate to estimate théfext of a finite ob- scalesQ® should be compared to the second moment of the
servational window on the derived magnetic power spectrutweighted) distribution

As a consistency check, we verified that the limit of an in-

finitely extended radio source, which can be writteruas 0 PY) = fdzki C.(k)K”  (and similarly forC, (r.)). (71)

in W.(q.) = g, <u/(7W?), leads touSYq) = (q - p) as it

should. e.g. by calculating the rati®”? = (1QYI + 1QYN)/(2PY).
o In an isotropic case this number should be close to zero, in
3.6. Testing isotropy a strongly anisotropic case it can become comparable with

Since isotropy of the magnetic field statistics is a crucial ingrgne. We suggest to apply this test to the real-space and the
dient of the proposed analysis, it is important to test if indic&ourier-space data, since in the last case isotropy is mostly
tions of anisotropy are present, and to see how anisotropy ¢&ed on large spatial scales, and in the second case on small
affect the results. spatial scale. Attention has to be given to the fact that the real-
Anisotropy can manifest itself in two filerent ways: space quadrupole moment is sensitive (for smpglb any non-
(@) The Fourier space magnetic power distribution can Bcularity of the window function which canffect larger , .
anisotropic, by being not only a function & but a full The Fourier-space quadrupole moment can fiected (for
function of k, and (b) the magnetic power tensor itself cagmally) by any ellipticity of the synthesised beams of the ob-
be anisotropic. Certainly both flavours of anisotropy can Bgrvations since this manifests itself at lakge Therefore the
present simultaneously. However, thdifeets can be well sep-integration range for the quadrupole moments and the second
arated, so that we discuss them one by one. moments may be better restricted to intermediate radii in real-
Before doing so, we note that the relation and in Fourier-space.

(b) Anisotropic tensor: in the anisotropic case, the only

Cu(ks) = MzAk,, 0) (69) constraint on the magnetic autocorrelation tenséy h;; (k) =
|S Completely |ndependent on assumpnons Of |sotropy Tﬁéjue to the d|Vergence -freeness of the magnet|c fields. This
RM power spectrum still reveals the, = 0 plane of translates for the-components intd M(K) + k, Myz(K) +

the zzcomponent of the magnetic power tensor. The conditi#éaMz«(k) = 0, which leaves the observahild, (k. ,0) abso-
of isotropy had allowed to use the measured information adUiely unconstrained sindg = 0. M, can therefore be an arbi-
representative probe of (a) the full Fourier-space and (b) thary function ofk,. However, if it is not circularly symmetric,
other diagonal elements of the magnetic tensor. this can be detected with the methods described above.

(a) Anisotropic power spectrum Eq. (69) shows that an ~ In_order to have a working example of an anisotropic
anisotropic power spectrum can be detected, since it leads vyt Mjj of the magnetic tensor we assume that a preferred di-
likely to an anisotropi®®M power map if the anisotropy is notrectiona(k) exists, so that
aligned with thez-direction by chance. Since the latter can not, ( ki a ki )( ‘ kj a kn)

- .

be excluded, it is hard to prove isotropy. On the other handM (k) = 2 2 (72)
perfect alignment of the line-of-sight and the anisotropy axis is

not very likely. By studying a number of independent Faraddytis is an intrinsically anisotropic tensor, which fulfils
screens, an anisotropic power spectrum can be ruled out o Mij(k) = 0. The Faraday-observable component is
statistical basis. Furthermore, by co-adding the signals of sMﬁ(kL,O) = a2(k,). Its influence on theRM statistics can
eral systems, statistical isotropy can be enforced, even if aniot be discriminated from an isotropic contributiora{k) de-

dividual system is anisotropic. However, in order to be able pends only onk|. The assumption of isotropy would therefore
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lead to an incorrect estimate of the field strength, since thich gives a flat central slope, nearly a parabola, but still hav-
measuredzcomponent is assumed to be representative for aib a tiny logarithmic cusp. The constaris, C;, andC, de-
components. However, if the signal from a number of similariyend on the details of the outer slopewdf), e.g. on the ra-
anisotropic Faraday screens are co-added the errors compierrmax/ls, SO that their numerical values are model dependent.
sate statistically, if no correlation of the anisotropic direction We summarise that a Faraday screen built from structural
and the line-of-sight are present. elements with internally constant magnetic fields, and only a

Furthermore, since any anisotropy of the magnetic powsngle characteristic length-scale leads to a flat central autocor-
tensor should have a physical cause, e.g. a large-saalation function, with at most a logarithmic cusp of the form
shear flow in the Faraday active medium, an accompanyigigen by Eq. (77).
anisotropic power spectrum is very likely, which can princi-
pally be detected by the methods described above (a). -

Finally, if anisotropy turns out to be inherently present i# -2. Filling factor
Faraday screens, one might replace Egs. (8) and (28) by a malttough there exist characteristic shapes of i autocor-
complex, anisotropic model in order to be able to extract infafelation functionC_(r,) in the case of a patchy magnetised
mation from individual screens. In that case this work may heffaraday screen, as demonstrated in Sect. 4.1, the presence ¢

as a guideline for such a more elaborate analysis. such patches cannot be deduced fi©nfr,) alone. Since the
phase information is missing, the special form of the cusp aris-

4. Magnetic structures ing from magnetic structures as given by Eq. (77) can not be
distinguished from a complete random phase turbulence with

4.1. Autocorrelation steep power-law like spectra with spectral index 2, as can

The possibility exists that the magnetic fields of a Faradgﬁ seen from comparison with Eq. (48).

screen consist of several distinct magnetic structures like fiyx ' ©rder to measure the paichiness of the magnetic field
ropes, magnetic tori etc. If the positions and orientations of tHSiPution in galaxy clusters Clarke etal. (2001) used the area
structures can be regarded as statistically independent the nf4ipd factor 7irw of the line-of-sight of extended radio sources
netic autocorrelation function can be written as which do not show anfRM due to the Faraday screen. For their
sources, they concluded thaty > 95%.
w(r) = Z Nns Wa(r), (73) If the magnetic fields are in flux-rope like structures, with
s typical length; and diametel, , the cross section of a flux-rope

where all types of structures present with space densifare to be intersected by a line-of-sight is of the ordidr,. Their
summed up. A structurewith field configuratiorBs(x) has an volume filling factor ispg ~ |12 nyope. If their locations can be

intrinsic isotropically averaged (unnormalised) autocorrelatisagarded as being uncorrelated, the nuntber flux ropes in-

function tersected by a line-of-sight of lenglth is Poisson-distributed:
1 P(K) = AK expA)/(KY) with A = 55 Ligs/lj. From that it fol-
Wy(r) = — [ d?Q [d®xBs(x)-Bs(x + @), (74)  lows by inserting< = 0 that
4 Yy
where the first integration covers the unit sphere. Iy 1
or a magnetic structure, which consists of a mostly cof® Lios 1 - nrwm

stant magnetic fields within the volumeVs, and negligible

field strength elsewhere, the autocorrelation function is asyrﬂ{_):pJr filaments of length, ~ 10 kpc and lines-of-sight dfjos ~
totically for smallr 00 kpc only a small subvolumg > 0.05 of the clusters ac-

, tually needs to be magnetised in order to give the large area
Ws(r) = BsVs(1-r1/l), (75) filling factor found by Clarke et al. (2001).
wherels is a typical length-scale of the structure, roughly given Another constraint for the magnetic filling factor can be ob-
by Is ~ Vs/As With As the surface area of the structure. If only@ined from energetic arguments. The magnetic field energy

a single type of structure is present, we get asymptotically density in magnetised regions can be expected to be below
the environmental thermal energy density, since otherwise

w(r) = Bgne (1-1/19), (76) a magnetic structure would expand until it reaches pressure
whereng = ns Vs is the magnetic volume filling factor. equilibrium. Since the autocorrelation analysidRi¥l maps is

In order to calculate th&®M autocorrelation of such aable to provide the volume averaged magnetic field energy den-
Faraday screen, we use as a toy mode) from Eq (76) as Slty (eB), the magnetic volume fIIIIng factor can be constrained
long asr < rmax and otherwisev(r) = 0. Equation (17) would to be
then requiresmax = g‘ I, but the actual choice is only important (Bz>
for numerical values of constants of proportionality, and not feg, - (¢8) -08x1021 1~
the qualitative shape of tHeM autocorrelation function at the &th uG?
origin. Integrating Eq. (13) leads to an asymptotic expansion pf
the form

(79)

e KT
103cm3 keV

cases of relatively strong average magnetic energy densities,
as e.g. in cooling flow clusters, or in case of physical arguments
I r\2 requiring a much lower than equipartition field strength, this
Cy +C2In(—s)] (i) : (77) Loadinng auip g

Curu) =Co- can give a tight constraint on the volume filling factor.

r Is
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5. Observational artefacts model the possible error by an additional component in the de-
rived RM map:

5.1. Beam smearing
ME™E(x,) = > m ARM Ly, e, (82)
i

The finite sizélpeam Of @ synthesised beam of a radio interferEe

ometer should smear o®M structures below the beam size, _ _ _ )
and therefore can lead to a smooth behaviour of the measufgre2 is the area of theth RM patch, andn is an integer,

RM autocorrelation function at the origin, even if the true ainostly +1 or—1. Assuming that dierent patches are uncorre-
tocorrelation function has a cusp there. Substantial change$®gd, the measure@M autocorrelation function is changed by
the RM on the scale of the beam can lead to beam depol@R additional component, which should be asymptotically for

isation, due to the dlierentially rotated polarisation vectorssmallr.

within the beam area (Conway & Strom 1985; Laing 1988; b 5 r,

Garrington et al. 1988). Since beam depolarisation is in prifram (1) = ARM 7amp (1 - |—) (83)
cipal detectable by its frequency dependence, the presence of amP

sub-beam structure can be noticed, even if not resolved (TribB{Berenams is the area filling factor of the ambiguity patches in
1991; Melrose & Macquart 1998). The magnetic power spee RM map, andamp a typical patch diameter.

trum derived from a beam smear&®M map should cut£ Comparing this with Eq. (48) shows that the artificial power
at largek ~ 7/lpeam induced by thevr-ambiguity mimics a turbulence energy spec-

trum with slopes = 1, which would have equal power on all
) scales. A steep magnetic power spectrum can therefore possi-
5.2. Noise bly be masked by such artefacts.

Instrumental noise can be correlated on several scales, since rafFortunately, for a given observation the value/stM is

dio interferometers sample the sky in Fourier space, where eXPRWn and one can search &M map for the occurrence of
antenna pair baseline measurestedéntk, -vector. It is difi- ;teps byARM over a short distance (not necessarily one pixel)
cult to understand to which extend noise on a telescope antelfh@der to detect such artefacts.

baseline pair will produce correlated noise in R& map,

since several independent polarisation maps fi¢réint fre- 6. Conclusions

guencies are combined in the map making process. We there-

fore discuss only the case of spatially uncorrelated noise, ad’¢ "ave investigated the statistics of Faraday rotation maps on
may result from a pixel-by-pixeRM fitting routine. This adds the level of the autocorrelation function and the power spec-
to theRM autocorrelation function trum. We proposed ways to analyse extended Faraday maps

in order to reconstruct the magnetic autocorrelation tensor

Cobs (x,,r,) = o.éM’ noisdX0) 82(rL). (80) (Egs. (6) and (34)) frqm which quantities like the average field
strength, the magnetic energy spectrum, and their autocorrela-

In Fourier space, this leads to a constant erroui®) " tion length can be obtained (Eg. (20)). We showed that under
the assumption of isotropy of the observed magnetic field en-

WnoisdK) = 2 (o-ﬁM’ noise} (81) semble the symmetric part of the magnetic autocorrelation ten-

sor (Egs. (8) and (28)) can be reconstructed. This makes use of

and therefore to an artificial component in the magnetic powgk conditionV-B = 0 and the additional assumption (which
spectrume2’YK) increasing byk?. can be tested a-posteriori) that the gradient scale of the elec-

If it turns out that for arRM map with an inhomogeneoustron density (e.g. the core radius of a galaxy cluster) is much
noise map (if provided by aRM map construction software) |arger than the typical field length-scale. The anti-symmetric or
the noise dects the small-scale power spectrum too severef|ical part of the magnetic correlation tensor can only be mea-
one can try to reduce this by down-weighting noisy regioRgired if additional information is available, e.g. in the case of
with a suitable choice of the data weighting functiofx.) force-free fields (Sect. 3.4).
which was introduced in Sect. 2.1 for this purpose. The assumption of isotropy of the magnetic field statistics
should be justified in cases where diiently large volume
of the screen is probed. In principle, it can also be tested by
searching for non-circular distortions of the 2-dimensional au-
An RM map is often derived by fitting the wavelength-squatecorrelation function (Sect. 3.6).
behaviour of the measured polarisation angles. Since the po-A further test for statistical isotropy andfigient sampling
larisation angle is only determined up to an ambiguitynaf of the field fluctuations is the fact that if these conditions are
(wheren is an integer), there is the risk of getting a fitR# given in a finite Faraday screen (which cannot maintain in-
value which is & by mARM from the true onemis an integer, finitely long correlations) the rotation measufM) autocor-
andARM = 7 (12, — A2,)7" is a constant depending on theelation area (Eq. (18)) has to vanish. This means that there is a
used wavelength range frofin t0 Amax. balance between the positively and negatively valued areas of

This can lead to artifical jumps in RM maps, which will afthe autocorrelation function. In practice, one would require it to
fect theRM autocorrelation function and therefore any deriveble much smaller than thRM autocorrelation length squared.
magnetic power spectrum. In order to get a feeling for this vilde note that e.g. the popular magnetic cell-model, in which

5.3. RM steps due to the nr-ambiguity
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cells are filled by from cell-to-cell independently oriented angive us deeper insight in their fascinating origins and roles in
internally homogeneous magnetic fields, does not have thése Universe.
properties, since it violates the requir@eB = 0 condition.
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