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Abstract. To investigate the physical nature of solar convective zone, we employ the observed frequency shifts of solar os-

cillations to study the influence of magnetic perturbation inside the Sun on the low-` solar p-mode oscillations. We describe
the various possibility of frequency shifts for a time-dependent source of MHD turbulence. For the magnetic perturbation contribution, we obtain the frequency shifts of modes with different degree as a function of the spectrum of fluctuating magnetic
field. The frequency shift is found to increase with the strength of magnetic fields in solar interior, and its temporal behavior
closely follows the phase of the synthetic solar activity cycle. Our analysis indicates that the magnetic activities cause shifts of
up to 0.3 µHz. It is obviously shown that mode frequency, which is sensitive to the effect of magnetic fields, can be used as a
diagnostic tool for the presence of turbulent magnetic fields in the convection zone.
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1. Introduction
The Sun’s p-mode frequency is one of the most accurately known solar parameters with a precision of about 10−5
(Libbrecht et al. 1990). It is well known that the principal cause
of the differences between measured and theoretical solar oscillation frequencies lies close to the solar surface, particularly
where our understanding of convection is most uncertain. This
information will play an important role in tying down the details of the structure of the convection.
Originally, many attempts were made to take into account the influences of purely turbulent pressure and nonadiabaticity on mode frequencies (Christensen-Dalsgaard &
Frandsen 1983; Kosovichev 1995; Gabriel 1995; Böhmer &
Rüdiger 1998; Rosenthal et al. 1999; Bi & Xu 2000). Recently,
considerable efforts have been made to study the effects of
magnetic fields on the properties of the solar p-mode oscillations (Dziembowski & Goode 1997; Jiménez-Reyes et al.
1998; Garcı́a et al. 1999; Gavryusev & Gavryuseva 1999; Antia
et al. 2000; Moreno-Insertis & Solanki 2000; Zhukov 2001).
Up to now, more and more observational evidence collected by
both space and ground-based instruments shows that the frequencies are increased by magnetic activity (Woodard & Noyes
1985; Elsworth et al. 1994; Gelly et al. 1997; Chaplin et al.
1998; Bhatnagar et al. 1999; Howe et al. 1999; Chaplin et al.
2001; Jiménez-Reyeset et al. 2001). For low-` solar p-modes,
the relative change in frequency between solar activity minimum and maximum is of order 0.4 µHz.
Send offprint requests to: S. L. Bi,
e-mail: wbyw@public.km.yn.cn

The sources of solar p-mode frequency shifts are mainly
related to non-adiabatic effect, magnetic perturbation and turbulent processes. In the development of such a theory, the role
is to explore details of the physical processes that dominate
the mode oscillations. Our main question is whether or not
the direct magnetic field fluctuation is sufficient to explain the
changes in mode frequencies with the solar cycle.
In this paper, the magnetic perturbation is considered as a
first approximation of the dynamic motions to the steady state.
In Sect. 2, the mathematical description of the shifts is derived
in detail. For the specific case, the frequency shift of solar oscillations is a fundamental consequence of the properties of
magnetic perturbation. In Sect. 3, we give a simple synthetic
spectrum of magnetic perturbation in a medium with zero mean
magnetic field. In Sect. 4, we calculate the frequency shifts due
to magnetic perturbation and compare them with helioseismic
observation.

2. Basic physical formulation

2.1. Mean field magnetohydrodynamics
We consider an ideal MHD turbulence in a homogeneous,
isotropic and stationary medium. If there is no rotation, the
magnetohydrodynamic equations describing the motions of a
fluid of total density ρ, pressure P, velocity vector u, in the
presence of a magnetic field B, are given by (Unno et al. 1989)
∂ρ
+ ∇ · (ρu) = 0,
∂t
!
1
∂
(∇ × B) × B − ρg
+ u · ∇ u = −∇P +
ρ
∂t
4π
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(1)
(2)
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and the magnetic field B is described in the MHD approximation by the induction equation
∂B
= ∇ × (u × B) ,
∂t
∇ · B = 0,

(3)
(4)

where the gravitational acceleration g can be written as the gradient of gravitational potential Φ:
g= ∇Φ,

(5)

and Φ is determined by Poisson’s equation
∇2 Φ = −4πGρ,

Equations (10)–(13) describing the motion of mean flow are
non-linear equations. It is extremely difficult to directly solve
these equations to obtain the various properties of solar oscillation. The usual method adopted is to linearize the non-linear
equations. In the present paper, the main idea is that we assume
a “free MHD turbulence”, i.e., the MHD turbulent medium
evolves freely and the MHD turbulent quantities are not perturbed by oscillations. If we consider Euler perturbations, the
various physical quantities can be treated as the sum of equilibrium value and a perturbation

(6)

G being the gravitational constant.
Based on an averaging technique similar to that developed
by Stein & Nordlund (1991), the quantities can be meaningfully divided into their mean and fluctuating parts:
ρ = ρ + ρ0 ,

2.2. Oscillation equations

u = u + u,

P = P + P0 ,

B = B + B0 ,

(7)

where an overbar denotes averaged quantities, a prime the deviation from the mean, except for velocity u. Note that u is
turbulent velocity.
Taking into account that the fluctuating components have
zero average

ρ = ρ0 + ρ(1) ,

u = u0 + u(1) ,

ρ0 = P0 = B0 = u = 0,

(8)

and, if the velocity field is solenoidal



B · 5 u − u · 5 B = 0,

(9)

ρ0


dρ
+ ∇ · ρ u = 0,
dt

(10)



du
= −∇ P + PB − ∇ · (ρT) + ρ g
dt


i

1 h
∇ × B0 × B + ∇ × B × B0 ,
+
4π


∂B
=∇× u×B+E ,
∂t

ρ

∇ · B = 0,

(11)

(12)
(13)

where the magnetic pressure is defined as
2

B
,
(14)
8π
and the sum of the Reynolds stress tensor T t and the magnetic
fluctuating tensor T B is defined as
PB ≡

T ≡ Tt + TB,
with
T t = huui ,

TB = −

1
B0 B0 .
4πρ

(15)

It should be noted that we assume that the variation of mean
field B along the magnetic field lines can be neglected, i.e.,
B · ∇B = 0. Also, E = hu × B0 i is the mean electromotive
force.

(16)

where the subscript “0” refers to equilibrium values and the
superscript “(1)” refers to perturbation values. When no motion
exists in the unperturbed state, that is u0 = 0.
Substituting Eq. (16) into the nonlinear Eqs. (10) and (11)
while neglecting terms with higher orders of perturbation values, and noting that the equilibrium values also fulfil these
equations, we can obtain the following equations in the first
order of the oscillation


∂ρ(1)
+ ∇ · ρ0 u(1) = 0,
∂t

after an averaging procedure,
we obtain
 the following equations

for the mean values dtd ≡ ∂t∂ + u · ∇

P = P0 + P(1) ,



∂u(1)
= −∇P(1) − ∇ · ρ(1) T + ρ(1) g + ρ0 g(1)
∂t


i

1 h
∇ × B0 × B + ∇ × B × B0 ,
+
4π

(17)

(18)

where the pulsating velocity is defined as u(1) ≡ ∂ξ
∂t , and ξ is the
pulsating displacement vector. Obviously, we assumed
 that the
ratio of the magnetic pressure to the thermal pressure PB /P is
small because of the helioseismic constraints on solar models
(Gough et al. 1996), thus the magnetic pressure term can be
ignored here.
In addition, the induction equation for the fluctuating magnetic field in its linearized version is


∂B0
= ∇ × u(1) × B .
∂t

(19)

2.3. The effects of physics on the frequencies



We set the time dependence of eigenfunctions ξ, P(1) , ρ(1) ...
as exp (−iωt), ω being the frequency. By using the energy
equation the pressure perturbation can be expressed in terms
of other variables, it follows that (e.g. Christensen-Dalsgaard
1998)
P(1)
i Γ3 − 1
P(1)
0
(ρ0  − ∇ · F) ,
= ad +
P0
P0
ω P0
with
P(1)
ad

!
d ln P0
ρ(1)
d ln ρ0
− Γ1
= P0 Γ1
+ ξr
,
ρ0
dr
dr

(20)
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After separation of the time dependence, with the help of the
continuity equation, Eq. (18) can be written as

Let ar , aθ and aφ be unit vectors in the r, θ and φ directors, then
the displacement vector can be written as
("
√
ξr (r) Y`m ar
(30)
ξ (r, t) = 4π< e
!#
)
∂Y`m
1 ∂Y`m
aθ +
aφ exp (−iωt) ,
+e
ξh (r)
∂θ
sin θ ∂φ

ω2 ξ = Lad (ξ) + δL (ξ)

where the spherical harmonics Y`m (θ, φ), of degree ` and order m, is given by

where F is the sum of radiative flux and convective flux. The
adiabatic exponents Γ1 and Γ3 are defined by
!
!
∂ ln p
∂ ln T
,
Γ3 − 1 =
·
Γ1 =
∂ ln ρ ad
∂ ln ρ ad

(21)

Y`m (θ, φ) = (−1)m c`m Pm
` (cos θ) exp (imφ) ,

with
Lad (ξ) =

1
ρ
(1)
∇Pad
−
g − g(1) ,
ρ0
ρ0
(1)

(22)

and
δL (ξ) ≡ δLq (ξ) + δLt (ξ) + δLB (ξ) ,

where the force operators defined above are related to the
source terms by
i


∇ (Γ3 − 1) (ρ0  − ∇ · F)0 ,
δLq (ξ) =
ωρ0

(24)

h
i
δLt (ξ) = ∇ · ρ−1
0 (ξ · ∇) ρ0 + ∇ · ξ T t ,

(25)

i
h
δLB (ξ) = ∇ · ρ−1
0 (ξ · ∇) ρ0 + ∇ · ξ T B


i

1 h
∇ × B0 × B + ∇ × B × B0 .
−
4πρ0

with Legendre function Pm
` (cos θ), and the normalization constant c`m , determined by
c2`m =

(23)

(26)

Here, Lad (ξ) is a linear operator on ξ. δLq (ξ) is a perturbation
in the operator Lad (ξ) caused by non-adiabaticity. The effect
of Reynolds stress appears in the operator δLt (ξ). Similarly,
the effect of the magnetic field appears in the operator δLB (ξ).
Note that in Eq. (19), B0 is related to ξ.
As is well known, the change in ω2 caused by the perturbation to the force operator, δL, can be obtained from the variational principal, that is
R
ξ∗ ·δL (ξ) dV
2
·
(27)
δω = R
ρ0 |ξ|2 dV

(31)

(2` + 1) (` − m)!
·
4π (` + m)!

Assuming that f is an eigenfunction of the horizontal Laplace
operator,
∇2h f = −

` (` + 1)
f,
r2

and, writing it out in full, Eq. (32) becomes
!
∂f
1 ∂2 f
1 ∂
= −` (` + 1) f.
sin θ
+
sin θ ∂θ
∂θ
sin2 θ ∂φ2

(32)

(33)

For low-` p-modes, we restrict ourselves to radial oscillations
(Bi & Li 1998), that is
 ∗


ξr (r) m
 ∂e
∗ 
Y` (θ, φ) exp (iωt) ar ar .
(34)
∇ξ ≈ 
∂r
Consider a mode (n, `) with eigenvector ξn` , by making use of
Eqs. (30)–(34), we finally obtain the contribution of a fluctuating magnetic field to the frequency shift, δωn` , as
Z R
1
δωn`
=−
ρ−1 B0 B0 rr βn` r2 dr,
(35)
ωn`
8πω2n` In` 0 0
where
Z
In` =
0

R

i
h
ρ0 r2 e
ξh2 (r) dr,
ξr2 (r) + ` (` + 1) e

(36)

and

 −1




ξr∗ (r)
` (` + 1) e
ξh (r) 
 ρ0 ∂
 ∂e
2e
(r)]
[ρ
·
−
r
ξ
βn` = 

0
r


 r2 ∂r
 ∂r
r

In this work, we mainly demonstrate that the magnetic perturbation is significant. Therefore, the relative frequency change,
δω, caused by the effect of the magnetic field that appears in
the operator δLB , is to first order,
R
ξ∗ · δLB (ξ) dV
1
δω
R
·
(28)
=
ω
2ω2
ρ0 |ξ|2 dV

Note that the eigenvalues and eigenfunctions depend on ω.

For the sake of simplicity, we only consider a turbulent magnetic field B0 in a medium with zero mean magnetic field. The
result is
i
R h
(ξ
·
∇)
ρ
+
∇
·
ξ
T B : ∇ξ ∗ dV
ρ−1
0
1
δω
0
R
·
(29)
=
ω
2ω2
ρ0 |ξ|2 dV

Let us assume that the pattern magnetic perturbations can be
described in the same way as the case of turbulent velocities.
Consider a fluctuating magnetic field B0 , at two different points
in space and time, e.g., at x with τ and at x + r with τ + t. The
relation tensor is then defined as
D
E
(38)
Bi j (r, t) ≡ B0i (x, t) B0j (x + r, τ + t) ·

(37)

3. The spectrum of magnetic fluctuations
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Then, the Fourier transform Bi j is
Z
Z
1
3
d r dτBi j (r, t) e−i(k·r−ωt) ,
φi j (k, ω) =
(2π)4
and its inverse transform
Z
Z
d3 k dωφi j (k, ω) e−i(k·r−ωt) .
Bi j (r, t) =

(39)

normalization condition. The spectrum is normalized by the requirement for turbulent convection that
Z ∞D E
3
u2 dk = u20 .
2
0

(40)

Using assumption of energy equipartition for the local spectra,
that is

For a stationary, incompressible, homogeneous and isotropic
MHD turbulence, a random flow u generates a fluctuating magas −B0 , and it may be
netic field B0 with the same Dprobability
E
0
assumed that the correlation ui B j = 0. Therefore, the Fourier
transform of the second-order correlation product of fluctuating
magnetic fields has the form (Kichatinov 1991)
!
ki k j
b (k, ω)
δi j − 2 ·
(41)
φi j (k, ω) =
4πk2
k
For simplification, we may
 for low-` p-modes r is
 assume that
limited to the z-direction r x = ry = 0 . As a result, we have
Z ∞
dω cos ωt
(42)
Brr (r, t) = 2
0
!
Z ∞
sin kr cos kr
dkb (k, ω) 3 3 − 2 2 ·
k r
k r
0
The synthetic spectrum of a given fluctuating magnetic field,
b (k, ω) can be formally factored into a spatial and temporal
part in a simple manner:
b (k, ω) = b (k) Λ (ω − τcorr ) ,

(43)

with
τcorr '

ρ huui hB0 B0 i
=
·
2
8π

(48)

Therefore, the spatial spectrum of the magnetic fluctuations
follows that (Kleeorin et al. 1996)
!−1
8 δB20 k
(k)
,
(49)
b
=
9 k0 k0
where δB0 is proportional to the mean strength of fluctuating
magnetic field.
The simplest assumption of temporal part of magnetic spectrum, which could be suitable for connecting the variation of
turbulent magnetic field with the activity cycle, is taken to be
of the form
h
i
1 − λ cos 2ωcyc (t − τcorr )
,
(50)
χ (t − τcorr ) =
1−λ
where λ is a free parameter, ωcyc is the frequency of the solar
magnetic cycle, i.e., ωcyc = 2π/T cyc, T cyc = 22 yr, and the
time lag τcorr takes into account a smoothing effect for the time
spectrum.

4. Results
2
`corr
/υ,

where τcorr is the correlation time of the turbulence, and `corr =
αMLT HP is the corresponding correlation length of the magnetic
field fluctuations, with mixing-length constant αMLT and vertical pressure scale HP which is the dominant local length scale
in the convection zone.
Finally, making use of the above relation, Eq. (42) becomes
Brr (r, t) = Γ (r) χ (t − τcorr ) ,
with

Z

Γ (r) ≡ 2

b (k)
0

and

(44)

4.1. The temporal behavior of frequency shift

!

∞

Z

χ (t − τcorr ) ≡

∞

In this work, the frequency shift induced by magnetic perturbations in the solar interior is estimated in a first order approximation, neglecting physical effects which would lead to a second order correction to the frequency for each value of m. In
principle, the frequency shift can be calculated with the help of
the prescription outlined in the previous sections. Note that the
choice of free parameters, i.e., λ and δB0 , may strongly influence the resulting hypothetic frequency shifts.

sin kr cos kr
− 2 2 dk,
k3 r 3
k r

(45)

Λ (ω − τcorr ) cos ωtdω.

(46)

0

D E
We assume that u2 is the spectrum of the kinetic energy of
MHD turbulence, and close to Kolmogorov’s one
!
D E
u2 k −5/3
,
(47)
u2 = a 0
k0 k0
where u20 is proportional to the mean squre turbulent velocity, k0 ' 2π/HP represents the characteristic scale of energycontaining eddies. The factor a = 0.758 is determined by the

In order to investigate the sensitivity of the p-mode frequencies
to changes in the activity cycle, we estimated the effects of temporal changes of fluctuating magnetic fields on the frequencies
for low-` solar p-modes.
We note that the free parameter λ is related to the MHD
turbulent properties. In order to match the observations of temporal behavior of frequency changes, we set the free parameter
λ = 0.60 here.
For a given δB0 = 50G, the frequency shift is a function of
time, which can be seen though Eq. (44). An example of the integrated frequency shift between 1.5 and 3.5 mHz, i.e., δωn` (t),
obtained in this manner over a solar cycle is plotted in Fig. 1.
The numerical results corresponding to ` = 0, 3 are estimated
with JCD mode parameters (Christensen-Dalsgaard 1982). It
may seem surprising that the frequency shifts are sensitive to
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Fig. 1. Time variation of frequency shift, δωn` (t), for modes with ` =
0, 3 over a complete solar cycle. The circles joined by solid line: ` = 0;
the triangles joined dotted line: ` = 3.

the synthetic temporal changes of fluctuating magnetic fields,
roughly consistent with the observed behavior of the solar cycle. Our result shows that the magnetic field fluctuations can
cause the frequency shifts of up to about 0.3 µHz. As can also
be seen from Fig. 1, the modulus of the frequency shift also
exhibit a slight increase with `.
Although the time variation of frequency shifts analyzed
here is based on a very simple MHD turbulent model, the obtained cycle indeed shows a noticeable influence. This raises
the possibility of a long-term variation of turbulent magnetic
field with the activity cycle. The changes in frequency are
seemingly linked to the activity cycle, but how this occurs is
unclear. The calculations are not yet extensive enough to draw
any conclusions about the presence of a long-term variation of
turbulent magnetic field with the activity cycle, because the origin of the turbulent field itself is not well known. However, we
have to convince ourselves that a frequency difference actually
reflects a time variation of solar interior structure rather than
any other near surface effect.

4.2. Sensitivity of the diagnostics to the magnetic
strength
Since our analysis cannot predict the absolute value of the frequency change over the cycle because of the arbitrariness of
the choice of free parameters, i.e., λ and δB0, it is interesting
to check the dependence of frequency shift on the magnetic
strength.
If we set t = 0, the frequency shift mainly depends on the
mean strength of the fluctuating magnetic field. As a test of
this statement, we consider a case in which we artificially multiply δB0 of Eq. (47). The numerical results of the frequency
shifts with ` = 0 modes are presented in Fig. 2 for two values
of the magnetic field. In Fig. 2, it is evident that the larger the
magnetic field, the larger the shift of frequencies. This means
that the variation of the frequency shifts reacts sensitively to the
different patterns of fluctuating field corresponding to the various values of δB0 . As a result, Fig. 2 leads us to suspect that the
spatial distribution of fluctuating fields also play an important
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Fig. 2. Frequency shift due to the magnetic fluctuations as a function
of circular frequency for the synthetic MHD turbulent spectrum. The
solid and dashed lines refer to the calculations of the present formula
for δB0 = 50G and δB0 = 30G, respectively.

role in determining the shifts. It is desirable to investigate the
possibility of inferring the strength of the fluctuating magnetic
field in the solar interior by making use of helioseismic tool.
From the comparison between the above figures and the
observational data for the frequency shifts of low-` solar
p-modes, we have found that magnetic perturbations are
present near the bottom of the convection zone. The best
fit for our calculations is obtained with strengths of ∼50G.
Unfortunately, it is not sufficient to compare these shapes with
the observations, since the curves of the figures closely depend
on the function of the field distribution, i.e., Bi j (r, t). In fact, the
exact pattern of Bi j (r, t) depends on the distribution of the fluctuating magnetic field, which is complicated by the presence
of structured complexes and nonlinear processes. Furthermore,
the resulting synthetic spectrum is based on our simplest model
of MHD turbulence with some hypothesis and simplifications.
Our results indicate that the shifts can be caused by magnetic
field fluctuations, but the agreement is qualitative only.
Nevertheless, our results provide a physical explanation
for the observed frequency shift of low-` p-mode oscillations,
caused by the effects of the fluctuating magnetic fields near the
bottom of the convection zone. Moreover, it is clear that δω
should be proportional to the strength of the fluctuating fields.
The type of magnetic features responsible for the frequency
shifts may be evidence of magnetic flux tubes or an upper limit
on the strength of the fluctuating field in this region.

5. Discussion and conclusion
In this paper we investigate the influence of the change in
strength and temporal distribution of solar turbulent magnetic
fields on the frequency shifts, δωn` . We have seen that the presence of a fluctuating magnetic field adds a new element to the
structure of convection zone.
1. The main conclusion is that the frequency shifts of low-`
p-modes are sensitive to solar magnetic activities, revealing structural changes deep inside the convection zone as
the solar cycle progresses. Although the results have not
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been studied in detail, they might be used as helioseismic
diagnostics for the presence of turbulent magnetic fields in
solar convection.
2. One possibility is that the small-scale magnetic field is created by turbulent eddies near the bottom of the convection
zone. Therefore, we might hope that the consequences of
such an hypothesis could be checked by helioseismology.
In the long term the p-mode frequency changes associated with magnetic activity might provide a further calibration of a simple parameterized convection theory, such
as mixing-length theory.
3. Important clues about the presence of fluctuating magnetic
field near the bottom of the convection zone might provide
an explanation of the magnetic flux emergence.
It must be emphasized that there are still a number of uncertainties in our analysis, foremost among which is the still open
question of the type of magnetic structures responsible for the
p-mode frequency shifts. In particular, a differential analysis
of the frequency shifts with different modes can provide information on the distribution of turbulent magnetic fields. A more
complicated formulation would probably have been needed in
order to take into account the frequency shifts of the various
` and m as the functions of the magnetic field strength and
distribution.
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