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Abstract. Beam patterns of radio telescopes with moderate (arcmin) angular resolution in the millimeter and submillimeter range are difficult to measure as only weak sources are available in that spectral range. This limitation
can be overcome with the deconvolution of radial scans over the knife edge of the solar limb which provides
beam profiles down to secondary lobe levels. Numerous applications, such as quick adjustments and checkups
of telescope optics, efficiency estimates and the reconstruction of partially unresolved structures such as active
regions, become possible. We investigate here the inverse problem of the beam profile reconstruction from the
beam convolution with the solar limb. With simple derivatives of solar radial scans we obtained line integrals of
the beam profile under different scanning angles. Reconstruction methods used in tomography of filtered reverse
projection allowed us then to obtain beam profiles down to the level of secondary lobes. Tests of the algorithm
were carried out with simulated data and solar scans that are verified by planet observations and terrestrial beam
pattern measurements.
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1. Introduction
Theoretical calculations of the antenna gain and beam
patterns for reflectors are only guidelines for the characterization of antenna beams and must therefore be
verified with external radio sources. Direct (Lüdi et al.
2000) or holographic measurements (Fuhr et al. 1979) in
the mm/sub-mm range over horizontal propagation paths
with powerful transmitters provide a high dynamic range.
However, at sub-mm wavelengths the atmospheric absorption becomes significant in the far field of typically several
kilometers. Therefore, occasionally, transmitters on board
satellites are used, whenever available (Baars 1973 and
references therein). Problems can arise from the coherent
nature of the test signal (standing waves in the telescope
optics), and a precise determination of the absolute antenna gain is not possible.
On the other hand, only a few celestial, point-like radio
sources such as Jupiter, Venus and Mars are available for
beam measurements of antennas with intermediate angular (arc minute) resolution. However, for these relatively
Send offprint requests to: J. E. R. Costa,
e-mail: jercosta@craam.mackenzie.br

weak sources and low antenna sensitivities, long integration times are required.
Therefore the Sun has also been explored to obtain
beam profiles from the deconvolution of solar scans (Baars
1973) and dual beam measurements (Lindsey & Roellig
1991). This method takes advantage of the sharp knife
edge of the solar limb and the large signal available. Solar
observations are in general possible when a radome or
other setups are available that prevent overheating of the
front-end. Thus, deconvolved beams can be used in many
calibration and image reconstruction issues, as has already
been mentioned by Baars (1973) and Lindsey & Roellig
(1991). Although the precise adjustment of antenna optics is best done with strong point sources, changes in the
coma side lobes during axial focusing (Ruze 1965; Baars
1973) can be detected from solar scans once the beam profile has been determined. The measurement of beam efficiency and gain needs external sources with known brightness temperatures. These can be provided by quiet Sun
regions and the Moon.
Besides presenting a sharp knife edge for beam measurements, the solar disc can also be used in the cm, mm
and sub-mm range for pointing purposes, as it has a very
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accurately known position, and no extended emission from
the corona is expected to disturb the circular limb fit,
e.g. Costa et al. (1999), Lindsey & Roellig (1991). The
width of limb brightening or darkening features is typically far below the telescope resolution of a few arc minutes and those features are consequently smeared out by
beam convolution.
Our analysis will focus on the capabilities and the limitations of the tomographic method for reconstructing the
beam shape from simple derivatives of solar scans. The
Solar Submillimetric Telescope, SST (Kaufmann et al.
2001), provided solar scan data for beam reconstruction.
Its designed beam width of 4 and 2 arcmin at the observing frequencies of 212 GHz and 405 GHz respectively, and
its collecting area of 1.8 m2 fits well for the beam pattern determination from solar scans. For comparison, also
observations with Venus and direct beam pattern measurements with a transmitter have been included in our
study.

2. Mathematical formalism
The convolution and deconvolution is mathematically well
described in many text books (e.g., Bracewell 1965). In the
bi-dimensional case of a beam pattern f (x, y) convolved
with an extended source b(x, y) the convolved (measured)
pattern is given by
Z Z
a(x, y) =
f (x0 , y 0 )b(x − x0 , y − y 0 )dx0 dy 0 ,
(1)
where x and y are rectangular coordinates and the integrals are over the entire sky. Taking the convolution in
one defined direction, for instance in the x-direction at a
constant y = y 00 , we obtain after differentiation in x
Z Z
d
d
00
f (x0 , y 0 ) b(x − x0 , y 00 − y 0 )dx0 dy 0 . (2)
a(x, y ) =
dx
dx
The left side represents a simple derivative of a measurable
quantity. On the right side we have to know the derivative of the solar brightness distribution b(x, y). In the following, we will assume an extended circular source with
constant emission b (an ideal Sun) and the profile of a cut
in y = y 00 is a Heaviside function. This implies that the
beam diameter is much smaller than the diameter of the
solar disk. Thus, the derivative of b yields a delta function
which finally leads to
Z
d
00
a(x, y )
= f (x00 , y 0 )dy 0 .
(3)
dx
x=x00
Whenever the ideal Sun hypothesis holds, Eq. (3) represents a function in the scan direction (x) whose values are
determined by integrals over f (x00 , y 0 ) along the orthogonal y-direction. This result is generalized in the following
for radial scans oriented by an angle θ in relation to the x
axis (see Fig. 1). Radial scans are always orthogonal to the
brightness step at the solar limb, as required by Eq. (2).
The brightness transition at the solar limb from zero (sky)
to one (Sun) is represented in Fig. 1 as a “straight limb

Fig. 1. Schematic representation of solar radial scans, crossing
the circular solar disc brigthness distribution b(x, y) at the center. A beam contour, f (x, y), is shown at the scanning angle
θ = 45o . For reconstruction, both, a circular and a straight limb
have been investigated. The distances of the coordinate pair
(x, y) to the scan line and to (x0 , y0 ) are s and r, respectively.

line” (Heaviside function). The validity of this assumption
will be analyzed in the next section. Thus, with a simple
rotation of the x − y coordinate system, Eq. (3) can be
used for any of the radial scans presented in Fig. 1, without loss of generality. This leads to the function Dθ (r)
which represents the derivative of scan intensities along
the scan direction:
Z Z
Dθ (r) =
f (x − x0 , y − y0 )δ [x cos(θ + π/2)
+y sin(θ + π/2)] dxdy,

(4)

where r is the radial distance between the flat limb line
and a point within the the beam pattern f (x, y) and θ
the angle of the scan line with respect to the x-axis (see
Fig. 1). The scan distance r is given by
r = |x cos θ + y sin θ − r0 |.

(5)

The coordinate pair (x0 , y0 ) represents the crossing point
between the scan line and the straight limb line, r0 the
solar radius. Equation (4) is the Radon transform (e.g.,
Kak 1979) of f (x, y) and the delta function indicates that
it is valid for the integral along a ray path defined by the
equation
(x − x0 ) cos(θ + π/2) + (y − y0 ) sin(θ + π/2) = 0.

(6)

Each integral at angle θ is similar to a projection in the
tomography jargon, and many algorithms have been developed for the reconstruction of f (x, y) (see Kak 1979
and references therein). The algorithm we explore in this
paper is called filtered back projection, which is well described in Kak (1979).
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Fig. 2. The effects of the limb shape on the convolution between a circular beam (with zero brightness outside the beam) and
a circular (R and L) and respectively straight solar limb (V). The two circular limbs represent the opposite sides of the Sun
crossing the beam (inset b)). A ratio of 0.25 between the beam (8 arcmin) and the solar disk (32 arcmin) diameters has been
assumed. Part a) presents the convolution for V (solid line) as well as for R and L (dotted and dashed lines). In the center
we show the relative errors of the averages for R and L in relation to the convolution (V). In part c) we show the maximum
relative error as a function of the ratio between beam and solar disk diameter.

2.1. Limb curvature
In order to explore the effects of limb curvature on the
measured scan values, a numerical convolution between
a constant circular beam profile and different solar limb
shapes has been carried out (Fig. 2). Inset b, illustrates
the limbs of a circular solar disk (R and L) and a solar
disk with a straight limb (V). Scans are carried out in
radial directions. The convolution results are shown as a
solid (V) and dashed/dotted lines (R and L) in Fig. 2a
for a beam diameter of 8 arcmin (beam to solar diameter
ratio equals 0.25). For small ratios, effects of curvature
can be minimized by averaging scans crossing the limb
from opposite sides (R and L). This is illustrated by the
small difference (in %) between the average convolution
and the convolution with a straight solar limb. The total
rms error (as a consequence of the assumption of a straight
limb) versus the beam to solar diameter ratio is shown in
Fig. 2c. For a ratio of less than .25 the error is less than 1%.

2.2. Noise
The scan signal is contaminated by noise which is of radiometric and atmospheric origin. It severely limits the
accuracy with which beam patterns can be reconstructed.
The relative noise of a √
receiver is given by the radiometer
formula, σrms /Ts = 1/ Bτ . The receivers used for solar

scanning have a bandwidth B of 1 GHz and an integration time τ of 2 ms. The solar signal Ta is in our setup
approximately half the total noise signal Ts . From this follows a relative error σrms /Ta of approximately 10−3 that,
theoretically, can be decreased by longer integration. At
the same time, however, the scan time must be increased
by the same factor if spatial resolution is not to deteriorate. Unfortunately, longer scan times lead to an increase
in noise levels due to atmospheric scintillation (Lüdi &
Magun 2000). It increases with scanning time and can not
easily be predicted. It must be therefore measured separately between sets of scans as it depends on atmospheric
conditions and scan duration. For short scan times of only
a few seconds and a non-turbulent atmosphere we found
that for an integration time of up to 100 ms, the relative
error in atmospheric noise can be neglected, so that an
error of 10−4 for a 100 ms integration time is realistic.
Unfortunately, noise amplification takes place during
the necessary differentiation of the scan data. This occurs predominantly at high frequencies, the noise amplitude increasing proportionally with frequency (Bracewell
1965). The consequences of this effect for the beam reconstruction depends on the spatial spectrum of the beam
pattern combined with the spectral characteristics of the
noise. Although the effect is difficult to estimate in general, some limits can be obtained from the noise in the
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Fig. 3. Reconstruction of a structured test beam pattern (top left) with 8 radial cuts whose profiles are shown as solid lines.
Dashed lines represent the reconstructed beam profiles for a straight limb. The polar angles of the scan profiles are shown in
the top-right corner of each plot and the test pattern.

scan data as the error propagation of the derivative (finite
differences) roughly doubles the absolute error in the original data (σa0 = 2σa ). A direct possibility to reduce noise
is to increase the integration time. However, this requires
a decreament of the scan velocity by the same magnitude
or the summation of many scans, in order not to lose spatial resolution. The total scan duration increases and with
this also the atmospheric noise due to scintillation. The
best compromise for minimum noise is to choose integration and scanning times that result into equal levels of
radiometric and atmospheric noise.

3. Errors in the reconstruction
by Filtered-Backprojection
In order to explore our reconstruction algorithm with
noise contaminated test data, we have generated an artificial, highly structured beam profile as shown in the
top-left corner of Fig. 3 without noise, to which white
Gaussian noise of varying amplitude has later been added
(Table 1). A circular, constant emission source with a diameter of 32 arcmin was convolved with the test beam in

18 radial directions (scans) every 10 o and reconstructed by
using the filtered backprojection described in Kak (1979).
An example of the reconstructed beam (dashed line) is
presented in Fig. 3 (without noise), together with the
original input (solid line). Eight cross sections of the reconstructed beam are shown, with the polar angle of the
slices printed in the top right corner. The differences between the two profiles are small, approximately 4.6% rms
(−13.4 dB), with maximum errors up to 12% (−9.2 dB)
relative to beam maximum. The errors are certainly due
to the limb curvature because if a straight solar limb is
used the reconstruction is perfect. Although the full beam
width of 5.12 arcmin is used and the beam pattern is
highly structured, spatial details down to approximately
20 arcsec can be recovered.
By adding noise, the reconstruction will quickly be destroyed when the relative error rises significantly for error
levels above 10−4 . Table 1 summarizes the errors in the
reconstructed test beam for different relative noise levels
in the fictive input scan data for a 19.2 arcsec sampling
step.
We have also repeated the reconstruction of Fig. 3 using a limb brightening in the hypothetical solar brightness
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Fig. 4. Reconstructed beams from solar radial scan maps for four of the SST beams after the repair of the antenna (April 18,
2001). Beam 5 operates at 405 GHz, the remaining at 212 GHz. The isocontours are 10, 20, 30, 40, 50, 60, 70, 80, 90, and
99% levels.
Table 1. Maximum and mean (rms) errors of the test beam
reconstruction for three different relative noise levels of the test
data (Fig. 3).
σrms /Ta

Max. Error (dB)

rms (dB)

−3

−1.1

−5.1

−4

−8.5
−8.9

−12.2
−14.0

10

10
10−5

distribution. Using a 10% limb brightening with 1.5 arcmin width the differences between the two reconstructions are negligible (<0.1%).

and 2 at 405 GHz with system noise temperatures of
about 3000 K when looking onto the sky. Due to the
requirement that the 212 GHz beams intersect at half
power levels beams 2, 3, and 4 have a taper of 3 dB
only, which leads to enhanced side lobe levels. The expected nominal beam patterns were 4 and 2 arcmin wide
at 212 GHz and 405 GHz respectively. They have been
measured by scanning an intense transmitter in the far
field Lüdi et al. (2000) of the antenna, with planet and solar scans. The latter were used to reconstruct beam patterns which then were compared to the transmitter and
planet measurements.

4.1. Comparison of solar and planet scans
4. Reconstruction of the SST antenna beam
patterns
The Solar Submillimetric Telescope, SST (Kaufmann
et al. 2001) operates with 6 receivers, 4 at 212 GHz

For a source size much smaller than the beam diameter, the convolution of the beam with the source provides
the beam shape. In April 2001, several scans of planet
Venus were done just after a map of the Sun was obtained.
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Fig. 5. Comparison of the reconstructed SST beam from solar scans with the observation of Venus on April 18, 2001. The
panels represent integrated scans of Venus in azimuth and elevation (thick solid line) with one sigma error bars on the left. For
comparison, slices in azimuth and elevation of the beam patterns, reconstructed from solar radial scans (regular solid line), are
superimposed.

The latter consists of 18 radial scans, each with a duration of 16 s and a sampling step of 46 arcsec. Each solar
scan was normalized at Sun center in order to minimize
signal fluctuations caused by atmospheric scintillation and
changes in opacity due the movement of the Sun. The reconstructed patterns for the four central beams on this
day are shown as contour plots in Fig. 4. The coma lobe
with less than 10% observed in the top right corner of each
panel is probably caused by a small axial and/or lateral
offset of the sub-reflector from the focal point. In order to
compare the reconstructed beams with planet scans, we
have obtained slices in azimuth and elevation from the reconstructed beam. These are plotted as thick solid lines
in Fig. 5. Since the planet emission is too weak to be observed in a single scan, 200 scans (40 min of total duration)
had to be integrated, resulting in a rms uncertainty that
is represented by vertical bars in each panel. The averaged
scans in azimuth and elevation are shown as thin lines for

the 4 central beams. The spatial resolution for these averages is 43 arcsec (spatial resolution), similar to that of
the solar scans used for the reconstruction of the beam.
As can be seen from Fig. 5, the agreement of the
overall beam shape is generally good with a deviation
of less than 10% of peak maximum. The elevation scans
of Venus show prominent side lobes, mainly in beams 2
and 5. Although the differences are compatible with the
error bars, the reconstructed profiles here are, in general,
smoother probably due to the spatial under sampling of
the observations. Nevertheless, these secondary features
are partially evident in the reconstruction although with
lower intensity.

4.2. Comparison of solar and transmitter scans
Yet another check of the reconstruction algorithm from solar scans is by comparing the recovered beams with those
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Fig. 6. Comparison of a SST beam pattern (beam 2), reconstructed (left panel) from solar maps with the transmitter measurements (right panel), obtained in September 1999, before the antenna was repaired. The spatial sampling frequency for the
reconstructed beam is 24 arcsec, that of the transmitter map 75 and 47 arcsec in azimuth and elevation, respectively (right
panel). The contour levels shown are from 0.2 through 0.9 with a step width of 0.1.

obtained by direct beam pattern measurements with the
help of strong transmitters, placed in the far field (Lüdi
et al. 2000). The measurements were carried out at the astronomical site of El Leoncito (2550 m asl) with excellent
atmospheric seeing conditions.
The solar maps, used for reconstruction, consist
of 18 radial scans. The reconstructed map of beam 2, as
an example, is shown in Fig. 6, the left panel. This map
was taken in September 1999, before the SST antenna
was repaired. On the same day, a few hours later, the antenna pattern was measured with the transmitter (Fig. 6,
right) for comparison. Although not all radial solar scans
crossed the Sun center (offsets up to 1 arcmin) the reconstructed and directly measured beam shapes agree well
down to −7 db of the beam maximum and show that the
reconstruction is capable of detecting side lobes down to
a level of 20%. Meanwhile the beam shape has improved
noticeably since the last optimization campaign which occurred on October 2000, as clearly evident from Fig. 4.

5. Summary and conclusions
For small diameter antennas, the radio telescope sensitivity in the mm/sub-mm range strongly limits the direct
beam shape determination with planets, especially when
low side lobe levels are of concern. In this respect, simple derivatives of raster scans of the Sun or the Moon
can be useful. However, a much better beam determination can be achieved when using the beam reconstruction
technique presented here. Limb curvature imposes systematic errors, which for a ratio of beam width to the solar
diameter of .25 (present case study), are less than approximately 0.2%. Thus, for noiseless measurements of the
beam shape, typical reconstruction scenarios, as presented

in our simulation, can recover spatial structures in the
beam down to the level of −12.0 dB rms.
Another important source of (statistical) errors is receiver noise and the variation of the measured signal
due to atmospheric scintillation. For an integration time
of 100 ms and a scan time of not more than a few seconds, atmospheric noise can be neglected. Under good
seeing conditions the relative noise level in the scan data
is 10−4 . According to Table 1 this noise level leads to a
mean statistical error in the beam reconstruction of approximately 0.5% rms (−12 db), that quickly increases
for higher noise levels. Fast scans with a high sampling
rate can reduce the atmospheric noise and at the same
time allow either further integration or higher spatial resolution. The magnitude of the systematic and statistical
errors corresponds well with what has been found from
our tests.
Further improvements of the proposed beam reconstruction can be done by (a) combining radial scans with
scans in azimuth and elevation or other cross sections;
(b) by optimizing the scan duration and integration time
and (c) by taking advantage of the multi beam capability of SST that may be used to correct for atmospheric
effects. We emphasize that the beam reconstruction from
solar scans, as presented here, is very useful when beam
mapping with a strong transmitter in the antenna far field
is not possible, or if long integration times for planet measurements cannot be tolerated. This is especially true for
the quick optimization of telescope optics down to side
lobe levels of the order of −10 db.
Acknowledgements. We are grateful to P. Kaufmann for stimulating this research and to all members of the SST team, in
particular to J.-P. Raulin, E. Correia, A. Marun and P. Pereyra
for their participation in the April 2001 observations after the

1160

J. E. R. Costa et al.: Beam profile determination by tomography of solar scans

antenna was repaired. We also thank C. G. Giménez de Castro
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