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Abstract. VLBI monitoring of PKS 0420–014 at 3.6 cm performed during the period 1989.32–1992.48 reveals
superluminal jet components in a strongly curved jet. We present a binary black hole model capable of simultaneously explaining the flux-density variations and the motions of jet components on helical trajectories in active
galactic nuclei. From VLBI observations we derive the characteristics of the parsec-scale jet of PKS 0420–014.
Moreover, we use the optical light curve of the quasar PKS 0420–014 over the time span 1989.67–1993.93 to determine the characteristics of the binary black hole system. We propose that galactic and extragalactic radio sources
with jets are due to the existence of binary systems. Extragalactic binary systems are the results of mergers and
provide a natural explanation why only a small fraction of quasars are radio sources and why extragalactic radio
sources are associated with elliptical galaxies. These binary systems will be one of the primary targets for the
Laser Interferometer Space Antenna (LISA).
Key words. black holes physics – gravitational waves – quasars: individual: PKS 04020-014 – radio continuum:
galaxies

1. Introduction
Extragalactic compact radio sources associated with
nuclei of galaxies often show flux-density variations across
the wavelength spectrum on different timescales. VLBI–
component ejection in these sources is often associated
with an optical and/or a γ-ray outburst. Typical sources
of this kind are 3C 273 and 3C 345 (see Zensus 1997 and
references therein). Moreover, VLBI observations show
that jet components of several sources move on helical
trajectories. The radio source 3C 273 shows cycles of
quasi-periodic activity and ejections of VLBI components
on helical paths close to the nucleus. It has been shown
by Roland et al. (1994) that the variability of 3C 273
can be explained by a precessing accretion disk. In the
case of the BL Lac Object OJ 287, the optical variability
recorded over a time span of one hundred years can
be successfully explained by a binary black hole (BBH)
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model, e.g., Sillanpää et al. (1988) and Lehto & Valtonen
(1996). According to Lehto & Valtonen (1996) the smaller
black hole of a binary pair crosses the accretion disk of
the larger black hole during the orbit, and causes the substructure inside the major outbursts. Vicente et al. (1996)
find evidence from 3.6 cm geodetic VLBI monitoring of
OJ 287 for a helical morphology of the jet and for component ejection during optical outbursts. Their findings are
consistent with the supermassive BBH model proposed
to explain the periodic optical outbursts. Other sources
where BBH models in the nuclei have been discussed are
Mrk 501 (Conway & Wrobel 1995) and 1928+738 (Roos
et al. 1993). PKS 0420–014 is known for its pronounced
flux-density variability across several wavelength bands.
Wagner et al. (1995) predict jet component ejection and
component motion on a curved path within the framework
of the lighthouse model (Camenzind & Krockenberger
1992) based on the observed optical flaring. Recently,
Britzen et al. (2000a) published the results of nine epochs
of VLBI monitoring of PKS 0420–014 taken over a period of three years (1989.32–1992.48). Wagner et al. (1995)
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used four of these epochs to demonstrate for the first
time superluminal motion on a curved path in this source.
Britzen et al. (2000a) studied the structural evolution of
PKS 0420–014 and found superluminal motion with βapp
ranging from 2 to 14 c for five jet components. In addition
they discuss evidence for a correlation between component
ejection and flux-density outbursts.
Helical trajectories and the flaring behavior seen in
the optical light curve (1989–1993) of PKS 0420–014 have
been explained in the framework of the lighthouse model
(Camenzind & Krockenberger 1992; Wagner et al. 1995).
However, in this scenario the mass of the central object
is found to be very large: i.e., for an orbital radius of the
knot of 0.2 light years it is M ' 1.05×1010 M and for an
orbital radius of 0.75 light years it is M ' 3.85 × 1010 M
(Wagner et al. 1995). The observational data base necessary to test and restrict theoretical models for PKS 0420–
014 has recently been significantly improved due to a
more detailed analysis of the VLBI epochs (Britzen et al.
2000a). This enables a new attempt in modelling this
source. To explain the origin of the precession of the accretion disk and the origin of the optical light curve, we
propose that PKS 0420–014 contains a binary system of
massive black holes. As we will see, the BBH model requires significantly fewer massive black holes compared to
the lighthouse model.
We first develop the mathematical formalism of the
binary system model and the precession of the accretion
disk. We then briefly discuss the overall flux-density variability observed for PKS 0420–014 and the kinematic information deduced from the VLBI observations of the jet
components. We apply the BBH model to show that the
kinematics of the jet components can be explained by the
precession of the accretion disk and that the light curve
of the optical outbursts can be explained by the motion
of the jet-emitting black hole around the center of gravity
of the system. Using VLBI and optical observations, we
deduce the characteristics of the binary system. Finally,
we discuss the hypothesis that binary systems underlie the
existence of compact radio sources, and we investigate the
possibility of detecting low frequency gravitational waves
from such systems using the LISA experiment.

2. The binary system model
2.1. The two-fluid model
In this section, we develop the mathematical formalism to
describe a system consisting of two black holes and the
influence of this system on the jet and its emission. We
assume that the nuclei of extragalactic radio sources eject
two fluids (the two-fluid model: Sol et al. 1989; Pelletier
& Roland 1989, 1990; Pelletier & Sol 1992). These are:
(i) an e− − p plasma called the jet. It is mildly relativistic,
ejected by the nucleus at speeds vj ≤ 0.5 c;
(ii) an e± plasma called the beam. It is relativistically
ejected by the nucleus at speeds vb ' c, i.e., 3 ≤ γb ≤ 20,
where γb is the bulk Lorentz factor.
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The e− − p jet carries most of the mass and the kinetic energy ejected by the nucleus, and is responsible for
the formation of kpc-jets, hot spots, and extended lobes.
The relativistic e± beam moves in a channel through the
mildly relativistic jet and is responsible for the formation
of superluminal sources and their γ-ray emission (Roland
et al. 1994). The relativistic beam can propagate if the
magnetic field B is parallel to the flow in the beam and
in the mixing layer between the beam and the jet and
if it is greater than a critical value (Pelletier et al. 1988;
Achatz & Schlickeiser 1993). The magnetic field in the
e− − p jet rapidly becomes toroidal (Pelletier & Roland
1990). The observational evidence for the two-fluid model
has been discussed by Roland & Hetem (1996) for instance. Recent observational evidence for relativistic ejection of e± beams comes from the γ-ray observations of
MeV sources (Roland & Hermsen 1995; Skibo et al. 1997)
and from VLBI polarization observations (Attridge et al.
1999). The formation of the X-ray and γ-ray spectra, assuming relativistic ejections of e± beams, has been investigated by Marcowith et al. (1995, 1998) in the case of
Centaurus A. The possible existence of VLBI components
with two different speeds has been recently pointed out in
the case of the radio galaxies Centaurus A (Tingay et al.
1998) and M 87 (Biretta et al. 1999). In addition to observations of one-sided superluminal sources, the existence of
two-sided subluminal VLBI sources has been well established in the case of Cygnus A (Krichbaum et al. 1998),
3C 338 (Feretti et al. 1993), and Centaurus A (Tingay
et al. 1998).

2.2. The precession of the accretion disk
We assume that the relativistic beam moves along the
magnetic field lines, which are perturbed by the precession of the accretion disk (Roland et al. 1994). We suppose
that the accretion disk makes an angle Ω◦ with the plane
(xOy), such that the perturbed beam is on the surface of
a cone with symmetry axis (z 0 Oz) and opening angle Ω◦ .
Moreover, we suppose that the ejected component moves
with a constant speed characterized by its bulk Lorentz
factor γc and follows the magnetic field lines. The perturbation of the magnetic field propagates with a speed given
by the Alfvén speed VA . The coordinates of the component
moving in the perturbed beam are given by
xc = R(zc (t)) cos(ωp t − kp zc (t))
yc = R(zc (t)) sin(ωp t − kp zc (t))
zc = zc (t)

(1)
(2)
(3)

where ωp = 2π/Tp , Tp is the precession period, and kp is
defined by
kp =

2π
·
Tp VA

We take the form of the amplitude R(zc (t)) to be
R(zc (t)) =

R0 zc (t)
,
a + zc (t)

(4)
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where a is a = R0 /(2 tan Ω◦ ). The differential equation
governing the evolution of zc (t) can be obtained via the
relation for the speed of the component

2 
2 
2
dxc (t)
dyc (t)
dzc (t)
+
+
,
(5)
vc2 =
dt
dt
dt
where
vc is related to the bulk Lorentz factor by vc /c =
p
(1 − 1/γc2 ). Using (1) and (2), we find from (5) that
dzc (t)/dt is the solution of the equation


 dzc 2
dzc
1 + R2 (zc )kp2 + (dR/dzc )2
− 2R2 (zc )ωp kp
dt
dt
+R2 (zc )ωp2 − vc2 = 0,

The Doppler beaming factor δ, characterizing the anisotropic emission of the moving component, is
1
,
γc [1 − βc cos(θ(t))]

where βc = vc /c. The observed flux density is
Z
1
Sc = 2 δ(t)2+αr (1 + z)1−αr jc dV,
D
c
where D is the distance to the source, z is its redshift, jc is
the emissivity of the component, and αr is the synchrotron
spectral index. As the component is moving relativistically
toward the observer, the observed time is shortened and
is given by
Z t
tobs =
[1 − βc cos(θ(t0 ))](1 + z)dt0 .
0

If we consider i ' 0, the observed quasi-period of a quasiperiodic flaring source is shortened approximately in the
following way
Pobs '

r=

p
,
1 + e cos(ϕ)

where e and p are respectively the eccentricity and the
parameter of the orbit. The coordinates of black hole 1
are given by
m2
p
cos(ϕ(t))
m1 + m2 1 + e cos(ϕ(t))
m2
p
sin(ϕ(t)) .
y1 (t) =
m1 + m2 1 + e cos(ϕ(t))

x1 (t) =

(7)
(8)

(6) Then the system of Eqs. (1)–(3) becomes

which admits two solutions corresponding to a jet and a
counter-jet. We assume that the line of sight is in the plane
(xOz) and makes an angle i with the z axis. Following
Camenzind & Krockenberger (1992), if we call the angle
between the velocity of the component and the line of sight
θ, we have


dzc
dxc
sin i +
cos i /vc .
cos(θ(t)) =
dt
dt

δ(t) =

(xOy), and the origin is centered at the mass center of
the system. The elliptical orbit is given by

P (t = 0)
(1 + z).
2γc2

2.3. The binary system
In order to explain the origin of the precession, we propose that the nucleus is part of a binary system (see
Appendix I). In the following, index 1 denotes the black
hole ejecting the VLBI components, index d denotes the
accretion disk and index 2 denotes the second black hole
(the correspondence with indices in Appendix I is 0, 1, 2
respectively). The two black holes orbit in the plane

xc = x1 (t) cos(ωb t−kb zc (t))+R(zc (t)) cos(ωp t − kp zc (t))
(9)
yc = y1 (t) sin(ωb t−kb zc (t))+R(zc (t)) sin(ωp t − kp zc (t))
(10)
zc = zc (t),
(11)
where ωb = 2π/Tb, Tb is the binary system period, and
kb is defined by
kb =

2π
·
Tb VA

As in Eq. (6) dzc (t)/dt is the solution of an equation of
the following form


2

dzc
dzc
+B
A
+ C = 0,
dt
dt
where the coefficients A, B, and C are derived in
Appendix II.

3. PKS 0420–014
3.1. The variability of PKS 0420–014
Two sorts of variability have been detected in the source
PKS 0420–014. The source is known for its pronounced
flux-density variability in several parts of the electromagnetic spectrum (Wagner et al. 1995; Britzen et al. 2000a
and references therein). PKS 0420–014 did undergo a simultaneous optical/gamma-ray flaring at the time of a radio outburst, providing an opportunity to investigate the
relation between the structural evolution and the flaring
activity seen in the radio, optical, and gamma-ray regimes
(Wagner et al. 1995; Britzen et al. 2000a).
A detailed description and analysis of five years of optical monitoring within the Hamburg Quasar Monitoring
Program and at the Landessternwarte in Heidelberg is
presented in Wagner et al. (1995). PKS 0420–014 reveals two modes of variability at optical wavebands (see
Fig. 1, this paper). On top of an almost regular major
flaring cycle having a period of ∼13 months (peaks in
early 1990, 1991, and 1992) in which each flare lasts about
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one month, variations on shorter timescales are detected.
The EGRET instrument detected gamma-radiation above
100 MeV during two observation periods in early 1992
(Hartman et al. 1999). The epoch of the strong gammaray flaring in 1992 coincided with the strongest outburst
of optical emission observed in 5 yrs of monitoring since
1989 (Wagner et al. 1995).
VLBI monitoring performed at 3.6 cm revealed structural variability in the jet of PKS 0420–014 (Britzen et al.
2000a) possibly correlated with brightness variations in
several bands. The BBH model introduced in the previous section is capable of explaining the radio morphology
and its changes, as well as the flux-density flaring observed
in the optical waveband. In the following section, we apply this model to the quasar PKS 0420–014. A summary
of the flux-density variability and a detailed description
of the VLBI monitoring can be found in Britzen et al.
(2000a); first results of the BBH modelling have already
been presented in Britzen et al. (1998b).

3.2. VLBI morphology
Britzen et al. (2000a) present nine VLBI observations of
the OVV quasar PKS 0420–014 performed at λ = 3.6 cm
between 1989.32 and 1992.48 and one VLBI observation
at 43 GHz. A subsample of four of the nine VLBI observations have already been presented in Wagner et al.
(1995). In these four epochs the motion of the two brightest jet components with respect to the core was traced
and for the first time superluminal motion as well as motion on a curved path could be proven for this source. The
large number of VLBI observations available now enables
a more detailed analysis of the jet structure out to core
separations of ∼3 mas, and out to ∼6 mas with higher
uncertainties in parameter estimates. The jet can be well
described by up to eight distinct jet components. In this
analysis, we concentrate on the five innermost components
(A–E), labelled according to their increasing separation
from the core, see Figs. 3–5. A linear regression analysis
yields superluminal motion of value 13.8±8.7 c for component A, 7.4 ± 0.5 c (B), 5.0 ± 0.7 c (C), 3.8 ± 0.7 c (D), and
2.1 ± 0.6 c (E). The components seem to separate faster
in the vicinity of the core; the “older” jet components, at
larger core separations, move more slowly.
In this article, we assume:
– the geometry of the system is the same for the different
VLBI components;
– the bulk Lorentz factors of the different VLBI components are different upon emission and constant thereafter. This is possible if, for instance, the environment
of the clouds emitting the photons responsible for the
Compton drag changes with time.
Another possibility, not investigated in this article, is to
assume that all the VLBI components move on the same
path and that their bulk Lorentz factors are the same
at the beginning of the ejection but they decrease as a
function of time; the outer components are then observed
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with lower apparent speeds (let us note that this change
does not affect the results found for the BBH system).
The global VLBI observations performed at 43 GHz
indicate a similar path for the jet components, but one
in which the bending continues towards the innermost
region and becomes even more pronounced with a ∼90◦
turn within 0.5 mas of the core. The total bending within
the inner 2 mas must be at least ∼160◦. Britzen et al.
(2000a) estimate epochs of component ejection from the
core using the derived component velocities and trajectories. They discuss possible correlations between epochs of
component ejection and multiwavelength flux-density activity. Although the sampling of the flux-density data and
the large error bars of the calculated component ejection
epochs do not allow a definite correlation of such events,
the onset of ejection of the relativistic particles responsible for the radio emission of components A and B appears
to occur before the ejection of the relativistic particles responsible for their simultaneous optical/gamma-ray flaring. The observational data shown in this paper result
from elliptical Gaussian modelfitting and have been discussed in detail in Britzen et al. (2000a). The uncertainties
for each component assumed there are: for the flux S, ∆S
∼10−20%; for the distance r from the core, ∆r ∼ 0.1 mas.

4. Binary Black hole model for PKS 0420-014
4.1. General constraints for the radio and the optical
fit
We propose to explain the phenomena seen in PKS 0420–
014 in the radio and the optical regime using only the
BBH model. The precession of the accretion disk and the
motion of the black holes around the center of gravity of
the BBH system produce two different perturbations of
the magnetic field lines which confine the e± beam. The
perturbations of the magnetic field lines propagate along
the beam with a speed given by the Alfvén speed. Within
this model, the VLBI observations can be explained by
the precession of the accretion disk, and the optical light
curve by the motion of the black hole ejecting the radio jets around the center of gravity of the BBH system.
The problem that complicates the modelling of both wavelength regimes is the different variability timescales and
amplitudes of the observed phenomena. The optical light
curve of PKS 0420–014 shows variations with peaks of
about 2 magnitudes with a typical time scale of about
1 year. The radio flux-density of the VLBI component
B increases over several years with brightness variations
somewhat smaller than a factor of 10. As the e± responsible for the optical light curve and the e± responsible for
the radio emission follow the same trajectories, the different behaviors observed in radio and optical ranges imply
that the relativistic e± responsible for the optical light
curve are emitted during a much shorter time than the
relativistic e± responsible for the radio emission.
Hence, one can explain the variability of PKS 0420–
014 as arising from a long burst of relativistic e±
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responsible for the synchrotron radio emission and a
shorter burst of very energetic relativistic e± responsible
for the synchrotron optical emission, where the emission
of the e± responsible for the synchrotron radio emission
precedes the short burst of more energetic e± responsible
for the optical synchrotron emission. This behavior is typical of compact variable sources (Tornikoski et al. 1994).
Thus, the optical emission is modeled as the emission of
a point-source component and the radio emission is modeled as the integrated emission of an elongated component
along the beam. Let us note that the difference between
the optical and the radio light curve cannot be explained
by a possible deceleration of the VLBI component. We aim
to obtain one set of parameters that allows us to fit the
optical and VLBI data simultaneously. As indicated previously we assume the geometry of the system is the same
for the different VLBI components and the bulk Lorentz
factors and the duration of the emission of the e± responsible for the synchrotron radio emission of the different
VLBI components are different.

4.2. Characteristic of the precession
In this section we describe how we derived the model parameters that give the best representation of the VLBI observations. In particular, the results of the VLBI monitoring include the flux-density evolution with time (Fig. 2),
the linear separation of the components from the core as
functions of time (Figs. 3–5), and the apparent speed of
the components as a function of time (Fig. 6). We want to
determine the geometry of the perturbed magnetic field
lines in which the e± plasma (the beam) propagates. The
geometry of the system is characterized by three parameters: the inclination angle i, the opening angle of the ejection cone Ω◦ , and the radius of the helical trajectory R◦ .
In addition, the model depends on the precession period
Tp , the propagation speed of the perturbations along the
magnetic field lines (i.e., the Alfvén speed) VA , and finally
the bulk Lorentz factor γc that characterizes the speed of
the ejected component. We assume a priori that the geometry is the same for the various components. We then
model the results for component B under the assumption
that the bulk Lorentz factors of the various components
are different. The observed brightness and kinematic evolution of jet component B which constrain our model parameters are:
– after τ ' 3.3 yrs, the core separation of component B
is dB ' 0.9 mas (see Fig. 3);
– the flux density of component B increases during the
first 4 years of VLBI observations (see Fig. 3);
– after τ ' 3.3 yrs, the apparent speed of component B
is vapp ' 7.2 c (see Fig. 6).
The bulk Lorentz factor of component B, γB , and the duration of the emission of the relativistic e± responsible
for the synchrotron radio emission of component B have
to be chosen to fit simultaneously the radio and optical
observations. The values found to be consistent with the

observations are, respectively, γB ' 8 derived from the observed motion (Britzen et al. 2000a), and τB ' 25 yrs of
proper time derived from the fit of the flux density variations and of the core separation. When the characteristics
of the binary system are known, it is possible to check the
values chosen for the bulk Lorentz factor and the duration of the emission of the relativistic e± as discussed in
Sect. 4.4. The numerical values obtained from the fit provide a coherent solution; however, the solution presented
is not the only possible one. To determine the parameters,
we plotted the results of the model with the observed data
and choose the values of the parameters which provided
the best fit with the data, we did not perform a χ2 analysis and therefore we cannot directly estimate the errors
of the deduced parameters. For a given bulk Lorentz factor, there may be 2 possible inclination angles which can
explain an observed apparent speed. However, from the
shape of the flux variations and the distance of the component after τ ' 3.3 yrs, it is possible to exclude the large
inclination angles. Indeed, it is only for small inclination
angles that the flux density increases monotonically during the first 4 yrs. We investigated the following values
for the inclination angle: i = 3◦ , 4◦ , and 5◦ (smaller inclination angles are possible but are not investigated here).
Even if the e± beam is a pure e± plasma, the mixing layer
between the e± beam and the e− − p jet√contains protons
and the Alfvén speed given by VA = B/ 4πρ can be very
small compared to the speed of light. We investigated the
four possible values for the Alfvén speed: VA = 0.0125 c,
0.025 c, 0.05 c and 0.1 c. From the VLBI constraints for
component B, the value of the bulk Lorentz factor, γB ' 8,
and the value of the duration of the emission of the relativistic e± responsible for the synchrotron radio emission,
τ ' 25 yrs of proper time, we obtained the best fit for
the following set of 5 parameters i, Ω◦ , Ro , VA and Tp
(see Tables 1 and 2). The geometrical parameters corresponding to the 3 inclination angles are given in Table 1.
The values Tp corresponding to the various VA are given
in Table 2; they are valid for the 3 values of the inclination
angle.
Table 1. The geometrical parameters.
i = 3◦

i = 4◦

i = 5◦

Ω◦ (◦ )

11

12

13

Ro (pc)

10

10

10

Table 2. Values of VA and Tp corresponding to the geometrical
parameters.
VA /c

0.1

0.05

0.025

0.0125

Tp (yr)

4400

10 000

20 000

40 000
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Optical Light Curve

4.3. Characteristic of the binary system

Table 3. Characteristics of the binary system (e = 0, VA =
0.05 c and Tp (yr) = 104 yrs).
3◦

m1 (M )

4◦

5.4 × 10

7 × 10

9 × 107

m2 (M )

1.6 × 10

2.1 × 10

2.7 × 10

Tb (yr)

160

150

140

8

i
A

e
C  
C 

1



1

1

18
1989

199

1991

199

199

Observation Date

Fig. 1. Fit of the optical light curve of PKS 0420–014. The
optical light curve (Wagner et al. 1995) is shown with dots,
superimposed are the emission of component A indicated by
the dashed line and the emission of component B indicated by
the continuous line.

is given by (see Appendix I)1
Tp =

2π
4 m1 + m2 Tb2
,
=
s
3
m2
Td

(12)

where m1 is the mass of the black hole ejecting the material and m2 is the mass of the other black hole. We can
deduce the mean rotation period Td of the disk, the corresponding mean size Rd of the disk, and the distance D12
between the two black holes. The mean rotation period of
the disk is
Td =

4 m1 + m2 Tb2
·
3
m2
Tp

(13)

The characteristic sizes of the binary system are given in
Table 4. We note that the accretion disk radius is Rd '
750 × Rg where Rg is the Schwarzschild radius.
The amplitude of the motion of the black hole ejecting
radio jets is about 30 µas in the case of PKS 0420–014.

5◦
7

7

1

Magnitude

The beginning of the variability pattern (∼1990.0−1992.0)
visible in the optical light curve (Wagner et al. 1995) is
caused by the birth of component B. As can be seen in
Fig. 1, the ejection of component B can not account for
all the variability features and we assume that the ejection
of component A contributes as well to the optical flaring
later. We therefore fit the 1989.67–1993.93 optical light
curve as a blend of emissions of components A and B.
Wagner et al. (1995) supposed that an optical light curve
with half the period indicated in Fig. 1 is possible, in that
case the period of the BBH system will be reduced by a
factor 2. Assuming that the nucleus of PKS 0420–014 is a
binary system, we then have the following free parameters:
the masses of the two black holes m1 (mass of the black
hole ejecting the radio plasma) and m2 (mass of the second
black hole), the eccentricity of the orbit e, and the rotation period Tb . The main constraints from the optical light
curve are the amplitudes of the optical peaks and the time
separation between the peaks. In Sect. 4.2 we underlined
the necessity to investigate 4 different Alfvén speeds; additionally we investigated the range 106 M ≤ m ≤ 109 M
for the masses of the 2 black holes and 0 ≤ e < 1 for the
orbital eccentricity. Our calculations were done for the 3
possible inclination angles i = 3◦ , 4◦ and 5◦ with the bulk
Lorentz factors γB = 8 and γA = 10 for the VLBI components B and A respectively. A fit of the optical light curve
is possible for the 4 values of the Alfvén speed; however
the variations of the VLBI flux density of component B
constrain the Alfvén speed reliably to '0.05 c value. We
find that the parameter combination given in Table 3 allows us to fit the data best. A fit of the optical light curve
is possible for values of the eccentricity 0 ≤ e ≤ 0.3, and
in the following we will adopt the value e = 0 for the eccentricity, remarking that the characteristics of the binary
system do not change significantly for 0 ≤ e ≤ 0.3.

i
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8

8

We show the fit of the optical light curve in Fig. 1
obtained for i = 3o , m1 = 5.4 × 107 M , m2 = 1.6 ×
108 M and Tb = 160 yrs.
We determine the characteristic sizes of the binary system we found. As the 3 inclination angles are possible, to
simplify the discussion and to determine some mean values for the binary system, we will assume in the following
that the inclination angle is i ' 4◦ . As the mass of the
accretion disk is much smaller than the masses of the two
black holes, the precession period Tp of the accretion disk

Table 4. Characteristic sizes of the binary system (i ' 4◦ ,
e ' 0 and VA = 0.05 c).
m1 (M )

7 × 107

m2 (M )

2.1 × 108

Tp (yr)

10 000

Tb (yr)

150

Td (yr)

4.0

Rd (pc)

0.0050

D12 (pc)

0.090

We are in the case Λ1  Λ2 where Λ is defined in the
Appendix.
1
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VLBI Flux (Jy)

VLBI Flux: Component B

1

1989

E using their mean apparent speeds obtained from VLBI
observations. We show the core separations of components
B, C, D and E in Figs. 3–5. A newly ejected VLBI component first looks like a point component and then becomes
elongated along the beam. So we expect to see a trajectory
corresponding to a point source at the beginning and then
a mean trajectory corresponding to an elongated component later. In Figs. 3–5 we plot the core separations as a
function of the time corresponding both to a point component (dashed line) and to a component having an extended
emission duration as given in Table 5, i.e., about 25 yrs
for components A and B and about 10 yrs for the other
components (continuous line).

e
J

199

1991

199

199

199

199

Table 5. Characteristics of the VLBI components of
PKS 0420–014.

Date

Component

γb

Duration

∆t

Birth

A

10

'25 yr

1.22

1991.13

B

8

'25 yr

3.14

1989.21

Fig. 2. The flux-density of component B; VLBI observations
are shown with dots and the calculated flux-density is indicated
by the continuous line. The derived duration of the emission
of the relativistic particles responsible for the radio emission is
τ = 26 yrs.

C

5.2

'10 yr

4.54

1987.81

D

3.9

'10 yr

'8.1

'1984.3

E

2.5

'10 yr

'18.8

'1973.5

4.4. Characteristics of the different VLBI components

Core Separation: Component B
i=3
=
C=
 =

Distance (m.a.s.)

An important constraint concerning the modelling of the
characteristics of VLBI component-emission comes from
the difference between the flux-density variations observed
in the optical and the radio. Indeed, the optical light curve
shows flaring with an amplitude of 2 magnitudes with
a typical time-scale of about 1 year and the radio flux
density of the VLBI component B increases over years
with brightness variations somewhat smaller than a factor
of 10. As mentioned previously this important difference
can be explained if the durations of the emission of the e±
responsible for the optical synchrotron emission and for
the radio emission are different, namely the relativistic e±
responsible for the optical light curve are emitted during
a much shorter time than the relativistic e± responsible
for the radio emission. This difference can be understood
if we consider that the optical emission is due to a point
source component and that the radio emission is due to
an extended component whose observed flux is integrated
along the beam. The typical time scale of the duration of
the emission of the relativistic particles for component B
is found to be about 25 yrs of proper time which corresponds to about 1.2 yrs of observed time (see Fig. 7). The
VLBI flux-density variations of component B are shown
in Fig. 2 (during the first year, the observed flux-density
is reduced by synchrotron self absorption).
If the typical time scale of the duration of the emission of the relativistic particles for components A and B
is found to be about 25 yrs, for the other components
that have smaller bulk Lorentz factors it would be about
10 yrs (see Table 5). For the case of PKS 0420–014, we determined the bulk Lorentz factors of components C, D and

0
0

Observed Time (yr)
Fig. 3. Core separation of component B. The dashed line corresponds to a point component and the continuous line corresponds to a component which duration of the relativistic particles is given in Table 5.

The variations of the apparent speeds of the VLBI
components A, B and C are shown in Fig. 6. We mention an important consequence of the geometry determined previously. If we increase the bulk Lorentz factor
to γmax = 20, the maximum apparent speed is limited
to vapp ' 10 c. So a change of the bulk Lorentz factor
between 10 and 20 does not change the apparent speed
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VLBI Components: Apparent speeds
0

i
g = 20

C=
 =

Distance (m.a.s.)

A

Apparent Speed (v/c)

i=3
A =

VLBI Observations
oint o onent
onate oonent
0

0

0

Observed Time (yr)

0

Fig. 6. Apparent speeds of the VLBI components A, B and C.
The asymtotic apparent speed corresponding to γmax = 20 is
also shown.

Observed Time (yr)
Fig. 4. Core separation of component C.

Distance (m.a.s.)

Core Separation: Components D & E

0
0
0
0
0
00
0

0

0

Observed Time (yr)
Fig. 5. Core separations of components D and E.

predicted by the model significantly. Should the apparent
speed of a new component increase towards values of 10 c,
this could be an indication for a changing geometry of the
source; e.g., the angle Ω◦ between the accretion disk and
the plane of the two black holes can become smaller, producing a smaller opening angle of the ejection cone of the
newly ejected components.
We determined the birth dates of the components and
calculated the ages corresponding to epoch 1992.35. We
list them together with the bulk Lorentz factors and the
duration of the emission of the relativistic particles in
Table 5. We obtained estimates on the age of component
A from the age of component B determined by the VLBI
observations of the core separation and applying the delay
of 1.92 yrs between peaks corresponding to each component, as deduced from the optical light curve (see Fig. 1).
The times given in Table 5 correspond to observed times.

The proper times of the VLBI components A, B, C and
D have been plotted in Fig. 7. From the observed age of
the components we can deduce the proper times corresponding to the beginning of the emission of relativistic
particles for each VLBI component. The proper times corresponding to the beginning of the emission of the VLBI
components are about 20 yrs for component A, 50 yrs for
component B, 60 yrs for component C, and 75 yrs for component D. The determination of the proper times of the
VLBI components serves to check the consistency of the
bulk Lorentz factors with the durations of the emission of
relativistic particles found for the components. Indeed, the
fit using an arbitrary value of γB , different from γB = 8
as discussed in Sect. 4.2 yields bulk Lorentz factors and
durations for the different VLBI components that lead to
incompatible proper times for the different components.
Let us remark that for PKS 0420–014, the time delay between the ejection of new VLBI components is not related
a priori to the rotation period of the binary system, which
is about 150 yrs. In the case of component B, the beginning of the emission of the e± responsible for the radio
emission is 1989.21 (see Table 5) and the beginning of
the emission of the e± responsible for the optical emission is about 1989.8. This difference in the observed times
between the ejection of the e± responsible for the radio
and the optical emissions corresponds to about 10 years
of proper time (see Fig. 7), and has to be compared to the
duration of the emission of the e± responsible for the radio
emission, which is about 25 yrs of proper time. As indicated previously, this difference between these two times
indicates that the variability of PKS 0420–014 can be explained by a long burst of relativistic e± responsible for
the synchrotron radio emission and a shorter burst of very
energetic relativistic e± responsible for the synchrotron
optical emission, where the emission of the e± responsible for the synchrotron radio emission precedes the short
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Proper Times of VLBI Components
00

0

i

0

0

C 
C 
C)
C  
C  

0
0

00
0

A

0

Proper Time (yr)

0

0
0

0

0

0

0

0

0

0

0

0

0
0

0

0

0

Observed Time (yr)

Fig. 7. The proper times of VLBI components A, B, C and D.
Crosses indicates the begining of the emission of the relativistic
particles for each VLBI component.

burst of more energetic e± responsible for the optical synchrotron emission.

5. Discussion
5.1. Extragalactic radio sources
Helical trajectories and the flaring behavior seen in the
optical light curve of PKS 0420–014 have been explained
in the framework of the lighthouse model (Camenzind &
Krockenberger 1992; Wagner et al. 1995). However, in this
scenario the mass of the central object is found to be very
large, i.e. M ≥ 1010 M .
The BBH model we propose requires less massive black
holes. Due to the relativistic speed of the components,
the observed time is shortened, so that the binary period and the precession period can produce effects observable on time scales ranging from 1 to 10 yrs. The optical
light curve can show peaks separated by about one year
(Fig. 1). The observed separation of the light-curve peaks
in time is related to the rotation period of the binary system, but is not simply the rotation period of the BBH system shortened by the relativistic speed (one has to take
into account the effect of the propagation speed of the
beam perturbations, i.e., the Alfvén speed). However, the
observed delay between the emission of VLBI components
and the optical brightness variations is not necessarily related a priori to the rotation period of the binary system.
Further, the amplitude of the peaks of the optical light
curve depends strongly of the ratio m1 /m2 . In the case
of PKS 0420–014, we have m1 /m2 ' 0.3 and the amplitude of the peaks is about 2 magnitudes. However, radio
sources containing a binary system whose mass ratio is
m1 /m2 & 10 will show helical VLBI trajectories but optical light curves with peaks of very small amplitude after
a new VLBI component is ejected. To fit the VLBI observations, we assumed that the bulk Lorentz factors of the
various components were different. This is possible if the

environment of the clouds emitting the photons responsible for the Compton drag changes with time. As indicated previously, within the geometry we determined the
ejected components cannot have apparent speeds larger
than vapp ' 10 c. If VLBI observations of new components of PKS 0420–014 show apparent speeds exceeding
10 c, this can indicate a change of the geometry, for instance the angle Ω◦ of the accretion disk with the rotation
plane of the binary system could be decreasing.
An important consequence that we can deduce from
the difference between the optical light curve and the fluxdensity variations of the ejected VLBI components is the
following. The optical light curve shows peaks of about
2 magnitudes and the radio flux density evolution does
not show similar peaks during the five first years. This
can be understood if the relativistic e± responsible for the
radio emission are ejected over a much longer time than
those responsible for the optical emission. This points out
an important characteristic of the variability of nuclei of
extragalactic radio sources: the emission of the e± (more
precisely: the density and the energy of the emitted e± ) is
strongly variable with time. As an important consequence,
not all radio sources necessarily show relativistic ejections
of e± , and subluminal radio sources are observable if the
mildly relativistic e− − p jet contains relativistic e− accelerated by magnetic field reconnection close to the accretion disk. Another important consequence found from the
fit of the optical light curve and the radio data is that the
burst of the most energetic e± responsible for the optical
emission occurs after the beginning of the emission of the
e± responsible for the radio emission. VLBI observations
of compact radio sources at mm-wavelengths show either
helically curved paths within one milliarcsecond separation of the core (see e.g., Krichbaum et al. 1993) or jets
with small changes in PA due to intrinsic bends in the first
milliarcsecond (Rantakyrö et al. 1998). These observations
can be explained if the opening angle of the ejection cone,
which is equal to the angle between the accretion disk
and the plane of the orbit of the two black holes, is large.
The angle found for PKS 0420–014 is particularly large.
Britzen et al. (2000b) found a tendency for the gammabright sources to have slightly higher curvature of their
VLBI trajectories than for the gamma-weak sources.
The observations of PKS 0420–014 and some other
compact sources suggest that their nuclei contain a BBH
system. More generally, we will assume that extragalactic
radio sources are associated with galaxies formed after the
merging of galaxies and that the formation of extragalactic radio sources is related to the presence of binary black
hole systems in their nuclei. This hypothesis could then
explain why
– extragalactic radio sources are associated with elliptical galaxies. Indeed, the galaxy resulting of the merging process will be an elliptical galaxy after some relaxation time and BBH systems could be produced during
the merging of the galaxies;
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– more than 90% of the quasars are radio quiet quasars
(e.g., Kellermann et al. 1989; Miller et al. 1990). Radio
quiet quasars are active nuclei that contain a single
black hole and can be associated with spiral galaxies
(Peacock et al. 1986). Although it has not been proven
yet that radio quiet quasars only contain a single black
hole, the hypothesis to distinguish between radio-loud
and radio-quiet quasars on the basis of the binarity of
the central engine is supported by recent comparison of
the optical properties of the two classes (Goldschmidt
et al. 1999).
Generally, the binary system contains a single radio
source. However, there exists at least one radio source that
contains a binary system with two compact sources: it is
3C 75, whose VLA map shows 4 jets (Owen et al. 1985).
Finally, let us mention that the precession of the accretion
disk could be explained by the Lense-Thirring effect due
to the rotation of a massive central black hole (Landau &
Lifshitz 1989). The precession of the disk is given by
4GM 0
Ω' 2 3 ,
c Rd

(14)

where M 0 is the angular momentum of the black hole.
To get a precession period Tp ' 10 000 yrs with a mean
disk radius Rd ' 0.0050 pc, in the case of PKS 0420–
014 the angular momentum of the black hole should be
M 0 ' 2.4 × 1065 (g cm s−1 ). As the angular momentum
M 0 of a black hole of mass m is bounded by
M0 ≤

1
cm Rg ,
2

(15)

where Rg is the Scharschild radius, the minimum mass to
explain the precession of the disk of PKS 0420-014 is
r
cM 0
m≥
' 1.6 × 108 M .
(16)
G
This value is in principle possible and Wagner et al. (1995)
explained the optical light curve of PKS 0420-014 and the
correlation with elliptical galaxies using a massive spinning BH. However, as indicated previously, the BBH system requires less massive black holes and can explain the
difference between the shapes of the optical light curve and
the radio light curve, the association of radio sources with
elliptical galaxies and the small fraction of radio quasars.

5.2. Galactic radio sources
Galactic radio sources that contain radio jets are especially suited to test the “binary hypothesis” for the formation of extragalactic radio sources and the two-fluid
model of radio sources. Ten galactic radio sources have
shown evidence of relativistic jets (Mirabel & Rodrı́guez
1999). Some like SS 433 (Romney et al. 1987) and GRO
J1655-40 (Hjellming & Rupen 1995) show helical jet paths
or “wiggles” on the VLBI scale. Moreover, we can observe:
– subluminal sources, i.e., SS 433 (Vermeulen et al. 1993);
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– superluminal sources, i.e., GRS 1915+105 (Mirabel &
Rodrı́guez 1994);
– sources with two different speeds, i.e., Cygnus X3.
It is remarkable that galactic radio sources show the same
characteristics as extragalactic radio sources, i.e., subluminal and superluminal speeds and helical VLBI paths.
In addition, all of them belong to binary systems.

5.3. Emission of gravitational waves
Let us finish by discussing an important consequence of
the fact that all radio sources with jets might be associated
with binary systems. These systems will emit gravitational
waves and may be detectable by the LISA experiment.
Assuming that the two black holes are moving circularly,
then the energy losses of the system due to the emission of
gravitational waves are given by (Landau & Lifshitz 1989)
dE
32 G4 m21 m22 (m1 + m2 )
=−
,
dt
5
c5 r5

(17)

where
E=−

Gm1 m2
,
2r

(18)

is the Newtonian energy of the system. The system continuously loses orbital energy and the coalescing time is
given by the formula
Tcoal =

5
c5 r◦4
,
3
256 G m1 m2 (m1 + m2 )

(19)

where ro is the present separation between the two black
holes. For the given system using the values of Table 4, the
coalescence time is Tcoal ' 9 × 109 yrs. We should point
out, that in the formula above we have not included the
cosmological corrections, this means a multiplication of
the above results by (1+z) and possible spin effects which
will not significantly affect the duration of the evolution.
Practically, the evolution of the system can be described
by the standard Newtonian and post-Newtonian relations
(inspiral phase) using the weak-field approximation. Only
during the very end of its life (merging phase) will strong
field effects become important, but this will be only for the
last few cycles. This phase is not yet well understood but
as we discuss later, the signal will be quite strong and the
a priori knowledge of the waveform will not be needed for
the detection. Finally, right after the merging there will
be an observable quasi-normal mode ringing of the final
BH, which is well understood from perturbation theory.
We can estimate the typical timespan in which this system will be observable by LISA. If we assume an optimistic
lower limit in the bandwidth of LISA of 5 × 10−6 Hz, then
the corresponding period of the system will be 1.3 × 107 s
and the separation between the 2 black holes will be
0.00037 pc. The collision of such a system occurs after
about 2.6 yrs, so due to its huge mass the binary system
will spend a very short period of its life in the expected
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bandwidth. Still during the final phase the signal will be
detectable. Even if the signal of the inspiral phase is outside the bandwidth of LISA (Larson et al. 1999), the signal
from the merging phase will be detectable. Finally, when
the two BHs coalesce, the resulting BH will have a total mass '2.8 × 108 M and the quasinormal ringing will
be at a frequency of 4.3 × 10−5 Hz (Kokkotas & Schmidt
1999).
Assuming that the lifetime of a active radio galaxy is
about 107 yrs, there will be about 103 times more galaxies containing a binary black hole system than active radio galaxies. As the space density of active radio galaxies
is about 10−3 /Mpc3 (Condon 1996), within a sphere of
104 Mpc (which corresponds to a redshift z <
∼ 2.5, assuming H0 ' 70 km s−1 Mpc−1 and q0 = 0.5) we will find
about 4 × 109 galaxies containing a binary system of massive black holes. Thus, at any moment we can expect to
have about one galaxy that contains a binary system of
massive black holes in a phase that should be observable
with LISA. Let us mention an important characteristic of
the evolution of extragalactic radio sources (Roland et al.
1985; Roland & Rhee 1989; Roland et al. 1990). When
the nucleus stops its activity, the evolution of extended
lobes of radio sources associated with clusters of galaxies
is dominated by synchrotron and inverse Compton losses
rather than diffusion losses and then one can observe that
the radio spectrum evolves following the two Kardashev
laws (when expansion loses are stopped by the pressure
of the intergalactic medium, an equilibrium between the
injection of new material from the nucleus and radiation
losses is reached and a first break happens in the radio
spectrum i.e. the radio spectrum is characterized by the
two spectral indices αo = 0.8 and α1 = αo + 0.5 = 1.3,
latter when the nucleus stops to inject new material in the
extended lobe a second break happens in the radio spectrum and the high frequency spectrum is characterized by
the spectral index α2 = (4/3) × α1 + 1 = 2.7). The age
of the extended lobes without input of new material from
the nucleus of the galaxy is of order of 108 yrs. These observations exclude a scenario where the nucleus restarts
its activity every 107 yrs. Moreover, the energy contained
in the extended lobes can reach 1061 ergs, i.e. corresponds
to about 6 × 106 M × c2 , so the nucleus cannot have a
recurrent activity every say 107 yrs and the radio source
cannot have 103 phases of activity.
Although these estimates are quite uncertain, massive
BBH systems will be one of the primary targets for LISA
(Larson et al. 1999). Moreover, a simple estimation shows
that such systems, due to their large masses, will be observable by LISA regardless of their distance. Indeed, the
amplitude h of the gravitational wave on earth is
µ1/2 M 1/3
h = 0.237 ×
,
Df 1/6

(20)

where µ is the reduced mass, M the total mass and D the
distance of the system and f is the observation frequency.

For massive BBH systems we obtain:

1/2 
1/3
µ
M
h = 1.87 × 10−16
108 M
108 M


1/6


100 × Gpc
10−4 Hz
·
D
f

(21)

Thus assuming a sensitivity of the order of 10−20 for LISA,
these sources will be detectable up to 106 Gpc, i.e. for any
source with a known redshift.

6. Conclusion
The structural evolution of the quasar PKS 0420–014 can
be modelled by a precession of the accretion disk. We explain the precession of the accretion disk by the presence
of a binary system of black holes in the nucleus. We show
that the light curve of the optical outburst associated with
the birth of a new VLBI component can be explained by
the motion of the beam-emitting black hole around the
center of gravity of the BBH system. The amplitude of the
optical peaks is very sensitive to the ratio of the masses
of the binary system.
More generally, we propose that the formation of galactic and extragalactic compact radio sources containing jets
can be related to the existence of binary systems. The existence of binary systems due to mergers in extragalactic
radio sources can provide a natural explanation to understand why only about 5–10% of the quasars are radio
sources and why extragalactic radio sources are associated with elliptical galaxies. The hypothesized existence
of binary systems in all radio sources provides possible
targets for the research of gravitational waves using the
LISA experiment.
Acknowledgements. Part of this work was supported by the
European Commission, TMR Programme, Research Network
Contract ERBFMRXCT97-0034 CERES.

7. Appendix I: Precession in the three-body
problem
7.1. Expansion in Jacobi coordinates
Let P0 , P1 , P2 be three objects of mass m0 , m1 , m2 , and
−−→
ui = OPi , where O is at the origin of an inertial reference
frame. Note that this treatment places no assumptions or
specific assignments on the masses 0, 1, 2; In the body of
the text, the black hole that emits the VLBI components
corresponds to mass 0, the accretion disk to mass 1, and
the other black hole to mass 2.
In the canonical variables (ui , ũi = mi u̇i )i=0,2 , their
motion is described by the Hamiltonian
H=T +U =

2
2
X mi mj
1 X kũi k
−G
,
2 i=0 mi
∆ij
0≤i<j

(22)

where ∆ij = kui − uj k, and G is the gravitational constant.
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The Jacobi coordinates are obtained through the linear
transformation A:


m0
m1
m2  
 
 


u0
r0
M0 2
M0 2  u0
 M0 2
 
  
 


 r   −1


1
0   u1  = A  u1 
,
 1 =

 
 
 


r2
u2
u2
 − m0 − m1
1 
M0 1
M0 1
(23)
where M01 = m0 +m1 and M02 = m0 +m1 +m2 . This linear transformation can be extended in a canonical transformation by applying t A−1 to the associated momentum,
which gives


1
1
1
 
 
 
 ũ

r̃0
ũ0
0

 m1
m0
 
  −
 
0 


 r̃   M0 1



t
−1
M0 1
  ũ1  = A  ũ1  .
 1 =
 
  
 
 m2
m2
M0 1 
r̃2
ũ2
 ũ2
−
−
M0 2
M0 2 M0 2
(24)

Fig. 8. Jacobi coordinates.

where rk = krk k. The complete potential can then be
written as U = U0 + U1 with, as ∆01 = v1 ,
m1 m2
M0 1m2
m0 m2
−G
−G
r2
∆0 2
∆1 2
"
#
"
# (29)
1
1
1
1
−
−
= Gm0 m2
+ Gm1 m2
,
r2
∆0 2
r2
∆1 2

U1 = G

If we use a reference frame with origin at the center of
mass G of the system, we obtain r0 = 0, r̃0 = 0, and thus

with

u0 = −m1 /M0 1 r1 − m2 /M0 2 r2

∆0 2 = ku2 − u0 k = r2 +

u1 = m0 /M0 1 r 1 − m2 /M0 2 r 2

(25)

m1
r1
M0 1
(30)

u2 = M0 1/M0 2 r 2

m0
∆1 2 = ku2 − u1 k = r2 −
r1 .
M0 1

ũ0 = −r̃1 − m0 /M0 1 r̃2

Evaluating Eq. (25) yields

ũ1 = r̃1 − m1 /M0 1 r̃2

(26)

ũ2 = r̃2 .

7.2. The Hamiltonian in Jacobi coordinates

∆0 2 = r2

m21
m1
ρ cos S +
ρ2
1+2
M0 1
M0 1 2

∆1 2 = r2

m0
m20
1−2
ρ cos S +
ρ2
M0 1
M0 1 2

Using these formulas, we obtain for the kinetic energy
1 M01
1 M02
2
2
T =
kr̃ 1 k +
kr̃2 k .
2 m0 m1
2 M01 m2

(27)

The computation of the potential energy U is a little more
complex. The goal is to isolate in its expression the part
that can be associated with the kinetic energy (Eq. (27)) in
order to form “disjoints-Kepler’s” problems, and to treat
the remainder as a perturbation. The natural problem in
Jacobi coordinates consists of a mass mi , attracted by a
body of mass m0 + m1 + · · · + mi−1 , located at the center
of mass Gi−1 of m0 , . . . , mi−1 , (Fig. 8), which corresponds
to the potential (see Laskar 1990)
U0 = −G

m0 m1
M01 m2
−G
,
r1
r2

(28)

!1
/2
(31)

!1
/2,

where S denotes the angle (v 1 , v 2 ), and ρ = r1 /r2 . As ρ is
small, we can expand (Eq. (29)) in powers of ρ. The two
first terms of this series cancel and only the terms starting with the contribution of the quadrupolar momentum
remain, i.e.,
U1 = −

Gm0 m1 m2 2 1
ρ
(3 cos2 S − 1) + O(ρ3 ).
r2 M01
2

(32)

7.3. Poincaré variables and equations of motion
The Hamiltonian H0 = T + U0 corresponds to a disjoint
sum of two Keplerian problems: motion of m1 around m0 ,
and motion of m2 around the center of mass of m0 and
m1 . These two-body problems are expressed naturally in
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where the fully perturbed Hamiltonian is H = H0 + U1 ,
with
H0 = −

µ21 β13
µ22 β23
−
2Λ21
2Λ22

(37)

and
Gm0 m1 m2 a21
U1 = −
M01
a32

r1
a1

!2

a2
r2

!3

1
(3 cos2 S − 1).
2
(38)

7.4. Expansion of the secular Hamiltonian

Fig. 9. Elliptical elements. The longitude of te ascending node,
Ω, and yhe inclination, i, define the position of the plane of the
orbit; the semimajor axis, a and the eccentricity, e, the shape
of the ellipse; the argument of perihelion ω, the orientation of
the orbit in its plane, while the mean anomaly, M , which is
proportional to the area swept from the perihelion direction
fixes the position of the body P on its orbit.

elliptical variables (ak : semi-major axis, ek : eccentricity,
ik : inclination, Mk : mean anomaly, ωk : argument of perihelion, Ωk : longitude of the node, for k = 1, 2). In order
to have canonical variables, we can use the Delaunay elliptical variables, but here we will prefer the rectangular
complex variables of Poincaré defined from the classical elliptical elements as (Laskar 1990; Laskar & Robutel 1995):
r
q
p
xk = Λk 1 − 1 − e2k exp(i$k )
(33)
rq
p
yk = Λk
1 − e2k (1 − cos ik ) exp(iΩk ),
where

√
Λk = βk µk ak ;

µk = GM0k

(34)

and
m0 m1
β1 =
;
M01

Now we use the classical expansions of r/a, a/r, and cos S
in elliptical variables in order to expand H in elliptical
variables. We retain only up to second order terms in
this expansion, and then only the secular part of the
Hamiltonian, i.e., the terms that do not depend of the
longitudes. This system will thus reflect the long term
precession motion of the orbits, and not the short term
oscillations of small amplitude. With γk = sin ik /2, we
obtain

U1 s = −K

1 3 2 3 2 3 2 3 2
+ e + e − γ − γ
4 8 1 8 2 2 1 2 2


+3γ1 γ2 cos(Ω1 − Ω2 ) ,

(39)

where
K=

Gm0 m1 m2 a21
·
M01
a32

(40)

In rectangular Poincaré variables this becomes

1 3 x1 x̄1 3 x2 x̄2
3 y1 ȳ1 3 y2 ȳ2
U1 s = −K + +
+
−
−
4 4 Λ1
4 Λ2
4 Λ1
4 Λ2
 (41)
3 ȳ1 y2
3 y1 ȳ2
+ p
+ p
·
4 Λ1 Λ2
4 Λ1 Λ2

7.5. Motion of the node and perihelion
M01 m2
β2 =
·
M02

(35)

The angle $k = ωk +Ωk is the longitude of perihelion. The
canonical conjugate variables are then (Λk , λk , xk , −ix̄k ,
yk , −iȳk ), where λk = $k + Mk is the mean longitude,
and the associated Hamilton equations of motion become:
dλk
∂H
=
;
dt
∂Λk

dΛk
∂H
=−
dt
∂λk

dx̄k
∂H
=i
;
dt
∂xk

dxk
∂H
= −i
dt
∂ x̄k

dȳk
∂H
=i
;
dt
∂yk

dyk
∂H
= −i
,
dt
∂ ȳk

(36)

As the secular Hamiltonian does not depend on the longitudes, from e.g., (36), we have immediately
dΛk
∂H
=−
= 0,
dt
∂λk

(42)

and thus the semi-major axes a1 , a2 are constant. For the
variations of the other variables (ek , ik , $k , Ωk ), we use the
expressions in term of the rectangular variables (xk , yk )
and we obtain the linear equations


1
" #
0 " #
d x1
3 
 Λ1
 x1
= i K
(43)

dt x2
4 
1  x2
0
Λ2
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d
dt

"

y1
y2

#


3 
= i K
4 


−1
Λ1
1
p
Λ1 Λ2



1
p
" #
Λ1 Λ2  y1

.

− 1  y2
Λ2

(44)

We also have
m0 m1
√
Λ1 = β1 µ1 a1 =
n1 a21
M0 1

(45)

M0 1m2
√
n2 a22 ,
Λ2 = β2 µ2 a2 =
M0 2
where nk are the mean motion of the Keplerian problems,
defined by n2k a3k = µk (or nk = 2π/Tk , where Tk are the
periods of the Keplerian orbits). Thus

n2
n2
n1
 
K
m0 m1 a1 2
=
n2 .
Λ2
M0 12 a2
K
m2
=
Λ1
M0 2

(46)

The solutions for the eccentricities (x1 , x2 ) are easily obtained as the system of formulas (43) is diagonal in this
approximation. We have
x1 = x10 exp(ig1 t);

x2 = x20 exp(ig2 t),

(47)

3 K
,
4 Λ2

(48)

with
g1 =

3 K
;
4 Λ1

g2 =

that is, in the original



 a1 = a1 0 = cte;

e1 = e1 0 = cte;



 $ = $ 0 + g t;
1

1

1

With these new variables, the system Sy becomes
" #
"
#" #
d w1
s 0
w1
=i
,
dt w2
0 0
w2

(53)

and we easily obtain the solutions
w1 (t) = w10 exp(i st).

(54)

The solution in the original variables (y1 , y2 ) is then
" #
"
√ #" #
y1
1
1
δ
w1
=√
.
(55)
√
1+δ − δ 1
y2
w2

7.6. Simplifications when Λ1 << Λ2
When Λ1 << Λ2 , we have δ << 1, and the solutions
becomes yk ≈ wk , which gives

 i1 ≈ i1 0 = cte;
i2 ≈ i2 0 = cte
(56)
 Ω1 ≈ Ω1 0 + st;
Ω2 ≈ Ω2 0 = cte.

8. Appendix II: The dz /dt equation

elliptical variables

In the case of the binary system, we can obtain the dz/dt
equation similar to Eq. (6) in the following way. Calling

a2 = a2 0 = cte
e2 = e2 0 = cte

and we introduce the proper variables (w1 , w2 ) defined as
[y] = S[w],
that is
" #
" #
" #
w1
y1
y1
−
t
=S 1
= S
w2
y2
y2
"
√ # " # (52)
1
1 − δ
y1
=√
.
√
1+δ
δ
1
y2

w2 (t) = cte = w20 ;
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(49)

$2 = $2 0 + g2 t .

η(t) = ωb t − kb zc (t)
ψ(t) = ωp t − kp zc (t) ,
Eqs. (9) and (10) become

One should thus notice that in this approximation, not
only are the semi-major axes constant, but so are the eccentricities. We have a precession of the perihelions of the
orbits in the plane, without any change in their shapes. In
order to compute the motion of the inclination and nodes,
we need to diagonalize the linear system Sy . Since the Sy
matrix is symmetric, this can be done with orthogonal
transformations, and since it is singular, s0 = 0 is one of
the eigenvalues, and the other one, s, is equal to its trace
!
3 K
K
s0 = 0 ;
s=−
+
·
(50)
4 Λ1 Λ2
We use the orthogonal matrix S of the eigenvectors for
the change of variables
"
√ #
1
1
δ
Λ1
S=√
,
with δ =
,
(51)
√
Λ2
1+δ − δ 1

exp(iη(t)) + exp(−iη(t))
2
exp(iψ(t)) + exp(−iψ(t))
+R(zc (t))
2

xc = x1 (t)

exp(iη(t)) − exp(−iη(t))
2i
exp(iψ(t)) − exp(−iψ(t))
+R(zc(t))
·
2i

yc = y1 (t)

Then we calculate (dxc /dt)2 + (dyc /dt)2 as

2 
2 
 

dxc
dyc
dxc
dyc
dxc
dyc
+
=
+i
×
+i
,
dt
dt
dt
dt
dt
dt
and Eq. (5) can be written in the form

2
dzc
dzc
A
+B
+ C = 0,
dt
dt
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2

where
ωp2 R2 (zc )
dR
A = 1+
+
VA2
dzc
2 2
ω x (t)
ω 2 y 2 (t)
+ b 12 [1− cos(2η(t))]+ b 12 [1+ cos(2η(t))]
2VA
2VA
ωb
dR
+
(x1 (t) − y1 (t))
sin(η(t) + ψ(t))
VA
dzc
dR
ωb
+
(x1 (t) + y1 (t))
sin(η(t) − ψ(t))
VA
dzc
ωb ωp
+ 2 R(zc ) [x1 (t) + y1 (t)] cos(η(t) − ψ(t))
VA
ωb ωp
+ 2 R(zc ) [x1 (t) − y1 (t)] cos(η(t) + ψ(t)), (57)
VA

ωp2 R2 (zc )
ω2
B = −2
− b x21 (t) + y12 (t)
VA
VA

ω2 
+ b x21 (t) − y12 (t) cos(2η(t))
VA


ωb
dx1 (t)
dy1 (t)
+
x1 (t)
− y1 (t)
sin(2η(t))
VA
dt
dt
dR
+ωb [y1 (t) − x1 (t)]
sin(η(t) + ψ(t))
dzc


dy1 (t)
ωp R(zc ) dx1 (t)
+
−
sin(η(t) + ψ(t))
VA
dt
dt
dR
−ωb [x1 (t) + y1 (t)]
sin(η(t) − ψ(t))
dzc


ωp R(zc ) dx1 (t)
dy1 (t)
−
+
sin(η(t) − ψ(t))
VA
dt
dt
ωbωp R(zc )
−2
[x1 (t) + y1 (t)] cos(η(t) − ψ(t))
VA


dx1 (t)
dy1 (t) dR
+
cos(η(t) − ψ(t))
+
dt
dt
dzc
ωbωp R(zc )
+2
[x1 (t) − y1 (t)] cos(η(t) + ψ(t))
VA


dx1 (t)
dy1 (t) dR
+
−
cos(η(t) + ψ(t)), (58)
dt
dt
dzc
and

ω2
C = ωp2 R2 (zc ) + b x21 (t) + y12 (t)
2

2

2
1 dx1 (t)
1 dy1 (t)
+
− vc2
+
2
dt
2
dt
1
+ cos(2η(t)) ×
2
!

2 
2

dx1 (t)
dy1 (t)
2
2
2
−
− ωb x1 (t) − y1 (t)
dt
dt


dx1 (t)
dy1 (t)
−ωb x1 (t)
− y1 (t)
sin(2η(t))
dt
dt


dx1 (t)
dy1 (t)
−ωp R(zc )
−
sin(η(t) + ψ(t))
dt
dt


dx1 (t)
dy1 (t)
+ωp R(zc )
+
sin(η(t) − ψ(t))
dt
dt
+ωb ωp R(zc ) [x1 (t) + y1 (t)] cos(η(t) − ψ(t))
−ωb ωp R(zc ) [x1 (t) − y1 (t)] cos(η(t) + ψ(t)). (59)
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