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Abstract. The dipole transition moments, oscillator strengths and radiative lifetimes for seven low-lying triplet and
ten singlet electronic states of the TiO molecule have been calculated using the multireference singles and doubles
configuration interaction method (MRCI) and compared with the available literature data. Our MRCI results
support the previous theoretical transition moments reported by Langhoff (1997) for the most of the computed
bands except for the δ and φ ones. For the δ band our computed electronic oscillator strength fe is 0.0581 which is
considerably smaller than that of Langhoff (0.096). Our fe supports the proposal of Plez (1998) that the value of
Langhoff should be divided by ∼2 to match observations. Our MRCI calculations give fe of 0.0668 for the φ band.
This is larger than the value of 0.036 obtained by Langhoff. We adduce strong arguments that our fe for the φ band
is reasonable. We predict two new 1Π and one 1Φ states which exhibit avoided crossings with the known b1Π and
c1Φ states, respectively. These avoided crossings can appreciably perturb the rovibrational levels and, consequently,
further complicate the identification of the lines in the experimental spectra. Our calculated transition moments
for all the computed electronic states are available at URL http://www.ita.uni-heidelberg.de/research/mld/.
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1. Introduction

The TiO molecule is the main opacity source in the at-
mospheres of cool M-type stars in the visible and near-
infrared. Because of its importance in model atmosphere
investigations and in quantum chemistry, this molecule is
one of the best studied transition metal compounds. There
are six known singlet states (a1∆, d1Σ+, b1Π, c1Φ, f1∆
and e1Σ+) and ten triplet states (X3∆, E3Π, A3Φ, B3Π,
C3∆, D3Σ−, G3Φ, H3Φ, I3Π and J3Π) (see Huber &
Herzberg 1979; Merer 1989; Barnes et al. 1997 and ref-
erences therein). The D3Σ−, G3Φ, H3Φ, I3Π and J3Π
states have been observed recently (Barnes et al. 1997).
Using the molecular constants and electronic oscillator
strengths available in the literature, Jørgensen (1994) ex-
tended the line list of Collins (Collins 1975a) to include
weaker bands, satellite branches, Ti isotopes other than
48Ti and improved Te value for the a1∆ state. Since then
there have been several new spectroscopic studies of this
molecule. These new experimental data on line positions
(Amiot et al. 1995, 1996; Kaledin et al. 1995; Ram et al.
1996; Barnes et al. 1997) and theoretical transition mo-
ments (Langhoff 1997) allowed an improvement of the TiO
line list. Using these new data, Plez (1998) has produced
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a new TiO line list based on his unpublished list used in
Plez et al. (1992) and has successfully used it for sim-
ulations of M-type stars. Recently, Schwenke (1998) has
revised the molecular constants for the a1∆, d1Σ+, b1Π,
c1Φ and f1∆ singlet and X3∆, E3Π, A3Φ, B3Π and C3∆
triplet states taking into account couplings between them.
Schwenke has also predicted two new low-lying electronic
states (g1Γ and h1Σ+) and has taken them into account as
perturbers in his study. The new molecular constants ob-
tained in this work for the X3∆, a1∆ and f1∆ states dif-
fer considerably frome those recommended by Jørgensen
(1994).

Most controversial issues in the spectroscopy of
TiO are the absolute values of the oscillator strengths.
Numerous and frequently very different estimates for the
radiative lifetimes and consequently, for the oscillator
strengths have been reported in the literature (Collins
1975b; Davis et al. 1986; Steele & Linton 1978; Brett
1990; Simard & Hackett 1991; Price et al. 1974; Doverstall
& Weijnitz 1992; Carrette & Schamps 1992; Feinberg
& Davis 1977, 1978; Hedgecock et al. 1995; Jørgensen
1994). It is clear that these discrepancies are due to un-
controlled experimental errors and artefacts (see for ex-
ample Schamps 1994; Hedgecock et al. 1995). Because
of these uncertainties in the radiative lifetimes (oscilla-
tor strengths), the oscillator strengths are often scaled to
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match particular observations in works on stellar atmo-
spheres (see for example Plez 1998; Schiavon & Burbuy
1999).

There are only a few theoretical investigations on low-
lying electronic states of TiO (Bauschlicher et al. 1983;
Sennesal & Schamps 1987; Schamps et al. 1992; Langhoff
1997; Schwenke 1998). Bauschlicher et al. (1983) and
Sennesal & Schamps (1987) mainly focused on the energies
and chemical bonding of the ground and some low-lying
excited electronic states. Schwenke used ab initio calcula-
tions to obtain an initial guess for the rotation-orbit and
spin-orbit coupling parameters in TiO. Schwenke also cal-
culated the dipole moments for the X3∆, a1∆, E3Π and
D3Σ− states. The are only two theoretical investigations
devoted to the transition moments, oscillator strengths
and radiative lifetimes (Schamps et al. 1992; Langhoff
1997). Schamps et al. used the single-reference singles and
doubles configuration interaction (SDCI) method to calcu-
late the oscillator strengths and radiative lifetimes which
were computed using the dipole transition moments at
a Ti-O distance of 3.1 a.u. Their radiative lifetimes for
the B3Π, C3∆ and f1∆ agree well with the recent mea-
surements of Hedgecock et al. (1995). Theoretical tran-
sition moments, oscillator strengths and radiative life-
times, obtained at a higher level of electron correlation
treatment, were recently reported by Langhoff (1997).
The state-averaged complete active space (SA-CASSCF)
procedure followed by the internally contracted multiref-
erence configuration interaction (IC-MRCI) method was
used in these calculations. The radiative lifetimes obtained
by Langhoff are in a good agreement with the recent ex-
perimental values of Hedgecock et al. (1995). Langhoff’s
oscillator strengths are smaller than those recommended
by Jørgensen (1994) which have been obtained from the
earlier lifetime measurements and astrophysical calibra-
tions. Exceptions are the δ(b1Π−a1∆) and φ(b1Π−d1Σ+)
transitions. The electronic oscillator strength fe of 0.096
for the δ system reported by Langhoff is two times larger
than the value of 0.048 recommended by Jørgensen (1994).
For the φ system Langhoff’s result (0.036) is about two
times smaller than the fe value of Jørgensen (0.052).

Here we should note that Langhoff in his original work
reported for the φ band the fe and f00 values of 0.018 and
0.0106, respectively. One obtains, however the values of
0.036 and 0.0212, respectively for fe and f00 when using
Langhoff’s transition moments for the b1Π− d1Σ+ transi-
tion. Thus, Langhoff missed a factor of 2 when calculated
the oscillator strengths for Σ − Π transitions. We, there-
fore, from here on will use Langhoff’s oscillator strengths
for the φ-band multiplied by a factor of 2 when referring
to Langhoff’s original work (Langhoff 1997). Based on his
model atmosphere study, Plez (1998) has concluded that
the intensity of the δ-band is overestimated by about a
factor of 2 if the transition moment function of Langhoff
(1997) is used. Recently, Schiavon & Barbuy (1999) have
reported the electronic oscillator strengths for the γ′, ε and
φ systems which differ from the experimental and ab ini-
tio values found in the literature. The latter authors by

fitting the TiO band heads in their synthetic spectra of
well-known M giants derived the oscillator strengths.

Thus, one can see that there is still considerable dis-
agreement between the oscillator strengths reported for
some transitions. At present the theoretical transition mo-
ments obtained by Langhoff (1997) must be considered as
the best available data. The following procedure was used
by Langhoff in his calculations. First, the molecular or-
bitals were determined using the SA-CASSCF approach in
C2v symmetry. Then, these orbitals were used as the basis
for a multireference singles and doubles CI treatment with
all the CASSCF configurations chosen as the reference
space. This procedure allows one to account for a great
fraction of electron correlation, which is especially impor-
tant for the transition metal compounds. The basis of the
molecular orbitals obtained at the CASSCF level already
accounts for some fraction of electron correlation and the
subsequent CI calculations further improve the correlation
treatment. The SA procedure, however, can seriously af-
fect electronic states in some cases. Schwenke (1998), for
example, reported that the SA procedure strongly affects
the relative contributions of the π1δ1 and σ1π1 config-
urations to 1Π states of TiO. The b1Π state in TiO is
involved in the δ(b1Π − a1∆) and φ(b1Π − d1Σ+) transi-
tions. Thus, the largely overestimated theoretical intensity
of the δ band may be due to an artefact of the state av-
eraging. In this case also the intensity of the φ band may
significantly be affected.

Ab initio calculations of the electronic states of TiO
are additionally complicated by the presence of level
crossings (Schwenke 1998). At relatively large Ti-O dis-
tances repulsive states cross the bound states (Langhoff
1997). This makes the SA-CASSCF calculations extremely
difficult and explains why the calculations of Langhoff
(1997) were restricted to Ti-O distances below 3.6 a.u. To
overcome these problems is indispensable for producing
reliable line lists, which could be used for model atmo-
sphere investigations. Besides the high accuracy require-
ments for the oscillator strengths, the spectral line posi-
tions should be given to an accuracy of about 0.3 cm−1 in
order to deal with contemporary high-resolution observa-
tions. The most complete TiO line list has been produced
by Schwenke (1998). However, the line positions for high
rovibrational excitations are not accurate in this data set.
There are many factors which can be responsible for this:
lack of experimental data for fitting the potentials, cou-
plings to electronic states not accounted for, etc.

Because of the lack of convergence of both the exper-
imental and the theoretical determinations of the radia-
tive lifetimes and oscillator strengths it is imperative to
have estimates for these quantities obtained by different
methods. We thus decided to perform calculations on the
low-lying electronic states of TiO without the use of the
SA procedure. We also computed a few additional elec-
tronic states in order to investigate possible avoided cross-
ings. Although we have also calculated the potential en-
ergy curves for the electronic states, we mainly focused on
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the transition moments. These quantities are difficult to
obtain from experimental data.

2. Theoretical methods

2.1. The electronic structure calculations

We used the multireference internally contracted sin-
gles and doubles CI method as implemented in
the MOLPRO98 codes (Werner et al. 1998). The
[8s, 7p, 5d, 3f, 2g] (Pou-Amerigo et al. 1995) and [5s, 4p,
3d, 2f] (Widmark et al. 1990) basis sets were used for
the Ti and O atoms, respectively. The electronic states
were calculated in C2v symmetry. We used the molecu-
lar orbitals of the closed-shell 1Σ+ state as the basis for
our subsequent CI calculations. The electronic configura-
tion of this self consistent field (SCF) closed-shell state
is 8σ29σ23π41δ0 (here we denote only the valence elec-
trons). The configuration space for the CI calculations was
generated as follows: the reference configurations were ob-
tained allowing all symmetry-allowed single and double
excitations of eight electrons from the 8σ, 9σ and 3π or-
bitals into six σ, two π and two δ orbitals unoccupied
in the reference SCF state. Final configuration space in-
cluded these reference configurations and all their single
and double excitations into all external unoccupied or-
bitals of the closed-shell d1Σ+ SCF state. Evidently our
CI calculations are biased in favor of the d1Σ+ state which
has the leading 8σ29σ23π41δ0 configuration. In this case
one should expect the best description of the d1Σ+ state,
whereas the accuracy for other states should be lower.
From this point of view it is worthwhile to perform CI
calculations using a specific choice of the molecular or-
bital basis set according to the leading configuration for
a particular electronic state. However, only the use of a
common set of molecular orbitals for all electronic states
allows for calculations of the transition moments as imple-
mented in the computer codes MOLPRO98 (Werner et al.
1998) we used. Another way of the calculations which al-
lows computing the transition moments is the following.
First one performs a state-averaged CASSCF calculation
for all desired electronic states. The output of such a cal-
culation is a single set of molecular orbitals averaged over
all calculated states. Normally, such molecular basis pro-
vides a good starting point for subsequent CI calculations.
In some cases, however, the state averaging can result in
some artificial disbalance of contributions of different con-
figurations to the final many-body states (Schwenke 1998).
Due to the restricted character of practical CI calculations
such an artificial disbalance can remain in the electronic
states obtained in CI calculations. This can considerably
affect the respective transition moments. Our approach
is free of state averaging effects and we will show that it
gives reasonable transition moments.

The transition moments were computed in the length
gauge over real orbitals. The connection with complex
orbitals which are used sometimes for definition of the

transition moments and oscillator strengths can be found,
for example, in the work of Langhoff (1997).

Despite the progress made in the last two decades in
the field of the electronic many-body calculations, the
spectroscopic accuracy can hardly be achieved at the
present level of theory. Because of this one usually com-
bines the experimental data on the excitation energies
with the theoretical electronic transition moments to cal-
culate the oscillator strengths and radiative lifetimes. In
the present work we replaced our theoretical potentials
with the experimental Rydberg-Klein-Rees (RKR) poten-
tials. Two sets of molecular constants to construct the
RKR potentials were used. The first set is by Jørgensen
(1994) and the second is by Schwenke (1998). Here we
should note that the RKR potentials obtained for some
states from these two sets are quite different, resulting
also in very different Franck-Condon factors.

2.2. The oscillator strengths and radiative lifetimes

The oscillator strength for the absorption transition be-
tween the vibrational levels υ′ and υ′′ of the lower and
upper electronic states γ′ and γ′′ with the spatial degen-
eracies Gγ′ and Gγ′′ , respectively, is defined as follows:

fυ′υ′′ = 4.557 10−6 2
3
νυ′υ′′

Gγ′

×
∑
M′M′′

| 〈υ′′γ′′M ′′ | d̂ | υ′γ′M ′〉 |2, (1)

where νυ′υ′′ is the transition energy between the υ′ and
υ′′ levels (cm−1), the transition moments for the dipole
operator d̂ are in atomic units and the summation is over
all spatial projections M ′ and M ′′ of the lower and upper
electronic states, respectively. The spatial degeneracy G
is equal to 1 for Σ states and 2 for all states with larger
orbital momenta (Π, ∆, Φ...).

The Einstein Aυ′′υ′ coefficients (s−1) are defined by

Aυ′′υ′ = 0.6669
Gγ′

Gγ′′
ν2
υ′υ′′fυ′υ′′ . (2)

The radiative lifetime is

τυ′′ =

(∑
υ′

Aυ′′υ′

)−1

(3)

where the summation is over all vibrational levels of lower
dipole-allowed states.

The electronic oscillator strength fe widely used in the
literature is related to the oscillator strength fυ′υ′′ by the
following expression

fe = f00/q00, (4)

where the quantities qυ′υ′′ are the squared overlaps
〈υ′ | υ′′〉2 between the vibrational levels υ′ and υ′′ of
the lower and upper electronic states (Franck-Condon
factors).
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2.3. The diabatization procedure

It is well known that in diatomic molecules energies of
electronic states as functions of the internuclear distance
do not cross each other if the states has the same sym-
metry (Landau & Lifshitz 1977). In the vicinity of points
where these (adiabatic) states closely approach each other
they undergo fast changes. Such points are referred to as
avoided crossings. Transition moments as functions of the
internuclear distance exhibit very non monotonic behavior
around avoided crossings. The adiabatic approach (Born-
Oppenheimer approximation) is not valid in the vicinity
of the avoided crossings and one should go beyond it. One
of the most successful approaches to nonadiabatic prob-
lems is based on the concept of diabatic states (see for
example the review of Köppel et al. 1984). The diabatic
states are slowly varying functions of the nuclear coor-
dinates and they cross each other at the avoided cross-
ings. The use of the diabatic states transfers the nona-
diabatic couplings from the kinetic energy part of the
Hamiltonian to the potential energy. Thus, the nonadi-
abatic vibrational-rotational problem becomes the prob-
lem of coupled vibrating rotators which can be solved by
conventional methods.

In our case we diabatized 1Π and 1Φ states because
our calculations revealed several avoided crossings in these
symmetries. Our purpose was to obtain monotonic transi-
tion moment functions which can be used further for gen-
erating line lists for TiO. To calculate the intensities of the
vibrational-rotational lines one has to take the nonadia-
batic couplings between the diabatic states into account.
Strictly speaking the couplings are uniquely defined by the
diabatization scheme and the theoretical couplings must
be used if one uses the respective theoretical diabatic tran-
sition moments. We surmise, however, that a better ap-
proach is to use experimentally derived couplings in cal-
culations of line lists. The diabatization procedure used in
our work is described in the Appendix.

3. The results

The MRCI energies (Te) and equilibrium interatomic
distances (Re) for the triplet and singlet states are col-
lected in Table 1 in comparison with the theoretical SA-
CASSCF/MRCI results of Langhoff (1997) and experi-
mental values of Jørgensen (1994) and Schwenke (1998).
To avoid misunderstanding we should note that Te speci-
fies the energy relative to that of the X3∆ ground state.

3.1. Triplet band systems

Our theoretical energies for the E3Π, A3Φ, B3Π and C3∆
states are systematically too high by ∼2000–3000 cm−1

compared to the experimental values. The energies for the
E3Π, A3Φ and B3Π states calculated by Langhoff (1997)
at the SA-CASSCF/IC-MRCI level are closer to the re-
spective experimental values than our IC-MRCI data.

The accuracy of our results for the equilibrium distances
is comparable to that of Langhoff (1997).

For the triplet manifold we have obtained 3Σ− and
3Σ+ states situated 18 044 and 18 690 cm−1, respectively,
above the X3∆ ground state. Barnes et al. (1997) have
detected a 3Σ− state (D3Σ−) in the fluorescence spectra
from υ = 0 levels of the I3Π and J3Π states (the lat-
ter states were observed for the first time in this study).
The energy reported for the D3Σ− state is, however,
12 284 cm−1. The corresponding energy obtained in our
work is 18 044 cm−1. If assigned to the experimental
D3Σ− state, our computed 3Σ− state has an energy
∼6000 cm−1 too high. This deviation is rather large. Here
we should note that for all states with a 1δ2 electronic
configuration our calculations give energies which are too
high by ∼5000–7000 cm−1 compared to the results ob-
tained at the CASSCF (Bauschlicher et al. 1983) and SA-
CASSCF/IC-MRCI (Schwenke 1998) levels. Bauschlicher
et al. (1983) in their CASSCF study of the low-lying elec-
tronic states of TiO have predicted the D3Σ− state at
12 800 cm−1 in excellent agreement with the experimen-
tal value of 12 284 cm−1 reported later by Barnes et al.
(1997).

The theoretical MRCI and experimental RKR poten-
tials for the ground X3∆ and excited C3∆ states are
presented in Fig. 1. Here our theoretical potentials have
been shifted to match the experimental Te values. It is
interesting, that the RKR potentials for the X3∆ state
obtained using molecular constants of Jørgensen (1994)
and Schwenke (1998) are quite different. Our theoretical
potential for this state is closer to Jørgensen’s one. Our
MRCI potentials for the E3Π, A3Φ and B3Π states are
plotted in Fig. 2. Apart from the shift the agreement be-
tween the MRCI potentials and the experimental curves
is rather good.

3.1.1. The α(C 3∆− X 3∆) system

The principal configuration of the ground X3∆ state
is 8σ29σ13π41δ1. The C3∆ state is dominated by
the 8σ210σ13π41δ1 configuration. The MRCI oscillator
strength f00 for the transition between the X3∆ and C3∆
states is 0.0528 (Table 2) where the RKR potential of
Jørgensen (1994) is used.

As we mentioned above, Jørgensen’s potential for the
ground X3∆ state differs from that of Schwenke (1998).
This difference results in different Franck-Condon fac-
tors (q00) which are 0.410 and 0.355 for the potentials of
Jørgensen and Schwenke, respectively. Due to this the os-
cillator strengths f00 are also different: 0.0528 and 0.0459,
respectively. Thus, the uncertainty in these experimental
potentials gives rise to the uncertainty in the oscillator
strengths of ∼13%. Here we should note that the theoret-
ical value of 0.0431 reported by Langhoff (1997) has been
obtained at the SA-CASSCF level. Langhoff, however,
performed also the SA-CASSCF/IC-MRCI calculations
at two interatomic distances of 3.0 and 3.2 a.u. Taking
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Table 1. MRCI spectroscopic constants for the electronic states of TiO in comparison with the literature data

This work L97a J94b S98c

State Re(a.u.) Te(cm−1) Re(a.u.) Te(cm−1) Re(a.u.) Te(cm−1) Re(a.u.) Te(cm−1)

X3∆ 3.0738 0.0 3.0934 0.0 3.0617 0.0 3.0618 3.806

E3Π 3.0730 13713 3.1651 12580 3.1150 11936 3.1146 11868.349

A3Φ 3.1166 17249 3.1459 14754 3.1452 14166.4 3.1454 14169.057

D3Σ− 3.1885 18044 3.2021 12202.658
3Σ+ 3.1726 18690

B3Π 3.1210 19576 3.1346 17250 3.1439 16218.7 3.1488 16219.387

C3∆ 3.2219 21650 3.2745 3.2001 19424.9 3.2028 19430.264

a1∆ 3.0672 3565 3.0830 3400.7 3.0555 3448.3 3.0550 3346.726

d1Σ+ 3.0246 3435 3.0419 8305.9 3.0235 5663.9 3.0226 5559.070

b1Π 3.0979 17545 3.1242 17686.5 3.1269 14770.3 3.1260 14663.772

c1Φ 3.0725 23956 3.1091 22061.7 3.0978 21338.5 3.0928 21226.587

f1∆ 3.1526 25936 3.1289 3.1613 22580.3 3.1567 22482.170

h1Σ+ 3.1633 21795 3.2066 17564.880

g1Γ 3.1699 22789 3.1275 15810.089

k1Φ∗ 3.5465 28648

i1Π∗ 3.1349 27052

j1Π∗ 3.5920 29188

aLanghoff (1997). bJørgensen (1994). cSchwenke (1998). ∗The constants obtained for the diabatic states.

Table 2. MRCI oscillator strengths f00 for the transitions in TiO in comparison with the literature data. The values in
parentheses have been obtained using Schwenke’s potential (1998)

f00

System ν00(cm−1) q00 This work L97a H95b D86c

γ(A3Φ−X3∆) 14092.9(14099.9) 0.720(0.666) 0.0860(0.0800) 0.0658 0.057 0.12

γ′(B3Π−X3∆) 16147.0(16148.0) 0.726(0.648) 0.1099(0.0984) 0.0781 0.065 0.10

ε(E3Π−X3∆) 11893.9(11822.0) 0.872(0.814) 0.0022(0.0019) 0.0020 <0.0047

α(C3∆−X3∆) 19339.0(19341.4) 0.410(0.355) 0.0528(0.0459) 0.0431∗ 0.043 0.031

β(c1Φ− a1∆) 17840.6(17836.2) 0.915(0.898) 0.1483(0.1462) 0.1609 0.11 0.26

δ(b1Π− a1∆) 11273.3(11270.0) 0.781(0.736) 0.0455(0.0431) 0.0753 0.039

φ(b1Π− d1Σ+) 9054.0(9053.3) 0.599(0.600) 0.0402(0.0402) 0.0212 0.03

f1∆− a1∆ 19073.1(19064.7) 0.614(0.562) 0.0787(0.0724) 0.0756 0.062

aLanghoff (1997). bHedgecock et al. (1995). cDavis et al. (1986). ∗This value has been calculated at the SA-CASSCF level.

the ratio of the SA-CASSCF and SA-CASSCF/IC-MRCI
transition moments at RTi−O = 3.2 a.u. (1.2820 and
1.3817, respectively) (Langhoff 1997), one can estimate f00

which could be obtained at the SA-CASSCF/IC-MRCI
level. This gives the f00 value of 0.05 which is very close
to our value of 0.0529 computed also using Jørgensen’s
potentials. The transition moments for five triplet tran-
sitions at 13 internuclear distances are listed in Table 3.
Figure 3 shows the transition moment functions (TMF)

together with the curves obtained by Langhoff (1997) in
the bond length range of 2.4 to 3.7 a.u.

As one can see for the α(C3∆−X3∆) system our TMF
and that of Langhoff are very similar within the interval
2.4–3.0 a.u. For distances larger than 3.0 a.u. the slope of
Langhoff’s TMF is considerably larger than ours. Here we
should note that Langhoff’s TMF for the α system was
calculated at the SA-CASSCF level. As it was shown by
Langhoff (1997) the slope decreases if a subsequent MRCI
is performed.
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Table 3. Electronic transition moments for the triplet band systems of TiO

r(a.u.) ε(E3Π−X3∆) γ(A3Φ−X3∆) γ′(B3Π−X3∆) α(C3∆−X3∆) E3Π−B3Π

2.5 0.1259 1.5214 1.6488 1.7818 −0.1983

2.6 0.1315 1.4732 1.5908 1.7446 −0.1589

2.7 0.1411 1.4204 1.5278 1.7041 −0.1092

2.8 0.1550 1.3624 1.4628 1.6591 −0.0519

2.9 0.1709 1.2998 1.3987 1.6090 −0.0023

3.0 0.1846 1.2391 1.3283 1.5551 0.0493

3.1 0.1824 1.1874 1.2456 1.4997 0.1096

3.2 0.1851 1.1289 1.1737 1.4447 0.1539

3.3 0.1878 1.0761 1.1088 1.3925 0.1925

3.4 0.2006 1.0315 1.0538 1.3452 0.2266

3.5 0.2445 0.9936 1.0024 1.3028 0.2600

3.6 0.3271 0.9566 0.8567 1.2596 0.2784

3.7 0.3447 1.1993
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The radiative lifetimes calculated for the C3∆ state
in the present work (Table 4) agree rather well with
the respective experimental data of Hedgecock et al.
(1995), Steele & Linton (1978) and Price et al. (1974).
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Fig. 2. The theoretical MRCI potentials (solid lines) for the
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Jørgensen (1994) (1) and Schwenke (1998) (2)

The agreement with the previous theoretical results of
Schamps et al. (1992) and Langhoff (1997) is good as well.
The decreasing lifetimes for higher vibrational levels mea-
sured in the experiments are not reproduced in our



648 N. V. Dobrodey: Radiative transitions in TiO

-0.5

0

0.5

1

1.5

2

2.4 2.6 2.8 3 3.2 3.4 3.6 3.8

T
ra

ns
iti

on
 m

om
en

t (
a.

u.
)

Bond distance (a.u.)

α(C3∆ - X3∆)
γ’(B3Π - X3∆)

γ(A3Φ - X3∆)

ε(E3Π - X3∆)

E3Π - B3Π

Fig. 3. MRCI transition moment functions (solid lines) for the
triplet bands in TiO in comparison with those obtained by
Langhoff (1997) (dashed lines)

Table 4. Radiative lifetimes (ns) for the triplet electronic
states of TiO. The values in parentheses have been obtained
using Schwenke’s potential (1998)

Theory Experiment

State v This work L97j S92k

A3Φ 0 69.6(71.1) 95.0 55.2 101.9a, 24b

1 70.6(73.8) 94.3 109.2a, 51c, 15b

B3Π1 0 41.9(43.1) 61.6 56.2 64.6a, 54.4d, 43c

1 42.2(44.1) 61.0 67.6a, 44e

C3∆ 0 37.1(38.6) 47.0∗ 38.7 43.3a, 37f , 31b

1 37.3(39.6) 46.8∗ 43.0a, 29f , 21b

2 37.5(40.7) 46.7∗ 28f , 29g , 18.5c

E3Π 0 4486.6(4656.5) 4259 2300 >2000a, 770h,4900i

1 4522.7(4866.5) 4567

aHedgecock et al. (1995). bPrice et al. (1974). cDavis
et al. (1986). dDoverstall & Weijnitz (1992). eCarrette &
Schamps (1992). fSteele & Linton (1978). gFeinberg &
Davis (1977, 1978). hSimard & Hackett (1991). iLundevall
(1998). jLanghoff (1997). kSchamps et al. (1992). ∗The re-
sults obtained at the SA-CASSCF level.

calculations. Our computed lifetimes slightly increase
when going from υ = 0 to υ = 2 vibrational levels
(Table 4).

The C3∆−X3∆ transition is not the only channel for
radiative decay of the C3∆ state. The transitions to the
lower B3Π, A3Φ and E3Π states are also dipole-allowed.
The oscillator strengths for the respective transitions are,
however, very small. According to our MRCI calculations
the oscillator strengths f00 are 0.0009, 0.0003, and 0.0007
for the C3∆ − A3Φ, C3∆ − B3Π and C3∆ − E3Π tran-
sitions, respectively. Because of this these radiative de-
cay channels contribute negligibly to the radiative lifetime
of the C3∆ state. Similar results have been obtained by
Langhoff (1997).

3.1.2. The ε(E 3Π− X 3∆) system

The E3Π − X3∆ transition is rather weak. Our MRCI
calculations using Jørgensen’s potential give f00 of 0.0022
This result is in excellent agreement with the SA-
CASSCF/MRCI theoretical value reported by Langhoff
(1997) (0.0020). The TMFs for the transitions involving
the E3Π state (E3Π−X3∆ and E3Π−B3Π) (Table 3) are
very similar to those obtained by Langhoff (1997) (Fig. 3).
Our radiative lifetime of 4486 ns agrees well with that
of 4259 ns reported by Langhoff (Table 4). The theoret-
ical radiative lifetime of 2300 ns reported by Schamps
et al. (1992) is close to the value of 2341 ns calculated
by Langhoff (1997) at the SA-CASSCF level. Recently,
Lundevall (1998) has measured the radiative lifetime for
the E3Π state to be 4900±200 ns. This value is very close
to our computed one. Thus, the experimental lifetime of
770 ns reported by Simard & Hackett (1991) seems to be
too short.

3.1.3. The γ(A3Φ− X 3∆) system

The TMF for the A3Φ − X3∆ transition calculated in
the present work (Table 3) is similar to that reported by
Langhoff (1997) for the Ti-O distances <3.0 a.u. At larger
distances the slopes of these two theoretical curves dif-
fer considerably (Fig. 3). Our f00 oscillator strength for
this transition (0.086) is larger than the value of Langhoff
(1997) (0.0658) and the experimental value (0.057) of
Hedgecock et al. (1995), but smaller than the value of
0.12 reported by Davis et al. (1986). Our radiative life-
time of 69.6 ns for the A3Φ state is considerably shorter
than both the theoretical value of Langhoff (95 ns) and the
experimental value of Hedgecock et al. (1995) (101.9 ns),
but longer than the value of 55.2 ns obtained by Schamps
et al. (1992) and than the earlier experimental values of
24 ns and 51 ns (for the υ = 1 level) reported by Price
et al. (1974) and Davis et al. (1986), respectively. Because
of the significant deviations between the data measured
by different authors, is is difficult to estimate the accu-
racy of the theoretical results from comparing them to
the experiment.

3.1.4. The γ′(B3Π− X 3∆) system

The TMF for the B3Π−X3∆ transition is similar to that
of the A3Φ − X3∆ (Table 3, Fig. 3), a finding in agree-
ment with the results of Langhoff (1997). As in the case
of the A3Φ−X3∆ transition, our B3Π−X3∆ TMF devi-
ates considerably from that of Langhoff at large distances
(RTi−O > 3.0 a.u.), where our TM is larger (Fig. 3). This
leads to a larger f00 oscillator strength (0.1099) compared
to the result of Langhoff (0.0781) (Table 2). The corre-
sponding experimental value is 0.065 (Hedgecock et al.
1995). The oscillator strength of 0.1 for the B3Π −X3∆
transition reported by Davis et al. (1986) is close to our
result. Our computed radiative lifetime of 41.9 ns for the
B3Π state is shorter than the previous theoretical values
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Table 5. Electronic transition moments for the triplet band
systems of TiO

r(a.u.) E3Π−D3Σ− B3Π−D3Σ− E3Π−3 Σ+ B3Π−3 Σ+

2.6 0.7587 1.1736 0.4007 0.2827

2.7 0.6927 1.0767 0.4335 0.3019

2.8 0.6329 0.9861 0.4508 0.3094

2.9 0.5703 0.9056 0.4581 0.3032

3.0 0.5090 0.8308 0.4617 0.2889

3.1 0.4566 0.7597 0.4998 0.2982

3.2 0.3989 0.7062 0.5334 0.2948

3.3 0.3420 0.6667 0.5865 0.2882

3.4 0.2838 0.6421 0.6589 0.2704

3.5 0.2161 0.6313 0.7383 0.2274

3.6 0.1288 0.5945 0.8105 0.1309

of Schamps et al. (1992) (56.2 ns) and Langhoff (61.6 ns).
These theoretical lifetimes are close to the experimen-
tal values of 64.6 (Hedgecock et al. 1995) and 54.4 ns
(Doverstall & Weijnitz 1992). Our theoretical lifetime is
comparable with the other experimental values of 43 ns
(Davis et al. 1986) and 44 ns (for the υ = 1 level) (Carrette
& Schamps 1992). This scatter in the experimental data
does not allow for a reliable estimate of the accuracy of
the theoretical lifetimes. Although Hedgecock et al. (1995)
give very convincing arguments in favor of their measured
lifetimes, independent laboratory studies are strongly re-
quired for all the states of the TiO molecule.

Interestingly, the B3Π−X3∆ TMF of Langhoff (1997)
exhibits non monotonic behavior around RTi−O ∼ 3.4 a.u.
(Fig. 3). Usually, such variations in the TMF occur due
to avoided crossing between two states of the same sym-
metry. This feature indicates that there could be a 3Π
state which comes close in energy to the B3Π state at this
interatomic distance according to Langhoff’s calculations.

3.1.5. Other transitions

We have also calculated TMFs for the transitions involv-
ing the D3Σ− and 3Σ+ states. Because of the lack of the
experimental data for these states we could not calcu-
late accurate oscillator strengths. Thus, we just listed the
TMFs in Table 5.

The B3Π − D3Σ− transition is besides the B3Π −
X3∆ transition channel for radiative decay of the B3Π
state. According to our estimates the electronic oscillator
strength fe for the B3Π−D3Σ− transition (0.012) is small
compared to that for B3Π−X3∆ (0.1514). Therefore the
B3Π−D3Σ− channel negligibly contributes to the radia-
tive lifetime of the B3Π state.

3.2. Singlet transitions

The lowest excited singlet state in TiO is a1∆ (Table 1).
The electronic energy Te obtained in the present work

for this state is 3565 cm−1 which is close to the value of
3448.3 cm−1 recommended by Jørgensen (1994). For the
d1Σ+ state our MRCI energy is 3435 cm−1 that is, about
2000 cm−1, lower than of Jørgensen (1994) (5663.9 cm−1)
and of Schwenke (Schwenke 1998) (5559.070 cm−1). The
reason why the energy of the d1Σ+ state relative to the
X3∆ GS is too low in our MRCI calculations is that they
are biased in favor of this state due to the choice of the 1Σ+

reference SCF configuration, as we mentioned in Sect. 3.1.
In this case the description of the X3∆ GS is less accurate
and therefore its energy is artificially too large compared
to that of the excited d1Σ+ state. The MRCI energies of
the b1Π, c1Φ and f1∆ states are too high compared to the
respective experimental data by ∼3000 cm−1 (Table 1).
Here we should note that the theoretical energies for the
d1Σ+ and b1Π states, calculated by Langhoff (1997) also
deviate by ∼3000 cm−1 from the respective experimen-
tal values. In contrast to our MRCI result, where the
energy of the d1Σ+ state is lower by ∼2000 cm−1 than
the experimental one, the SA-CASSCF/MRCI energy for
this state (Langhoff 1997) is ∼3000 cm−1 higher than
the respective experimental value (Table 1). For the a1∆,
d1Σ+, b1Π, c1Φ and f1∆ states the accuracy for the elec-
tronic energies and equilibrium interatomic distances ob-
tained in our MRCI study is comparable with that of the
SA-CASSCF/MRCI results of Langhoff (1997).

In Fig. 4 we compare our MRCI potentials for the
a1∆ and f1∆ states with the RKR potentials obtained
from the molecular constants recommended by Jørgensen
(1994) and Schwenke (1998).

One can see that these two experimental potentials dif-
fer considerably. For the a1∆ state our potential is closer
to Jørgensen’s one, whereas for the f1∆ state our poten-
tial is closer to the potential of Schwenke. This differ-
ence between the two experimentally derived potentials
leads to different Franck-Condon factors q00 and oscil-
lator strengths f00. For example, the oscillator strength
f00 for the f1∆ − a1∆ transition is 0.0787 when using
Jørgensen’s potentials and 0.0724 when using the poten-
tials of Schwenke (Table 2). Here the uncertainty in the
computed oscillator strengths amounts to ∼9% due to the
uncertainty in the experimental potentials.

The potentials for the d1Σ+, h1Σ+ and g1Γ states com-
puted using the molecular data of Jørgensen (1994) and
Schwenke (1998) are compared with our MRCI potentials
in Fig. 5. One can see that our potential for the known
d1Σ+ state agrees rather well with both Schwenke’s and
Jørgensen’s potentials. For the g1Γ state the shape of our
potential energy is close to that obtained from Schwenke’s
molecular constants, but the positions of the minima of
these two potentials differ by ∼0.04 a.u. Our MRCI po-
tential for the h1Σ+ state strongly deviates from that
of Schwenke. Here we should note that in the work of
Schwenke (1998) the molecular constants for the h1Σ+

and g1Γ states have been determined indirectly, using a
combination of ab initio calculations and available exper-
imental data for the other states. These two states have
not yet been detected experimentally. We surmise that
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Fig. 4. The theoretical MRCI potentials (solid lines) for
the 1∆ states of TiO in comparison with the RKR poten-
tials obtained using the molecular spectroscopic constants of
Jørgensen (1994) (1) and Schwenke (1998) (2)

one needs more direct (spectral) information on these two
states to derive accurate molecular constants.

The MRCI potentials calculated for 1Π states are pre-
sented in Fig. 6 together with the potentials of Jørgensen
(1994) and Schwenke (1998). Our MRCI potential for the
known b1Π state deviates considerably from both experi-
mental potentials at large Ti-O distances.

In practice, MRCI calculations on the 1Π states
are very difficult because of numerous avoided crossings
(Fig. 6). The regions of avoided crossings are encircled in
the figure. We only succeeded to compute three 1Π states,
namely the b1Π state and two more states referred to as
i1Π and j1Π which have not yet been observed. Because
of the avoided crossings between the adiabatic electronic
states the respective TMFs exhibit very non monotonic
behavior in the vicinity of such the points.

The MRCI potentials for the known c1Φ state and for
the new k1Φ state (found in the present study) are shown
in Fig. 7 together with the experimental c1Φ potentials of
Jørgensen (1994) and Schwenke (1998).

For the 1Φ states our calculations reveal two avoided
crossings at ∼2.9 and 3.4 a.u. The first avoided crossing is
of no relevance for our case because its energy is too high.
The second one, however, strongly affects the transition
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Fig. 5. The theoretical MRCI potentials (solid lines) for the
1Σ+ and 1Γ states of TiO in comparison with the RKR poten-
tials obtained using the molecular spectroscopic constants of
Jørgensen (1994) (1) and Schwenke (1998) (2)

moments involving the c1Φ state leading to steps in the
respective transition moments at ∼3.4 a.u.

Because of the avoided crossings for the 1Π and 1Φ
states we replaced the adiabatic transition moments by
the diabatic ones for the interatomic distances larger than
3.1 and 3.2 a.u., respectively. The diabatization procedure
is described in the Appendix.

3.2.1. The β(c1Φ− a1∆) system

Our TMF for the β(c1Φ − a1∆) transition is shown in
Fig. 8 in comparison with the result of Langhoff (1997)
and tabulated in Table 6.

One can see that our MRCI TMF is rather close to that
obtained by Langhoff at the level of SA-CASSCF/MRCI.
The computed oscillator strength f00 of 0.1483 for this
transition (Table 2) is smaller than the value of Langhoff
(0.1609), but larger than the value of 0.11 reported by
Hedgecock et al. (1995).

The respective value of Davis et al. (1986) (0.26) is
considerably larger than both our and all the other values
listed in Table 2. Our computed radiative lifetimes of 29.8
and 30.5 ns for the c1Φ state (for the υ = 0 and 1 levels,
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Table 6. Electronic transition moments for the singlet band
systems of TiO

r(a.u.)β(c1Φ− a1∆)δ(b1Π− a1∆)φ(b1Π− d1Σ+)f1∆− a1∆

2.5 1.4643 1.2593 1.3583 1.8174

2.6 1.4225 1.2147 1.3191 1.7724

2.7 1.3799 1.1626 1.2800 1.7242

2.8 1.3378 1.1032 1.2395 1.6738

2.9 1.2960 1.0373 1.1945 1.6206

3.0 1.2590 0.9708 1.1440 1.5617

3.1 1.2168 0.9177 1.0936 1.4966

3.2 1.1678 0.8744 1.0429 1.4254

3.3 1.1330 0.8248 1.0147 1.3501

3.4 1.1017 0.8116 0.9842 1.2746

3.5 1.0902 0.7973 0.9739 1.2031

3.6 1.0868 0.7803 0.9799 1.1348

3.7 0.7864 0.9565 1.0581

3.8 0.7988 0.9357 0.9539
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Table 7. Radiative lifetimes (ns) for the singlet electronic
states of TiO. The values in parentheses have been obtained
using Schwenke’s potential (1998)

Theory Experiment

State v This work L97c S92d

b1Π 0 165.7(167.8) 119.7 455

1 164.4(169.0) 121.0

c1Φ 0 29.8(29.9) 27.5 15.0 38.3a, 17.5b

1 30.5(30.9) 28.1

f1∆ 0 36.0(36.8) 37.6 41.6 43.2a

1 35.7(38.0) 37.3

aHedgecock et al. (1995). bFeinberg & Davis (1977, 1978).
cLanghoff (1997). dSchamps et al. (1992).

respectively), are very close to those calculated by
Langhoff (1997) (Table 7). The lifetime measured by
Hedgecock et al. (1995) for the υ = 0 level is 38.3 ns which
is larger than all the theoretical values listed in Table 7.

The value of 17.5 ns measured by Feinberg & Davis
(1977, 1978) is considerably smaller than all the lifetimes
listed in Table 7, except of that calculated by Schamps
et al. (1992) (15 ns). Our calculation and the calculation
of Langhoff support the experimental value of 38.3 ns of
Hedgecock et al. (1995).

3.2.2. The δ(b1Π− a1∆) and φ(b1Π− d1Σ+) systems

The computed TMFs for the δ(b1Π − a1∆) and φ(b1Π −
d1Σ+) transitions are plotted in Fig. 8 and listed in
Table 6. Comparing our TMFs and those of Langhoff
(1997) (Fig. 8) one can see a remarkable difference between
them. This results also in very different oscillator strengths
and radiative lifetimes. Our MRCI values for the f00 oscil-
lator strengths for the δ and φ transitions are 0.0455 and
0.0402, respectively, whereas Langhoff (1997) reported for
these transitions f00 of 0.0753 and 0.0212, respectively. As
described in the Introduction, the intensity of the δ band
is supposedly overestimated if using the TMF of Langhoff.
Schwenke (1998) supposed that the reason for this is an
artificial influence of the state averaging used in the cal-
culations of Langhoff (1997) on the relative weights of the
σπ and δπ configurations in the b1Π state. The princi-
pal configuration of the b1Π state is 8σ23π44π11δ1 (δπ)
with some admixture of the 8σ29σ13π44π1 (σπ) configu-
ration. The a1∆ and d1Σ+ states are dominated by the
8σ29σ13π41δ1 and 8σ29σ23π4 configurations, respectively.
In terms of one-electron (orbital) transitions the TMs for
the δ(b1Π− a1∆) and φ(b1Π− d1Σ+) systems can be ex-
pressed as follows

Dδ ≈ χ(δπ)〈9σ | d̂ | 4π〉+ χ(σπ)〈1δ | d̂ | 4π〉 (5)

and

Dφ ≈ χ(σπ)〈9σ | d̂ | 4π〉 (6)

where χ(δπ) and χ(σπ) are the coefficients of the δπ and
σπ configurations in the MRCI vector of the b1Π state
and d̂ is the dipole operator. The dipole operator matrix
element 〈9σ | d̂ | 4π〉 is much larger than 〈1δ | d̂ | 4π〉
because it corresponds to the strong atomic 4s → 4p
transition. The δπ and σπ configurations are dominant in
the b1Π state and thus, overestimating the contribution
of one of them correlates to underestimating the contri-
bution of the other. As a result, an overestimated χ(δπ)
coefficient leads to an overestimated Dδ but underesti-
mated Dφ. This interrelation between the transition mo-
ments for the δ and φ bands is indeed observed when one
compares our oscillator strengths with those of Langhoff
(1997) (Table 2). Our oscillator strength f00 for the δ tran-
sition is 0.0455, whereas the corresponding value 0.0753
of Langhoff is considerably larger. Earlier Plez (1998) has
shown that the intensity of the δ-band obtained with the
use of Langhoff’s (1997) transition moments should be di-
vided by 2 to match Ramsey’s observed δ(00)-band head
depression in the spectra of giant stars (Ramsey 1981).
In contrast, for the φ transition our f00 is 0.0402 which is
about two times larger than the value (0.0212) of Langhoff.
The oscillator strength of 0.039 obtained for the δ tran-
sition from the measurements of Davis et al. (1986) is
close to our computed value. For the φ transition our os-
cillator strength of 0.0402 is larger than the value of 0.03
measured by Davis et al. (1986). Our radiative lifetime of
165.7 ns computed for the υ = 0 level of the b1Π state
is longer by about 40% than that computed by Langhoff
(1997) (119.7 ns). The lifetime of 455 ns calculated by
Schamps et al. (1992) is too long compared to both our
and Langhoff’s values. There are two channels for radia-
tive decay of the b1Π state: b1Π − a1∆ and b1Π − d1Σ+.
According to our calculations the radiative lifetime for
the υ = 0 level of the b1Π state is 221.6 ns if only the
b1Π − a1∆ channel is considered, but it becomes much
shorter (165.7 ns) when both the channels are taken into
account. Thus, the δ/φ branching ratio is 2.9, that is, sig-
nificantly smaller than the respective value of 9.3 reported
by Langhoff (1997). In contrast to the results of Langhoff
(1997), our computed lifetime decreases with increasing υ.
It should be noted that there are no direct measurements
on the radiative lifetimes for the b1Π state. There is only
an estimate of 192 ± 55 ns obtained from the oscillator
strengths of Davis et al. (1986). This value is in qualita-
tive agreement with our computed radiative lifetime.

3.2.3. The f 1∆− a1∆ system

The transition moment function calculated for the f1∆−
a1∆ system is listed in Table 6. Our computed oscilla-
tor strength f00 for this transition (0.0787) agrees rather
well with the value of 0.062 reported by Langhoff (1997)
(Table 2). The radiative lifetime of 36 ns calculated in
the present study is very close to the value of Langhoff
(Table 7) (37.6 ns). The respective experimental lifetime of
Hedgecock et al. (1995) (43.2 ns) is slightly longer than our
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Table 8. Electronic transition moments for the singlet band
systems of TiO

r(a.u.) i1Π− a1∆ i1Π− d1Σ+ b1Π− h1Σ+ c1Φ− g1Γ

2.5 0.9804 1.7847 1.3806 1.8205

2.6 0.9470 1.6049 1.2588 1.7058

2.7 0.9170 1.3709 1.1346 1.5879

2.8 0.8953 1.1068 1.0097 1.4691

2.9 0.8843 0.8536 0.8871 1.3521

3.0 0.8765 0.6436 0.7710 1.2449

3.1 0.8539 0.5125 0.6714 1.1389

3.2 0.8205 0.4402 0.5754 1.0362

3.3 0.8213 0.3785 0.4775 0.9451

3.4 0.7683 0.3991 0.3959 0.8362

3.5 0.7646 0.4177 0.3015 0.7065

3.6 0.7758 0.4569 0.3660 0.7797

3.7 0.7352 0.4674 0.3998

3.8 0.7195 0.4489 0.4134

value. Here we should note that the f1∆−a1∆ transition
is not the only radiative decay channel for the f1∆ state.
The f1∆− c1Φ and f1∆− b1Π transitions are also dipole-
allowed, but their contribution to the total radiative life-
time is negligible: f00 for these transitions are 0.00005 and
0.0001, respectively.

3.2.4. Other transitions

We have also calculated the TMFs where the i1Π, h1Σ+

and g1Γ states are involved (Table 8, Fig. 8). The moments
for the i1Π−a1∆, i1Π−d1Σ+, b1Π−h1Σ+ and c1Φ−g1Γ
transitions are rather large (Table 8).

Unfortunately, our computed MRCI potentials for
these states are not accurate enough to be used in the
calculations of the oscillator strengths. The listed TMFs,
however, can be useful for future calculations of TiO line
lists when reliable experimental data on these states will
be available.

4. Discussion

We have collected available literature data on the oscilla-
tor strengths f00 and electronic oscillator strengths fe in
Tables 2 and 9, respectively and compared them with our
MRCI values.

First, we should note, that just due to uncertainties in
the experimentally derived potentials the uncertainty in
the oscillator strengths can amount to ∼10%. For exam-
ple, from Table 2 one can see that the uncertainty in the
f00 oscillator strengths for the γ, γ′, α and f1∆ − a1∆
bands is 7%, 10%, 13% and 8%, respectively. Thus, for
generating accurate TiO line lists the accuracy of the ex-
perimental spectroscopic parameters should be improved.
At least there should be a convergence of the experi-
mentally derived spectroscopic parameters. For the γ and

γ′ transitions our f00 values are larger than the experi-
mental data of Hedgecock et al. (1995) and the theoret-
ical results of Langhoff (1997). The electronic oscillator
strengths fe for the γ′ transition obtained in our study is
close to that reported earlier by Davis et al. (1986) and
adopted by Jørgensen (1994). We surmise that fe value
of 0.06 for this transition used by Schiavon & Barbuy
(1999) is too small. Our fe for the γ transition is between
that of Davis et al. (1986) and Hedgecock et al. (1995).
According to our calculations the ε transition is rather
weak (fe = 0.0025) which is in accord with the experi-
mental estimates fe < 0.0056 of Hedgecock et al. (1995)
and theoretical result of Langhoff (1997) (0.002). For the
α system our electronic oscillator strength is larger than
the value of Hedgecock et al. (1995). Here we should note
that the theoretical fe of Langhoff (1997) listed in Table 9
for the α transition has been computed at the level of
SA CASSCF. We have shown in Sect. 3.1 that fe should
increase and become close to our result if a subsequent
MRCI is performed.

In general, we consider the theoretical TMFs for the
γ(A3Φ−X3∆) and γ′(B3Π−X3∆) transitions obtained
by Langhoff (1997) as more accurate than ours. The reason
for the deviation between our TMFs for the γ and γ′ tran-
sitions and those of Langhoff may be that Langhoff used
the X3∆ reference SCF configuration. It means that the
calculations were biased in favor of the X3∆ state and, in
general, in favor of the triplet states. Our reference SCF
configuration was d1Σ+ and thus, our calculations were
biased in favor of singlet states. We believe that our re-
sults on the singlet transitions are more reliable than those
of Langhoff (1997). In particular, the TMFs obtained by
Langhoff seem to result in a too large oscillator strength
for the δ(b1Π− a1∆) transition and a too small oscillator
strength for the φ(b1Π− d1Σ+) transition. In his TiO line
list, which has been generated using Langhoff’s TMFs,
Plez (1998) imposed a scaling on the intensity of the δ
band (the intensity has been divided by 2). According to
our calculations and the analysis in Sect. 3.2.2 one should
scale accordingly also the intensity of the φ band. This
means that in Plez’s line list the intensity of the φ band
should be multiplied by a factor of 2.

The most recent measured oscillator strengths
(Hedgecock et al. 1995) are smaller than our theoret-
ical MRCI results and the SA-CASSCF/MRCI values
of Langhoff (1997) (Tables 2 and 9). There is no clear
dependence of the magnitude of the theoretical oscil-
lator strengths on the level of the electron correlation
treatment. Indeed, the theoretical electronic oscillator
strengths for the γ′, α, ε and f1∆−a1∆ transitions calcu-
lated by Schamps et al. (1992) are very close to the mea-
sured values of Hedgecock et al. (1995), despite the fact
that these calculations have been performed at a rather
low level of the electron correlation treatment (single ref-
erence singles and doubles CI). Our results and those of
Langhoff (1997) have been obtained at a much higher level
of the electron correlation treatment, but the agreement
with the experimental results of Hedgecock et al. (1995)
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Table 9. MRCI electronic oscillator strengths fe for the transitions in TiO in comparison with the literature data

System D86a B90b S92c J94d H95e L97f AP98g SB99h This Work

γ′(B3Π−X3∆) 0.138 ... 0.101 0.14 0.093 0.108 0.0935 0.06 0.1514

γ(A3Φ−X3∆) 0.154 0.22 0.135 0.15 0.079 0.092 0.0786 0.12 0.1195

ε(E3Π−X3∆) ... 0.006 0.005 0.014 <0.0056 0.002 0.0023 ... 0.0025

α(C3∆−X3∆) 0.176 ... 0.102 0.17 0.106 0.105∗ 0.106 ... 0.1288

β(c1Φ− a1∆) 0.278 ... 0.268 0.28 0.120 0.176 0.125 ... 0.1621

δ(b1Π− a1∆) 0.048 0.05 0.0004 0.048 ... 0.096 0.048 0.05 0.0581

φ(b1Π− d1Σ+) 0.049 0.05 0.020 0.052 ... 0.036 0.0178 0.01 0.0668

f1∆− a1∆ ... ... 0.098 ... 0.103 0.123 0.098 ... 0.1282

aDavis et al. (1986). bBrett (1990). cSchamps et al. (1992). dJørgensen (1994). eHedgecock et al. (1995). fLanghoff (1997).
gAlvarez & Plez (1998). hSchiavon & Barbuy (1999). ∗This value has been obtained at the SA-CASSCF level.

for the γ′, α, ε and f1∆ − a1∆ transitions is better in
the later case. Because of this it is of great importance
to have highly reliable independent measurements on the
oscillator strengths (radiative lifetimes) for the electronic
transitions in TiO.

Our MRCI calculations have revealed avoided cross-
ings between the known b1Π and the new i1Π and j1Π
electronic states and between the c1Φ and k1Φ states
(Figs. 6 and 7). The accuracy of our MRCI calculations for
the energies of the electronic states is not very good and,
therefore, the computed positions of the avoided cross-
ings can differ from the actual positions. Since the avoided
crossings can influence the rotational-vibrational progres-
sions in the respective spectra it is important to take them
into account when analyzing spectra. We did not make a
thorough analysis of possible nonadiabatic perturbations
in the spectra of TiO because the accuracy of our cal-
culation is not high enough. The problem is additionally
complicated by the presence of high lying electronic states
which should be included in the calculations in such a
case. In practice, however, such calculations are presently
hardly possible due to technical limitations and due to
convergence problems. We can only very roughly estimate
that levels with υ′′ ∼ 12 and υ′′ ∼ 6 of the b1Π and c1Φ
states, respectively may be appreciably perturbed by the
nonadiabatic couplings.

5. Conclusion

The IC MRCI calculations have been performed for the
singlet and triplet electronic states of the TiO molecule.
Comparison with the previous calculations and available
in the literature measurements shows that our transi-
tion moments for the singlet transitions are more accu-
rate than the most recent theoretical results of Langhoff
(1997). According to our calculations, the transition mo-
ments calculated by Langhoff for the δ(b1Π−a1∆) band is
largely overestimated, whereas that for the φ(b1Π−d1Σ+)
is largely underestimated. The latter is in accord with
the values recommended by most authors for this tran-
sition (Davis et al. 1986; Brett 1990; Jørgensen 1994; Plez

1998; Schiavon & Barbuy 1999). Our results on the triplet
γ′(B3Π − X3∆) and γ(A3Φ − X3∆) transitions are less
accurate than those of Langhoff (1997). For other triplet
transitions our TMFs agree well with those previously
computed by Langhoff (1997). We have calculated sev-
eral new singlet electronic states of Π and Φ symmetries.
These states exhibit avoided crossings with the known b1Π
and c1Φ states that can affect the rotational-vibrational
progressions in the β(c1Φ−a1∆) and φ(b1Π−d1Σ+) bands
for high excitations.

The transition moments functions for the transitions
involving the i1Π, h1Σ+, g1Γ, D3Σ− and 3Σ+ states have
been computed and tabulated. These transitions can be
relevant for generating accurate TiO line lists.

Comparison of our results with the available theoret-
ical data and laboratory measurements shows that fur-
ther accurate measurements on the radiative lifetimes and
spectroscopic parameters for the low-lying states of TiO
are urgently needed.
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Appendix A: Diabatization

In the present work for diabatization we used a block-
diagonalization technique proposed by Cederbaum et al.
(1989).

The unitary transformation F which brings the
Hamiltonian matrix H in the basis of the adiabatic states
(diagonal matrix) into a block-diagonal matrix Hd in the
basis of the diabatic states (strictly speaking quasiadia-
batic) is defined for each block n as follows (Cederbaum
et al. 1989):

Hd
nn = F†nnΛnnFnn, (A.1)
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Fnn = S†nn(SnnS†nn)−1/2, (A.2)

where the Λnn is the respective block of the diagonal ma-
trix of eigenvalues and Snn is the respective block of the
matrix of eigenvectors of the Hamiltonian H. In practice,
the transformation F is constructed in the following way.
First, one defines a set of m adiabatic electronic states
which should be diabatized. Then, m leading configura-
tions in the eigenvectors of these states are chosen and
the block of the matrix of eigenvectors Snn is defined. The
final result is the (m × m) matrix Hd. The diagonal el-
ements of this matrix are the energies of the respective
diabatic (quasiadiabatic) states and the nondiagonal ele-
ments are the respective potential nonadiabatic couplings.

When passing to the diabatic basis one should also
transform the electronic transition moments for the con-
sidered states. It is convenient to consider the parallel
(d̂z dipole transition moment operator) and perpendicular
(d̂x and d̂y) transitions separately. In this case the desired
diabatic transition moments are obtained from Eqs. (A.1)
and (A.2) where the diagonal matrix of the eigenvalues
Λnn is replaced by a matrix of adiabatic transition mo-
ments Dnn. For perpendicular transitions the matrix Dnn

has the following form:

Dnn =


d11 d12 · · · d1l

d21 0 · · · 0
...

...
. . .

...
dl1 0 · · · 0

 (A.3)

where l = m + 1. In this case one of the states does not
belong to the set of states being diabatized because it has
a different symmetry. The Snn matrix in this case is the
following

Skk =
(

1 0
0 Snn

)
(A.4)

where the Snn is the (m×m) block of the matrix of eigen-
vectors.

For parallel transitions the matrix Dnn has the
following form:

Dnn =


d11 d12 · · · d1l

d21 d22 · · · d2l

...
...

. . .
...

dl1 dl2 · · · dll

 (A.5)

here l can be equal to m (if all the states involved in
the transitions are the subject of diabatization) or equal
to m + 1 (if one of the states should not be diabatized).
The matrix S in this case is Snn or Skk (Eq. (A.4)), re-
spectively. The diagonal elements of the matrix (A.5) are
just the respective adiabatic dipole moments for the states
considered.
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