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Abstract

We present a simple universal computational algorithm for computing compositional phase diagrams of rocks and their melts at a given temperature and pressure. The algorithm makes use of the mathematical concept of the convex hull of a set of points in the space spanned by the composition and the Gibbs free energy. All the complexities of determining the stability or separation of phases; the localization and orientation of tie lines; and the characteristic points, curves, and surfaces (e.g., the solidus, liquidus, solvus, and the eutectic or peritectic points) are taken care of by the algorithm that computes the convex hull, complemented with an algorithm to physically classify the resulting simplices. For the convex hull computation, the publicly available Qhull package can be used, which is available in SciPy. This makes this method accessible and intuitive for a broad set of scientific and educational applications. Although the method is not practical for systems with a large number of components, it is remarkably stable and efficient for systems of up to four. We present our implementation of the method as a publicly available Python package.
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1 Introduction
Phase diagrams for solids, liquids, and gases play a key role in many fields of science and engineering. In astrophysics and geophysics, they are used, for instance, to determine the state and composition of cosmic dust particles, meteorites, and planetary interiors. These diagrams can be computed from the molar Gibbs free energy Ĝ(T, P; x0, ···, xM−1) as a function of temperature (T), pressure (P), and the relative mole fractions x = ( x0, ···, xM-1) of the M ≥ 1 system components, where [image: Mathematical equation: $\sum_0^{M-1}x_i=1$}]. As an example, silica (SiO2), magnesia (MgO), and lime (CaO) constitute a system of M = 3 components that define solid mineral phases such as forsterite (Mg2SiO4), enstatite (MgSiO3), and diopside (CaMgSi2O6), to name a few. Enstatite and diopside can either be distinct stoichiometric phases or the endmembers of a continuous solid solution series in the pyroxene phase.
Depending on temperature and pressure, some minerals become unstable and disappear, while others become stable and emerge. At elevated temperatures, mixtures of solids and liquids can form, and at even higher temperatures, all condensed material melts to form a liquid. A phase diagram is a visual tool that indicates, for a given temperature and pressure, which combinations of coexisting stable phases emerge as a function of bulk composition x at chemical equilibrium.
Computing a phase diagram involves finding the linear combination of coexisting phases that has the lowest Gibbs free energy. The Gibbs free energy is the Legendre transform of internal energy that applies when the independent variables are pressure, temperature, and composition (rather than volume, entropy, and composition, for example). This choice of energy is particularly well suited to the study of solids and liquids because of their near-incompressibility and because many systems in astro- and geophysics are close to hydrostatic equilibrium.
A common way of finding the coexisting stable phases is to apply, for each bulk composition x, temperature T, and pressure P of interest, a minimization solver from a standard numerical library. In Appendix D we discuss an implementation of such a method. The method gives the phase composition (the coexisting phases and their relative abundances) at a specific point in the phase diagram, and it is therefore well suited for use in simulation software or when studying a material with a known bulk composition. However, computing a complete compositional phase diagram with this approach would require applying the minimization solver to a grid of values of (x0, ···, xM−1), making it rather inefficient.
Alternatively, and complementary to this approach, one can identify within the (x0, ···, xM−1) component space, at a given T and P, the locations of tie lines connecting compositions of phases at equilibrium, the binodal curves comprising boundaries between miscibility and immiscibility, and the liquidus and solidus curves that define compositions of coexisting liquids and solids in equilibrium. This approach gives the full compositional phase diagram at once as well as more insight into why certain phases are stable and others are not. However, its computation can be cumbersome and often requires a combination of different methods, calculations, and checks.
We present a convenient and underutilized, if not entirely “new”, computational approach to computing phase diagrams emphasizing the application to relevant binary, ternary, and quaternary systems for easy visualization. It employs the mathematically well-defined concept of the convex hull or convex envelope of a finite or infinite set of points in an M-dimensional space. These points are constructed from the M - 1 independent mole fractions and their corresponding Gibbs free energies, together making up an M-dimensional composition-Gibbs space. Any point lying on the bottom (low-Gibbs free energy) side of the convex hull spanned by these points is stable, while any point above it is unstable. By definition none of the points lies below the convex hull. The construction of the convex hull of these points yields the complete set of stable phases. It also yields the tie lines, tie triangles, and their higherdimensional generalizations, that connect the coexisting phases. These features comprise the desired phase diagrams.
The basic idea of the approach is not new at all. It is well known in material sciences that stable phases lie at the bottom of the convex hull of all conceivable phases comprising the Gibbs free energy surface at a given pressure and temperature (e.g., Hautier 2014; Fultz 2000; Widom et al. 2000; Ghosh 2008). Some computer codes already use this concept for their internal workings (e.g., Voskov & Voronin 2010; Ong et al. 2013; Oses et al. 2018). In this paper, we introduce this concept to the astrophysics and geophysics community for computations of stable solids and melts.
The method we present constitutes computing this convex hull, isolating its bottom part (the downward facing facets) and classifying the physical meaning of each of these facets. Mathematically these facets are simplices; that is, in 1D (a binary system) they are line elements, in 2D (a ternary system) they are triangles, in 3D (a quaternary system) they are tetrads, and so on for higher dimensions. The end product is a set of simplices covering the phase diagram, with each simplex connecting stable phases at its corner points. This set of simplices, if computed from a complete (or at least sufficiently densely sampled) set of compositional points, is guaranteed to represent the unique and correct lowest-Gibbs free energy configuration. The only remaining challenge is then to correctly identify the physical meaning of each of these simplices.
One complication is that once a variable-composition phase (a liquid or solid solution) is involved, the convex hull involving a continuous function must be determined. This can be done by sampling the function on a discrete grid of composition points {xj} at the pressure and temperature of interest (Connolly 2005), but it leads to a large number of points in (xj, Gj)-space for which the convex hull needs to be determined.
Fortunately, the problem of determining the convex hull of a large set of points in a higher-dimensional space is a solved mathematical problem. Publicly available free libraries that solve it efficiently exist. This means that with our algorithm, all the “hard work” is delegated to this external mathematical library, leaving us only with the task of classifying the resulting simplices in order to give them physical meaning.
In addition to describing the algorithm, we also present the computer program called PhaseHull, a Python package for employing the convex hull method to compute phase diagrams in geophysics and astrophyics. It uses automatic grid refinement near the liquidi and binodal lines. With PhaseHull one can also compute the activities of the components in the liquid part of the material in regions of coexisting solids and liquids. This is required for computations of evaporation and condensation of rocky materials at high temperatures, for example, a common problem in astrophysical and planetary science applications.
PhaseHull is open source and can be downloaded from GitHub. We tested the method on a variety of problems for which the correct solutions are well described in the literature. We also tested the method on particularly challenging cases with nearly but not entirely flat regions in their Gibbs free energy surfaces. We found remarkable stability and reliability. If the method fails, it is usually either a resolution problem or a misclassification of simplices in the correct convex hull, and both problems can be fixed with minor fine-tuning of the algorithm.
PhaseHull cannot, and is not meant to, replace widely used software such as MELTS, Perple_X, and many others. In particular, it is not plug-and-play software that can be used in a web or GUI interface or excel table. And it is limited in the number of system components it can handle efficiently. Also, its primary strength lies in compositional phase diagrams at a given temperature T and pressure P, while it performs less well compared to other software for T – P phase diagrams computed at a single given composition x. But it may serve as a useful complementary method since it allows for experimentation with new thermodynamic data, serving educational purposes and/or providing a relatively simple tool to be implemented in a variety of modeling frameworks.
This work is structured as follows. First, in Sect. 2 we outline the convex hull method. Then, in Sect. 3 we present a series of examples, and while doing so, we explain more details of the method. We then discuss advantages and disadvantages compared to standard approaches and conclude. The appendices contain many of the technical details. Also in the appendix is a description of a complementary (and for most readers the perhaps more familiar) method of Gibbs minimization. This serves to put the convex hull method into context and assures that the PhaseHull software package is flexible in the sense of offering both options to the user.
2 Convex hull method
2.1 Basic principle
The fundamental principle underlying the use of a convex hull algorithm for computing phase diagrams relies on the following thermodynamic rules:

	Any set of phases A, B, etc. can be linearly combined by keeping them unmixed (i.e., spatially separated on the microscopic scale). The combined molar Gibbs free energy of these coexisting phases is then
[image: Mathematical equation: \hatG_{\mathrm{total}} = \epsilon_A\hatG_{A} + \epsilon_B\hatG_{B} + \cdots ,](1)

where εA,B, ··· are the mole fractions of the phases obeying Σk=A,B, ··· εk = 1, and ĜA, ĜB, ··· are the molar Gibbs free energies (to be defined more precisely in Sect. 2.2) of each of the phases relative to some suitable reference (e.g., free energies of formation from the elements or oxides). An example of such coexisting phases is the presence in a rock of distinct olivine and pyroxene minerals.


	Sometimes it is energetically more favorable for these phases A, B, etc. to mix at the atomic level, leading to a solution. An example of a solid solution is enstatite and diopside in a pyroxene mineral. Melting of rock typically leads to a well-mixed liquid solution (magma). In these cases, Eq. (1) will acquire additional nonlinear terms due to entropy of mixing and possible interaction terms. In the context of the convex hull algorithm, such solutions will be precomputed, and treated as continuous series of phases that can be linearly combined with other phases using Eq. (1). In other words: The convex hull algorithm will only have to deal with the linear Eq. (1), even if nonlinear mixing of phase components are involved.


	A phase is unstable if one can find a linear combination of other phases (together having the same bulk composition) that has a lower combined Gibbs free energy Ĝtotal than that of the original phase Ĝorig (see Fig. 1-right). The original phase will then separate into the linear combination of phases that has the lowest combined Gibbs free energy Ĝtotal.


	The relative fractions, by mole, of these emerging coexisting phases with compositions A and B can be computed using the lever rule (see Appendix B.1). The lever rule together with Eq. (1) constitutes the linear interpolation of the Gibbs free energy between the emerging phases, at the composition of the original unstable phase.



The task of computing the phase diagram is to find, for any given bulk composition x, the combination of coexisting phases that yields the lowest combined Gibbs free energy. This is an entirely linear problem as it is simply a physical combination of nonmixing phases. The nonlinearities occur only before applying the convex hull algorithm. Figure 1 shows, for discrete (fixed-composition, nonmixing) phases, how the stability or instability of a phase works.
	[image: Thumbnail: Fig. 1 Refer to the following caption and surrounding text.]	Fig. 1 Illustration of the stability or instability of a substance C consisting of (1 – x)A + xB in a binary system consisting of components A and B. Shown is the Gibbs free energy (y-axis) versus the composition x (x-axis). Left: case where Phase C is stable at the composition specified by x. Right: case where Phase C is unstable and separates into phases with compositions A (x = 0) and B (x = 1). Green circle is the final state Gibbs free energy.



2.2 System components and scaled formula units
In this paper, every phase is expressed in terms of the chosen system components. For example, system components SiO2, CaO, and MgO comprise a ternary system (M = 3) and can serve as the apices of a ternary phase diagram. Minerals such as Mg2SiO4 (forsterite), MgSiO3 (enstatite), CaMgSi2O6 (diopside), and CaSiO3 (wollastonite) can all be formulated as composed of these three system components. The mole fraction compositions x of these stoichiometric phases are (1/3,0,2/3), (1/2,0,1/2), (1/2,1/4,1/4), and (1/2,1/2,0), respectively.
At a given temperature T and pressure P, each of the minerals (let us identify them using an index k) has a molar Gibbs free energy Ĝk, which is the Gibbs free energy per mole of formula unit of that mineral. The values of Ĝk (T, P) can be computed using tabular data from the literature (see Appendix A).
However, one mole of system components produces, in this example, only 1/3, 1/2, 1/4, and 1/2 moles of formula unit of the respective minerals. In the case of the mineral forsterite: 1/3 mole of SiO2 and 2/3 mole of MgO (together 1 mole of system component) produce 1/3 mole of Mg2SiO4. Let us define s as the scale factor such that one mole of system components produces 1/s moles of the mineral. To be able to embed the minerals into the ternary phase diagram, we must scale the formula units of the minerals by 1/ s. The scaled formula units of the above minerals then become Mg2/3Si1/3O4/3, Mg1/2Si1/2O3/2, Ca1/4Mg1/4Si1/2O3/2, and Ca1/2Si1/2O3/2, respectively. Their scaled molar Gibbs free energies become
[image: Mathematical equation: \hatG_k = \frac{\barG_k}{s_k} ,](2)
where sk is the s scaling factor of each mineral (for forsterite this would be sk = 3). We always use these scaled versions of the minerals, except when mixing them in solid solutions (see Sect. 2.5), in which case it matters which multiplicity of the formula unit is used to compute the entropy of mixing. But even then, once the proper mixing entropy is computed, everything is scaled again.
In this way, all extensive quantities of the phases are defined “per mole of system components”. Note that the components also constitute their own phases. In the current example, they would be quartz (or one of its polymorphs) for SiO2, lime for CaO, and periclase for MgO.
Once the phase diagram has been computed, the mole fractions Yk of each of the coexisting phases, for any given bulk composition x, can be reconstructed using the lever rule (see Appendix B.1). The Yk refer to the moles of scaled formula units per mole of system components. In the above example, YMg(2/3)Si(1/3)O(4/3) would refer to the amount of moles of the mineral Mg2/3Si1/3O4/3 present, when starting from one mole, in total, of SiO2 and MgO. The amount of moles of un-scaled formula unit (here: Mg2SiO4) is then easily obtained as Yk/Sk.
2.3 Fixed-composition phases
The simplest phases we consider are fixed-composition phases. Typically these are stoichiometric solid minerals such as the examples of Mg2SiO4, MgSiO3, CaMgSi2O6 and CaSiO3 mentioned above. In the phase diagram they are represented by points with well-defined coordinates (x0, ···, xM - 1), such as those depicted in Fig. 1.
In the real world they are likely not exact points, in the sense that small deviations from the precise stoichiometry can occur. Each fixed-composition phase represents the lowest point of a very narrow and steep Gibbs free energy surface. The narrower this Gibbs free energy profile, the tighter the composition is defined. Fixed-composition phases are the approximation that this Gibbs free energy surface is an infinitely narrow “needle” pointing downward, the lowest point being the Gibbs free energy of the phase.
For the convex hull algorithm, fixed-composition phases are the cheapest to handle, as each phase is represented by only a single point in the phase diagram. These phases are, by definition, assumed to be unmixed.
2.4 Liquids
If a mineral substance melts, it becomes a liquid solution (a magma). In such a liquid, all system components are assumed to be mixed at the atomic level. The molar Gibbs free energy of the liquid, at any given bulk composition x, is
[image: Mathematical equation: \hatG_{\mathrm{liq}}({\mathbf x}) = \sum_i x_i\mu^{\mathrm{liq},0}_{i} + RT \sum_i x_i\ln(x_i) + \hatG_{\mathrm{liq}}^{\mathrm{ex}}({\mathbf x}) ,](3)
where [image: Mathematical equation: $\mu^{\mathrm{liq},0}_{i}$] are the Gibbs free energies of the liquid phase components, and [image: Mathematical equation: $\hatG_{\mathrm{liq}}^{\mathrm{ex}}$] is the excess Gibbs free energy caused by the interatomic forces between the mixed components. In this equation, the first term on the right-hand-side is the linear combination term, the second term is the contribution of the entropy of mixing, and the final term (the interaction term) describes the deviation from ideal mixing. Magmas are highly nonideal solutions, meaning that the final term in Eq. (3) is comparable to, or larger than, the entropy of mixing term1. The key to a reliable description of the magmatic liquid (or any solution for that matter) is a good model for the excess Gibbs free energy [image: Mathematical equation: $\hatG_{\mathrm{liq}}^{\mathrm{ex}}({\mathbf x})$] (see Appendix A).
A gas (vapor) phase can be treated in the same way as a liquid. Nonideality can emerge, encoded by fugacity coefficients, which correct for both nonideal mixing and nonideal pressure-volume-temperature behaviors (Werlen et al. 2026).
2.5 Solid solutions
Similar to liquids, solids can also mix at the atomic level, as we mentioned before in the example of the enstatite-diopside join. Such a mixture is called a solid solution. However, many solid phases, in particular among the oxides, are immiscible, for instance due to incompatible crystal structures. The most extreme cases would be the fixed-composition phases mentioned in Sect. 2.3. A particularly interesting intermediate example involving both miscibility and immiscibility is the existence of two mutually immiscible solid solution phases in the SiO2 , FeO, and MgO ternary system (M = 3). The two phases are the olivine phase, a solid solution between the phase components Mg2SiO4 (forsterite) and Fe2 SiO4 (fayalite), and the pyroxene phase, a solid solution between the phase components MgSiO3 (enstatite) and FeSiO3 (ferrosilite). In this case there are three system components that describe the compositions of four phase components that in turn apply to two distinct phases (olivine and pyroxene) that are each continuous solid-solution mixtures but are not miscible with each other. We can express the molar Gibbs free energy of olivine Ĝoli in terms of the mole fractions of Mg2SiO4 and Fe2SiO4 in the following manner:
[image: Mathematical equation: \begin{split} \hatG_{\rm oli}(y_{\rm fo},y_{\rm fa}) = &\ y_{\rm fo}\mu^0_{\rm fo} + y_{\rm fa}\mu^0_{\rm fa} \\ & +RT y_{\rm fo}\ln(y_{\rm fo}) +RT y_{\rm fa}\ln(y_{\rm fa}) \\ &+ \hatG_{\mathrm{oli}}^{\mathrm{ex}}(y_{\rm fo},y_{\rm fa}) \end{split} ,](4)
where yfo and yfa sum to unity2. The mixtures of forsterite and fayalite can in turn be described as mole fractions of the system components for the purposes of applying the convex hull algorithm. This is because Mg2SiO4 can be described as being composed of 2MgO + SiO2, and therefore, in terms of mole fractions of system components, it is described as xMgO = 2/3, xSiO2 = 1/3, and xFeO = 0, and similarly for the iron endmember. Since there are three system components and four phase components, there should be one linearly independent reaction among these phases. We can write this reaction as 2MgSiO3 + Fe2SiO4 ⇌ 2FeSiO3 + Mg2SiO4. A tie line connecting the compositions of these two phases where both are stable in the ternary phase diagram depicts the equilibrium state described by this reaction.
Note that if we choose the phase components of a solid solution as the system components of our phase diagram (here they would then be binary phase diagrams), then we can treat a solid solution with the same machinery as for a liquid, and y becomes x. In general, though, solid solutions form subspaces (hypersurfaces) in the full phase space of the system. It is for this reason alone that solid solutions form a special class of phases in the PHASEHULL software package, distinct from the liquid class.
	[image: Thumbnail: Fig. 2 Refer to the following caption and surrounding text.]	Fig. 2 Cartoon illustrating the convex hull of a set of points in 2D space. Right: set of points. Left: identification of the convex hull of that set of points. The red points are the vertices of the convex hull (the points lying on the convex hull), and the red lines are the simplices connecting the vertices. In N-dimensional space, these simplices will become triangles (N = 3), tetrads (N = 4), etc., and together they form a closed N – 1-dimensional (hyper-)surface ∂V enclosing the convex N-dimensional (hyper-)volume V spanned by the set of points.



2.6 Creating a point cloud in composition-Gibbs space
The strategy for constructing the phase diagram, in the algorithm presented here, is to precompute, for a given temperature T and pressure P, the Gibbs free energies Ĝk of all possible phases xk, whether they are stable or not. The continuum phases (liquid and solid solutions) require a grid of compositional sampling points xk,n with 0 ≤ n < Nk, where Nk is the number of grid points for phase k. Each point k, n has its own precomputed value of [image: Mathematical equation: $\hatG_{k,n}=\hatG_k(x_{k,n})$] for that phase. For a liquid phase, the grid points xk,n cover the full M - 1-dimensional space spanned by the system components. The grid can be refined where necessary by inserting further points in between those of a base grid. For a solid solution phase, the grid points are confined to the (equal- or lower-dimensional) subspace spanned by its phase components, which can be different for different solid solutions. The phase diagram we wish to construct is the full M - 1-dimensional space spanned by the system components.
Once all Gibbs free energies are computed for all phases (discrete and continuous), the reduced x-coordinates in terms of system components, [image: Mathematical equation: $\mathbf{\bar x}_n=(x_0,\cdots, x_{M-2})$] (see Appendix B.1) are combined with their Gibbs free energies Gk(xk,n) into an M-dimensional vector:
[image: Mathematical equation: {\bf P}_{k(,n)}=(x_{k(,n),0},\cdots x_{k(,n),M-2},\hatG_{k(,n)}) .](5)
This set of points Pk(,n) is then fed into the convex hull algorithm. We discuss this in the next section.
2.7 Convex hull of a set of points in M-dimensional space
The convex hull of a set of points in an M-dimensional space is the tightest convex closed M - 1-dimensional surface containing all of these points. For M = 2, this is illustrated in Fig. 2. One can regard this as the shape of a rubber band that has been stretched to contain all points and then let go to tighten itself around these points. For M = 3 the rubber band would be a rubber bag, but the principle remains the same. The convex hull consists of the list of points that lie on it and the list of line elements (in 2D) or M - 1dimensional simplices (in MD; see Fig. 3) that connect these points, and together they form the closed convex hull surface.
Finding the convex hull for a large set of points in an M-dimensional space is not straightforward, but it is a well-posed mathematical problem for which various libraries exist. The publicly available Qhull library3 (Barber et al. 1996; Barber et al. 2013), which is natively built into the SciPy library (Virtanen et al. 2020) in Python, is perhaps the most accessible and reliable one. It returns the list of indices of the points that lie on the convex hull and a list of simplices of the convex hull. For each simplex, it lists the indices of the points that make up its corners, the indices of its neighboring simplices, and the outward-pointing normal vector and offset.
In the present case we have M - 1 compositional dimensions (x) and one Gibbs free energy dimension Ĝtotal for the system as a whole, which we assigned the directional qualities “above” for higher values of Ĝtotal and “below” for lower values of Ĝtotal. The objective of finding the phase diagram is to find the convex hull of the volume of all possible phases in this space, and isolate the bottom facets of this hull, because they represent the lowest energy (most favorable) combinations of phases. The bottom facets are easily identified by their normal vectors pointing downward, i.e., having a negative value in their Ĝ-dimension.
	[image: Thumbnail: Fig. 3 Refer to the following caption and surrounding text.]	Fig. 3 Basic building blocks of phase diagrams using the convex hull method: simplices. For binary phase diagrams, these simplices are line elements (left). For ternary phase diagrams, they are triangles (middle). For quaternary phase diagrams they are tetrads (right).



2.8 Application to phase diagrams
To illustrate the application of the convex hull algorithm to the computation of phase diagrams, we present here a set of fictitious model binary systems. For a set of solid fixed-composition phases with fixed composition in a binary system, the task of finding the phase diagram with the convex hull method is illustrated in Fig. 4. The “rubber band” is tightened from below, and all phases that lie above it are unstable. The red lines between the stable fixed-composition phases are tie lines that represent the coexistence between the phases on each side. A liquid melt with an arbitrary composition x that is cooled down to low temperatures where all material is in a solid phase, will in general be forced to split into two adjacent fixed-composition phases. The mole fractions of these two coexisting phases are determined by the lever rule. Only if the composition of the liquid happens to be exactly equal to one of the fixed-composition phases, will the liquid and solid phase have the same composition. This is the case of “congruent” melting of the solid phase. For instance, at low pressures, Mg2SiO4 melts congruently.
At high temperatures, solids generally melt and become liquid, which generally forms a continuous solution, as illustrated in Fig. 5-left. By mapping this continuum on a grid, one obtains a discrete set of compositional points with their Gibbs free energy values, which, together with the discrete fixed-composition phases, is fed into the convex hull algorithm, which then finds the stable phases and their coexistence tie lines, as illustrated in Fig. 5-right. The liquidus, the P, T, and compositional state where a material first transitions from entirely liquid to liquid plus a solid, is the point where the green tie line is tangent to the liquid Gibbs curve. This illustrates the usual way of representing the equilibrium condition in a binary system; equilibrium is obtained where the stable phases share a common tangent. This is equivalent to the statement that the chemical potentials on both ends of the tie line are equal (see Appendix C for a discussion).
The convex hull algorithm finds this point approximately, to the resolution set by the number of grid points. Obviously, the convex hull method gets more accurate in finding the liquidus location, the higher the number of grid points. In the example given here solid phase C5 has the honor of being referred to as the “liquidus” phase, meaning the first (but not necessarily the only) solid to crystallize from the liquid.
Tie lines can also emerge between two points of the same continuous phase, or between two different continuous phases, as illustrated in Fig. 6. In higher-dimensional systems (e.g., ternaries, quaternaries), these tie lines can be challenging to compute with the classical method, but they emerge automatically with the convex hull method.
	[image: Thumbnail: Fig. 4 Refer to the following caption and surrounding text.]	Fig. 4 Illustration of the convex hull method applied to a binary system consisting of a set of fixed-composition phases (depicted with the red diamonds). The dashed lines are energetically unfavorable (forbidden) tie lines; solid lines are allowed tie lines. Left: case where fixed-composition phase C6 has a Gibbs free energy below the tie line between phases C5 and C7, in which case C6 belongs to the convex hull and splits the composition space between C5 and C7 into two regions with coexisting phases: C5+C6 and C6+C7. Right: case where fixed-composition phase C6 (here denoted with an apostrophe) has a Gibbs free energy above the tie line between phases C5 and C7. In this case only C5 and C7 can coexist, and C6’ is energetically unfavorable.



	[image: Thumbnail: Fig. 5 Refer to the following caption and surrounding text.]	Fig. 5 Illustration of the convex hull method applied to a binary system consisting of a set of fixed-composition phases (red diamonds) and a liquid (blue line and symbols). Left: true physical continuous case. Right: discretized approximation used in the convex hull method. Open diamond symbols are unstable phases. Open circles are unstable liquid phase points. Red lines are tie lines between stable phases. The green line is the tie line between a fixed-composition solid phase and the liquid, where solid coexists with the liquid. This tie line is tangent to the liquid curve. Blue dots are the grid points, and the blue lines connecting them are the linear interpolations between them.



	[image: Thumbnail: Fig. 6 Refer to the following caption and surrounding text.]	Fig. 6 Illustration of the convex hull method applied to a binary system consisting of a liquid with a nonconvex molar Gibbs free energy curve (left) and a binary system consisting of a liquid and a solid solution (right). In both cases the continua are discretized on a grid, as shown in Fig. 5-right, and not repeated here. In both cases the nonconvex part of the curve (left) or the combined curve min(Ĝl, Ĝs) (right) are bridged by tie lines. In the left case, this is a region of immiscibility of the liquid. In the right case, it is a region of eutectic melting.



3 Examples and further details of the method
To make it easier to present the details of the convex hull method, we break with convention by starting with example applications before fully completing the description of the computational method. We outline the details as they emerge.
3.1 The MgO – SiO2 binary system (Berman 1983)
Magnesia (MgO) and silica (SiO2) form a well-studied binary system. It is part of the CaO-SiO2-MgO-Al2O3 quaternary system model presented in the PhD thesis of Berman (1983). We define x = xMgO and 1 - x = xSiO2. The excess Gibbs free energy Ĝex(x) of the liquid (melt) is given by fourth-order Margules parameters (see Appendix A), and especially for low temperatures the asymmetry becomes strong. All thermodynamic coefficients needed to construct this model in PhaseHull are listed in Berman (1983).
The model at three different temperatures is shown in Fig. 7. At 1500 K (1227°C) all phases are solid. The convex hull consists of only four points and three simplices (tie lines).
At 2000 K (1727°C) both cristobalite and forsterite acquire a liquidus tie line (in green). Also an immiscibility region appears in the liquid (in cyan, between x = 0.05 and x = 0.35). The convex hull now consists of five distinct phase assemblages, depending on bulk compositions. Listed from low x to high, they are: (1) cristobalite + melt; (2) two immiscible melt phases; (3) one melt phase; (4) melt + forsterite; and (5) forsterite + periclase. To the left of (1) is pure cristobalite, between (4) and (5) is pure forsterite, and to the right of (5) is pure periclase. The one melt phase of region (3) is represented by numerous ‘minitielines’ between the grid points of the liquid (an artifact of the discretization).
At 2300 K (2027°C) the only remaining solid phase is periclase, which is in equilibrium with a melt with a composition near to that of forsterite. Now the points are mostly the grid points of the liquid, plus the single point of periclase. The simplices are mostly the mini-tielines between the grid points of the liquid, and the single large tie line of the liquidus of periclase.
By computing this phase diagram for a series of temperatures, one obtains the x - T phase diagram, shown in Fig. 8. It shows the liquidus (the curved lines between green and white), the solidus (the horizontal lines between green and red), and the region of immiscible liquids.
	[image: Thumbnail: Fig. 7 Refer to the following caption and surrounding text.]	Fig. 7 Gibbs free energy as a function of composition for the MgO – SiO2 binary system, with the convex hull (i.e., the coexisting stable phases) shown. The baseline between the MgO and SiO2 solid phases has been subtracted so that these system component solids are at Ĝ = 0, for clarity. Top to bottom: different temperatures. Dotted blue line: Gibbs free energy of the liquid phase, where the liquid phase is unstable. Solid blue line: Gibbs free energy of the liquid phase, where the liquid phase is stable. Red diamonds: fixed-composition phases (from left to right: cristobalite/tridymite, proto-enstatite, forsterite, periclase). Red lines: tie lines connecting the stable solid phases. Green line(s): tie line connecting a fixed-composition solid with the liquid. Cyan line (middle panel, between x = 0.05 and x = 0.35): immiscible liquids.



3.2 The CaO – Al2O3 – SiO2 ternary system (Berman 1983)
The CaO-Al2O3-SiO2 ternary system is a well studied mineral system with applications in industry (e.g., ceramics, glass, and cement). It is part of the CaO-SiO2-MgO-Al2O3 quaternary system model presented in the PhD thesis of Berman (1983), and the CaO-Al2O3-SiO2 ternary system model of the paper of Berman & Brown (1984). Both models are nearly, but not entirely, identical in their thermodynamic values. We use those of Berman (1983) here. However, more detailed models of this system exist (e.g., Mao et al. 2006; Tan et al. 2024).
The simplest phase diagram is obtained at the (relatively) low temperature of 900°C = 1173.15 K, as shown in Fig. 9. At this temperature, the diagram contains only fixed-composition phases, and no liquid phase is present. This is, in essence, the top-down view of the bottom of the convex hull. When comparing this ternary phase diagram to the cartoon binary case of Fig. 4, our view would be from the top, looking down: Where there is a red line in Fig. 4, there is a red triangle (simplex) in Fig. 9, and where there is a red diamond in Fig. 4, there is a red circle in Fig. 9. The red lines in the ternary diagram are the tie lines connecting pairs of fixed-composition phases. The red simplices connect triples of such fixed-composition phases. The fact that a simplex in 2D has, at most, three corners shows that at most three phases can coexist, which is an illustration of Gibb’s phase rule.
If we now increase the temperature to 1400° C = 1673.15 K, a liquid phase emerges in part of the phase diagram, introducing the need for a grid to map the continuum of a liquid solution phase. In a ternary or higher-dimensional system, using fine-meshed grids to map the liquid phase can become costly. We therefore start with a low-resolution grid of N0 = 30 grid points in each direction of the reduced mole fraction vector [image: Mathematical equation: $\mathbf{\bar x}=(x_{\mathrm{CaO}},x_{\mathrm{Al}_2\mathrm{O}_3})$], subject to the constraint 0 ≤ xCaO + xAl2O3 ≤ 1. The third coordinate follows from xSiO2 = 1 - xCaO - xAl2O3. We then compute the Gibbs free energies of all points in this 2D space and thus produce a point cloud in 3D (xCaO, xAl2O3, G)-space. For each of these points, we keep additional information in storage, such as what the physical meaning of this point is: is it a fixed-composition phase point, and if so, which; is it a point of a continuum and if so, which: liquid or solid solution, etc. Then we feed this point cloud into the convex hull algorithm, which returns the indices of those points that are on the convex hull, as well as the simplices (here: triangles) that connect these points. The result for a temperature T = 1400°C=1673 K and a pressure of P = 1 bar is shown in Fig. 10.
	[image: Thumbnail: Fig. 8 Refer to the following caption and surrounding text.]	Fig. 8 Composition-temperature phase diagram of the same system as in Fig. 7 computed by applying the convex hull method for 200 discrete temperature values between 1000 and 2800 degrees Celsius. Red: solid state coexistence regions of adjacent fixed-composition phases. Green: solid-liquid coexistence regions (tie lines between fixed-composition solid and its liquidus). Cyan: immiscible liquids. Light blue: liquid. The three panels of Fig. 7 are horizontal cuts in this diagram at temperatures of 1227, 1727 and 2027 degrees Celsius (marked by dashes at the left and right of the axes in the figure). This diagram can be compared to Fig. 17 of Berman’s PhD thesis, but it has mole fraction on the x-axis rather than mass fraction.



	[image: Thumbnail: Fig. 9 Refer to the following caption and surrounding text.]	Fig. 9 Phase diagram of the CaO-Al2O3-SiO2 ternary system of the Berman (1983) model at T=900°C, as computed using the convex hull method, for a temperature of 900 Celsius, for which all stable phases are solid fixed-composition phases. The convex hull algorithm provides the triangulation, i.e., it divides the surface of the phase diagram into simplices. Each simplex (triangle) is a region of coexistence of three solid fixed-composition phases. For any point inside such a simplex, or on a tie line, the lever rule is used to determine the mole fraction of each of the three phases.



3.3 Classification of simplices
As one can see from the previous examples, the convex hull algorithm’s task is essentially to triangulate the ternary plane into coexistence simplices4. The physical meaning of each of these simplices (indicated with color in Fig. 10) is not given by the convex hull algorithm per se. They have to be determined aposteriori once the triangulation is complete. In the PhaseHull code, each simplex of the triangulation is inspected and classified as one of the following:

	All-fixed-composition-phase simplex: if all three corner points are fixed-composition solid phases, then this simplex is a coexistence simplex of solids. In Fig. 10 these simplices are colored red/rosé.


	Two-fixed-one-liquid simplex: if one of the three corner points is part of the liquid grid, while the others are fixed-composition phases, we have a coexistence of two fixed-composition solids with liquid melt. In Fig. 10 these simplices are colored purple/lilac.


	One-fixed-two-liquid tie line: If two of the three corner points are part of the liquid grid, while only one corner point is a fixed-composition phase, we must investigate more carefully. Usually such simplices are 2D approximations of what, physically, should be a 1D tie line connecting a fixed-composition solid to the melt phase in equilibrium. Since a finite set of 1D lines cannot cover 2D space, the convex hull algorithm approximates these tie lines with narrow triangles, where the two liquid points are close to each other, while the fixed-composition phase is much farther away. For increasing grid resolution of the liquid, these “tie line simplices” become narrower, i.e., the ratio of the liquid-liquid distance to the liquid-fixed composition distance becomes smaller, and an increasingly large number of them will emerge. However, there can be exceptional cases where a one-fixed-two-liquid simplex does not try to approximate a tie line. If the liquid-liquid distance is much larger than the typical liquid grid spacing, this is likely the case. In PhaseHull this criterion is used to distinguish these cases. In the current example, however, most one-fixed-two-liquid simplices are tie lines. In Fig. 10 they are colored green.


	Three-liquid simplices: if all three corner points are part of the liquid grid, the simplex can have three possible physical meanings. If they are needle-like (narrow), such as the one-fixed-two-liquid tie lines, then they are most probably tie lines covering a region of liquid immiscibility. If all three edges are large, it is likely a three-phase immiscibility simplex. Finally, if the simplex is tiny (i.e., it has the size of the local grid resolution), it is simply part of the discretized liquid phase. A sure-fire way to distinguish this from the previous two possibilities is that the Gibbs free energy function of the liquid at the barycenter of the simplex lies below the simplex. If it lies above, the simplex must be one indicating immiscibility.




For binary systems this classification is simpler, while for quaternary or higher-dimensional systems, the classification can become somewhat complex. When introducing solid solutions, in addition to the liquid and fixed-composition phases, the variety of possible simplices can become very large. It is, however, not always necessary to uniquely identify each simplex type separately. Often it suffices, for the purpose at hand, to only distinguish certain classes of simplex types, or to highlight only a few important ones. Even without any classification (e.g., Fig. 10 without the coloring), the geometry of the simplex-tiling of the phase diagram already contains useful information.
	[image: Thumbnail: Fig. 10 Refer to the following caption and surrounding text.]	Fig. 10 Low-resolution phase diagram of the CaO-Al2O3-SiO2 ternary system of the Berman (1983) model at T=1400°C, as computed using the convex hull method, with a base resolution of N0 = 30 and no grid refinement. The convex hull algorithm provides the triangulation. The physical meaning of each triangle (indicated with color) has to be identified in post-processing. See text for simplex classification strategies. The colors are as follows: red circles are solid fixed-composition phases, red triangles are three-phase coexistence simplices, lilac triangles are two-solid-one-liquid coexistence simplices, green triangles are 2D approximations of 1D tie lines, and blue triangles represent the liquid.



3.4 Adaptive grid refinement
While the low-resolution gridding might be sufficient for many or most applications in geophysics and astronomy, it does not reveal details, and it looks suboptimal. However, we do not need high resolution everywhere. Only near a liquidus or a binodal line (where a tie line ends in the liquid phase) is higher grid resolution needed. In PhaseHull this adaptive grid refinement is done in a staged manner. First a low-resolution model is constructed (such as shown in Fig. 10). Then additional grid points are added at double the current resolution around points that are on the liquidus/binodal. Using Python’s built-in set functionality it is easy to add grid points without duplication, especially when using integer mapping. Integer mapping avoids round-off problems when using sets. One can do this by multiplying x by the desired highest resolution N = 2qN0, where q > 1 is the refinement level, to obtain integer coordinates. After the adaptive refinement one divides by N again to obtain x̄). With the new refined grid, we recompute the Gibbs free energies (which is only needed at the new grid points, but in PhaseHull it is done everywhere for convenience, because this is not the computational bottleneck). Then this new set of points is fed again into the convex hull algorithm, and a new, refined, phase diagram is obtained. We can do any number of such cycles of refinement until the desired precision is reached. In Fig. 11-left, the refined grid is shown for four cycles of refinement and a base grid with N0 = 30. The model thus has a resolution equivalent to a grid with N = 24 × 30 = 480 but with far fewer grid points, and thus it is far cheaper computationally than if no adaptive grid refinement strategy were used.
The resulting high-resolution phase diagram is shown in Fig. 11-right. For the liquid itself (the light-blue region) the grid lines (the edges of the triangles) are not plotted, as they are not physically meaningful anyway. And instead of plotting the full triangles of the tie-simplices, as in Fig. 10, the actual tie lines from the fixed-composition phases to the middle of the two liquid points of the tie simplices are plotted in green, with green dots at each end. To avoid overcrowding, the green tie lines are plotted with a stride of 4, i.e., only every 4th tie line is shown.
Note that the tie lines occur in well-defined groups. In this case most groups belong clearly to one fixed-composition phase, meaning that the group describes the liquidus belonging to that phase. But in the small immiscible liquids region at the top, the tie lines connect binodal curves, and form a separate group. The PhaseHull code sorts all tie line simplices into such groups. The tie lines of each group form contiguous bundles, where the tie simplices are neighbors along their long edges.
3.5 The CaAl2Si2O8 – NaAlSi3O8 – KAlSi3O8 feldspar ternary system (Elkins & Grove 1990)
The convex hull algorithm is particularly powerful for problems of solid or liquid solutions in ternary or higher-dimensional systems, where immiscibility can occur, and the tie lines lie on binodal curves. A well-known example is the Ca-Na-K feldspar system consisting of the components CaAl2Si2O8, NaAlSi3O8, and KAlSi3O8. We follow the model of Elkins & Grove (1990). It has no liquid phase or fixed-composition phases, just a continuum Gibbs function between the three components. It is convenient to set the Gibbs free energy at the corner points to zero, so that only the entropy terms and the excess Gibbs free energy via Margules parameters (their Table 4; see also Appendix A) come into play.
The resulting phase diagram at 900°C is shown in Fig. 12. The computation of the binodal curve and the locations and directions of the tie lines follow reliably from the algorithm.
	[image: Thumbnail: Fig. 11 Refer to the following caption and surrounding text.]	Fig. 11 Same model as Fig. 10 but now with adaptive grid refinement. Left: liquid grid points (orange points) after four levels of refinement from the base grid of N0 = 30. Right: resulting phase diagram at high resolution – compare to Fig. 10. A small region of liquid immiscibility emerged, covered with tie lines colored cyan.



	[image: Thumbnail: Fig. 12 Refer to the following caption and surrounding text.]	Fig. 12 Phase diagram of the feldspar ternary system of Elkins & Grove (1990) computed using the convex hull algorithm. Beige color: well-mixed phase. Yellow color: miscibility gap. Green: tie lines.



3.6 The high pressure MgSiO3 – Fe – H2 ternary system (Young et al. 2025)
An example of a solution with rather complex behavior is the ternary system of liquid MgSiO3 , Fe and H2 at high pressure and temperature, that was presented in Young et al. (2025). This model is meant to describe the (im)-miscibility of liquid phases in the deep interior of a sub-Neptune planet. The phase diagram shown in Fig. 13 shows two large regions of immiscibility. The bottom one consists, in itself, of four subregions, three of which are two-phase regions covered by tie lines, and in the middle is a three-phase region, which we call a “tie triangle”. We refer to Young et al. (2025) for the details of the model. Here it serves merely as a demonstration of the robustness of the PhaseHull method.
	[image: Thumbnail: Fig. 13 Refer to the following caption and surrounding text.]	Fig. 13 Phase diagram of the sub-Neptune interior model of Young et al. (2025) at T = 4780 K and P = 18.6 GPa, computed using the convex hull algorithm. Background light gray color: well-mixed phase (one-phase region); light blue color: tie lines (two-phase region); cyan: tie triangle (three-phase region).



3.7 The Ag – Cu binary alloy system (Chu et al. 2021)
PhaseHull can treat multiple continua simultaneously, such as a liquid solution coexisting with a solid solution. A well-studied system of this kind is the binary alloy of silver (Ag) and copper (Cu). Both the liquid and the solid phase exist as a continuously variable solution, with xAg + xCu = 1. We therefore define a 1D model with two Gibbs functions, Ĝsol(x) for the solid phase and [image: Mathematical equation: $\hatG^{\mathrm{liq}}(x)$] for the liquid phase, with x = xCu = 1 - xAg. For the Gibbs functions we employ the model of Chu et al. (2021) in their limit of r → ∞ (no nanoscale effects). Figure 14-left shows the Gibbs free energy at T = 800°C, demonstrating how the two continuous phases interact just above the eutectic temperature. Figure 14-right shows the x - T phase diagram with the characteristic eutectic shape.
In PhaseHull the primary difficulty of computing the x - T phase diagram of Fig. 14-right is not the computation itself, but the “bookkeeping” of the different regions across the different temperatures, in particular if the overall shape of the phase diagram is not known beforehand. For the x - T diagram the MgO-SiO2 binary system (Fig. 8) this was easier, because each region was easily identifiable by the identity of the fixed-composition phase on either side of each region. Only if multiple immiscibility regions arise, we run into the same difficulty of identifying coherent regions across the different temperatures. In the case of alloys, none of the regions are easily identifiable by a label, so coherent regions have to be found by comparing the left and right x-values of regions between successive temperature values.
	[image: Thumbnail: Fig. 14 Refer to the following caption and surrounding text.]	Fig. 14 Model of an alloy of silver and copper. Left : Gibbs free energy diagram at T = 800°C, just above the eutectic temperature. In blue is the liquid phase; in red is the solid solution phase. In green the tie lines are shown that connect the liquid and the solid phases. Right: x-T phase diagram showing the full eutectic behavior of the system. The colors are as follows: light blue is liquid; red-brown is solid silver mixed with some copper; blue is solid copper mixed with some silver; beige is the solid immiscibility region, where both phases coexist; green shows the two solid-liquid tie lines. The boundary between the beige and green regions is the eutectic isotherm. The boundary between the beige region and the red-brown and blue regions represent the solvus on each side. The boundary between the red-brown and blue regions and the green regions represent the solidus on each side. And finally, the boundaries between the green and light blue regions represent the liquidus. The markings on each side at 800 Celsius mark the temperature where the Gibbs free energy diagram (left panel) was computed.



3.8 Embedding a binary solid solution in a ternary phase diagram: The Diopside-Enstatite join
Within the ternary system of SiO2, CaO, and MgO, a binary solid solution between diopside (CaMgSi2O6) and enstatite (Mg2Si2O6) exists. One can write this as Ca1-yMgyMgSi2O6, with 0 ≤ y ≤ 1 being the binary composition parameter. In other words, the diopside-enstatite join forms a continuous binary family of minerals. It covers a 1D line within the 2D SiO2, CaO, and MgO ternary.
In the Berman model of the SiO2, CaO, and MgO system (Berman 1983), diopside and enstatite are only represented as fixed-composition minerals, so the Berman model does not account for the solid solution between diopside and enstatite. With PhaseHull one can add the diopside-enstatite solid solution to the Berman model. To do so we need a detailed thermodynamic model of this join. We use the model of Gasparik (1990), which includes five different solid solutions, each representing a different crystal structure. In Fig. 15 we show the Gibbs free energies of these five binary solid solutions and the corresponding tie lines for temperature T = 1380 C = 1653 K and a pressure of 1 bar. One can see that the dominant solution for y ≲ 0.9 is the “high clino” solution, which has a miscibility gap. But for y ≳ 0.9 the “proto” solution takes over. There is a tiny region (not visible in this figure) around y ≃ 0.93 where “ortho” briefly emerges, so the blue line in Fig. 15 is actually two tie lines: one between high clino and ortho and a second between ortho and proto.
PhaseHull allows us to embed this one-dimensional model into the Berman ternary model using the SolidSolution class. We have to take care to ensure mutual compatibility between the Berman and Gasparik models. Our choice, which is not guaranteed to be the best, is to calibrate the [image: Mathematical equation: $\mu_0^{\mathrm{diop}}$] of highclino-diopside and the [image: Mathematical equation: $\mu_0^{\mathrm{enst}}$] of proto-enstatite to the values of the fixed-composition diopside and enstatite from the Berman model, respectively. Furthermore, we have to account for the fact that the scaled mineral formula units of diopside and enstatite, as used in the ternary phase diagram, are Ca1/4Mg1/4Si1/2O3/2 and Mg1/2Si1/2O3/2, while the phase components that are mixed in the solid solution model of Gasparik (1990) are CaMgSi2O6 and Mg2Si2O6, which are four time multiples of the scaled phases. With the appropriate settings, PhaseHull accounts for this automatically.
The resulting ternary at T = 1340 C = 1613 K and P = 1 bar is shown in Fig. 16, middle panel. On the left the ternary without the diopside-enstatite solid solution is shown to show the difference.
The right panel shows how the diopside-enstatite solid solution is embedded in the ternary. We chose a fine grid for this solid solution (101 grid points between both ends), much finer than that of the liquid (base grid of 31 points, but with refinement near the liquidus). Both grids are independent. One of the results of this embedding is to modify the tie lines from the top (from silica) and the bottom (from forsterite). The miscibility gap along the join causes the tie lines to be split into two disjoint groups: those left of the miscibility gap and those right of it. However, the regions far away from the join are mostly unaffected, as is to be expected.
	[image: Thumbnail: Fig. 15 Refer to the following caption and surrounding text.]	Fig. 15 y-Ĝ diagram of the diopside-enstatite join according to Gasparik (1990). This model consists of five independent solid solutions: high-clino, low-clino, high-p-clino, proto, and ortho. Also plotted are the stable phases as the bottom of the convex hull spanning all five solutions together.



	[image: Thumbnail: Fig. 16 Refer to the following caption and surrounding text.]	Fig. 16 SiO2, CaO, and MgO ternary phase diagram at T = 1340 C = 1613 K and P = 1 bar. Left : phase diagram according to the model of (Berman 1983) as implemented in PhaseHull. Middle: same ternary but now with the diopside-enstatite solid solution of Gasparik (1990) embedded between the diopside and enstatite points. Right: representation of the embedding of the solid solution (blue) in the ternary.



3.9 Reciprocal solid solutions: The pyroxene quadrilateral phase diagram
The simplest type of solid solution is a mixture of N > 1 phase components, very similar to a liquid (in the phase diagram sense). The diopside-enstatite join of Sect. 3.8 is a binary example of that. However, solid solutions often behave in a more complex manner. For instance, if we expand the diopsideenstatite solid solution to include iron, we obtain the pyroxene quadrilateral phase diagram. Although this solid solution “lives” in a ternary space spanned by the phase components enstatite (Mg2Si2O6), ferrosilite (Fe2Si2O6), and wollastonite (Ca2Si2O6), it covers only part of this ternary, namely the part for which yWo ≤ 0.5. This is because the Mg, Fe and Ca atoms occupy the M2 (X) and M1 (Y) sites of the crystal, and only four (M2,M1) pairings (out of 9 in total) are energetically stable. These are: (Mg,Mg), (Fe,Fe), (Ca,Mg) and (Ca,Fe), i.e., enstatite, ferrosilite, diopside, and hedenbergite, respectively. Each unit of the crystal can thus only be one of these four pairings. The solid solution is therefore a solution of these four minerals, even though, from a compositional perspective, they are made up of only three independent components (enstatite, ferrosilite and wollastonite). This means that, for a given composition y = (yEn, yFs, yWo), there is one remaining internal degree of freedom that is not fixed by the composition. This freedom is characterized by the reciprocal reaction
[image: Mathematical equation: 2\mathrm{Ca}\mathrm{Mg}\mathrm{Si}_2\mathrm{O}_6 + \mathrm{Fe}_2\mathrm{Si}_2\mathrm{O}_6 \leftrightarrow 2\mathrm{Ca}\mathrm{Fe}\mathrm{Si}_2\mathrm{O}_6 + \mathrm{Mg}_2\mathrm{Si}_2\mathrm{O}_6.](6)
According to this reaction, two crystal units with a (Ca,Mg) pairing and one crystal unit with an (Fe,Fe) pairing can exchange ions and become two crystal units with a (Ca,Fe) pairing and one crystal unit with an (Mg,Mg) pairing without changing the overall composition.
Implementing such a reciprocal solid solution is straightforward in PhaseHull. Similar to liquids, solid solutions are implemented as a grid. For the current example of the pyroxene solid solution living on the enstatite – ferrosilite – wollastonite ternary, we choose a grid that covers only that part of the ternary that lies within the quadrilateral spanned by enstatite (En), ferrosilite (Fs), diopside (Di) and hedenbergite (Hd), see Fig. 17. At each of these compositional grid points (except those at the very edge of the quadrilateral) the reciprocal reaction still leaves one internal degree of freedom. Let us call this z. One choice of the variable z could be the abundance of diopside (or alternatively hedenbergite). For a given combination (yEn, yFs, yWo, z) one can thus uniquely compute the corresponding mole fractions of the four mixed minerals [image: Mathematical equation: $(\tilde y_{\mathrm{En}},\tilde y_{\mathrm{Fs}},\tilde y_{\mathrm{Di}},\tilde y_{\mathrm{Hd}})$]. The question remains: For a given composition y = (yEn, yFs, yWo), which value should we take for z? The answer is: the value for which, at that composition, the Gibbs free energy is minimal (see Fig. 17-middle/right). This then uniquely determines the function Ĝ(y).
We demonstrate how this works for the model of Saxena et al. (1985), which includes two solid solutions: ortho and clino. We implement both using the method above. The color maps of the Gibbs free energy [image: Mathematical equation: $\hat G({\bf y})-\hat G_{\mathrm{base}}({\bf y})$] on the same (but arbitrary) color scale, are shown in Fig. 18-left/middle, for T = 1100 K and P = 15 kbar. The resulting phase diagram, computed with PhaseHull (Fig. 18-right), can be compared to Fig. 6 of Saxena (1982). As expected, the top part of the quadrilateral consists of clinopyroxene, the bottom half of orthopyroxene, and both are connected with tie lines. To the right, the clinopyroxene develops a region of immiscibility.
	[image: Thumbnail: Fig. 17 Refer to the following caption and surrounding text.]	Fig. 17 Left: grid used for the pyroxene solid solution quadrilateral. Two points are selected for which, in the middle and right panel, the Gibbs free energy as a function of the internal degree of freedom z (the reciprocal reaction) is shown for both solutions. The large dots in the middle and right panels are the points of lowest Gibbs free energy within the range of z. This is then the Gibbs free energy assigned to these points in the left panel. This demonstrates how, for each compositional point on the phase diagram, a unique G is defined in spite of the internal degree of freedom z.



	[image: Thumbnail: Fig. 18 Refer to the following caption and surrounding text.]	Fig. 18 Left and middle: Gibbs free energy (Ĝ) for the two solid solutions ortho and clino from the model of Saxena et al. (1985). Right: corresponding phase diagram computed with PhaseHull.



3.10 Quaternaries and higher order systems
So far we only presented example applications of binary (M = 2) and ternary (M = 3) systems. But more realistic examples may involve more components. In principle, the extension of the convex hull algorithm to quaternary (M = 4) and higher-dimensional systems is straightforward. If only a relatively limited number of fixed-composition phases are present, the algorithm will still remain fairly efficient. With liquids present, however, one may run into the “curse of dimensionality” for large M, as liquids require a complete discretized mapping of the composition space. The method will eventually become too slow for practical use for M ≥ 5.
Here we, again, present the model of Berman (1983, see Sects. 3.1 and 3.2), this time for the full CaO – Al2O3 – SiO2 – MgO quaternary system. For simplicity we do not include grid refinement, and we keep the sampling grid fixed at a moderately low resolution of 50 sampling points per dimension. The model takes about 20 seconds to run on an M1 MacBook Pro.
We present the results by taking 2D slices of the quaternary phase diagram at constant MgO abundance. We show these slices as ternaries as shown in Fig. 19. These slices consist of polygons that are always convex, but not always triangular. Each polygon is the cross section of the slice with one of the simplices of the quaternary. Most of these polygons are triangular, but some have four corner points. Computing the corner points of the polygonal cross sections of an (M - 1)-dimensional simplex with a 2D hypersurface is a linear computational geometry problem that has to be solved for every simplex obtained from the convex hull algorithm. Fortunately, it is cheap to compute.
As one can see in Fig. 19, what used to be the green tie lines at xMgO = 0 (see Fig. 10), now become smaller green triangles at xMgO = 0.25 in the top-right panel. This is because they are still tie lines, but now in full 3D. At xMgO = 0.25 these tie lines have also a vertical component of their direction. The horizontal slice thus cuts the green tie lines, and we see this as an obliquely cut broom. The finite size of these green triangles arises due to the finite (moderately low) spatial resolution of the sampling grid (50 samples across). The purple triangles now appear similar to what the green tie lines used to be at xMgO = 0. This is because the purple simplices represent, in 3D, fans of 2D “tie sheets” connecting two fixed-composition solids to the liquid phase. The horizontal slice cuts through those sheets, producing lines, which is why the purple polygons appear similar to tie lines for xMgO > 0. For xMgO = 0 the “tie sheet” happens to lie perfectly in the xMgO = 0 plane, which makes the purple polygons 2D in Fig. 10. The beige colored polygons are the cross sections of the simplices connecting three fixed-composition solids to a liquid. They are 2D for xMgO > 0 (Fig. 19) as well as for xMgO = 0 (Fig. 10). Finally the blue (liquid) and red (solid) simplices behave the same as in the ternary model.
Another way of visualizing the same quaternary phase diagram is directly in 3D as volume rendering, plotting only the simplices of a given type. This is shown in Fig. 20 for all-liquid and all-solid simplices. Although it is not so easy to see the 3D geometry in static pdf format, in a live Python session one can rotate the 3D figure to get a better feeling for the geometry. This is particularly useful when viewing the more complex green (tie line) and purple (tie sheet) simplices, which are not shown here.
If one is mainly interested in the coexisting phases for a single composition x, a useful visualization could be to render the single simplex that the point x belongs to in 3D in a live Python session.
	[image: Thumbnail: Fig. 19 Refer to the following caption and surrounding text.]	Fig. 19 SiO2 – CaO – Al2O3 – MgO quaternary phase diagram of the Berman 1983 model at T = 1400, C = 1673 K, and P = 1 bar. Top left: slices taken. Top right: slice at xMgO = 0.25. Bottom left: slice at xMgO = 0.5. Bottom right: slice at xMgO = 0.75. Note that the case for xMgO = 0 is not shown here, as it is already shown in Fig. 10.



	[image: Thumbnail: Fig. 20 Refer to the following caption and surrounding text.]	Fig. 20 SiO2 – CaO – Al2O3 – MgO quaternary phase diagram of the Berman 1983 model at T = 1400, C = 1673 K, and P = 1 bar (same as Fig. 19). Left: all the simplices that are fully solid (having all four corners solid). Right: all the simplices that are fully liquid.



4 Discussion
4.1 Strengths and weaknesses
The algorithm that we present in this paper has its strengths and its weaknesses compared to conventional methods. In our opinion, its strengths are the following:

	Although the classification of the simplices on the bottom of the convex hull (cf. Sect. 3.3) can produce errors, and the result may depend on the details of the resolution and gridrefinement in x-space, the convex hull itself is extremely reliable.


	This reliability allows one to “discover” combinations of coexisting phases that one did not search for. The convex hull algorithm finds them automatically.


	With sufficient grid refinement, the results are very accurate and stable, even at the usual double floating point precision.


	The method is intuitive and simple, because it formulates the entire complexity of phase diagrams in terms of a single, well-understood mathematical problem: the search for the convex hull of a discrete set of points. And given that there are free software libraries to solve the convex hull problem accurately and reliably, the method is easy to implement.


	For low temperature phase diagrams containing only fixed-composition phases, the method is exact. Each simplex represents an exact coexistence region in the phase diagram.



These strengths make the method very useful for educational purposes, for the exploration of phase diagrams, and for accurate graphical representation of these phase diagrams.
Its weaknesses include those listed below:

	The accuracy of the location of the binodals depends entirely on the grid resolution in x-space. For applications that require high precision, the method quickly becomes computationally heavy.


	The method only works when calculating, for a given temperature and pressure, the entire phase diagram. If one is interested only in the phase separation of a single bulk compositional point x, computing the entire phase diagram could become inefficient. This may be circumvented by precomputing the phase diagrams, and using linear interpolation for individual queries, but that comes at the cost of either precision or computing memory.


	For the computation of phases in systems with a large number of components, the method quickly becomes unfeasible, because each new component opens up a new dimension, so that the number of grid points scales exponentially with the number of components.


	Computing phase diagrams in (T, P)-space can become computationally demanding, even for a moderate number of components, because a full phase diagram in x-space has to be constructed for each set of (T, P) values.


	While the convex hull algorithm quickly and reliably computes the triangulation of the phase diagram, the proper identification and book-keeping of these simplices can become cumbersome. To alleviate this, the PhaseHull code provides numerous methods to do this task in an automated way.



4.2 Similarity to the linear programming method of Connolly (2005)
One of the key features of the convex hull method presented in this paper is the precalculation of phases at a given temperature and pressure. For fixed-composition phases this is cheap, but for solutions (solid or liquid) this requires a grid of sampling points in x-space. This can be expensive, but it has the advantage that the problem becomes completely linear.
This idea has been used before. It is, for instance, adopted by the widely used Perple_X software suite5 for computing phase equilibria and phase diagrams (Connolly 2005). Perple_X uses the linear programming algorithm called “Simplex” to minimize the energy of an assemblage at a single point x in composition space. For solution phases it adopts an identical approach to our method, sampling them over a grid of what it refers to as pseudo-compounds. Typically this method is used for fixed composition x, and applied to a grid of values of temperature T and pressure P.
In contrast, our method computes the phase diagram for all compositions x at once, but only for a given temperature T and pressure P. And although the liquid and solid solution phases are represented by grid points, the resulting phase diagrams contain simplices that represent coexisting phases. For instance, even for super-high resolution gridding of the liquid phase, if the liquid coexists with a fixed-composition solid phase, the resulting simplex has a size that spans the full length of the tie line (or tie triangle) connecting the coexisting phases. The resulting phase diagram of our method thus returns the set of “phase coexistence simplices” of the phase diagram, not just a full sampling of the composition space. This becomes particularly apparent at low temperatures where no liquid phase exists: if all solids are represented by discrete fixed-compositions, our method returns only a few large simplices connecting the solid phases (see, e.g., Fig. 9), rather than a grid of sampled compositional points.
The Perple_X method has the advantage that it is more efficient than our method for computing pseudosections, i.e., T - P phase diagrams at fixed composition. Conversely, our method has the advantage at fixed T and P, that it yields the complete geometry of tie lines, tie surfaces, and other coexistence simplices in one go.
4.3 The PHASEHULL code
The algorithm described in this paper is implemented in the code called PhaseHull, which is publicly available on GitHub6. The code will likely continue to develop, and updates will be posted on this repository. This code heavily relies on the NumPy library (Harris et al. 2020), the SciPy library (Virtanen et al. 2020) and the QuickHull algorithm (Barber et al. 1996) built in to SciPy. Visualization is done using the MatPlotLib library (Hunter 2007) and the ternary figures use the mpltern7 library (Ikeda 2024). PhaseHull is designed to let these libraries do the heavy lifting, so that the code is reasonably fast in spite of being programmed in Python.
5 Conclusion
The convex hull algorithm, as implemented in the publicly available code PhaseHull, is a powerful new method for astronomy and geophysics for computing compositional phase diagrams of solids, liquids, and vapors (i.e., phase diagrams in composition space). If provided with reliable Gibbs free energies for the material phases, the method computes the phase diagram by computing the convex hull of all potential phases in x - G space. The bottom of this convex hull is then automatically the phase diagram, consisting of a set of simplices covering the full component space. All the complexity of the topology of the phase diagram, which would normally require a combination of various computations and tests, is handled fully and automatically by the external library that computes the convex hull. We chose the Qhull library, as implemented in SciPy, which has been tested and improved since 1995. In this way PhaseHull delegates all the complicated and demanding work to the reliable and efficient Qhull package, minimizing the risk that programming errors affect the results. Only three tasks remain for PhaseHull to perform: (1) convert the physical problem into a set of (x, G) points to be passed on to Qhull, (2) ensure proper grid refinement where necessary, and (3) classify the resulting simplices in terms of their physical meaning (e.g., if they are a tie line or a three-phase triangle). The PhaseHull package does include some Gibbs free energy databases to get started, but it is not meant as a model per se. It is meant as a tool: The user is supposed to provide his or her own Gibbs free energy databases and/or models and can then use PhaseHull to compute the corresponding phase diagrams.
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1 Note that other ways exist to describe magmas, in which the interaction term is strongly reduced (Ghiorso & Carmichael 1980) or even vanishes (Fegley & Cameron 1987).


2 We use y instead of x to distinguish the phase components forsterite and enstatite from the system components silica, ferrous oxide and magnesia.


3 http://www.qhull.org


4 Fun fact: if one replaces the Gibbs free energy G with a parabolic function of x̄, one obtains a Delaunay triangulation.


5 https://www.perplex.ethz.ch


6 https://github.com/dullemond/PhaseHull


7 http://mpltern.readthedocs.io


8 The interested reader will note the subtle distinction between [image: Mathematical equation: $\partial\hatG/\partial x$], which is the derivative of the molar Gibbs free energy under the restriction that [image: Mathematical equation: $\sum_i x_i=1$], and [image: Mathematical equation: $\partial G/\partial n_i$], which is the partial derivative of the total Gibbs free energy with respect to the total amount of moles of component i.




Appendix A  Computing the Gibbs free energies for a given T and P
For the convex hull method to work, all Gibbs free energies have to be precalculated for the temperature (T) and pressure (P) of interest. The Gibbs free energy of a substance for a given temperature (T) and pressure (P) can be computed from the enthalpy and entropy:
[image: Mathematical equation: G(T,P) = H(T,P) - T\,S(T,P) ,](A.1)
with
[image: Mathematical equation: \begin{split} H(T,P) =& H_f^0 + \int_{298.15}^T C_p(T) dT \\ & + \int_1^P \left[V(T,P)-T\left(\frac{\partial V}{\partial T}\right)_P\right]dP \end{split} ,](A.2)
where H0f is the enthalpy of formation at the standard temperature of T = 298.15 K and pressure P = 1 bar, and
[image: Mathematical equation: \begin{split} S(T,P) =& S^0 + \int_{298.15}^T \frac{C_p(T)}{T} dT - \int_1^P \left(\frac{\partial V}{\partial T}\right)_PdP\, , \end{split}](A.3)
with S0 is the entropy at the standard temperature and pressure. These values can be found in tables in the literature. The Cp(T) is the specific heat capacity at constant pressure, which is typically temperature dependent. The V(T, P) is the molar volume. For ideal gases V = RT/P, where R = 8.314 J/(mol K). In the literature, polynomial fitting functions are given for Cp(T) and V(T, P), with coefficient listed in tables, so that the computation of the integrals can be carried out analytically for any fixed-composition mineral of interest. The resulting Gibbs free energy values are usually written as [image: Mathematical equation: $\mu^0_k$] for mineral k.
Note that the molar values for H, S , G and Cp computed from the coefficients and formulae in the literature are usually for 1 mole of unscaled formula unit (cf. Sect. 2.2). In the notation of Sect. 2.2, we should have written them as H, S, G and Cp. They can then be easily scaled to “per mole of component” by dividing them by their scaling factor as in Eq. (2).
For liquid or solid solutions we need, in addition to the μ0 values at the corner points, also the Gibbs free energy in between these points, i.e., at any composition x between the apices of the phase diagram (for liquids) or between the endmember phases (for a solid solution). This requires a model of the mixing of these system/phase components. Such a model can be formulated as the sum of an ideal mixing part plus an excess Gibbs free energy [image: Mathematical equation: $\hatG^{\mathrm{ex}}({\bf x})$] (cf. Eq. 3 for liquids and Eq. 4 or similar for a solid solution). As for the Cp(T) and V(T, P) functions, useful formulae for this excess Gibbs free energy can be found in various papers. But given that [image: Mathematical equation: $\hatG_{\mathrm{ex}}$](x, T, P) is a high-dimensional function, it is more challenging to find a proper fitting formula for it. The simplest recipe is
[image: Mathematical equation: \hatG^{\mathrm{ex}}({\bf x}) = \frac{1}{2}\sum_{i,j}W^{G}_{ij} x_i x_j ,](A.4)
where [image: Mathematical equation: $W^{G}_{ij}$], for i ≠ j, are the binary interaction parameters for the Gibbs free energy, which can be written as
[image: Mathematical equation: W^{G}_{ij} = W^{H}_{ij} - T W^{S}_{ij} + (P-1) W^{V}_{ij} ,](A.5)
with T in Kelvin and P in bar. [image: Mathematical equation: $W^{H}_{ij}$], [image: Mathematical equation: $W^{S}_{ij}$] and [image: Mathematical equation: $W^{V}_{ij}$] are independent of T and P, and are listed in tables in the applicable literature. These are the binary Margules parameters, which describe symmetric, regular nonideal mixing behavior. The model of Ghiorso & Sack (1995), of the MELTS code, is of this type. More complex mixing behavior can be introduced by the more general Margules formalism with higher-order versions such as Wijk, Wijkl etc., (Berman & Brown 1984). The model of Berman’s PhD thesis (Berman 1983) for the CaO-SiO2-MgO-Al2O3 mineral system uses Margules parameters up to rank 4:
[image: Mathematical equation: \hatG^{\mathrm{ex}}({\bf x}) = \sum_{i\le j\le k\le l}W^{G}_{ijkl} x_i x_j x_k x_l .](A.6)
Alternatively, one can introduce asymmetry using the asymmetry parameter formalism of Holland & Powell (2003) or the Redlich-Kister formulation. Another much-used recipe to define an interaction energy [image: Mathematical equation: $\hatG^{\mathrm{ex}}$] is by specifying a formula for the activity coefficient γi of each component as a function of the x0, ···, xM-1. The excess Gibbs free energy then follows from
[image: Mathematical equation: \hatG^{\mathrm{ex}}({\bf x}) = RT \sum_i x_i\ln(\gamma_i) .](A.7)
Care must then be taken that the formulae for the activity coefficient of the different components are mutually consistent, as they are not independent of each other.
The PhaseHull software package contains several datasets of mineral systems and solution models from the literature. All of the models shown in this paper (Sect. 3) are included in the package, and further datasets and solution models are going to be added in due time. The package is designed to make it relatively straightforward to add one’s own datasets and solution models. When combining datasets, it should, however, be kept in mind that mutually consistent definitions of the Gibbs free energy of formation are used. Furthermore, even if matching definitions are used, different datasets tend to be slightly differently calibrated. Key features of a phase diagram rely on Gibbs free energy differences between phases, meaning that small calibration differences between databases can lead to large errors in the location of liquidi, solidi, solvi, etc. in the resulting phase diagrams.

Appendix B  Post-processing of the phase diagrams
The convex hull algorithm provides us with a set of simplices covering the full compositional space at a given T and P. The PhaseHull code assigns physical meaning to each of these simplices, so that it becomes clear which phases are at the corner points, and what is the physical type of the simplex (e.g., a tie line, a tie triangle, part of a liquid). A graphical representation can then be made by plotting each simplex with a color appropriate for the physical type.
To obtain the phase properties of the system at some specific bulk composition x, however, one must perform some postprocessing calculations. The phase composition at a point x within a simplex requires application of the “lever rule” (Appendix B.1). And in case of a liquid or solid solution, the activities of the components at that point requires computation of the derivatives of the excess Gibbs free energy (Appendix B.2).
B.1 Lever rule for a system of M components
Consider a system of M components, with mole fractional coordinates x = (x0, ···, xM-1). Of these coordinates, only M - 1 are independent. We arbitrarily choose the last coordinate xM−1 as the redundant one, obeying [image: Mathematical equation: $x_{M-1}=1-\sum_{i=0}^{M-2}x_i$]. We define x as
[image: Mathematical equation: \mathbf{\bar x} = (x_{0},\cdots,x_{M-2}) ,](B.1)
where the redundancy is now eliminated. The convex hull algorithm divides this M - 1-dimensional space up into simplices, each consisting of M corners. Any point x lies inside of one of these simplices, or on its boundary. If we know in which simplex this point lies, we can decompose point x into a linear sum of the corner points of the simplex:
[image: Mathematical equation: \mathbf{\bar x} = \sum_{k=0}^{M-1} y_k \mathbf{\bar x}_k ,](B.2)
where x̄k, with k = 0 ··· M - 1, are the coordinates of the M corner points of the simplex. Also y0, ···, yM−1 are not linearly independent, with [image: Mathematical equation: $y_{M-1}=1-\sum_{k=0}^{M-2}y_k$], and as with x, we define a ȳ = (y0, ···, yM-2). One can then write Eq. (B.2) as
[image: Mathematical equation: (\mathbf{\bar x}-\mathbf{\bar x}_{M-1}) = \sum_{k=0}^{M-2} y_k (\mathbf{\bar x}_k-\mathbf{\bar x}_{M-1}) .](B.3)
In matrix form this equation is
[image: Mathematical equation: {\cal M} \mathbf{\bar y} = (\mathbf{\bar x}-\mathbf{\bar x}_{M-1}) ,](B.4)
where the matrix M is constructed from the juxtaposition of the vectors (x̄k - x̄M-1). The coefficients y0, ···, yM-2 are now found by matrix inversion:
[image: Mathematical equation: \mathbf{\bar y} = {\cal M}^{\mathrm{inv}}(\mathbf{\bar x}-\mathbf{\bar x}_{M-1}) .](B.5)
The value of yM-1 is, finally, obtained from [image: Mathematical equation: $y_{M-1}=1-\sum_{k=0\cdots M-2}y_k$], completing the set of coefficients needed for Eq. (B.2). The molar Gibbs free energy is then
[image: Mathematical equation: \hat G = \sum_{k=0}^{M-1} y_k \hat G_k .](B.6)
This is the M-dimensional lever rule. Note that y is normalized as follows:
[image: Mathematical equation: \sum_{k=0}^{M-1} y_k = 1 .](B.7)
B.2 Activity coefficients
For nonideal liquid or solid solutions, the activity ai of each of the components i of the mixed system at bulk composition xi is often required for further chemical or physical computations. The activity coefficient γi relates xi to ai according to ai = γixi, where γi is, itself, a function of xi. For ideal mixing, γi = 1. Any deviation of γi from unity is an indication of nonideality, caused by the excess Gibbs free energy Ĝex(x0, ···, xM-1) and its derivatives. For a complete set of system components with i = 0, ···, M - 1, the formula is (Berman & Brown 1984, their Eq. 15)
[image: Mathematical equation: RT\ln(\gamma_i) = \hatG_{\mathrm{ex}} + \sum_{n\neq i} x_n\left(\frac{\partial \hatG_{\mathrm{ex}}}{\partial x_{i,n}}\right) ,](B.8)
where the derivative operator [image: Mathematical equation: $\partial/\partial x_{i,n}$] is a derivative along dxi and dxn with dxn = −dxi, and keeping all other x-components constant. The reason for this definition is that in taking the derivative with respect to xi, it would be unphysical to keep all other x-components constant, because that would break the rule that [image: Mathematical equation: $\sum_ix_i=1$]. So when taking an infinitesimal step in direction i, we take the same step backward in direction n, so that [image: Mathematical equation: $\sum_ix_i$] remains 1. For the Margules formulation of the excess Gibbs free energy Ĝex, Berman & Brown (1984) give the general expression of Eq. (B.8) in analytic closed form (their Eq. 22), which can directly be used in a computer code. This is the way it is implemented in PhaseHull. But PhaseHull also includes tools to evaluate Eq. (B.8) through numerical differencing. For solution models in which the excess Gibbs free energy is defined through formulae for the activities in the first place (see Appendix A and Eq. A.7), the computation of these activities is immediate, and the application of Eq. (B.8) is not needed.

Appendix C  Equivalence of common tangents and equal chemical potentials formulations of equilibrium
A tie line connects two coexisting phases which are in chemodynamic equilibrium with each other. The PhaseHull software finds these tie lines by applying the convex hull algorithm. Whenever a tie line connects to a continuum (i.e., a solution) on one or both ends, it forms a tangent to that continuum (see Fig. 5). If both ends connect to a continuum, the tie line forms a common tangent (see Fig. 6). This is how PhaseHull finds equilibria between fixed-composition phases and liquids, between different compositions of the same liquid, between solid solutions and liquids, and so forth.
The equilibrium condition can, however, also be formulated as the chemical potentials of both phases being equal to each other. The common tangent formulation and the chemical potential formulation of chemodynamic equilibrium are equivalent and interchangeable. This equivalence is, however, somewhat subtle. Although it is textbook knowledge, for convenience we recapitulate it here, in order to better put the PhaseHull approach into context.
We choose the example of a fixed-composition solid phase of composition xs in equilibrium with a liquid. The case for a common tangent between two continua works along the same line. The liquidus belonging to the fixed-composition solid phase at a given temperature and pressure is defined as the set of locations xl where the line connecting the liquid with that fixed-composition phase is tangent to the Gibbs free energy function of the liquid (the right-side end of the green tie line in Fig. 5). We work this out for a simple 1D binary system consisting of components A and B. The liquid forms of components A,B have molar Gibbs free energies:
[image: Mathematical equation: \hatG_{A,B}^{\mathrm{liq}} = \mu_{A,B}^{0,\mathrm{liq}} ,](C.1)
where [image: Mathematical equation: $\hatG_{A,B}^{\mathrm{liq}}$] denotes the Gibbs free energy of 1 mole of pure liquid A or B and [image: Mathematical equation: $\mu_{A,B}^{0,\mathrm{liq}}$] are the standard state Gibbs free energies of these pure liquids. For a liquid mixture of both components, the Gibbs free energy is
[image: Mathematical equation: \begin{split} \hatG^{\mathrm{liq}}(x_A,x_B) =& x_A\mu_{A}^{0,\mathrm{liq}} + x_B\mu_{B}^{0,\mathrm{liq}} \\ & + RT \left[ x_A\ln(a_A) + x_B\ln(a_B) \right] \end{split} ,](C.2)
where xA,B are the mole fractions of components A,B in the liquid, obeying xA + xB = 1, and aA,B are the activities of these components. The activities are aA,B = γA,BxA,B where γA,B are the activity coefficients which are, themselves, functions of xA,B. With Eq. (A.7), Eq. C.2 then becomes
[image: Mathematical equation: \begin{split} \hatG^{\mathrm{liq}}(x_A,x_B) =& x_A\mu_{A}^{0,\mathrm{liq}} + x_B\mu_{B}^{0,\mathrm{liq}} \\ &+ RT \left[ x_A\ln(x_A) + x_B\ln(x_B)\right] \\ &+ \hatG_{\mathrm{ex}}(x_A,x_B) \end{split} .](C.3)
For convenience we replace xA and xB with x, defined as xA = x and xB = 1 - x. Eq. C.3 then becomes
[image: Mathematical equation: \begin{split} \hatG^{\mathrm{liq}}(x) =& x\mu_{A}^{0,\mathrm{liq}} + (1-x)\mu_{B}^{0,\mathrm{liq}}\\ &+ RT \left[ x\ln(x) + (1-x)\ln(1-x) \right] \\ &+ \hatG_{\mathrm{ex}}(x) \end{split} .](C.4)
Now let us introduce a fixed-composition solid S with stoichiometry coefficients νA and νB, meaning that a single formula unit can form from νA units of component A and νB units of component B:
[image: Mathematical equation: S \leftrightarrow \nu_A\, A + \nu_B\, B .](C.5)
For the example of forsterite Mg2SiO4 in the system A=MgO and B=SiO2, we have νA = 2 and νB = 1. To put forsterite into the Gibbs free energy diagram, we must scale it by the reciprocal of νA + νB = 3. The mole fraction composition of this solid thus becomes
[image: Mathematical equation: x_s = \frac{\nu_A}{\nu_A+\nu_B} ,](C.6)
and the mole fraction weighted Gibbs free energy becomes
[image: Mathematical equation: \hatG^{\mathrm{sol}} = \frac{\mu^{0}_s}{\nu_A+\nu_B} .](C.7)
We then search for the composition xl of the liquid such that the tie line connecting xl with xs (the solid composition) is the tangent to the Gibbs free energy function for the liquid (Eq. C.4):
[image: Mathematical equation: \left.\frac{\partial \hatG^{\mathrm{liq}}(x) }{\partial x}\right|_{x=x_l} = \frac{\hatG^{\mathrm{sol}}-\hatG^{\mathrm{liq}}(x_l)}{x_s-x_l} .](C.8)
Working out the left hand side using Eq. (C.4), and making use of the Gibbs-Duhem relation (cf. Eq. 12 of Berman & Brown 1984), we obtain
[image: Mathematical equation: \begin{split} \left.\frac{\partial \hatG^{\mathrm{liq}}(x) }{\partial x}\right|_{x=x_l} = & \left[\mu_{A}^{0,\mathrm{liq}}+RT\ln(a_A^{\mathrm{liq}})\right] \\ &- \left[\mu_{B}^{0,\mathrm{liq}} + RT\ln(a_B^{\mathrm{liq}})\right] \end{split} .](C.9)
Here we recognize the chemical potentials defined as8
[image: Mathematical equation: \mu_{A,B}^{\mathrm{liq}}(x_l) \equiv \frac{\partial G^{\mathrm{liq}}(n_{A,B})}{\partial n_{A,B}} = \mu_{A,B}^{0,\mathrm{liq}} + RT\ln(a_{A,B}^{\mathrm{liq}}) ,](C.10)
meaning that we can rewrite Eq. (C.9) as
[image: Mathematical equation: \left.\frac{\partial \hatG^{\mathrm{liq}}(x) }{\partial x}\right|_{x=x_l} = \mu_A^{\mathrm{liq}}(x_l)-\mu_B^{\mathrm{liq}}(x_l)](C.11)
and Eq. (C.2) as
[image: Mathematical equation: \hatG^{\mathrm{liq}}(x) = x\mu_{A}^{\mathrm{liq}}(x) + (1-x)\mu_{B}^{\mathrm{liq}}(x) .](C.12)
Multiplying Eq. (C.8) by (xs - xl), inserting Eq. (C.11), and using Eq. (C.12), one can see that the xl terms cancel out and one obtains
[image: Mathematical equation: x_s\mu_{A}^{\mathrm{liq}}(x_l) + (1-x_s)\mu_{B}^{\mathrm{liq}}(x_l) = \hatG^{\mathrm{sol}} .](C.13)
Multiplying again by the sum of the stoichiometric coefficients νA + νB we obtain
[image: Mathematical equation: \nu_A\mu_{A}^{\mathrm{liq}}(x_l) + \nu_B\mu_{B}^{\mathrm{liq}}(x_l) = \mu^{\mathrm{solid}} ,](C.14)
which is the equilibrium formulation using the chemical potentials. The liquidus location xl is then defined as the solution to this equation. The more general version, for arbitrary number of components, is
[image: Mathematical equation: \sum_i\nu_i\mu_i^{\mathrm{liq}}(\mathbf{x}_l) = \mu^{\mathrm{solid}} .](C.15)
Equation (C.15) is the general formulation of the equilibrium between a fixed-composition solid phase and a liquid phase, completing the proof of the equivalence of the two formalisms.
	[image: Thumbnail: Fig. C.1 Refer to the following caption and surrounding text.]	Fig. C.1 Analytically computed liquidus curves (green lines) and solid-liquid coexistence regions (green areas) for the CaO-Al2O3-SiO2 ternary system of Sect. 3.2, with the results of the PhaseHull code in the background (cf. Fig. 11). The liquidi of C1A6 and corundum are not shown, as they would dominate the figure while playing only a minor role.



To demonstrate the equivalence in practice, and at the same time test the correctness of the phase diagram created by the PhaseHull code, Fig. C.1 shows the liquidi of most of the stoichiometric fixed-composition phases of the CaO-A12O3-SiO2 ternary system of Sect. 3.2 at T = 1400°C, as computed by solving Eq. (C.15). The result match the results of PhaseHull.

Appendix D  Gibbs minimization method
Complementary to the convex hull method for computing full phase diagrams, the PhaseHull package also offers the more commonly used Gibbs minimization method for solving, for a given bulk composition x, the phase composition y at a given temperature T and pressure P. This method works for one single bulk composition at a time, and returns a single phase composition vector. While not ideal for producing full phase diagrams (for this, we recommend the convex hull algorithm), it is generally the more convenient method for use in simulation software. In simulations, one is typically interested in a system with a given (single) bulk composition, and how its phases evolve as temperature and pressure change. Computing full phase diagrams with dozens or thousands of phase points xk, would then be overkill. Using a classical Gibbs minimization technique for a single bulk composition x may then be more efficient. Furthermore, such a method does not have the scalability problem of the convex hull method when including a large number of system components (i.e., many chemical elements). It is also able to include an arbitrary number of gas-phase species in contact with the liquids and/or solids, whereas the convex hull method limits this to the number of system components.
One disadvantage of a classic Gibbs free energy minimizer, at least the one implemented in the PhaseHull package, is that it is not easily able to properly handle miscibility gaps of liquid or solid solutions. There may be ways around it, such as implementing multiple copies of each solution into the phase composition vector, but this would be left up to the user to experiment with.
Our version of a Gibbs minimizer is implemented as follows. Consider an M-component system, with Nfc solid fixed-composition phases, and/or S nonideally mixed phases (solutions), where solution j consists of Mj (phase-)components (for the melt phase Mj = M), and/or a vapor phase (or other ideal solution phase) consisting of K ideally mixed molecular/atomic species. Let us define [image: Mathematical equation: $S_M=\sum_j M_j$]. We define the phase vector y = (Y0, ···, YN-1) with N = Nfc + SM + K. The values of y are defined as mole fractions of each particular phase compared to the total. Therefore, the y vector is normalized as
[image: Mathematical equation: \sum_{k=0}^{N-1} Y_k = 1 .](D.1)
As always in the PhaseHull software package, the phases corresponding to the Yk are the scaled versions of these phases (see Sect. 2.2); for example, in the system of SiO2 and MgO, the scaled version of the mineral Mg2SiO3 is Mg2/3Si1/3O4/3. The values of y can therefore be interpreted as the mole fraction of the original 1 mole of system components that is in that particular phase.
The bulk system component vector x = (x0, ···, xM-1) determines the bulk composition of all coexisting phases. As usual, also this vector adds up to unity [image: Mathematical equation: $\sum_i x_i=1$]. This x vector is the input parameter of the Gibbs minimization scheme. The phase vector y is the output.
The method we outline here is very similar to the one described extensively in the paper by Timmermann et al. (2023). So we refer for details to that paper, and remain relatively brief here. In their work, they include stoichiometric (hence fixed-composition) solid phases and an ideal gaseous vapor phase. In our case, we additionally have a possible liquid phase and possible solid solution phases. If the liquid is ideal, and without solid solutions, then there is (almost) no difference. But with a nonideal liquid phase, and/or solid solutions, the additional interaction term [image: Mathematical equation: $\hatG_{\mathrm{ex}}$] in the Gibbs free energy has to be accounted for.
For the sake of simplicity, let us focus first on the case without a vapor phase, but with a liquid phase and Nfc > 0 fixed-composition solid phases.
For each of the fixed-composition phases, 0 ≤ k < Nfc, we know its position [image: Mathematical equation: ${\mathbf x}^{\mathrm{fc}}_{k}$] in the phase diagram, i.e., we know the mole fractions of its components [image: Mathematical equation: $x^{\mathrm{fc}}_{k,i}$] from the chemical formula. As usual, we normalize [image: Mathematical equation: $\sum_{i=0}^{M-1}x^{\mathrm{fc}}_{k,i}=1$]. The mole fractions of the components of the liquid xliq are part of the phase vector y:
[image: Mathematical equation: x^{\mathrm{liq}}_i = \frac{Y_k}{Y_{\mathrm{liq}}},\qquad \hbox{for}\quad k=i+N_{\mathrm{fc}},\quad\hbox{and}\quad 0\le i<M ,](D.2)
where [image: Mathematical equation: $\sum_{i=0}^{M-1}x^{\mathrm{liq}}_i=1$] and
[image: Mathematical equation: Y_{\mathrm{liq}} = \sum_{k=N_{\mathrm{fc}}}^{N_{\mathrm{fc}}+M-1} Y_k ,](D.3)
so i = 0, ···, M - 1 denote the components of the liquid. The total molar Gibbs free energy Ĝ is then the sum of the Gibbs free energies of the coexisting phases:
[image: Mathematical equation: \hatG = \sum_{k=0}^{N_{\mathrm{fc}}-1} Y_k \mu^{\mathrm{fc},0}_k + Y_{\mathrm{liq}} \hatG_{\mathrm{liq}} ,](D.4)
where [image: Mathematical equation: $\mu^{\mathrm{fc},0}_k$] are the Gibbs free energies of the fixed-composition phases per mole of the system components, and
[image: Mathematical equation: \hatG_{\mathrm{liq}} = \sum_{i=0}^{M-1} x^{\mathrm{liq}}_i \mu^{\mathrm{liq},0}_i + RT\sum_{i=0}^{M-1} x^{\mathrm{liq}}_i \ln(x^{\mathrm{liq}}_i) + \hatG_{\mathrm{ex}}({\bf x}^{\mathrm{liq}}) .](D.5)
The minimization of the Gibbs free energy must be considered under the compositional constraints that
[image: Mathematical equation: \sum_{k=0}^{N_{\mathrm{fc}}-1} Y_k x^{\mathrm{fc}}_{k,i} + Y_{\mathrm{liq}}x^{\mathrm{liq}}_i = x_i](D.6)
for all 0 ≤ i < M. Given that we already impose the [image: Mathematical equation: $\sum_k Y_k=1$] constraint, Eq. (D.6) need only to be imposed for 0 ≤ i < M - 1. In total, M constraint equations are thus imposed. Furthermore, the values of Yk must obey Yk ≥ 0, which are boundary conditions we impose as well. The trust-constr method of minimization implemented in SciPy allows both constraints and boundary conditions to be imposed.
Finally, the trust-constr method requires the gradient ∂G/∂Yk and the Hessian ∂G/∂Yk∂Yl to be provided as functions. Here the partial derivatives are taken out of the plane given by ΣkYk = 1, and so we use the full extensive Gibbs free energy G instead of the intensive molar Gibbs free energy Ĝ (that is, G(2y) = 2G(y) and Ĝ(y) = G(y/|y|), where |y| = [image: Mathematical equation: $\sum_i^{N-1}$] Yi). The gradient (often called the Jacobian) ∂G/∂Yk is, by definition, the chemical potential μk of that phase. For the fixed-composition phases it is simply [image: Mathematical equation: $\mu^{\mathrm{fc},0}_k$]. For the liquid or solid solution phase, it involves the activity of that phase in the solution. It is advantageous to have analytical functions for these activities, as any numerical errors in the gradient can cause the minimizer to become unstable. The Hessian, on the other hand, is computed, in our implementation, by numerical differentiation of the (analytical) gradient functions.
It has turned out to be advantageous to optimize in an offset variable [image: Mathematical equation: $Y^{\mathrm{offset}}_k=Y_k+1$] instead of Yk, and in the Gibbs function internally convert back from [image: Mathematical equation: $Y^{\mathrm{offset}}_k$] to Yk. This is because most of the values of Yk become zero at the solution. The trust-constr method implementation of scipy.optimize.minimize seems to use relative steps compared to |Yk|, which then causes it to have trouble finding the solution. With the offset, this problem disappears.
Addition of a gaseous phase is implemented the Gibbs min-imizer of the PhaseHull package in a way very similar to Timmermann et al. (2023), except that, as we consistently do in PhaseHull, we always use phases scaled to one mole per system components. Also, rather than expressing the gas species in terms of their partial pressures, we consistently use molar phase fractions Yk with k ≥ Nfc + SM, as for the other (solid and liquid) phases. As in the Timmermann et al. (2023) paper, the solver allows for an arbitrary number of gaseous molecular species, as long as they behave as an ideal gas. The total amount of gas is then
[image: Mathematical equation: Y_{\mathrm{gas}} = \sum_{k=N_{\mathrm{fc}}+S_M}^{N_{\mathrm{fc}}+S_M+K-1} Y_k ,](D.7)
where K is the number of gaseous species. The partial pressures can then be retrieved as
[image: Mathematical equation: \frac{P_k}{P} = \frac{Y_k}{Y_{\mathrm{gas}}}](D.8)
for Nfc + SM ≤ k < Nfc + SM + K (the k indices of the gas species), under the condition that Ygas > 0 in the first place. Also, in contrast to Timmermann et al. (2023), the [image: Mathematical equation: $\mu^0_k$] values of the gaseous species are, in our case, computed for the pressure P instead of a standard pressure. Therefore, in our method we do not need an additional pressure term in the Gibbs free energy of the gaseous species. All these differences are purely implementation choices. Mathematically both implementations are the same.


All Figures
	[image: Thumbnail: Fig. 1 Refer to the following caption and surrounding text.]	Fig. 1 Illustration of the stability or instability of a substance C consisting of (1 – x)A + xB in a binary system consisting of components A and B. Shown is the Gibbs free energy (y-axis) versus the composition x (x-axis). Left: case where Phase C is stable at the composition specified by x. Right: case where Phase C is unstable and separates into phases with compositions A (x = 0) and B (x = 1). Green circle is the final state Gibbs free energy.
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	[image: Thumbnail: Fig. 2 Refer to the following caption and surrounding text.]	Fig. 2 Cartoon illustrating the convex hull of a set of points in 2D space. Right: set of points. Left: identification of the convex hull of that set of points. The red points are the vertices of the convex hull (the points lying on the convex hull), and the red lines are the simplices connecting the vertices. In N-dimensional space, these simplices will become triangles (N = 3), tetrads (N = 4), etc., and together they form a closed N – 1-dimensional (hyper-)surface ∂V enclosing the convex N-dimensional (hyper-)volume V spanned by the set of points.
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	[image: Thumbnail: Fig. 3 Refer to the following caption and surrounding text.]	Fig. 3 Basic building blocks of phase diagrams using the convex hull method: simplices. For binary phase diagrams, these simplices are line elements (left). For ternary phase diagrams, they are triangles (middle). For quaternary phase diagrams they are tetrads (right).
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	[image: Thumbnail: Fig. 4 Refer to the following caption and surrounding text.]	Fig. 4 Illustration of the convex hull method applied to a binary system consisting of a set of fixed-composition phases (depicted with the red diamonds). The dashed lines are energetically unfavorable (forbidden) tie lines; solid lines are allowed tie lines. Left: case where fixed-composition phase C6 has a Gibbs free energy below the tie line between phases C5 and C7, in which case C6 belongs to the convex hull and splits the composition space between C5 and C7 into two regions with coexisting phases: C5+C6 and C6+C7. Right: case where fixed-composition phase C6 (here denoted with an apostrophe) has a Gibbs free energy above the tie line between phases C5 and C7. In this case only C5 and C7 can coexist, and C6’ is energetically unfavorable.
In the text



	[image: Thumbnail: Fig. 5 Refer to the following caption and surrounding text.]	Fig. 5 Illustration of the convex hull method applied to a binary system consisting of a set of fixed-composition phases (red diamonds) and a liquid (blue line and symbols). Left: true physical continuous case. Right: discretized approximation used in the convex hull method. Open diamond symbols are unstable phases. Open circles are unstable liquid phase points. Red lines are tie lines between stable phases. The green line is the tie line between a fixed-composition solid phase and the liquid, where solid coexists with the liquid. This tie line is tangent to the liquid curve. Blue dots are the grid points, and the blue lines connecting them are the linear interpolations between them.
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	[image: Thumbnail: Fig. 6 Refer to the following caption and surrounding text.]	Fig. 6 Illustration of the convex hull method applied to a binary system consisting of a liquid with a nonconvex molar Gibbs free energy curve (left) and a binary system consisting of a liquid and a solid solution (right). In both cases the continua are discretized on a grid, as shown in Fig. 5-right, and not repeated here. In both cases the nonconvex part of the curve (left) or the combined curve min(Ĝl, Ĝs) (right) are bridged by tie lines. In the left case, this is a region of immiscibility of the liquid. In the right case, it is a region of eutectic melting.
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	[image: Thumbnail: Fig. 7 Refer to the following caption and surrounding text.]	Fig. 7 Gibbs free energy as a function of composition for the MgO – SiO2 binary system, with the convex hull (i.e., the coexisting stable phases) shown. The baseline between the MgO and SiO2 solid phases has been subtracted so that these system component solids are at Ĝ = 0, for clarity. Top to bottom: different temperatures. Dotted blue line: Gibbs free energy of the liquid phase, where the liquid phase is unstable. Solid blue line: Gibbs free energy of the liquid phase, where the liquid phase is stable. Red diamonds: fixed-composition phases (from left to right: cristobalite/tridymite, proto-enstatite, forsterite, periclase). Red lines: tie lines connecting the stable solid phases. Green line(s): tie line connecting a fixed-composition solid with the liquid. Cyan line (middle panel, between x = 0.05 and x = 0.35): immiscible liquids.
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	[image: Thumbnail: Fig. 8 Refer to the following caption and surrounding text.]	Fig. 8 Composition-temperature phase diagram of the same system as in Fig. 7 computed by applying the convex hull method for 200 discrete temperature values between 1000 and 2800 degrees Celsius. Red: solid state coexistence regions of adjacent fixed-composition phases. Green: solid-liquid coexistence regions (tie lines between fixed-composition solid and its liquidus). Cyan: immiscible liquids. Light blue: liquid. The three panels of Fig. 7 are horizontal cuts in this diagram at temperatures of 1227, 1727 and 2027 degrees Celsius (marked by dashes at the left and right of the axes in the figure). This diagram can be compared to Fig. 17 of Berman’s PhD thesis, but it has mole fraction on the x-axis rather than mass fraction.
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	[image: Thumbnail: Fig. 9 Refer to the following caption and surrounding text.]	Fig. 9 Phase diagram of the CaO-Al2O3-SiO2 ternary system of the Berman (1983) model at T=900°C, as computed using the convex hull method, for a temperature of 900 Celsius, for which all stable phases are solid fixed-composition phases. The convex hull algorithm provides the triangulation, i.e., it divides the surface of the phase diagram into simplices. Each simplex (triangle) is a region of coexistence of three solid fixed-composition phases. For any point inside such a simplex, or on a tie line, the lever rule is used to determine the mole fraction of each of the three phases.
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	[image: Thumbnail: Fig. 10 Refer to the following caption and surrounding text.]	Fig. 10 Low-resolution phase diagram of the CaO-Al2O3-SiO2 ternary system of the Berman (1983) model at T=1400°C, as computed using the convex hull method, with a base resolution of N0 = 30 and no grid refinement. The convex hull algorithm provides the triangulation. The physical meaning of each triangle (indicated with color) has to be identified in post-processing. See text for simplex classification strategies. The colors are as follows: red circles are solid fixed-composition phases, red triangles are three-phase coexistence simplices, lilac triangles are two-solid-one-liquid coexistence simplices, green triangles are 2D approximations of 1D tie lines, and blue triangles represent the liquid.
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	[image: Thumbnail: Fig. 11 Refer to the following caption and surrounding text.]	Fig. 11 Same model as Fig. 10 but now with adaptive grid refinement. Left: liquid grid points (orange points) after four levels of refinement from the base grid of N0 = 30. Right: resulting phase diagram at high resolution – compare to Fig. 10. A small region of liquid immiscibility emerged, covered with tie lines colored cyan.
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	[image: Thumbnail: Fig. 12 Refer to the following caption and surrounding text.]	Fig. 12 Phase diagram of the feldspar ternary system of Elkins & Grove (1990) computed using the convex hull algorithm. Beige color: well-mixed phase. Yellow color: miscibility gap. Green: tie lines.
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	[image: Thumbnail: Fig. 13 Refer to the following caption and surrounding text.]	Fig. 13 Phase diagram of the sub-Neptune interior model of Young et al. (2025) at T = 4780 K and P = 18.6 GPa, computed using the convex hull algorithm. Background light gray color: well-mixed phase (one-phase region); light blue color: tie lines (two-phase region); cyan: tie triangle (three-phase region).
In the text



	[image: Thumbnail: Fig. 14 Refer to the following caption and surrounding text.]	Fig. 14 Model of an alloy of silver and copper. Left : Gibbs free energy diagram at T = 800°C, just above the eutectic temperature. In blue is the liquid phase; in red is the solid solution phase. In green the tie lines are shown that connect the liquid and the solid phases. Right: x-T phase diagram showing the full eutectic behavior of the system. The colors are as follows: light blue is liquid; red-brown is solid silver mixed with some copper; blue is solid copper mixed with some silver; beige is the solid immiscibility region, where both phases coexist; green shows the two solid-liquid tie lines. The boundary between the beige and green regions is the eutectic isotherm. The boundary between the beige region and the red-brown and blue regions represent the solvus on each side. The boundary between the red-brown and blue regions and the green regions represent the solidus on each side. And finally, the boundaries between the green and light blue regions represent the liquidus. The markings on each side at 800 Celsius mark the temperature where the Gibbs free energy diagram (left panel) was computed.
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	[image: Thumbnail: Fig. 15 Refer to the following caption and surrounding text.]	Fig. 15 y-Ĝ diagram of the diopside-enstatite join according to Gasparik (1990). This model consists of five independent solid solutions: high-clino, low-clino, high-p-clino, proto, and ortho. Also plotted are the stable phases as the bottom of the convex hull spanning all five solutions together.
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	[image: Thumbnail: Fig. 16 Refer to the following caption and surrounding text.]	Fig. 16 SiO2, CaO, and MgO ternary phase diagram at T = 1340 C = 1613 K and P = 1 bar. Left : phase diagram according to the model of (Berman 1983) as implemented in PhaseHull. Middle: same ternary but now with the diopside-enstatite solid solution of Gasparik (1990) embedded between the diopside and enstatite points. Right: representation of the embedding of the solid solution (blue) in the ternary.
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	[image: Thumbnail: Fig. 17 Refer to the following caption and surrounding text.]	Fig. 17 Left: grid used for the pyroxene solid solution quadrilateral. Two points are selected for which, in the middle and right panel, the Gibbs free energy as a function of the internal degree of freedom z (the reciprocal reaction) is shown for both solutions. The large dots in the middle and right panels are the points of lowest Gibbs free energy within the range of z. This is then the Gibbs free energy assigned to these points in the left panel. This demonstrates how, for each compositional point on the phase diagram, a unique G is defined in spite of the internal degree of freedom z.
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	[image: Thumbnail: Fig. 18 Refer to the following caption and surrounding text.]	Fig. 18 Left and middle: Gibbs free energy (Ĝ) for the two solid solutions ortho and clino from the model of Saxena et al. (1985). Right: corresponding phase diagram computed with PhaseHull.
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	[image: Thumbnail: Fig. 19 Refer to the following caption and surrounding text.]	Fig. 19 SiO2 – CaO – Al2O3 – MgO quaternary phase diagram of the Berman 1983 model at T = 1400, C = 1673 K, and P = 1 bar. Top left: slices taken. Top right: slice at xMgO = 0.25. Bottom left: slice at xMgO = 0.5. Bottom right: slice at xMgO = 0.75. Note that the case for xMgO = 0 is not shown here, as it is already shown in Fig. 10.
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	[image: Thumbnail: Fig. 20 Refer to the following caption and surrounding text.]	Fig. 20 SiO2 – CaO – Al2O3 – MgO quaternary phase diagram of the Berman 1983 model at T = 1400, C = 1673 K, and P = 1 bar (same as Fig. 19). Left: all the simplices that are fully solid (having all four corners solid). Right: all the simplices that are fully liquid.
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	[image: Thumbnail: Fig. C.1 Refer to the following caption and surrounding text.]	Fig. C.1 Analytically computed liquidus curves (green lines) and solid-liquid coexistence regions (green areas) for the CaO-Al2O3-SiO2 ternary system of Sect. 3.2, with the results of the PhaseHull code in the background (cf. Fig. 11). The liquidi of C1A6 and corundum are not shown, as they would dominate the figure while playing only a minor role.
In the text
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        Illustration of the stability or instability of a substance C consisting of (1 – x)A + xB in a binary system consisting of components A and B. Shown is the Gibbs free energy (y-axis) versus the composition x (x-axis). Left: case where Phase C is stable at the composition specified by x. Right: case where Phase C is unstable and separates into phases with compositions A (x = 0) and B (x = 1). Green circle is the final state Gibbs free energy.
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        Cartoon illustrating the convex hull of a set of points in 2D space. Right: set of points. Left: identification of the convex hull of that set of points. The red points are the vertices of the convex hull (the points lying on the convex hull), and the red lines are the simplices connecting the vertices. In N-dimensional space, these simplices will become triangles (N = 3), tetrads (N = 4), etc., and together they form a closed N – 1-dimensional (hyper-)surface ∂V enclosing the convex N-dimensional (hyper-)volume V spanned by the set of points.
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        Basic building blocks of phase diagrams using the convex hull method: simplices. For binary phase diagrams, these simplices are line elements (left). For ternary phase diagrams, they are triangles (middle). For quaternary phase diagrams they are tetrads (right).
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        Illustration of the convex hull method applied to a binary system consisting of a set of fixed-composition phases (depicted with the red diamonds). The dashed lines are energetically unfavorable (forbidden) tie lines; solid lines are allowed tie lines. Left: case where fixed-composition phase C6 has a Gibbs free energy below the tie line between phases C5 and C7, in which case C6 belongs to the convex hull and splits the composition space between C5 and C7 into two regions with coexisting phases: C5+C6 and C6+C7. Right: case where fixed-composition phase C6 (here denoted with an apostrophe) has a Gibbs free energy above the tie line between phases C5 and C7. In this case only C5 and C7 can coexist, and C6’ is energetically unfavorable.
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        Illustration of the convex hull method applied to a binary system consisting of a set of fixed-composition phases (red diamonds) and a liquid (blue line and symbols). Left: true physical continuous case. Right: discretized approximation used in the convex hull method. Open diamond symbols are unstable phases. Open circles are unstable liquid phase points. Red lines are tie lines between stable phases. The green line is the tie line between a fixed-composition solid phase and the liquid, where solid coexists with the liquid. This tie line is tangent to the liquid curve. Blue dots are the grid points, and the blue lines connecting them are the linear interpolations between them.
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        Illustration of the convex hull method applied to a binary system consisting of a liquid with a nonconvex molar Gibbs free energy curve (left) and a binary system consisting of a liquid and a solid solution (right). In both cases the continua are discretized on a grid, as shown in Fig. 5-right, and not repeated here. In both cases the nonconvex part of the curve (left) or the combined curve min(Ĝl, Ĝs) (right) are bridged by tie lines. In the left case, this is a region of immiscibility of the liquid. In the right case, it is a region of eutectic melting.

      

    

  
    
      Fig. 7 
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        Gibbs free energy as a function of composition for the MgO – SiO2 binary system, with the convex hull (i.e., the coexisting stable phases) shown. The baseline between the MgO and SiO2 solid phases has been subtracted so that these system component solids are at Ĝ = 0, for clarity. Top to bottom: different temperatures. Dotted blue line: Gibbs free energy of the liquid phase, where the liquid phase is unstable. Solid blue line: Gibbs free energy of the liquid phase, where the liquid phase is stable. Red diamonds: fixed-composition phases (from left to right: cristobalite/tridymite, proto-enstatite, forsterite, periclase). Red lines: tie lines connecting the stable solid phases. Green line(s): tie line connecting a fixed-composition solid with the liquid. Cyan line (middle panel, between x = 0.05 and x = 0.35): immiscible liquids.
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        Composition-temperature phase diagram of the same system as in Fig. 7 computed by applying the convex hull method for 200 discrete temperature values between 1000 and 2800 degrees Celsius. Red: solid state coexistence regions of adjacent fixed-composition phases. Green: solid-liquid coexistence regions (tie lines between fixed-composition solid and its liquidus). Cyan: immiscible liquids. Light blue: liquid. The three panels of Fig. 7 are horizontal cuts in this diagram at temperatures of 1227, 1727 and 2027 degrees Celsius (marked by dashes at the left and right of the axes in the figure). This diagram can be compared to Fig. 17 of Berman’s PhD thesis, but it has mole fraction on the x-axis rather than mass fraction.
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        Phase diagram of the CaO-Al2O3-SiO2 ternary system of the Berman (1983) model at T=900°C, as computed using the convex hull method, for a temperature of 900 Celsius, for which all stable phases are solid fixed-composition phases. The convex hull algorithm provides the triangulation, i.e., it divides the surface of the phase diagram into simplices. Each simplex (triangle) is a region of coexistence of three solid fixed-composition phases. For any point inside such a simplex, or on a tie line, the lever rule is used to determine the mole fraction of each of the three phases.
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        Low-resolution phase diagram of the CaO-Al2O3-SiO2 ternary system of the Berman (1983) model at T=1400°C, as computed using the convex hull method, with a base resolution of N0 = 30 and no grid refinement. The convex hull algorithm provides the triangulation. The physical meaning of each triangle (indicated with color) has to be identified in post-processing. See text for simplex classification strategies. The colors are as follows: red circles are solid fixed-composition phases, red triangles are three-phase coexistence simplices, lilac triangles are two-solid-one-liquid coexistence simplices, green triangles are 2D approximations of 1D tie lines, and blue triangles represent the liquid.
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        Same model as Fig. 10 but now with adaptive grid refinement. Left: liquid grid points (orange points) after four levels of refinement from the base grid of N0 = 30. Right: resulting phase diagram at high resolution – compare to Fig. 10. A small region of liquid immiscibility emerged, covered with tie lines colored cyan.
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        Phase diagram of the feldspar ternary system of Elkins & Grove (1990) computed using the convex hull algorithm. Beige color: well-mixed phase. Yellow color: miscibility gap. Green: tie lines.
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        Phase diagram of the sub-Neptune interior model of Young et al. (2025) at T = 4780 K and P = 18.6 GPa, computed using the convex hull algorithm. Background light gray color: well-mixed phase (one-phase region); light blue color: tie lines (two-phase region); cyan: tie triangle (three-phase region).
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        Model of an alloy of silver and copper. Left : Gibbs free energy diagram at T = 800°C, just above the eutectic temperature. In blue is the liquid phase; in red is the solid solution phase. In green the tie lines are shown that connect the liquid and the solid phases. Right: x-T phase diagram showing the full eutectic behavior of the system. The colors are as follows: light blue is liquid; red-brown is solid silver mixed with some copper; blue is solid copper mixed with some silver; beige is the solid immiscibility region, where both phases coexist; green shows the two solid-liquid tie lines. The boundary between the beige and green regions is the eutectic isotherm. The boundary between the beige region and the red-brown and blue regions represent the solvus on each side. The boundary between the red-brown and blue regions and the green regions represent the solidus on each side. And finally, the boundaries between the green and light blue regions represent the liquidus. The markings on each side at 800 Celsius mark the temperature where the Gibbs free energy diagram (left panel) was computed.

      

    

  
    
      Fig. 15 

      
        [image: Fig. 15 Refer to the following caption and surrounding text.]
      

      
        y-Ĝ diagram of the diopside-enstatite join according to Gasparik (1990). This model consists of five independent solid solutions: high-clino, low-clino, high-p-clino, proto, and ortho. Also plotted are the stable phases as the bottom of the convex hull spanning all five solutions together.

      

    

  
    
      Fig. 16 

      
        [image: Fig. 16 Refer to the following caption and surrounding text.]
      

      
        SiO2, CaO, and MgO ternary phase diagram at T = 1340 C = 1613 K and P = 1 bar. Left : phase diagram according to the model of (Berman 1983) as implemented in PhaseHull. Middle: same ternary but now with the diopside-enstatite solid solution of Gasparik (1990) embedded between the diopside and enstatite points. Right: representation of the embedding of the solid solution (blue) in the ternary.

      

    

  
    
      Fig. 17 

      
        [image: Fig. 17 Refer to the following caption and surrounding text.]
      

      
        Left: grid used for the pyroxene solid solution quadrilateral. Two points are selected for which, in the middle and right panel, the Gibbs free energy as a function of the internal degree of freedom z (the reciprocal reaction) is shown for both solutions. The large dots in the middle and right panels are the points of lowest Gibbs free energy within the range of z. This is then the Gibbs free energy assigned to these points in the left panel. This demonstrates how, for each compositional point on the phase diagram, a unique G is defined in spite of the internal degree of freedom z.

      

    

  
    
      Fig. 18 

      
        [image: Fig. 18 Refer to the following caption and surrounding text.]
      

      
        Left and middle: Gibbs free energy (Ĝ) for the two solid solutions ortho and clino from the model of Saxena et al. (1985). Right: corresponding phase diagram computed with PhaseHull.

      

    

  
    
      Fig. 19 

      
        [image: Fig. 19 Refer to the following caption and surrounding text.]
      

      
        SiO2 – CaO – Al2O3 – MgO quaternary phase diagram of the Berman 1983 model at T = 1400, C = 1673 K, and P = 1 bar. Top left: slices taken. Top right: slice at xMgO = 0.25. Bottom left: slice at xMgO = 0.5. Bottom right: slice at xMgO = 0.75. Note that the case for xMgO = 0 is not shown here, as it is already shown in Fig. 10.

      

    

  
    
      Fig. 20 

      
        [image: Fig. 20 Refer to the following caption and surrounding text.]
      

      
        SiO2 – CaO – Al2O3 – MgO quaternary phase diagram of the Berman 1983 model at T = 1400, C = 1673 K, and P = 1 bar (same as Fig. 19). Left: all the simplices that are fully solid (having all four corners solid). Right: all the simplices that are fully liquid.

      

    

  
    
      Fig. C.1 

      
        [image: Fig. C.1 Refer to the following caption and surrounding text.]
      

      
        Analytically computed liquidus curves (green lines) and solid-liquid coexistence regions (green areas) for the CaO-Al2O3-SiO2 ternary system of Sect. 3.2, with the results of the PhaseHull code in the background (cf. Fig. 11). The liquidi of C1A6 and corundum are not shown, as they would dominate the figure while playing only a minor role.
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