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Abstract

Context. The origin and nature of spiral arms in barred galaxies are still under debate. Among others, the theory of invariant manifolds provides a framework capable of explaining spiral and ringed structures in these systems.

Aims. We investigated the dynamical origin and kinematic signatures of spiral structure in an N-body simulation of an isolated barred galaxy to assess whether invariant manifold theory provides a consistent dynamical framework to disentangle the disc particle populations and identify those that genuinely build, trace, and sustain the spiral arms.

Methods. For each simulation snapshot, we measured the bar and spiral properties and reconstructed the corresponding gravitational potential using AGAMA. We computed the Jacobi energy of disc particles and classified them relative to the energies of the equilibrium points, thereby isolating manifold-compatible orbits. We analysed their spatial distribution and velocity structure to characterise spiral-related streaming motions.

Results. The Jacobi constant provides a physically motivated dynamical separator that reveals three distinct kinematic populations: (i) low-energy particles on nearly circular orbits populating most of the disc (∼60%), (ii) high-energy particles associated with banana orbits (≲10%), and (iii) manifold-compatible particles (∼30–40%) originating near the bar and following transit orbits along the spiral arms. Only the manifold-compatible population generates the prominent outward-migrating ridge observed in the R − vφ plane and reproduces the characteristic spiral streaming pattern. In contrast, the low-energy population exhibits a global quasi-circular motion with small perturbations induced by the self-gravity of the spiral structure.

Conclusions. Our results demonstrate that the spiral arms are dynamically traced by the manifold-compatible population, which forms the backbone of the structure and drives effective radial transport. The bulk of low-energy disc particles respond to the spiral perturbation similarly to the traditional density wave picture, enhancing the density contrast caused by the invariant-manifold compatible particles. In this framework, barred spiral arms emerge as material structures sustained by manifold-guided transport, with the surrounding disc behaving as a system of material density waves.
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1. Introduction
The physical origin of spiral arms in barred galaxies remains a matter of ongoing debate (e.g. Sellwood 2011; Dobbs & Baba 2014; Baba 2015; Grand et al. 2026). In particular, the dynamical interplay between bars and spiral arms is still not fully understood. While bars are generally long-lived, self-consistent non-axisymmetric structures supported by well-defined orbital families, it is still unclear whether the spiral arms that emerge from them are similarly long-lived density waves or instead recurrent, transient patterns. Distinguishing between these scenarios requires more than reproducing the observed morphology of the spiral structure; it demands a dynamical understanding of the orbital mechanisms that support the arms. Spiral arms are not merely surface-density enhancements; both observations and simulations have shown that they are kinematically perturbed regions of the disc characterised by systematic streaming motions and coherent velocity patterns that set them apart from the surrounding stellar population (e.g. Roca-Fàbrega et al. 2014; Eilers et al. 2020). Any successful dynamical framework of the spiral structure must therefore simultaneously account for their morphological prominence and their kinematic signatures.
Classical density wave theory for non-barred spiral galaxies predicts specific kinematic imprints associated with spiral structure (e.g. Lin & Shu 1964, 1966; Lin et al. 1969; Yuan 1969; Kalnajs 1973). However, in barred galaxies, the theory of invariant manifolds (Romero-Gómez et al. 2006, 2007; Voglis et al. 2006a,b; Athanassoula et al. 2009b,a, 2010) provides a particularly compelling phase-space interpretation. In this framework, spiral arms are not prescribed beforehand but emerge self-consistently as the configuration-space manifestation of invariant manifolds associated with the unstable Lyapunov orbits about Lagrangian points of the bar. The orbits that support the spiral structure are therefore guided by these manifolds, establishing a direct dynamical link between the bar and the spiral arms.
A major advance in constraining theoretical frameworks of the spiral structure has come from the high-precision astrometric data delivered by the Gaia mission (ESA, Gaia Collaboration 2016). One of its most remarkable findings has been the discovery of a rich phase-space substructure in the Galactic disc of the Milky Way. In particular, the distribution of stars in the galactocentric radius–azimuthal velocity plane (R–vφ) exhibits prominent diagonal overdensities, commonly referred to as ridges, first characterised in Gaia DR2 by Antoja et al. (2018). Subsequent studies have shown that these ridges are robust features of the Milky Way disc and likely reflect underlying dynamical mechanisms rather than observational artefacts (e.g. Minchev et al. 2009; Ramos et al. 2018; Martinez-Medina et al. 2019; Fragkoudi et al. 2019; Laporte et al. 2019; Gaia Collaboration 2021; Antoja et al. 2022). Various interpretations have been proposed for the origin of ridges, including phase mixing induced by transient spiral arms (Kawata et al. 2018; Hunt et al. 2019; Khanna et al. 2019), resonant effects of the bar (Monari et al. 2019), and combined bar–spiral interactions (Hunt et al. 2018, 2019). Interestingly, the correlation between ridges in R–vφ and arches in vR–vφ has revealed that both are projections of the same six-dimensional phase-space substructure (Bernet et al. 2022). This phase-space coherence implies that these features encode information about the orbital architecture of the disc. In this context, invariant manifolds – known to organise orbital flows in barred potentials – naturally emerge as a promising framework to interpret the origin of these correlated structures.
If spiral arms in barred galaxies are indeed governed by invariant manifolds, then their supporting orbits should leave identifiable imprints in phase space. In this context, the ridges observed in the R–vφ plane provide a powerful diagnostic: They may constitute the kinematic signature of stars guided by manifold structures. In this paper, we investigate this possibility by analysing the kinematic imprints of spiral arms in the disc of an N-body simulation, and by examining whether the ridges in the R–vφ plane can be understood within the framework of invariant manifold theory. Specifically, we aim to determine whether the stars populating these ridges are dynamically connected to the manifold-driven spiral arms, thereby establishing a direct link between configuration-space morphology and phase-space structure.
This paper is structured as follows. We begin by outlining the theoretical basis from invariant manifolds frameworks and the fundamental equations relevant to our analysis in Sect. 2. We then describe the N-body simulation examined in this study in Sect. 3, where we also introduce the methodology developed to construct snapshot-specific gravitational potentials and to evaluate particle dynamics in the rotating frame. This approach allowed us to characterise the key dynamical parameters of each snapshot and to obtain a consistent model of the gravitational potential at every stage of the simulation. In Sect. 4, we identify the kinematic signatures associated with the spiral structure in this barred galaxy model and assess their consistency with the predictions of manifold theory. We then define, in Sect. 5, a selection criterion based on the Jacobi constant, EJ, to separate dynamically distinct orbital populations. We analyse the dynamical properties of these groups and compare them with those of the spiral arms. In Sect. 6, we discuss the origin and robustness of kinematic ridges, with particular emphasis on the respective roles of the bar and spiral structure. In Sect. 7, we comment on the main caveats and limitations of our approach. Finally, we summarise the main conclusions of this work in Sect. 8.
2. Theoretical basis
Within the context of barred galaxies, it is often convenient to work in the non-inertial reference frame that rotates with the bar at pattern speed Ωb = Ωbez, with Ωb > 0 by convention – which corresponds to counter-clockwise rotation – due to the rigid-body nature of the bar. Let (R, φ) denote inertial polar coordinates and (r, ϕ) be the coordinates in the frame corotating with the bar. Thus, r = R and ϕ = φ − Ωbt. In the rotating frame, the planar motion of particles is governed by the Hamiltonian:
[image: Mathematical equation: $$ \begin{aligned} E_J\equiv \mathcal{H} (r,\phi ,v_r,v_\phi ) = \frac{1}{2}(v_r^2+v_\phi ^2)+\Phi _{\rm eff}(r,\phi )\,, \end{aligned} $$](1)
where vr and vϕ are radial and tangential velocities, and the effective gravitational potential, Φeff, is defined as
[image: Mathematical equation: $$ \begin{aligned} \Phi _{\rm eff}(r,\phi ) \equiv \Phi (r,\phi ) - \frac{1}{2}\Omega _{\rm b}^2\,r^2 . \end{aligned} $$](2)
The structure of Φeff in a barred galaxy typically features five equilibrium points in the rotating frame, also called Lagrangian points, denoted by Li, for i ∈ {1, …, 5}, which are defined as the loci where ∇Φeff(x, y) = 0. The Φeff minimum, namely the point L3, lies at the origin and is surrounded by the x1 family of periodic orbits (e.g. Contopoulos & Papayannopoulos 1980), which constitute the backbone of the bar (e.g. Athanassoula 1984). The points L4 and L5, located symmetrically along the bar’s semi-minor axis in symmetric bar potentials, are Φeff maxima, and each one is surrounded by families of periodic orbits known as banana orbits due to their characteristic shape (Contopoulos & Papayannopoulos 1978, 1980; Contopoulos 2002). The remaining two equilibrium points, L1 and L2, are unstable saddle points located near the edges of the bar along its semi-major axis, and are also symmetric with respect to the origin (Binney & Tremaine 2008). Around each of them exists a family of periodic orbits referred to as Lyapunov orbits, or ℓ1 (Lyapunov 1949). These are elongated, almost elliptical orbits whose major axes are parallel to the bar’s semi-minor axis. They appear for Jacobi constant values larger than those associated with the corresponding equilibrium point, ELi, i ∈ {1, 2}, and grow in size while remaining nearly nested as energy increases (Skokos et al. 2002). Except at much higher energies, these Lyapunov orbits remain unstable, and therefore cannot trap nearby orbits; initial conditions in their vicinity in phase space inevitably diverge from them. However, this divergence does not occur arbitrarily. The possible escape directions are determined by the corresponding invariant manifolds, which can be thought of as dynamical tubes guiding the motion of particles with energies compatible to their own (Danby 1965; Gómez et al. 2004; Romero-Gómez et al. 2006; Patsis 2006; Athanassoula et al. 2009b). Theoretically, only particles whose energy is bounded by the Jacobi constants of the saddle-unstable equilibrium points and that of the associated manifolds, can participate in these manifold-driven dynamics (Romero-Gómez et al. 2006; Athanassoula et al. 2009b).
3. Methodology
We analysed the B1 simulation of Roca-Fàbrega et al. (2013), a pure N-body model of an isolated barred galaxy, i.e. a collisionless simulation including only stellar and dark matter particles, with no gaseous component or star formation processes. The stellar disc has 106 particles accounting for Md = 5.0 × 1010 M⊙, and is embedded in a dark matter halo of Mh = 1.38 × 1012 M⊙ represented by 7.65 × 106 particles.
From the full 4.6 Gyr run, we selected 36 snapshots, spanning 561 Myr, during which the bar completes two and a half revolutions, right after disc stabilisation and bar formation. For this snapshot selection, it was required that the m = 2 Fourier amplitude in the bar region, namely [R0,  R1] kpc, was A2 > 0.2; and that a clear bisymmetric spiral structure was present in the disc, i.e. A2 > 0.1 averaged over [R1, 10] kpc (see Fig. 1a). In this context, R0 and R1 denote the inner and outer edges of the bar region as defined in Dehnen et al. (2023). The choice of an outer limit at R = 10 kpc for the computation of the A2 amplitude of the arms was motivated by the need to characterise the dominant, large-scale spiral structure while avoiding biases introduced by the low-density outer disc. Beyond this radius, the stellar surface density declines significantly, which can artificially enhance the relative amplitude of Fourier modes and lead to an overrepresentation of weak or fragmented outer features. By restricting the analysis to R ≤ 10 kpc, we ensured that the measured m = 2 amplitude reflects the coherent high-density portion of the spirals that is dynamically connected to the bar. We have verified that our main conclusions do not depend sensitively on this choice, as the inner spiral structure – where the bar–spiral coupling is most relevant – is fully captured within this radial range.
	[image: Thumbnail: Fig. 1. Refer to the following caption and surrounding text.]	Fig. 1. Time evolution of the bar and diagnostics of the spiral arms for the B1 model, following the method of Dehnen et al. (2023). Time is measured from the start of the simulation. (a): Fourier m = 2 amplitudes, A2, for the bar (dotted red; averaged over [R0, R1] kpc, as defined in Appendix B of Dehnen et al. 2023) and for the spiral arms (solid red; averaged from R1 to 10 kpc). The dotted and solid horizontal lines mark A2 = 0.2 (bar threshold) and A2 = 0.1 (spiral fading), respectively. (b): Bar pattern speed, Ωp, as a function of time.



The analysis presented in this work is therefore based on the analysis of a single N-body simulation and a selected temporal window, so its direct applicability is formally restricted to systems sharing similar dynamical properties. In this particular set-up, the bar–spiral morphology corresponds to a configuration in which the spiral arms are connected to the bar and share its pattern speed at their connection, as reported in Roca-Fàbrega et al. (2013) (see Fig. 4 there). Beyond this region, the spiral pattern speed decreases only moderately with radius further out. Over the analysed time interval, the bar remains the dominant non-axisymmetric component of the potential and its pattern speed stays approximately constant, whereas the spiral arms exhibit noticeable variations in amplitude (Fig. 1).
Under these conditions, the dynamical framework explored here can be approximated, to first order, by a steadily rotating bar potential. This configuration is not universal in N-body simulations, where both pattern speeds and non-axisymmetric components can evolve significantly over time (e.g. Athanassoula 2012; Wu et al. 2018). Accordingly, the present analysis focuses on systems in which the bar dominates the non-axisymmetric structure and evolves on timescales longer than those considered here.
The first step in this analysis is to determine the pattern speed, Ωb, bar angle, ψb, and bar length, R1, for each snapshot using the algorithm proposed by Dehnen et al. (2023). The key advantage of this method over other approaches is its ability to simultaneously measure the orientation and pattern speed of the bar, among other parameters, from individual simulation snapshots. As shown in Fig. 1b, the bar pattern speed remains nearly constant, decreasing only mildly from 30 to 25 km s−1 kpc−1 in 561 Myr. Once these values are obtained, we employ AGAMA (Vasiliev 2019) to construct the gravitational potential for each snapshot. We adopted the default parameters presented in Vasiliev (2019) for the density and potential expansions and assumed bisymmetry when computing the potential. This is motivated by the fact that the bar- and spiral-driven m = 2 modes dominate over higher-order and odd modes, making this a good approximation for the purpose of constructing the model potential.
We note that the combination of these tools – namely Dehnen et al. (2023) method and AGAMA (Vasiliev 2019) – allowed us to compute the gravitational potential independently at each snapshot. Each snapshot is treated as a time-independent system; however, by repeating the procedure for successive snapshots, we capture the temporal evolution of the galaxy through the corresponding changes in the potential. This effectively introduces time dependence into the study in the form of a sequence of quasi-static models, providing a physically grounded description of the simulated galaxy’s evolution.
After extracting these initial parameters, we computed the equilibrium points and constructed the invariant manifolds (Romero-Gómez et al. 2006, 2007). As the modelling of the gravitational potential in this work is two-dimensional, the subsequent analysis focused on particles whose motion is predominantly planar. We therefore selected those satisfying |z|< 400 pc and |vz|< 20 km s−1 in our results. This selection is applied a posteriori and does not affect the construction of the potential or the computation of equilibrium points and manifolds. Instead, it ensures consistency with the adopted planar approximation, as particles with large vertical excursions would probe regions where the potential is not accurately modelled and could therefore introduce systematic biases. Thus, this selection is primarily implemented to properly characterise the planar dynamical behaviour of the galactic disc. This selection retains roughly 55–65% of the total disc population.
4. Identification of spiral arm signatures
Across the selected snapshots of the simulation, two prominent, bisymmetric, grand-design spirals are clearly identifiable in the face-on view of the disc (Fig. 2a–d, white contours). These contours trace the spatial extent of particles associated with the spiral arms, identified through a difference-of-Gaussians (DoG) filtering of the stellar surface density. The DoG field is constructed from a two-dimensional histogram of the stellar distribution by subtracting two Gaussian-smoothed maps with smoothing scales σ1 = 2 and σ2 = 20 histogram bins (corresponding to ∼0.3 and ∼3.4 kpc for the adopted map resolution), and normalising by the large-scale component. Spiral regions are then defined as those above the 80th percentile of the resulting field. The white contours are obtained from the spatial distribution of particles selected within these regions (and outside the bar region bounded by R1). This procedure enhances large-scale spiral features while suppressing small-scale fluctuations.
	[image: Thumbnail: Fig. 2. Refer to the following caption and surrounding text.]	Fig. 2. Face-on view and kinematic properties of the disc at t = 1.141 Gyr after the initial conditions. (a): Face-on surface density map, with the spiral arm overdensities highlighted by white solid contours. (b): Same as (a) but with the exterior unstable manifolds overplotted in red. (c): Same as (a) but colour-coded by radial velocity, vR. (d): Same as (a) but colour-coded by tangential velocity, vφ. (e): Rotation curve, vφ as a function of radius, colour-coded by vR. The solid black line indicates the ridge associated to the signature of the spiral arms. The radial extent of the bar is indicated by dashed circles in the face-on panels, and by the grey shaded region together with the vertical dashed line in panel (e), corresponding to R1 = 8.1 kpc at this time.



Figure 2b further shows that the exterior unstable branches of the invariant manifolds (red curves) associated with the Lyapunov orbits around the equilibrium points L1 and L2 (white dots at the bar ends) are geometrically consistent with the observed location of the spiral arms. For this snapshot (at t = 1.141 Gyr after the initial conditions), the Jacobi energy of the saddle equilibrium points is EL1, 2 = −1.65 × 105 (km s−1)2 and the energy of the manifold is Eman = −1.57 × 105 (km s−1)2. In addition to L1 and L2, the other three equilibrium points are also visible in Fig. 2b, aligned with the bar’s semi-minor axis. As expected, L3 corresponds to a local minimum of the effective potential and is linearly stable, whereas L4 and L5 are located at local maxima and are also stable throughout the analysed time interval. Therefore, in our model the dominant contribution to the spirals is directly provided by the manifolds associated with the Lyapunov orbits around L1 and L2.
Panels (c) and (d) of Fig. 2 present face-on views of the galaxy colour-coded by the radial and tangential velocities in the inertial frame, respectively. In addition to the quadrupolar pattern in radial velocity within the bar region, the most striking feature in panel (c) is the presence of outward radial motion along the spiral arms (prominent red bands coincident with the white contours). This radial velocity pattern has also been reported in previous works such as Eilers et al. (2020), Bernet et al. (2025), and is consistent with the predictions of manifold-driven scenario (Athanassoula et al. 2009b; Athanassoula 2012), while opposing to the expectations in classical density wave scenario (Lin & Shu 1964, 1966; Lin et al. 1969; Kalnajs 1973). In the framework of classical density wave theory, a steady spiral pattern in the absence of a bar is expected to display negative radial velocities inside corotation and positive radial velocities outside corotation (e.g. Lin et al. 1969; Antoja et al. 2016; Bernet et al. 2025). This behaviour is not observed in our case, where outward radial motions are found along the spiral arms over their full extent. Furthermore, following the azimuthal variation of radial velocities at fixed radius in Fig. 2c reveals that both the spiral and bar regions exhibit a similar red–blue–red–blue sequence, corresponding to a quadrupolar pattern, as also reported in previous works (e.g. Bovy et al. 2019; Ghosh et al. 2025). The presence of this common quadrupolar signature in both components points to a shared dynamical origin. In particular, this behaviour is naturally explained in the context of manifold theory, where spiral arms are generated by the bar and therefore inherit its kinematic imprint.
Panel (d) in Fig. 2 shows that the spiral arms also exhibit enhanced tangential velocities compared to neighbouring disc regions at the same galactocentric radius. These kinematic signatures are combined in Fig. 2e, where the R–vφ distribution is shown for all disc particles, colour-coded by radial velocity. Consistent with panels (c) and (d), a dominant red sequence in vR extends from the bar edge (vertical dashed line) out to R ≈ 20 kpc, tracing the location and signature of the spiral arms (solid black line, Fig. 2e). Similar prominent vR > 0 ridges in the R − vφ plane also have been reported in barred galaxy models (e.g. Hunt et al. 2019; Fragkoudi et al. 2019; Khanna et al. 2019; Antoja et al. 2022).
5. Definition of different kinematic populations
5.1. Jacobi energy of the manifolds, Eman
We identify distinct kinematic populations using a criterion that is closely related to, but conceptually reformulated from, that introduced by Kaufmann & Contopoulos (1996). In their work, chaotic orbits were shown to support the inner parts of spiral arms provided that their Jacobi energy lies between the values at the Lagrange points L1–L2 and L4–L5. These orbits were already associated with the so-called ‘hot’ population identified in earlier self-consistent N-body simulations (Sparke & Sellwood 1987; Pfenniger & Friedli 1991), thereby placing them within a broader dynamical framework that is consistent with the present model.
This energy range arises naturally in the presence of the rotating bar, which introduces a non-axisymmetric perturbation that separates the Jacobi energies of the equilibrium points L1–L2 and L4–L5. No such separation occurs in the purely axisymmetric case (Contopoulos 2002). Within this energy interval, the topology of the zero-velocity curves allows for orbital configurations that can support spiral structures (see Appendix A for a detailed description).
Building on this picture, we reinterpret and slightly reformulate the argument within the framework of invariant manifolds. In practice, invariant manifolds are computed at the same Jacobi energy as their associated Lyapunov periodic orbits (Romero-Gómez et al. 2006), so that each manifold is defined at a specific value of EJ. In particular, for a Lyapunov orbit n around L1 or L2, the associated invariant manifold exists at a fixed Jacobi energy [image: Mathematical equation: $ E_{\text{man}}^{(n)} $], with [image: Mathematical equation: $ E_{L_{1,2}} < E_{\text{man}}^{(n)} < 0 $] (Skokos et al. 2002; Romero-Gómez et al. 2006). A natural choice would then be to impose an upper limit equal to EL4, 5 at each individual snapshot. However, in a fully self-consistent simulation the Jacobi energy of the equilibrium points evolves over time, because both the pattern speed (Fig. 1b) and the mass distribution of the system change.
To account for this evolution in a simple and robust way, we adopt a single reference energy for all snapshots. Specifically, we define Eman = EL1, 2 + ΔE, where [image: Mathematical equation: $ \Delta E\equiv \max\left\{E_{L_{4,5}}^{(i)}-E_{L_{1,2}}^{(i)}\right\} $] is the maximum separation between EL4, 5 and EL1, 2 measured across all snapshots i. In this way, instead of using a time-dependent upper limit, we fix a global one based on the largest energy gap reached during the evolution. This choice has two main advantages. First, it ensures that the same energy range is used consistently at all times, avoiding artificial variations due to snapshot-to-snapshot fluctuations. Second, it provides a conservative definition: the selected range enforces a coherent and uniform energy gap at all times, thereby capturing the same physically relevant energies expected to contribute to spiral structure.
By construction, this global upper limit can be higher than the instantaneous value of EL4, 5 at a given time. As a result, we may include manifolds with EJ > EL4, 5. These manifolds are still dynamically allowed, but their ability to support spiral structure is expected to be weaker, in agreement with previous studies (e.g. Kaufmann & Contopoulos 1996). Importantly, this extension does not contradict the original criterion: for Jacobi energies above EL4, 5, no forbidden regions exist (see Appendix A), so including these manifolds remains dynamically consistent with the criterion of Kaufmann & Contopoulos (1996). Rather than modifying the underlying physics, our approach provides a practical generalisation that naturally incorporates the secular evolution of the system in a fully self-consistent N-body simulation while preserving the original dynamical constraints.
5.2. Kinematic populations and their imprints
Based on the criterion derived in Sect. 5.1, all particles located outside the bar region – identified by applying a radial mask R > R1, where R1 corresponds to the outer edge of the bar defined in Dehnen et al. (2023), thus excluding bar particles from this analysis – can be classified according to their Jacobi energy, EJ (defined in Eq. (1)), into three dynamically distinct populations: (i) low-energy particles (EJ < EL1, 2, Fig. 4a), (ii) manifold-compatible1 particles (EL1, 2 ≤ EJ ≤ Eman, Fig. 4b), and (iii) high-energy particles (EJ > Eman, Fig. 4c). Panels (d)–(f) of Fig. 4 present the same analysis shown in Fig. 2e, now computed separately for each of these populations. Similarly, panels (g)–(i) reproduce the face-on view of the galaxy shown in Fig. 2c but are restricted to each of the corresponding energy ranges. Panels (j)–(l) display representative orbits for each kinematic population.
	[image: Thumbnail: Fig. 3. Refer to the following caption and surrounding text.]	Fig. 3. Temporal evolution of the Jacobi energies at the unstable equilibrium points. (a): Jacobi energy at the Lagrange points L1–L2 (red) and L4–L5 (blue) as a function of time. Shaded regions indicate the dispersion associated with the determination of the Jacobi energies. (b): Energy separation ΔEJ = EL4, 5 − EL1, 2 as a function of time. The grey band marks the corresponding dispersion. The maximum value of this separation over the analysed time interval defines the constant energy offset ΔE adopted in our manifold selection criterion.



	[image: Thumbnail: Fig. 4. Refer to the following caption and surrounding text.]	Fig. 4. Dynamical diagnostics for the different kinematic populations at t = 1.141 Gyr after the beginning of the simulation. Left column: Low-energy population. Middle column: Manifold-compatible population; Right column: High-energy population. First row: Face-on particle distribution colour-coded by their surface density. The dashed circles indicate the extent of the bar. Second row: Tangential rotation curve, vφ as a function of radius, R, colour-coded by radial velocity, vR. The vertical dashed line marks the radial extent of the bar region. The grey background points correspond to the full distribution shown in Fig. 2e and are included for reference. Third row: Face-on particle distribution colour-coded by their radial velocity, vR. The galaxy rotates counter-clockwise. The dashed circles indicate the extent of the bar. Fourth row: Representative particle orbits overplotted on the face-on surface density map. A white star marks the position of the particle at t = 1.141 Gyr. The start and end points of the orbit segment considered are indicated by solid circles, with the white-outlined one corresponding to the final time.



First, low-energy particles (EJ < EL1, 2) can only access regions outside the zero-velocity curve associated with EL1, 2, which outlines the innermost forbidden region for this energy range (see Appendix A for more details). As a result, they populate the vast majority of the disc, extending from this inner boundary out to the disc edge, as shown in Fig. 4a. Disc particles within this energy range do not have a sufficiently high Jacobi constant to cross the corotation radius, and therefore they remain confined to the outer disc2, as also discussed in Kaufmann & Contopoulos (1996).
As in Fig. 4a, the broad radial distribution of the low-energy population is also evident in Fig. 4d, which additionally shows that their radial velocities are systematically small. This indicates that particles in this population follow nearly circular orbits. An illustrative example of a particle’s orbits in the rotating frame is shown in Fig. 4j. Observe that, although the absolute values of the radial velocity are small, their spatial distribution is not random. A coherent pattern is visible across the spiral arms: on the leading side3 of the arms particles exhibit a systematic tendency toward negative radial velocities (Fig. 4g), indicative of inward migration, whereas on the trailing side there is a preference for positive radial velocities, corresponding to outward migration.
This behaviour is also reflected in Fig. 4d, where the migration signatures appear as secondary ridges located above the dominant ridge (marked by the dotted black line). These streaming motions can be naturally interpreted within the invariant manifolds framework. In this picture, low-energy particles do not generate the spiral pattern – as in the traditional density wave theory – but instead respond to the non-axisymmetric gravitational field generated by the spiral structure itself, arising from material channelled along the invariant manifolds. Importantly, this leading–trailing asymmetry in the sign of the radial velocity has also been reported in studies such as Sellwood & Binney (2002), Grand & Kawata (2016), Sánchez-Menguiano et al. (2018), Marques et al. (2025), where radial migration was driven by transient spiral structure. In the classical quasi-stationary density wave picture (Lin & Shu 1964, 1966; Wielen 1974), stars are expected to cross the spiral arms, with significant angular momentum changes occurring primarily near the corotation resonance. By contrast, the streaming patterns observed here extend over a broader radial range and appear closely aligned with the phase-space geometry defined by the invariant manifolds, producing coherent inward and outward motions relative to the projection of the manifolds onto configuration space.
Second, manifold-compatible particles (EL1, 2 ≤ EJ ≤ Eman) originate near the bar region and extend to intermediate radii, tracing the inner regions of the disc, including the spiral arms (see Fig. 4b). This panel shows that they do not populate the entire disc, although they are free to circulate throughout the bar region and into the outer disc within their energetically allowed domain (see Appendix A). In contrast to the low-energy population (Fig. 4d), this group exhibits a clearly distinct dynamical behaviour. In Fig. 4e, it produces a prominent red sequence corresponding to positive radial velocities, consistent with the outward radial motion previously identified in Fig. 2c,e in the spiral arms. This dominant ridge indicates large positive outward migration from the edge of the bar region to the outer disc. This scenario is predicted by the transport of material within the invariant manifolds framework (e.g. Romero-Gómez et al. 2006, 2007; Athanassoula et al. 2009b,a, 2010; Athanassoula 2012).
However, energy compatibility with manifold orbits is only a necessary, but not sufficient, condition for particles to actually follow such trajectories. Many particles with energies within this range do not satisfy the additional dynamical conditions required to become trapped in manifold orbits, which explains why a clear spiral pattern is not traced by all particles in this energy interval. In the present work, we do not attempt to identify which particles are dynamically guided by invariant manifolds at the level of individual orbits. Rather, we use this energy range as a kinematic selection that isolates particles potentially associated with manifold-driven structures. A detailed characterisation of the dynamical conditions required for particles to effectively follow manifold-guided trajectories – such as phase-space accessibility, time-dependent transport, and trapping efficiency – will be addressed in Paper II.
An example of a manifold-compatible orbit is presented in Fig. 4h. Many of these trajectories originate in the bar region and subsequently travel along the invariant manifold, i.e. along the spiral arm. Such trajectories are referred to as transit orbits (Romero-Gómez et al. 2006, 2007; Patsis 2009; Patsis et al. 2010). In Kaufmann & Contopoulos (1996), it was also found that orbits within the energetic bounds imposed by L1–L2 and L4–L5 could loop around the saddle points and eventually trace and support the spiral structure.
The adopted energy classification is therefore not merely descriptive, but dynamically meaningful. By separating particles according to their Jacobi energy relative to the values at L1, 2 and at the manifold, we isolate the subset of orbits that are dynamically compatible with the invariant manifolds. In particular, only particles within this manifold-compatible energy range can circulate around the saddle equilibrium points and subsequently follow the unstable manifolds that emanate from them. These are precisely the trajectories capable of producing genuine radial transport from the bar region toward the outer disc.
As shown in Fig. 4b, the surface density of this population is enhanced in the inner regions of the disc, where they connect to the bar. The fact that the global density distribution of this population does not by itself reproduce the spiral pattern reflects the fact that the adopted energy range identifies a necessary dynamical condition for manifold-guided motion, but not a sufficient one. In other words, while all manifold-guided particles must belong to this energy class, not all particles within this class are necessarily trapped by the manifolds at a given time. Within this manifold-compatible population lies the dynamically relevant subset of particles that can become trapped and stream along the manifolds, potentially mediating the effective redistribution of mass and angular momentum that underlies the spiral structure. In this sense, the manifold-compatible population defines a physically motivated set of candidates for generating the spiral pattern, from which the manifold-guided trajectories are drawn. Consequently, these constitute the dynamical backbone of the spiral structure in a barred galaxy. The efficiency with which these particles are trapped by the invariant manifolds is expected to directly affect the prominence of the spiral arms: more efficient trapping would lead to a larger fraction of manifold-guided particles streaming along the arms, thereby increasing the density contrast produced by this population. In the forthcoming Paper II, we will explicitly quantify the fraction of particles that are truly trapped by the invariant manifolds and follow transit orbits. This will allow for a direct comparison between the number of manifold-guided particles and the temporal evolution of the spiral arm strength, thereby providing a quantitative test of the manifold-driven scenario.
Finally, high-energy particles (EJ > Eman) appear scattered around the forbidden regions (Fig. 4c). They exhibit large radial velocities, both positive and negative (see panels f and h in Fig. 4), as they correspond to banana orbits around the equilibrium points L4 and L5. Fig. 4l presents an example of these orbits. As discussed in Appendix A, there are no forbidden regions for Jacobi energies higher than EL4, 5, and hence particles in this regime are not subject to global spatial restrictions from an energetic standpoint, and can in principle explore the entire disc. Their large radial motions are a natural consequence of this unrestricted accessibility. The kinematic imprint of this population shown in Fig. 4f. When compared to Fig.2e, Fig. 4i indicates that there is little to no contribution of this population to the spiral configuration, at least directly. In fact, this high-energy population brings about the ridges below to the dominant ridge associated with the bisymmetric spiral arms in the R–vφ plane. It should be noted that the colours indicating vR in Fig. 4f,i are not weighted by number density, so features in those panels may appear strong even if there are very few stars, which is the case for the high-energy particles.
The relative abundances of each of the three identified populations across all the simulation snapshots analysed are shown in Fig. 5. Low-energy particles (pink histogram) consistently account for approximately ∼60 − 70% of the disc at all times, showing small variations in response to the strengthening or weakening of the spiral arms (Fig. 1a). This indicates that they constitute the dominant and dynamically stable bulk of the disc. The high-energy population (orange histogram) never exceeds ∼10%, and in some cases falls to only a few percent, rendering its contribution marginal. The remaining ∼30–40% of particles are manifold-compatible (blue histogram), which strongly reflect the variations in spiral arm amplitude. This fraction of these particles is similar to the findings presented in Pfenniger (1984), Pfenniger & Friedli (1991), Kaufmann & Contopoulos (1996).
	[image: Thumbnail: Fig. 5. Refer to the following caption and surrounding text.]	Fig. 5. Temporal evolution of the relative contribution of each dynamical population, colour-coded as follows: low-energy (pink), manifold-compatible (blue), high-energy (orange).



6. Bar-driven origin of kinematic ridges
The clear association between kinematic populations and distinct ridge features in the R–vφ plane presented in Sect. 4 strongly supports an interpretation in terms of orbital transport governed by invariant manifolds. Within this framework, the ridges are not merely passive imprints of phase mixing or transient perturbations; instead, they emerge as dynamical signatures of coherent orbital structures arising from energy differences between the Lagrangian points induced by the non-axisymmetric perturbation of the bar.
Each kinematic population can thus be understood as generating a distinct set of ridges. The manifold-compatible population gives rise to the prominent ridge associated with positive radial velocities, extending from the end of the bar to the outer disc. This intermediate energy range separates high- and low-energy populations, and the ridge structure reflects this distinction accordingly. Ridges below the dominant one are associated with banana orbits around L4 and L5, while those above it originate from mild deviations from circular motion within the low-energy population, driven by the self-gravity of the particles flowing along the spiral arms. Altogether, this population-dependent stratification of ridges provides a coherent dynamical picture in which invariant manifolds act as the underlying phase-space skeleton organising both radial migration and the emergence of ridge-like features.
Although kinematic ridges were first identified observationally in the R–vφ plane of the Milky Way disc using high-precision astrometric data from the Gaia mission (Antoja et al. 2018), similar phase-space structures have also been reported in numerous numerical simulations of barred galaxies (e.g. Antoja et al. 2018; Hunt et al. 2018, 2019; Martinez-Medina et al. 2019; Fragkoudi et al. 2019; Monari et al. 2019; Khanna et al. 2019; Antoja et al. 2022; Bernet et al. 2022). This indicates that ridges are not exclusive to observational data of the Milky Way, but instead constitute a more general dynamical feature of barred systems, not necessarily restricted to Milky-Way-like galaxies or to purely observational contexts.
Regarding the dynamical role of the spiral structure, the present simulation exhibits two distinct regimes over the analysed time interval, as shown in Fig. 1a. In an initial phase, the amplitude of the spiral arms (as measured by the A2 Fourier component) is comparable to that of the bar, indicating that the spirals constitute a dynamically significant perturbation. In a later phase, however, the spiral amplitude becomes subdominant relative to the bar, and in some snapshots the spiral structure nearly vanishes (A2spiral ≲ 0.1). Despite these differences, no significant changes are observed in the properties of the kinematic ridges between the two regimes. The ridge structures persist and are consistently identified both globally and within individual kinematic populations.
This result indicates that dynamically strong spiral arms are not a necessary condition for the formation of ridges in the R–vφ plane. This is consistent with previous studies showing that a rotating bar alone can generate similar ridge-like features (e.g. Antoja et al. 2018; Hunt et al. 2019; Monari et al. 2019; Bernet et al. 2022). Our findings further support the scenario in which the bar is the primary driver of the observed phase-space structures, while spiral arms may modulate their properties but are not required to for their formation.
7. Caveats and limitations
The results presented in this work are based on the analysis of a single N-body simulation snapshot sequence, and therefore their direct applicability is formally restricted to systems sharing similar dynamical properties, as outlined in Sect. 3. Nevertheless, the theoretical framework underlying our interpretation – namely, the role of phase-space structures induced by non-axisymmetric perturbations – suggests that the main mechanisms identified here are expected to operate more generally in barred galaxies and barred–spiral systems. In this sense, while a broader exploration across different models would be required to fully assess the generality of our findings, the processes described are not specific to a unique realisation but are rooted in well-established dynamical principles.
The main limitation of this study, as described in Sect. 3, lies in the planar nature of our analysis. The vertical cuts applied to the particle selection, namely |z|< 400 pc and |vz|< 20 km s−1, effectively restrict the motion to be predominantly planar. We consider this approximation to be appropriate for the purposes of the present work, since the simulated galaxy is isolated and does not interact with any external perturber, which would otherwise introduce an additional layer of dynamical complexity. Moreover, previous studies of the three-dimensional dynamics in the vicinity of the Lagrange points have shown that the main orbital structures associated with invariant manifolds are largely preserved in the planar approximation, at least within the dynamical regimes considered here (Ollé & Pfenniger 1998; Katsanikas & Patsis 2022; Harsoula & Katsanikas 2025). Nevertheless, we acknowledge that a full characterisation including the vertical component would be required to provide a more realistic and complete picture of the structures associated with invariant manifolds.
A secondary limitation of our analysis concerns the modelling of the gravitational potential. In this work, we analyse a sequence of snapshots from an N-body simulation that exhibit a prominent grand-design spiral structure, as shown in Fig. 1a. Accordingly, the gravitational potential has been extracted using AGAMA (Vasiliev 2019) under the assumption of bisymmetry. While this approximation neglects higher-order asymmetries in the density distribution, which are visible in the snapshots, we expect the resulting discrepancies in the potential to be of second order and not to significantly affect the main results of our analysis.
8. Conclusions
In this work, we have investigated the dynamical origin and kinematic signatures of spiral structure in an N-body simulation of an isolated barred galaxy. By combining the characterisation method of Dehnen et al. (2023) with snapshot-specific gravitational potentials constructed using AGAMA (Vasiliev 2019), we compute invariant manifolds in a sequence of quasi-static models that adapt self-consistently to the instantaneous state of the system. The main conclusions to be drawn from this study are summarised as follows:

	
The Jacobi constant EJ provides a robust indicator in N-body simulations of the dynamical nature of disc particles relative to the Jacobi energies that define the families of Lyapunov periodic orbits around the saddle equilibrium points L1 − L2, whose associated invariant manifolds are explored in this work. We identify three dynamically distinct populations: (i) low-energy particles, which dominate the disc (∼60%; EJ < EL1, 2) and follow nearly circular orbits; (ii) high-energy particles, a minor component (≲10%; EJ > Eman) associated with banana orbits around L4 and L5; and (iii) manifold-compatible particles (∼30–40%; EL1, 2 ≤ EJ ≤ Eman), which originate near the bar and can follow transit orbits along the spiral arms. The latter population has been discussed in earlier studies (e.g. Sparke & Sellwood 1987; Pfenniger 1984; Pfenniger & Friedli 1991; Kaufmann & Contopoulos 1996), and our findings are fully compatible with their conclusions. In those works, however, the identification of this component was primarily based on indirect diagnostics and modelling strategies that did not allow for an explicit dynamical construction. In the present study, we adopt a fully reproducible framework grounded in invariant manifold theory and we apply it directly to an N-body simulation. This approach enables a systematic and transparent identification of the population, together with a detailed characterisation of its kinematic properties. By recasting the phenomenon within the formalism of invariant manifolds, we provide a rigorous dynamical foundation that clarifies, unifies, and quantitatively substantiates the interpretations proposed in previous works.



	
The theory of invariant manifolds provides a coherent dynamical interpretation of the ridge structure in the R–vφ plane of a barred galaxy with two grand-design spiral arms. Within this framework, all ridges can be systematically classified according to their underlying energy populations, as suggested by Ramos et al. (2018), Khanna et al. (2019). The dominant, long-lived ridge of positive radial motion extending from the bar to the outer disc is traced exclusively by the manifold-compatible population. Only this component reproduces the characteristic kinematic signature of the bisymmetric spiral arms in the inertial frame, namely systematic outward motion (vR > 0). Secondary ridges below the main structure arise from the high-energy population, while those above it correspond to the low-energy population.



	
Low-energy particles located near the projection of invariant manifolds onto configuration space crowd along the spiral structure, yet they do not actively shape its dynamics. This population does not intrinsically encode the dynamical properties of the spiral arms; instead, it represents the kinematic response to the gravitational influence of the manifold-compatible population that organises the large-scale spiral structure. A systematic streaming pattern is nevertheless evident: low-energy particles on the leading side of the arm migrate inward, whereas those in the trailing side migrate outward. This behaviour is induced by the combined influence of the invariant manifolds and the gravitational forcing exerted by the material flowing along them. The small perturbations in radial velocity of these low-energy particles induced by the self-gravity of the spiral structure are broadly compatible with the ‘dimples’ of nearly circular orbits in reported in Kaufmann & Contopoulos (1996) (see Fig. 19 there). In that work, the outer parts of the spiral arms were attributed to be sustained by the trapping of quasi-periodic orbits in the vicinity of stable periodic families beyond the −4/1 resonance of the bar. This raises the possibility that the perturbations identified here and the quasi-periodic trapping mechanism proposed in that work may coexist, contributing jointly to the structure of the outer spiral arms. However, in view of the kinematic imprints exhibited by this population (Fig. 4g), the associated amplification of the density contrast appears to take place along the full extent of the spiral arm, rather than being confined to a specific radial or azimuthal segment. We then conclude that the primary contribution of this low-energy population is to amplify the density contrast of the spiral arms. Conversely, the manifold-compatible particles constitute the true dynamical backbone that governs the formation and evolution of the spiral structure, as they stream along the invariant manifolds and continuously replenish the arms. This image is compatible with the results provided by Kaufmann & Contopoulos (1996), where chaotic orbits, interpreted here as manifold-related trajectories, were invoked primarily to explain the inner part of the spiral arms.



	
We refer to this scenario as material density waves. We do not use the term ‘material’ to imply that the spiral arms follow the local rotation of the disc. Instead, we use it to denote that the spiral structure is populated by particles that flow along it, rather than exclusively crossing it, since they are guided by the invariant manifolds that define the underlying dynamical backbone of the spiral arms. In this sense, the spiral structure combines a genuinely self-consistent dynamical component, associated with material guided by the manifolds flow, with a density-wave-like response of the surrounding disc. While this terminology may appear, at first sight, conceptually ambiguous–since it brings together notions that are often treated separately–we intentionally adopt it to highlight the hybrid nature of the mechanism we describe, in which organised particle transport along the invariant manifolds and the density-wave-like response are intrinsically linked.




The systematic characterisation of all the ridge components of the R–vφ plane in terms of invariant manifolds is, to our knowledge, novel. It demonstrates that only the manifold-compatible particles encode the intrinsic dynamical structure of the spiral arms in barred galaxies, while the remaining overdensities correspond to induced responses of the surrounding disc. In a forthcoming companion paper of this series (Paper II), we present a more detailed analysis of particle trapping by invariant manifolds and its relation to the time evolution of the spiral arms strength. In this study we have explicitly quantified the efficiency and duration of trapping episodes, and assesses how manifold-driven transport correlates with the strengthening and weakening of the spiral structure. We also investigated the differential impact of invariant manifolds on the various dynamical populations identified here, examining how each population contributes (or fails to contribute) to the growth, maintenance, and decay of the spiral arms.
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1 As is discussed in this section, this is a necessary but not sufficient condition to ensure that particles lie on manifold orbits; the details of the trapping mechanism will be presented in Paper II.


2 In a similar way, particles in the bar region whose Jacobi energy is EJ < EL1, 2 are also confined inside corotation.


3 Recall the galaxy rotates counter-clockwise.




Appendix A:  Forbidden regions and ZVCs
As defined in Romero-Gómez et al. (2006), the gravitational potential of a barred galaxy in the rotating reference frame gives raise to forbidden regions. These are not forbidden in an absolute sense for all particles; instead, they correspond to locations that a particle cannot access given its Jacobi energy, EJ. In this way, the distribution of particles across the galactic disc is strongly constrained by the forbidden regions defined with respect to their Jacobi constant.
The boundaries of these regions are determined by the zero-velocity surfaces, defined by the condition Φeff = EJ. In practice, one often considers the zero-velocity curves (ZVCs), which correspond to the intersection of the zero-velocity surfaces with the galactic midplane. Importantly, both the size and morphology of the ZVCs depend on the value of EJ. For lower Jacobi energies (i.e. more negative EJ), the ZVCs enclose larger regions. For EJ = EL1, the two components of the ZVCs intersect at the Lagrange points L1 and L2. As EJ increases, the curves progressively shrink, eventually collapsing onto the equilibrium points L4–L5. This behaviour is illustrated in Fig. A.1. In particular, for EJ > EL4 ≡ EJ(L4) no ZVCs exist, implying that the physical constraints imposed by the forbidden regions vanish.
	[image: Thumbnail: Fig. A.1. Refer to the following caption and surrounding text.]	Fig. A.1. Zero velocity curves (ZVCs) corresponding to different Jacobi energies EJ, defined as the intersection of the surfaces Φeff = EJ with the plane z = 0. A discreet set of ZVCs is plotted from a selection of EJ, whose values are indicated in the colour bar, along the indication of EL1 and EL4 for reference. Black dots mark the location of Lagrange points.



	[image: Thumbnail: Fig. A.2. Refer to the following caption and surrounding text.]	Fig. A.2. Forbidden regions (grey regions) and their corresponding zero-velocity curves (ZVCs, black contours) for different Jacobi constants: EJ = EL1 (top), EL1 < EJ < EL4 (middle), and EJ = EL4 (bottom). Solid and dotted coloured curves correspond to two distinct orbits for the three different EJ ranges defined in this work: low-energy (top), manifold-compatible (middle), high-energy (bottom); filled coloured circles mark their initial positions, while circles with black edges indicate their final positions in the analysed interval. Black dots show the location of the equilibrium points.



For the construction of the invariant manifolds, the relevant quantity is therefore the ZVCs associated with EL1 ≡ EJ(L1). From a dynamical perspective, EL1 plays the role of a critical energy threshold that regulates orbital transport between the bar region and the outer disc. For each EJ < EL1, both components of the ZVCs remain closed respectively around the bar and at the outer disc, preventing orbits from traversing corotation. Once EJ exceeds EL1, the ZVCs open at the saddle points, creating passages that allow material to flow between the inner and outer regions. In this sense, EL1 acts as a dynamical gateway controlling the exchange of orbits across corotation. For EJ > EL4, both the ZVCs and the forbidden regions disappear, rendering highly energetic particles spatially unconstrained.
This behaviour is illustrated in Fig. A.1. The top panel shows the configuration at the critical value EJ = EL1, where the ZVCs are tangent at the saddle equilibrium points (this curve corresponds to the innermost region to which the low-energy population has access in Fig. 4a). Below this threshold, the allowed regions remain disconnected: orbits are still confined either to the bar region or to the outer disc, and large-scale radial transport is suppressed. In the intermediate regime, EL1 < EJ < EL4 (middle panel), the ZVCs open at the saddles, creating narrow channels that connect the inner and outer allowed regions. These openings enable chaotic transport mediated by the invariant manifolds associated with the unstable periodic orbits around L1 and L2. As a result, stellar trajectories can now traverse corotation, moving between the bar and the outer disc along manifold-guided pathways. Finally, at EJ = EL4 (bottom panel) the forbidden regions disappear, and the is no longer any constrain in the motion in configuration space. Orbits become globally unbound within the rotating frame, exploring extended regions of the disc without energetic barriers. This sequence clearly illustrates how the Jacobi constant governs the accessibility of phase-space regions and regulates the onset of large-scale orbital transport. For further details, see Sect. 3.3.2 of Binney & Tremaine (2008) and Sec. 3.1.4 of Contopoulos (2002).


All Figures
	[image: Thumbnail: Fig. 1. Refer to the following caption and surrounding text.]	Fig. 1. Time evolution of the bar and diagnostics of the spiral arms for the B1 model, following the method of Dehnen et al. (2023). Time is measured from the start of the simulation. (a): Fourier m = 2 amplitudes, A2, for the bar (dotted red; averaged over [R0, R1] kpc, as defined in Appendix B of Dehnen et al. 2023) and for the spiral arms (solid red; averaged from R1 to 10 kpc). The dotted and solid horizontal lines mark A2 = 0.2 (bar threshold) and A2 = 0.1 (spiral fading), respectively. (b): Bar pattern speed, Ωp, as a function of time.
In the text



	[image: Thumbnail: Fig. 2. Refer to the following caption and surrounding text.]	Fig. 2. Face-on view and kinematic properties of the disc at t = 1.141 Gyr after the initial conditions. (a): Face-on surface density map, with the spiral arm overdensities highlighted by white solid contours. (b): Same as (a) but with the exterior unstable manifolds overplotted in red. (c): Same as (a) but colour-coded by radial velocity, vR. (d): Same as (a) but colour-coded by tangential velocity, vφ. (e): Rotation curve, vφ as a function of radius, colour-coded by vR. The solid black line indicates the ridge associated to the signature of the spiral arms. The radial extent of the bar is indicated by dashed circles in the face-on panels, and by the grey shaded region together with the vertical dashed line in panel (e), corresponding to R1 = 8.1 kpc at this time.
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	[image: Thumbnail: Fig. 3. Refer to the following caption and surrounding text.]	Fig. 3. Temporal evolution of the Jacobi energies at the unstable equilibrium points. (a): Jacobi energy at the Lagrange points L1–L2 (red) and L4–L5 (blue) as a function of time. Shaded regions indicate the dispersion associated with the determination of the Jacobi energies. (b): Energy separation ΔEJ = EL4, 5 − EL1, 2 as a function of time. The grey band marks the corresponding dispersion. The maximum value of this separation over the analysed time interval defines the constant energy offset ΔE adopted in our manifold selection criterion.
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	[image: Thumbnail: Fig. 4. Refer to the following caption and surrounding text.]	Fig. 4. Dynamical diagnostics for the different kinematic populations at t = 1.141 Gyr after the beginning of the simulation. Left column: Low-energy population. Middle column: Manifold-compatible population; Right column: High-energy population. First row: Face-on particle distribution colour-coded by their surface density. The dashed circles indicate the extent of the bar. Second row: Tangential rotation curve, vφ as a function of radius, R, colour-coded by radial velocity, vR. The vertical dashed line marks the radial extent of the bar region. The grey background points correspond to the full distribution shown in Fig. 2e and are included for reference. Third row: Face-on particle distribution colour-coded by their radial velocity, vR. The galaxy rotates counter-clockwise. The dashed circles indicate the extent of the bar. Fourth row: Representative particle orbits overplotted on the face-on surface density map. A white star marks the position of the particle at t = 1.141 Gyr. The start and end points of the orbit segment considered are indicated by solid circles, with the white-outlined one corresponding to the final time.
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	[image: Thumbnail: Fig. 5. Refer to the following caption and surrounding text.]	Fig. 5. Temporal evolution of the relative contribution of each dynamical population, colour-coded as follows: low-energy (pink), manifold-compatible (blue), high-energy (orange).
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	[image: Thumbnail: Fig. A.1. Refer to the following caption and surrounding text.]	Fig. A.1. Zero velocity curves (ZVCs) corresponding to different Jacobi energies EJ, defined as the intersection of the surfaces Φeff = EJ with the plane z = 0. A discreet set of ZVCs is plotted from a selection of EJ, whose values are indicated in the colour bar, along the indication of EL1 and EL4 for reference. Black dots mark the location of Lagrange points.
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	[image: Thumbnail: Fig. A.2. Refer to the following caption and surrounding text.]	Fig. A.2. Forbidden regions (grey regions) and their corresponding zero-velocity curves (ZVCs, black contours) for different Jacobi constants: EJ = EL1 (top), EL1 < EJ < EL4 (middle), and EJ = EL4 (bottom). Solid and dotted coloured curves correspond to two distinct orbits for the three different EJ ranges defined in this work: low-energy (top), manifold-compatible (middle), high-energy (bottom); filled coloured circles mark their initial positions, while circles with black edges indicate their final positions in the analysed interval. Black dots show the location of the equilibrium points.
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      Fig. 1. 
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        Time evolution of the bar and diagnostics of the spiral arms for the B1 model, following the method of Dehnen et al. (2023). Time is measured from the start of the simulation. (a): Fourier m = 2 amplitudes, A2, for the bar (dotted red; averaged over [R0, R1] kpc, as defined in Appendix B of Dehnen et al. 2023) and for the spiral arms (solid red; averaged from R1 to 10 kpc). The dotted and solid horizontal lines mark A2 = 0.2 (bar threshold) and A2 = 0.1 (spiral fading), respectively. (b): Bar pattern speed, Ωp, as a function of time.

      

    

  
    
      Fig. 2. 
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        Face-on view and kinematic properties of the disc at t = 1.141 Gyr after the initial conditions. (a): Face-on surface density map, with the spiral arm overdensities highlighted by white solid contours. (b): Same as (a) but with the exterior unstable manifolds overplotted in red. (c): Same as (a) but colour-coded by radial velocity, vR. (d): Same as (a) but colour-coded by tangential velocity, vφ. (e): Rotation curve, vφ as a function of radius, colour-coded by vR. The solid black line indicates the ridge associated to the signature of the spiral arms. The radial extent of the bar is indicated by dashed circles in the face-on panels, and by the grey shaded region together with the vertical dashed line in panel (e), corresponding to R1 = 8.1 kpc at this time.

      

    

  
    
      Fig. 3. 
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        Temporal evolution of the Jacobi energies at the unstable equilibrium points. (a): Jacobi energy at the Lagrange points L1–L2 (red) and L4–L5 (blue) as a function of time. Shaded regions indicate the dispersion associated with the determination of the Jacobi energies. (b): Energy separation ΔEJ = EL4, 5 − EL1, 2 as a function of time. The grey band marks the corresponding dispersion. The maximum value of this separation over the analysed time interval defines the constant energy offset ΔE adopted in our manifold selection criterion.

      

    

  
    
      Fig. 4. 
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        Dynamical diagnostics for the different kinematic populations at t = 1.141 Gyr after the beginning of the simulation. Left column: Low-energy population. Middle column: Manifold-compatible population; Right column: High-energy population. First row: Face-on particle distribution colour-coded by their surface density. The dashed circles indicate the extent of the bar. Second row: Tangential rotation curve, vφ as a function of radius, R, colour-coded by radial velocity, vR. The vertical dashed line marks the radial extent of the bar region. The grey background points correspond to the full distribution shown in Fig. 2e and are included for reference. Third row: Face-on particle distribution colour-coded by their radial velocity, vR. The galaxy rotates counter-clockwise. The dashed circles indicate the extent of the bar. Fourth row: Representative particle orbits overplotted on the face-on surface density map. A white star marks the position of the particle at t = 1.141 Gyr. The start and end points of the orbit segment considered are indicated by solid circles, with the white-outlined one corresponding to the final time.

      

    

  
    
      Fig. 5. 
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        Temporal evolution of the relative contribution of each dynamical population, colour-coded as follows: low-energy (pink), manifold-compatible (blue), high-energy (orange).

      

    

  
    
      Fig. A.1. 
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        Zero velocity curves (ZVCs) corresponding to different Jacobi energies EJ, defined as the intersection of the surfaces Φeff = EJ with the plane z = 0. A discreet set of ZVCs is plotted from a selection of EJ, whose values are indicated in the colour bar, along the indication of EL1 and EL4 for reference. Black dots mark the location of Lagrange points.

      

    

  
    
      Fig. A.2. 
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        Forbidden regions (grey regions) and their corresponding zero-velocity curves (ZVCs, black contours) for different Jacobi constants: EJ = EL1 (top), EL1 < EJ < EL4 (middle), and EJ = EL4 (bottom). Solid and dotted coloured curves correspond to two distinct orbits for the three different EJ ranges defined in this work: low-energy (top), manifold-compatible (middle), high-energy (bottom); filled coloured circles mark their initial positions, while circles with black edges indicate their final positions in the analysed interval. Black dots show the location of the equilibrium points.
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