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Abstract

Large-amplitude prominence oscillations offer diagnostic information relevant to understanding the magnetic and plasma structure of solar prominences. Accurate prominence seismology requires the use of reliable models. The so-called pendulum model for large-amplitude longitudinal prominence oscillations has demonstrated robustness against observations and numerical simulations. Recent improvements have extended the model to situations with non-uniform gravity, thus leading to corrections that have implications for the inference of the magnetic field strength. In this study we quantify how the different model predictions given by the original and extended pendulum models impact the inference of the minimum magnetic field strength derived from the observed periods of large-amplitude longitudinal prominence oscillations. The analysis we conducted follows a Bayesian approach to solve the inference problem and assess the absolute and relative plausibilities of the two considered models in explaining the observed data, with their uncertainty. We find that the Bayesian solution to the inference problem provides well-constrained posteriors for the minimum magnetic field strength. However, the solutions from each adopted model differ, with differences increasing with the oscillation period. A model comparison analysis results in the extended model being more plausible in the full range of observed periods. However, the magnitude of the Bayes factor is not large enough to determine whether there is positive evidence supporting any of the models. We suggest computing model-averaged posteriors as the most reasonable solution to the inference problem.
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1. Introduction
Solar prominences are highly dynamic structures, and ground- and space-based observations obtained in the past five decades have shown clear evidence of their oscillatory dynamics (Arregui et al. 2018). The oscillations are commonly interpreted in terms of standing or propagating magnetohydrodynamic waves. Based on their velocity amplitude, prominence oscillations are classified into small and large amplitude events (Oliver 1999; Oliver & Ballester 2002). Large amplitude oscillations involve a significant part of the prominence structure and display velocity amplitudes greater than 20 km s−1. They are excited by episodic energetic disturbances, such as Moreton or EIT waves (Eto et al. 2002; Okamoto et al. 2004), shock waves (Shen et al. 2014), nearby jets, and subflares or flares (Jing et al. 2003; Li & Zhang 2012). A particular class of large-amplitude prominence oscillations are those in which the prominence material undergoes periodic motions along the longitudinal axis of the structure (Jing et al. 2003, 2006; Vršnak et al. 2007; Zhang et al. 2012; Luna et al. 2014; Zhang et al. 2017; Luna et al. 2018). These so-called large-amplitude longitudinal oscillations (LALOs) have periods between 50 and 160 min, damping times of 120–600 min, and velocity amplitudes in the range of 30–100 km s−1.
A number of theoretical models have been proposed in order to explain the observed properties of LALOs in prominences (see e.g. Kleczek & Kuperus 1969; Vršnak et al. 2007; Jing et al. 2006; Luna & Karpen 2012). Among them, the so-called pendulum model by Luna & Karpen (2012) has been successful in explaining the oscillations in terms of a restoring force due to the projected gravity in the tube where the threads oscillate and their damping as being a consequence of the steady accretion of mass onto the threads by thermal non-equilibrium processes. The validity of the pendulum model was tested by Zhang et al. (2012) using Hinode observations and numerical simulations and by Luna et al. (2016), who performed 2D non-linear time-dependent simulations of large-amplitude longitudinal oscillations in a dipped magnetic structure and found good agreement between the numerical results and the Luna & Karpen (2012) theoretical model. Model predictions were observationally tested for events in the GONG catalogue of filament oscillations by Luna et al. (2018). The robustness of the model provides a diagnostic tool to perform prominence seismology in order to infer the curvature radius of the magnetic field lines and the magnetic field strength.
The Luna & Karpen (2012) pendulum model makes two main simplifying assumptions: the consideration of uniform gravity and the semi-circular geometry of the supporting flux tubes. Luna et al. (2022) relaxed these assumptions and extended the model to situations with non-uniform gravity and different flux-tube geometries, with semi-circular, semi-elliptical, and sinusoidal dips. Luna et al. (2022) find that the spatial variation of the solar gravity introduces a correction in the equations governing longitudinal oscillations and modifies the pendulum-model approximation. The correction becomes significant for oscillation periods above 60 min, which has implications for the inference of the magnetic field strength. The gravity correction has the interesting effect of introducing a cut-off period such that longitudinal oscillations must have a period below 167 min. On the other hand, the pendulum model turns out to be quite robust and valid for non-circular dips, and the corrected pendulum model provides a good estimate of the radius of curvature at the bottom of the dips for any flux-tube geometry.
In this study, we quantify how the differences in the predictions by the original (Luna & Karpen 2012) and the extended (Luna et al. 2022) pendulum models impact the corresponding inferences of the minimum magnetic field strength in prominences. We adopted a Bayesian approach to solve the inference problems and to quantify the level of evidence in favour of each of these models in view of the observed data and their uncertainty.
2. Analytical pendulum models
In the original pendulum model by Luna & Karpen (2012), the gravity projected along the magnetic field provides the restoring force of longitudinal oscillations. The oscillation period, P0, is given by
[image: Mathematical equation: $$ \begin{aligned} P_0 = 2\pi \sqrt{\frac{R}{g_0}}, \end{aligned} $$](1)
with R as the radius of curvature of the dipped portion of the field lines and g0 = 274 m s−2 as the solar gravitational acceleration, which is assumed to be uniform.
Because the magnetic structure is self-supporting, the magnetic tension of the dipped part of the tubes must be larger than the weight of the threads, leading to the condition
[image: Mathematical equation: $$ \begin{aligned} \frac{B^2}{\mu _0 R} \ge m n g_0 , \end{aligned} $$](2)
where B is the magnetic field strength at the bottom of the dip, μ0 is the magnetic permeability of free space, n is the particle number density, and m = 1.27 mp is the mean particle mass, with mp as the proton mass. The combination of Equation (1) with the condition (2) leads to a constraint for the minimum magnetic field strength at the bottom of the dip (Luna & Karpen 2012):
[image: Mathematical equation: $$ \begin{aligned} B\,\mathrm{[G]} \ge 26 \left(\frac{n}{10^{11}\,\mathrm{cm} ^{-3}}\right)^{1/2} P_0\,\mathrm{[h]}. \end{aligned} $$](3)
Considering the condition of equality in Equation (2) enables us to formulate our model M1 for the period of longitudinal oscillations as a function of the two-parameter vector θ = {B, n} proposed to explain observed data D = {P} as
[image: Mathematical equation: $$ \begin{aligned} P _{M_1} (n, B) = \frac{B}{f(n)}, \,\, \mathrm{with} \,\, f(n) = 26\left(\frac{n}{10^{11}\,\mathrm{cm} ^{-3}}\right)^{1/2}. \end{aligned} $$](4)
For magnetic field strength values in the range B ∈ [1, 100] G and particle density values in the range n ∈ [109, 1011] cm−3, f(n)∈[2.6, 26], the model M1 predicts periods in the range P ∈ [2.3, 2307] min.
The robustness of this simple model has been assessed against numerical non-linear time-dependent simulations by Luna et al. (2016), who showed that for even relatively weak magnetic fields, the back reaction of the magnetic structure to the mass motions does not significantly affect the predictions of the simple pendulum model. Nevertheless, model M1 has a number of shortcomings, such as the assumption of uniform gravity and semi-circular dips. Luna et al. (2022) find that for oscillation periods above ∼50 min, there are some differences between the predictions of the simple pendulum model and those from models that consider non-uniform gravity and non-circular dips.
For non-uniform gravity, Luna et al. (2022) note that the projection of gravity along the field lines changes due to changes in the magnetic field direction and the intrinsic variation of the direction of gravity. Assuming a semi-circular geometry, Luna et al. (2022) obtained a formally equivalent expression to Equation (1) in the form
[image: Mathematical equation: $$ \begin{aligned} P = 2\pi \sqrt{\frac{R_{\rm eq}}{g_0}}, \mathrm{with} \frac{1}{R_{\rm eq}} = \frac{1}{R} + \frac{1}{R_\odot } \end{aligned} $$](5)
in terms of an equivalent radius of curvature (Req) defined by the harmonic sum of the radius of curvature of the flux tube and the curvature of the solar surface (R⊙). According to this expression, the solar-surface curvature introduces a small correction to Equation (1) for periods of around one hour, but there is a significant deviation for longer periods (Luna et al. 2022).
An interesting consequence of the extended model is the existence of a maximum pendulum period corresponding to the limit of R → ∞ in which there is no dip, and hence, no support against gravity is possible. This cut-off period is given by
[image: Mathematical equation: $$ \begin{aligned} P_\odot = 2\pi \sqrt{\frac{R_\odot }{g_0}} = 167 \,\mathrm{min}. \end{aligned} $$](6)
Equation (5) yields a new relation between the curvature radius and the period and thus a new condition for the support of the prominence material:
[image: Mathematical equation: $$ \begin{aligned} B \ge \frac{B_{\rm old}}{\sqrt{1-\left(\frac{P}{P_{\odot }}\right)^2}}, \end{aligned} $$](7)
with Bold given by Equation (3).
The condition of equality in Equation (7) enabled us to formulate our model M2 for the period of longitudinal oscillations as a function of the same two-parameter vector as before:
[image: Mathematical equation: $$ \begin{aligned} P_{M_2}(n,B) = P_{\odot } \frac{B }{\sqrt{B^2 + P_{\odot }^2 f(n)^2}}\cdot \end{aligned} $$](8)
Considering the same ranges in the magnetic field strength and particle density as above, model M2 predicts periods between P ∈ [2.3, 166] min, with an upper limit very close to the cut-off period.
Model predictions for the period of longitudinal oscillations as a function of plasma density and magnetic field strength in given ranges under models M1 and M2 are shown in Figure 1. The surface plots in Figure 1 demonstrate the differences in the general structure of the predictions between the models. Model M1 appears to predict unlimited periods as the plasma density decreases and the magnetic field strength increases (see Figure 1, top-left). On the contrary, the cut-off on the period imposed by model M2 and given by Equation (6) can be appreciated in Figure 1, top right. Cuts along particular values of magnetic field strength and density in the bottom panels of Figure 1 show quantitative differences in model predictions that become more important with decreasing density and increasing magnetic field strength (increasing oscillation periods).
	[image: Thumbnail: Fig. 1. Refer to the following caption and surrounding text.]	Fig. 1. Top: Surface plots for the period of longitudinal oscillations under model M1 (left, given by Equation (4)) and model M2 (right, given by Equation (8)) as a function of particle density and magnetic field strength. Bottom: Cuts along a given value of magnetic field strength (left, B = 50 G) and particle density (right, n = 1010 cm−3). The solutions have been computed on a uniform 2D grid with Nn = NB = 800 points.



3. Bayesian methodology
In order to quantify the impact of the model prediction differences on the inference of the minimum magnetic field strength, we adopted a Bayesian framework for parameter inference and model comparison. The analysis is based on the use of Bayes’s theorem for the inference of a set of parameters, θ, pertaining, to a model M, conditional on observed data, D, as
[image: Mathematical equation: $$ \begin{aligned} p(\boldsymbol{\theta }|D,M) = \frac{p(D|\boldsymbol{\theta }, M)p(\boldsymbol{\theta }|M)}{\int p(D|{\boldsymbol{\theta }}, M)p(\boldsymbol{\theta }|M) \, \mathrm{d} \boldsymbol{\theta }}\cdot \end{aligned} $$](9)
In this expression p(θ|D, M) is the posterior probability distribution of the parameters, p(D|θ, M) is the likelihood function, and p(θ|M) is the prior distribution of the parameters. The denominator is the model evidence, which acts as a normalisation constant in parameter inference and as a relational measure of evidence in model comparison.
The prior p(θ|M) encodes the information about the parameter vector we are willing to assume before having considered the observed data. In our study, we adopted two types of priors. When a given parameter, θi, is assumed to lie in a plausible range with equal probability for all values within the interval, a uniform prior is defined in terms of the lower (θimin) and upper (θimax) bounds in the form
[image: Mathematical equation: $$ \begin{aligned} \mathcal{U} (\theta _i; \theta _{i_{\rm min}},\theta _{i_{\rm max}}) = {\left\{ \begin{array}{ll} (\theta _{i_{\mathrm{max} }} - \theta _{i_{\mathrm{min} }})^{-1}&{\theta _{i_{\mathrm{min} }} \le \theta _i\le \theta _{i_{\mathrm{max} }}} \\ 0&\mathrm{otherwise}. \end{array}\right.} \end{aligned} $$](10)
On the other hand, when some information is available from observations or other sources, a Gaussian density can be used as a prior, with a mean (μθi) determined by the observed estimate and a standard deviation (σθi) given by the uncertainty in the estimate such that
[image: Mathematical equation: $$ \begin{aligned} \mathcal{G} (\theta _i; \mu _{\theta _i},\sigma _{\theta _i}) = \frac{1}{\sqrt{2\pi }\sigma _{\theta _i}} \exp {\left[\frac{-(\theta _i - \mu _{\theta _i})^2}{2\sigma _{\theta _i}^2}\right]}. \end{aligned} $$](11)
The function p(D|θ, M) in Equation (9) measures the distance between a given observation (D) and the prediction of the model [DM(θ)] and assigns a likelihood to the different parameter combinations based on the magnitude of that distance in relation to the uncertainty on the data (σD). We assumed a Gaussian likelihood of the form
[image: Mathematical equation: $$ \begin{aligned} p(D|\boldsymbol{\theta }, M) = \frac{1}{\sqrt{2\pi }\sigma _{D}} \exp {\left[\frac{-(D - D_{M}(\boldsymbol{\theta }))^2}{2\sigma _{D}^2}\right]}. \end{aligned} $$](12)
The combination of likelihood, p(D|θ, M), and prior information, p(θ|M), leads to the full posterior p(θ|D, M). To know how the data constrain one particular parameter, θi, one can compute the so-called marginal posterior as
[image: Mathematical equation: $$ \begin{aligned} p(\theta _i|D, M) = \int p(\boldsymbol{\theta }|D,M) \, \mathrm{d} \theta _1\,{\ldots }\,\mathrm{d} \theta _{i-1},\mathrm{d} \theta _{i+1}\,{\ldots }\,\mathrm{d} \theta _N. \end{aligned} $$](13)
This integral encodes all the information for the model parameter θi available in the priors and the data. An additional advantage is that it correctly propagates uncertainties in the rest of the parameters to the one of interest.
To compare the evidence in favour of the two models M1 and M2 in view of the observed data, D, we employed two measures: the marginal likelihood and the Bayes factor. The marginal likelihood (or evidence) appears in the denominator of Bayes’s theorem (Equation (9)) and is the integral of the joint distribution over the full parameter space:
[image: Mathematical equation: $$ \begin{aligned} p(D|M) = \int _{\boldsymbol{\theta }} p(\boldsymbol{\theta }, D| M) \, \mathrm{d} \boldsymbol{\theta } = \int _{\boldsymbol{\theta }} p(D|\boldsymbol{\theta },M) \, p(\boldsymbol{\theta }|M) \, \mathrm{d} \boldsymbol{\theta }. \end{aligned} $$](14)
The marginal likelihood quantifies the evidence of a model in relation to its predictive accuracy for observed data. To assess the relative evidence between alternative models in explaining the same observed data, we considered posterior ratios, p(M1|D)/p(M2|D). If the two models are equally probable a priori, p(M1) = p(M2), and through application of Bayes’s rule, the posterior ratio reduces to the ratio of marginal likelihoods of the two models
[image: Mathematical equation: $$ \begin{aligned} BF_{12} = 2\log \frac{p(D|M_1)}{p(D|M_2)} = -BF_{21}, \end{aligned} $$](15)
where the logarithmic scale is used for convenience in the evidence assessment. The Bayes factors defined in Equation (15) quantify the relative plausibility of each of the two models to explain the same data. The quantitative assessment is made in terms of levels of evidence with the use of an empirical table, such as the one by Kass & Raftery (1995). For instance, the evidence in favour of model M1 in front of model M2 is inconclusive for values of BF12 from zero to two, positive for values from two to six, strong for values from six to ten, and very strong for values above ten. A similar tabulation applies to BF21.
4. Results
4.1. Parameter inference
We applied the methodology described in Section 3 to perform the inference of the relevant physical parameters using the period of longitudinal prominence oscillations under the original M1 and extended M2 pendulum models. In both models, the unknown parameters form a 2D parameter vector θ = {n, B}, and the observed data are the period of longitudinal oscillations D = {P}, with uncertainty σD = ΔP.
We first considered the original pendulum model, M1, with predictions for the period given by Equation (4). To construct the priors, we considered that the magnetic field strength and the particle density vary over given ranges. Two types of prior combinations were used. On one hand, we adopted uniform priors for both parameters within particular ranges, following the definition in Equation (10). On the other hand, we computed solutions that adopt a uniform prior for B and a Gaussian prior on particle density, following the definition in Equation (11). The idea is that if some estimate, μn, with error σn can be obtained from observations, they can be incorporated into the inference process.
An example inference result using both prior types and the likelihood function in Equation (12) for a typical value of the period of longitudinal prominence oscillations is shown in Figure 2. The results indicate that a well-constrained marginal posterior for the minimum magnetic field strength can be obtained (see top panels of Figure 2), even when information about the plasma particle density is limited to being on a given range (top-left panel). The use of uniform priors leads to a marginal posterior for the magnetic field strength distributed within a larger range of values in comparison to the case in which a Gaussian prior on density is adopted. The plasma particle density cannot be well constrained unless the more informative Gaussian prior is used (see middle panels of Figure 2). In that case, the prior and posterior for density are very similar, meaning that seismology is of little help in the inference of this parameter. A situation akin to this was also found in the inference of the magnetic field strength and the plasma density using transverse kink oscillations in coronal loops by Arregui et al. (2019) and in prominence threads by Montes-Solís & Arregui (2019) and was also recently pointed out in the study by Baweja et al. (2026). The bottom panels in Figure 2 show the marked differences in the joint posterior distributions that are obtained when using either a uniform or a Gaussian prior for the plasma density.
	[image: Thumbnail: Fig. 2. Refer to the following caption and surrounding text.]	Fig. 2. Marginal and joint posterior distributions for the minimum magnetic field strength B and the plasma particle density n for a LALO with period P = 60 ± 10 min under model M1 given by Equation (4). The left panels are the results obtained with uniform priors, 𝒰(B [G]; 1, 100) and 𝒰(n [cm−3]; 109, 1011) (blue-dotted lines). The right panels are the results obtained with 𝒰(B [G]; 1, 100) and a Gaussian prior on particle density, 𝒢(n [cm−3]; μn, σn) (red dotted lines), with μn = 1010 cm−3 and σn = 0.2μn. The top and middle panels show the marginal posteriors, and the bottom panels show the joint posteriors, with the white line enclosing the 68% credible interval. For the magnetic field strength, the median and upper bounds at the 68% credible intervals are [image: Mathematical equation: $ B=19^{+5}_{-6} $] G for the uniform priors and [image: Mathematical equation: $ B=8^{+1}_{-1} $] G for the Gaussian prior on density. Solutions computed over a 2D grid with Nn = NB = 800 points.



We subsequently performed the inference for a set of four different synthetic periods within the range of typically observed values (Luna et al. 2018) and compared the outcome with the results obtained with the models M1 and M2. The results displayed in Figure 3 show that as the period of longitudinal oscillations increases, the posteriors (and hence the estimates) for the minimum magnetic field strength shift towards larger values, in logical agreement with the forward predictions in Equations (4) and (8) and Figure 1. The posteriors for the case of a Gaussian prior on density (bottom panel) are more symmetric. The posteriors obtained with the extended pendulum model, M2, which considers non-uniform gravity, result in higher values of the inferred magnetic field strength in comparison to the posteriors obtained with the original pendulum model, M1. The differences are small for the shortest periods, 30 and 60 min, but they are clearly discernible for the longest periods, 90 and 120 min. This result is independent of the type of prior information being employed. Table 1 shows posterior summaries corresponding to the inference results for all the considered synthetic periods, models, and prior assumptions.
	[image: Thumbnail: Fig. 3. Refer to the following caption and surrounding text.]	Fig. 3. Posterior densities for the minimum magnetic field strength for four values of the period under the original M1 (solid) and the extended M2 (dashed) pendulum models. The top panel displays results obtained with uniform priors, 𝒰(B [G]; 1, 100) and 𝒰(n [cm−3]; 109, 1011). The bottom panel shows the results obtained with 𝒰(B [G]; 1, 100) and a Gaussian prior on particle density, 𝒢(n [cm−3]; μn, σn), with μn = 1010 cm−3 and σn = 0.2μn. The numerical summaries of the posteriors are given in Table 1. A value of σP = 10 min and a 2D grid with Nn = NB = 800 points were considered.



Table 1. 
Inference results.

4.2. Model comparison
We have shown that the Bayesian solution to the inference problem enables us to obtain well-constrained posteriors for the magnetic field strength from observed periods of large-amplitude longitudinal prominence oscillations. However, the obtained posteriors differ depending on the particular model adopted: original or extended pendulum model. The differences are small for the shortest period oscillations, but they become more marked as we increase the oscillation period and cannot be neglected for periods above ∼50 min. The question then arises about which inference, that from model M1 or model M2, is to be preferred. The Bayesian approach offers two tools to quantify the absolute and relative plausibility of the models in view of data: the marginal likelihood and the Bayes factor.
We first computed the marginal likelihood for the two models under consideration in a range that considers observed periods from 10 to 120 min (see histogram of data in Figure 24 of Luna et al. 2018) by applying Equation (14) to each model. The integral in this equation takes into account all the possible parameter combinations that could produce the observed data, considering their prior probability, their likelihood, and the uncertainty of the data. Hence, all the available information is used in a consistent way to quantify how good each model is at producing a particular observed period. The top panel in Figure 4 shows the obtained results. The magnitude of the marginal likelihood is a measure of the global plausibility of each particular model in explaining those periods. The results indicate that the marginal likelihood for model M2 is larger than the marginal likelihood for model M1 for all periods. For the shortest considered periods, below ∼25 min, the marginal likelihood for both models is very similar. As the period increases, the marginal likelihood for the extended pendulum model, M2, is clearly larger than the marginal likelihood for the original pendulum model, M1. This is true regardless of the prior assumptions.
	[image: Thumbnail: Fig. 4. Refer to the following caption and surrounding text.]	Fig. 4. Top: Marginal likelihood for models M1 and M2 as a function of the period, with uncertainty, computed using Equation (14). Bottom: Bayes factors for the relative plausibility between M1 and M2 as a function of the oscillation period, computed using Equation (15). The solid (dotted) line corresponds to the use of uniform (Gaussian) priors. A value of σP = 10 min and a 2D grid with Nn = NB = 800 points were considered.



Next, we assessed the relative plausibility of model M1 against model M2 (and vice versa) by computing the Bayes factor BF12 (BF21) through application of Equation (15). The bottom panel in Figure 4 displays the obtained results. The magnitude of the Bayes factor BF21 is positive and increases with increasing period. This means that the extended pendulum model, M2, is more plausible than the original pendulum model, M1, for all periods in the observed period range of LALOs. This is true regardless of the prior assumptions used, and indeed, the Bayes factors are mostly independent of the prior assumptions. We note, however, that the magnitude of the Bayes factors is almost always below two (BF21 ∼ 2 for P = 118 min), which marks the limit above which positive evidence in favour of M2 against M1 can be established. The condition BF21 > 2, leading to positive evidence of M2, is thus reached for periods above those observed.
4.3. Model averaging
Since the obtained Bayes factors are not large enough to determine whether there is positive evidence in favour of the models under comparison, the question as to which model-based inference (M1 or M2) is preferred remains. The solution to this problem in the Bayesian framework is to consider model averaging. Bayesian model averaging enables us to obtain parameter constraints that account for the uncertainty regarding the models under consideration. In our case, it consists of combining the posteriors obtained for each pendulum model to obtain a model-averaged posterior, weighted with the evidence of each model.
The model-averaged posterior distribution for the minimum magnetic field strength, conditional on the observed period and weighted with the probability of our set of two models (M1 and M2) is given by
[image: Mathematical equation: $$ \begin{aligned} p_{\rm avg}(B|P)&= p(B|P,M_1)\, p(M_1|P) + p(B|P,M_2)\, p(M_2|P)\nonumber \\&= p(M_1|P) \left[BF_{11} p(B|P, M_1) + BF_{21} p(B|P, M_2)\right], \end{aligned} $$](16)
where in the second equality we adopt the original pendulum model (M1) as the reference model and replace the model’s posterior probabilities by the Bayes factors BF11 and BF21, with respect to the reference model. Obviously, BF11 = 1. The posterior probability for the reference model can be calculated by considering that the sum of the probabilities for the two models must be unity, and thus
[image: Mathematical equation: $$ \begin{aligned} p(M_1|P) = \frac{1}{1+BF_{21}}\cdot \end{aligned} $$](17)
As a representative example application of Bayesian model averaging, we considered the LALO event reported by Zhang et al. (2017), which has a relatively long period of ∼99 min, yielding an estimate for the minimum magnetic field strength of ∼28 G under the original pendulum model. Luna et al. (2022) report that when taking into account the correction due to the non-uniform gravity model, the estimated magnetic field value is ∼35 G. Figure 5 shows the Bayesian inference results under the two models, M1 and M2, and the model-averaged posterior for this observed event and when considering a Gaussian prior for the particle density, based on the value assumed by Zhang et al. (2017) and Luna et al. (2022). The summary statistics for the inference from each model and for the model-averaged posteriors are listed in Table 1. The probabilities for each model are p(M1|P) = 0.34 and p(M2|P) = 0.66. The Bayes factors are BF12 = −1.36 = −BF21. Model M2 is more plausible than model M1, but the Bayes factor is below the value required to determine positive evidence. The model-averaged posterior lies between the posteriors obtained with the individual models, p(B|P, M1) and p(B|P, M2).
	[image: Thumbnail: Fig. 5. Refer to the following caption and surrounding text.]	Fig. 5. Marginal posteriors under models M1 and M2 and model-averaged posterior for the magnetic field strength for the oscillation with P = 99 min analysed by Zhang et al. (2017). A uniform prior, 𝒰(B [G]; 1, 100), and a Gaussian density prior, 𝒢(n [cm−3]; μn, σn), with μn = 4.25 × 1010 cm−3 and σn = 0.2μn have been used. The numerical summaries of the posteriors are given in Table 1. A value of σP = 10 min and a 2D grid with Nn = NB = 800 points were considered.



In situations such as this, the model-averaged posteriors offer the most general inference result that can be obtained. They embrace all the available information, i.e. the prior information, the observed data with their uncertainty, and the evidence of each model in view of data, in a fully consistent way.
5. Summary and conclusions
We estimated the impact of the differences between the predictions of two pendulum models on the inference of the minimum magnetic field strength in solar prominences based on the observation of LALOs. The two models differ in their consideration of either uniform or non-uniform gravity. We also quantified the plausibility of the models in view of data and their uncertainty.
The original (uniform gravity) and extended (non-uniform gravity) pendulum models exhibit differences in the predicted periods as a function of plasma density and magnetic field strength. The differences become important in the region of the parameter space with the largest magnetic field strengths and the lowest plasma densities, among those considered. The extended model imposes a maximum period beyond which no support against gravity is possible, while the original model predicts periods that grow unbounded for strong magnetic fields.
The Bayesian solution to the inference problem enables well-constrained posteriors to be obtained for the minimum magnetic field strength, even when information on the plasma density is poorly constrained. Having additional knowledge of this physical parameter in the form of prior information enables further constraints on the inference to be made. The inference of the minimum magnetic field strength with the extended model leads to higher values in comparison to the inference with the original pendulum model. The differences are small for short oscillation periods below 60 min but significant for the longest periods above that value.
The marginal likelihood for the extended model is larger than the marginal likelihood for the original pendulum model in the full range of observed periods of LALOs. This means that for the parameter ranges considered in the study, the extended model better predicts the observations. The analysis of the relative plausibility between the two models leads to Bayes factors that support the extended model, but they are not large enough to be considered positive evidence when the models are considered equally likely a priori. For the considered uncertainty in the observations, the condition of positive evidence is reached for periods ≥118 min, which are above those observed.
With these results, the adoption of model-averaged posteriors turns out to be the most sensible solution to the inference problem. Model-averaged posteriors offer the most general inference result that considers all the available information and their uncertainty in a consistent manner. This conclusion may appear awkward from the perspective of classic modelling since a model incorporating a physical ingredient (non-uniform gravity) present in the atmosphere can be regarded as more plausible. This would be strictly true provided we know the value of the physical parameters with certainty. The fact that we are uncertain about the equilibrium parameters and the observed data makes our judgement about the plausibility of the models of probabilistic nature.
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	Observations
	Uniform priors
	Gaussian prior on n





	
	P ± ΔP [min]
	BM1 [G]
	BM2 [G]
	Bavg [G]
	BM1 [G]
	BM2 [G]
	Bavg [G]



	




	Synthetic
	30 ± 10
	9[image: Mathematical equation: $ ^{+4}_{-4} $]
	9[image: Mathematical equation: $ ^{+4}_{-4} $]
	9[image: Mathematical equation: $ ^{+4}_{-4} $]
	3[image: Mathematical equation: $ ^{+1}_{-1} $]
	4[image: Mathematical equation: $ ^{+1}_{-1} $]
	4[image: Mathematical equation: $ ^{+1}_{-1} $]



	Synthetic
	60 ± 10
	19[image: Mathematical equation: $ ^{+5}_{-6} $]
	21[image: Mathematical equation: $ ^{+6}_{-7} $]
	20[image: Mathematical equation: $ ^{+6}_{-6} $]
	8[image: Mathematical equation: $ ^{+1}_{-1} $]
	8[image: Mathematical equation: $ ^{+2}_{-1} $]
	8[image: Mathematical equation: $ ^{+1}_{-1} $]



	Synthetic
	90 ± 10
	30[image: Mathematical equation: $ ^{+7}_{-9} $]
	36[image: Mathematical equation: $ ^{+10}_{-11} $]
	33[image: Mathematical equation: $ ^{+10}_{-10} $]
	12[image: Mathematical equation: $ ^{+1}_{-1} $]
	14[image: Mathematical equation: $ ^{+3}_{-2} $]
	13[image: Mathematical equation: $ ^{+3}_{-2} $]



	Synthetic
	120 ± 10
	40[image: Mathematical equation: $ ^{+8}_{-12} $]
	60[image: Mathematical equation: $ ^{+19}_{-19} $]
	53[image: Mathematical equation: $ ^{+20}_{-17} $]
	16[image: Mathematical equation: $ ^{+2}_{-2} $]
	24[image: Mathematical equation: $ ^{+6}_{-4} $]
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	Zhang et al. (2017)
	99 ± 10
	33[image: Mathematical equation: $ ^{+7}_{-10} $]
	42[image: Mathematical equation: $ ^{+11}_{-13} $]
	38[image: Mathematical equation: $ ^{+12}_{-12} $]
	27[image: Mathematical equation: $ ^{+4}_{-3} $]
	35[image: Mathematical equation: $ ^{+7}_{-6} $]
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Notes. Posterior summaries for different synthetic periods and one observed event under the two considered models and the two adopted sets of priors. The corresponding marginal posteriors are displayed in Figure 3 for the synthetic observations and in Figure 5 for the event observed by Zhang et al. (2017). Posterior summaries are given as the median and upper and lower bounds at the 68% credible interval. We note that the Gaussian prior in density for the synthetic cases is 𝒢(n [cm−3]; μn, σn), with μn = 1010 cm−3 and σn = 0.2μn, while for the observed event, it is 𝒢(n [cm−3]; μn, σn), with μn = 4.25 × 1010 cm−3 and σn = 0.2μn.
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