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Abstract

Context. The Necklace nebula is a bipolar, post-common-envelope planetary nebula, the central star of which has been shown to have a dwarf carbon star companion.

Aims. We aim to understand the origins of the Necklace and its dwarf carbon central star.

Methods. We study the carbon abundance of the nebula through far-ultraviolet spectroscopy obtained with the Hubble Space Telescope. Furthermore, through simultaneous modelling of multi-band light and velocity curves, we attempt to constrain the parameters of the central star system.

Results. Puzzlingly, we find that the region of the inner nebula observed with the Hubble Space Telescope is seemingly not carbon-rich, at odds with the dwarf carbon star nature of the companion of the central star. The initial mass of the nebular progenitor was likely very close to the limit to become carbon-rich, perhaps experiencing a very late thermal pulse. The dwarf carbon star companion is found to be significantly inflated with respect to that expected for an isolated main-sequence star of the same mass.

Conclusions. The properties of the central binary are consistent with the progenitor having become carbon-rich and its companion having accreted a significant amount of that carbon-enriched material. However, it is unclear how this evolutionary hypothesis can be reconciled with the inner nebula potentially being carbon-poor.
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1. Introduction
Dwarf carbon (dC) stars are main-sequence stars that display molecular absorption bands of C2, CN, and CH in their spectra, even though they have yet to undergo the necessary nucleosynthesis or experience the third dredge-up (TDU) required to have brought carbon-rich material to the stellar surface (Dahn et al. 1977). The favoured hypothesis for the origin of such stars is that they have previously accreted carbon-rich material from a more evolved companion or its wind (Green 2013). However, only a select number have been shown to be in spectroscopic binaries with close white dwarf (WD) companions (Dearborn et al. 1986; Margon et al. 2018), where the shortest period of these have almost certainly experienced a common-envelope (CE) phase (Roulston et al. 2021; Whitehouse et al. 2021).
The CE phase is perhaps the least well-understood phase of binary stellar evolution (Ivanova et al. 2013), in spite of its critical importance in understanding the formation of almost all close binaries with an evolved component (WD, black hole, or neutron star). A CE is formed when runaway Roche lobe overflow in a binary system leads to the engulfment of the companion. Subsequent tidal forces between the orbiting companion and donor’s core lead to the deposition of orbital energy and angular momentum into the envelope, shrinking the orbit and lifting the CE, culminating in either a merger or the formation of a close binary and the ejection of the CE (Paczynski 1976). The binary star systems that survive this process without merging are thought to be the close-binary central stars of planetary nebulae (PNe), where the nebula itself comprises the ejected envelope while the central ionising source was once the degenerate core of the pre-CE donor star (Jones 2020).
The Necklace nebula (IPHASXJ194359.5+170901, IRAS 19417+1701, PN G054.2−03.4; Corradi et al. 2011, hereafter C11) is unique among post-CE PNe in that it has been shown to host a dC companion (Miszalski et al. 2013) – making it an invaluable system with which to probe the role of the CE phase in the formation of both PNe and dC stars. The nebula’s prominent ring morphology is thought to be due to strongly flattened deposition of the envelope, presumably in the orbital plane of the central binary (Hillwig et al. 2016). The fainter, high-velocity polar outflows, on the other hand, were found to have a larger kinematical age than the main body of the PN (C11). Therefore, it has been proposed that they were formed by a collimated wind from an accretion disc around the secondary star prior to the CE phase (C11). Evidence of a similar phase of pre-CE accretion is seen in other post-CE PNe, where the binary companions have been found to be inflated (Jones et al. 2015, 2020a) and/or where the polar regions of the nebulae are kinematically older (Mitchell et al. 2007); however, no other post-CE PN has been shown to host a dC central star.
In this paper, we present a detailed study of the Necklace in order to exploit its unique nature as a probe of the CE in the formation of highly aspherical PNe (Balick & Frank 2002; Jones & Boffin 2017) as well as the formation of dC stars (Green 2013). With this goal, we have modelled the light and radial velocity (RV) variations of the central binary in order to constrain the stellar and orbital parameters of the system. We also probe the chemical and physical properties of the nebula via space-based narrow-band imaging and ultraviolet (UV) spectroscopy.
2. Observations
2.1. Optical spectroscopy
Radial velocity measurements of the secondary star of the Necklace nebula were obtained over several nights at the 3.5-m APO telescope at Point Apache Observatory (New Mexico, USA) and at the 4.2-m William Herschel Telescope (WHT) at the Observatorio del Roque de los Muchachos (ORM, La Palma, Spain). At APO, we used the DIS double-arm spectrograph. In the blue, the B1200 grating with a slit width of 1.5″provided a spectral reciprocal dispersion of 0.62 Å per pixel, a resolution of 2 Å, and spectral coverage from 3850 to 5050 Å. In the red arm, grating R1200 provided a dispersion of 0.58 Å pix−1, a resolution of 1.6 Å, and wavelength coverage from 5650 to 6800 Å. At the WHT, we used the Intermediate-dispersion Spectrograph and Imaging System (ISIS). In the blue arm, grating R600B was used, providing a dispersion of 0.44 Å per pixel, a resolution of 1.6 Å with the adopted slit width of 1″, and wavelength coverage from 3600 to 5050 Å. In the red arm, grating R316R gave a dispersion of 0.92 Å pix−1, and a resolution of 3.0 Å from 5500 to 7300 Å.
Typical integration times at each telescope were 30 or 40 minutes, which were repeated during the period of visibility of the target in the allocated time. The journal of the spectroscopic measurements is presented in Table 1. The APO and WHT spectra were reduced with the standard procedure using the longslit package of IRAF V2.161.
Table 1. 
Journal of spectroscopic observations.

2.2. Optical photometry
In order to improve the orbital ephemeris determined by C11, photometric monitoring was performed in the Sloan i band on the night of 12 June 2013 at the 80 cm IAC80 telescope at the Observatorio del Teide (Tenerife, Spain), and in the Sloan g, r, and i bands sporadically from 21 August to 26 October 2023 with the Wide Field Camera (WFC) on the 2.5-m Isaac Newton Telescope (INT) at the ORM, with IO:O on the 2.0-m Liverpool Telescope (LT) on 14–16 April 2021, with HiPERCAM on the 10.4-m Gran Telescopio Canarias (GTC) on 8 May 2021, and with the Alhambra Faint Object Spectrograph and Camera (ALFOSC) on the 2.56-m Nordic Optical Telescope (NOT) on 13 November 2024. Typical individual integration times were 600–900-s for the IAC80, 90-s (g), 120-s (r), and 90-s (i) for the INT, LT, and NOT, respectively, and 5–52 s in all bands for the GTC. The new INT and NOT data, as well as the older INT, IAC80, and Mercator data presented in C11, were reduced using standard routines of the astropy-affiliated Python package ccdproc (Craig et al. 2021), while those data from the IAC80, LT, and GTC were reduced with the respective instrument pipelines. Differential photometry of the central stars was then performed against the field stars, IGAPSJ194358.44+170948.7 and IGAPSJ194357.83+170854.2 (using the PHOTUTILS package; Bradley et al. 2021), before being placed on an apparent magnitude scale using the IGAPS catalogue photometry (Monguió et al. 2020). The resulting photometric measurements are available at the CDS.
2.3. HST optical imaging
Hubble Space Telescope (HST) Wide Field Camera 3 (WFC3) images of the Necklace nebula were obtained by the Hubble Heritage Team under programme 12675 in July 2011. Filters and exposure times are indicated in Table 2. Images were reduced by Max Mutchler at the Space Telescope Science Institute (STScI) and drizzled to half-pixel scale (0.02″pix−1) to enhance the spatial resolution.
Table 2. 
Journal of HST imaging.

2.4. HST UV spectroscopy
The Necklace nebula was observed in July 2014 with the Cosmic Origins Spectrograph (COS) of the HST under programme 13424 (PI: R.L.M. Corradi). The circular 2.5″diameter primary science aperture of COS was positioned 1.65″north and 3.30″west of the central star, intersecting the slit position of the optical spectra in C11 – both of which are marked in Fig. 1. To save acquisition time, blind pointing to co-ordinates α = 19h43m59.27s, δ = +17° 09″2.73″ (J2000.0) was adopted, as the nebula is sufficiently uniform within 1 arcsec from the adopted target position. The total exposure time on target was 2528.6 s. Grating G140L was used with central wavelength setting at 110.5 nm: this provides a useful, calibrated spectrum from 112 to 215 nm. The spectral reciprocal dispersion of this setting is 0.008 nm, but the effective spectral resolution is lowered to ∼0.7 Å by the large aperture that is filled by gas emission from the Necklace nebula. The pipeline calibrated spectrum was then rebinned by a factor of 18 pixels to improve the signal-to-noise (S/N) per pixel while maintaining the spectral resolution (the spectral resolution element comprises roughly four post-binning pixels).
3. Distance
The Gaia parallax of the central star of the Necklace, ω = 0.171 ± 0.098 mas (Chornay & Walton 2021), leads to a distance of ∼5.4 kpc although with a relatively large uncertainty (roughly ±2 kpc; Bailer-Jones et al. 2021). This is generally consistent with the ∼5 kpc distance derived using the Hα surface brightness-radius relationship of Frew et al. (2016) and the published integrated Hα fluxes (e.g.; C11 and Frew et al. 2013). These distances lead to a height above the Galactic plane of ∼300 pc, making it likely that it is a member of the thin disc (Quireza et al. 2007), consistent with the borderline Peimbert type I/II abundances and the small deviation of the RV relative to that expected from the Galactic rotation curve (|ΔV|∼50 km s−1 assuming a circular orbit; C11).
Dharmawardena et al. (2021) derive a significantly larger distance (> 8 kpc) using the extinction-distance mapping of Sale et al. (2014). However, their distance is based on a visual extinction, AV, of 2.41 ± 0.19 mag (measured by comparing the essentially unextincted radio free-free flux of the nebula to the optical Hα flux from the IPHAS survey; Drew et al. 2005), which is significantly larger than the value derived from the spectroscopic Balmer line ratios (AV = 1.19 ± 0.12 mag; C11). Furthermore, if there is significant internal extinction, this would artificially increase the derived distance as it assumes only interstellar extinction. For the visual extinction of C11, the extinction-distance mapping of Sale et al. (2014) implies a distance of roughly 2.7 kpc, appreciably closer than the other distance estimates outlined above. While the uncertainties are large, the Gaia distance of ∼5.4 kpc would appear to be the most reliable available. At such a distance, the kinematical age of the nebular ring would be ∼6 kyr.
4. The morphology of the inner nebula
The HST WFC3 images provide new insights into the remarkable ‘necklace’ appearance of the nebula. They are presented in Fig. 1. In the light of [O III] and Hα, the main body of the nebula and the environs of its knotty ring are clearly visible and, as was described in C11, define a main geometry that seems to be composed of a flattened, ‘equatorial’ gas distribution, with fainter emission protruding in the ‘polar’ directions. The knots forming the necklace are also visible in both bands along with outward-facing tails that are most clearly visible in the low-ionisation [N II] line. These tails could be due to photoionisation shadows or, perhaps more likely, ablation of the knots (Mellema et al. 1998; Steffen & López 2004; Raga et al. 2005; Matsuura et al. 2009; Meaburn & Boumis 2010). The colour-composite image presented in the upper left panel of Fig. 1 highlights the ionisation structure present in the knots, with the relative positions of [N II] and [O III] being strongly indicative of UV ionisation (though shock ionisation cannot be ruled out).
	[image: Thumbnail: Fig. 1. Refer to the following caption and surrounding text.]	Fig. 1. HST images of the Necklace. The field of view of each panel is 25 × 25 arcsec2. North is up and east is left. The colour-composite image (upper left) comprises red ([N II]), green (Hα), and blue ([O III]). In the [O III] image, the position and size of the circular COS aperture is shown in red, while the inner nebula region from C11 is shown in blue.



Compared to the ground-based images of C11, most knots are, albeit marginally, resolved. About 50 knots can be counted, some of them organised in groups, and without constant spacing (although the principal clusters of knots seemingly all have diametrically opposed counterparts). Their sizes range from close to the HST point spread function, 0.08 arcsec (corresponding to 430 au at a distance of 5.4 kpc), up to 0.5 arcsec (2100 au), but note that the larger knots could be composed of smaller, unresolved complexes, and are less centrally condensed consistent with being at an advanced stage of evaporation. To roughly estimate their mass, one can assume approximately 50 knots with a typical diameter of 500 au and an electron density, ne, of 800 cm−3 (based on the NW knot density measured by C11), leading to an estimate of 1 × 10−5 M⊙ for the total mass in the knots – a factor of ∼103 lower than the total ionised mass estimated by C11.
5. Updated light curve ephemeris
The spectra in Table 1 are taken many hundreds of orbits after the original photometric data of C11. This could result in significant uncertainty in the extrapolation of the orbital phase to the dates of the spectroscopic observations. For this reason, the light curve ephemeris was revised using all the available photometric data (as described in Section 2.2).
An analysis of the full i-band dataset results in the following refined ephemeris2 for the heliocentric Julian date of the photometric minimum:
[image: Mathematical equation: $$ \begin{aligned} \mathrm{HJD} _{\rm min}=245\,5075.2080(8) + 1.161393(1) E ,\end{aligned} $$](1)
where E is an integer representing the number of orbital cycles since the reference time of minimum.
The photometric data in all three bands (the g, r, and i bands) are shown folded on this ephemeris in Fig. 2. The light curves all display roughly the same sinusoidal morphology, typical of non-eclipsing irradiated binaries (e.g. Exter et al. 2003). Somewhat atypically, the amplitude of variability appears to decrease with the effective wavelength of the filter (cf. Munday et al. 2020, for example). There also appears to be some additional scatter beyond the level of the purely statistical uncertainties (perhaps most notably in the i-band data from the IAC80 between phases 0.9–1.0), which may potentially be due to under/over-subtraction of the nebular background, differing filter and/or instrument responses, or even intrinsic variability on top of the irradiation effect.
	[image: Thumbnail: Fig. 2. Refer to the following caption and surrounding text.]	Fig. 2. Phase-folded light curves along with the associated PHOEBE2 fits.



6. Radial velocity curve
First, the spectrum of the central star was extracted from the long-slit spectra using the iraf apall task. The contributions of the sky and of the extended PN, which does not show emission lines coincident with the stellar emission lines, were not removed because they were used to adjust the zeropoint of the wavelength calibration at each epoch. Then, RVs were measured by multiple Gaussian fitting of the strongest stellar emission lines. These lines are assumed to be produced by Bowen fluorescence on the hemisphere of the secondary star irradiated by the hot post-AGB primary (C11). The emission lines considered for the RV measurements, and their adopted wavelengths, are listed in Table 3 (see also Fig. 6 of C11).
Table 3. 
Stellar emission lines to measure the RV curves.

The resulting RV curves, phased with the light curve ephemeris, are presented in Figure 3. Individual errors depend on several factors: mainly the S/N of the emission features considered (which varies with the orbital phase) and blending of nearby lines or multiplets of the same ion. Data are only presented for ions and transitions with good S/N and not affected by severe blending. Other emission lines show consistent behaviour but with larger scatter.
	[image: Thumbnail: Fig. 3. Refer to the following caption and surrounding text.]	Fig. 3. Radial velocity curve of the secondary star of the Necklace for different ions listed in Table 3 The emission lines used are listed in Table 3. The underlaid dashed lines are the PHOEBE2 model RVs (K2≈77.5 km s−1). The grey points on the [C IV] plot are tentatively associated with the hot primary (see text), while the lighter grey curves on that same subplot are the PHOEBE2 model RVs for that component.



The RV curves of all species present with very similar amplitudes, indicating that in spite of their differing ionisation stages they originate from roughly the same region of the irradiated face of the companion (i.e. the centre of light for each line reflects roughly the same distance from the secondary’s barycenter). We conservatively estimate the semi-amplitude, K2, from all the ions to be approximately 77.5 km s−1, noting that this is likely a lower limit given that the irradiated emission lines do not reflect the centre-of-mass velocity (Jones et al. 2020a). This corresponds to a mass function of [image: Mathematical equation: $ f(M_1) = \frac{{M_1}^3\sin^3i}{(M_1+M_2)^2}\gtrsim 5.6\times10^{-2} $] M⊙. Assuming that the orbit is oriented at an inclination of i = 59° as the nebular ring (Hillwig et al. 2016), this implies a mass ratio of q = M2/M1 > 1 for all but the lowest-mass remnants (i.e. for M1 ≳ 0.35 M⊙, with some uncertainty on the exact lower limit due to the estimated K2 being a lower limit as was discussed earlier).
Note that in the spectra from both [C IV] lines at 5801 and 5812 Å, obtained near phase 0.9 (close to the inferior conjunction of the companion, plotted in grey in Fig. 3), a second velocity component appears, which we tentatively associate with the hot post-AGB star. If this is indeed the case, then the points on either side of phase 0 may also originate from the post-AGB primary.
7. Nebular C/O ratio
7.1. Combining the optical and UV spectra
C11 computed nebular abundances for two regions in the nebula: the “inner nebula” and a knot located north-west from deep optical spectra. One of the regions selected to extract the inner nebula spectra is almost position-coincident with the COS-HST pointing (see lower panel of their Fig. 2 and top panel of our Fig. 1). We took advantage of such deep optical spectra and combined them with our deep COS UV spectra to try to shed some light on the chemical content of the inner nebula, particularly regarding the C/O ratio, which can be computed thanks to the detection of C III] and [C IV] lines in the UV spectrum. In Fig. 4, we show the smoothed COS spectrum, including labels for the positions of the most relevant detected emission lines.
	[image: Thumbnail: Fig. 4. Refer to the following caption and surrounding text.]	Fig. 4. COS-HST spectrum of the Necklace. The most remarkable features are labeled.



To combine the UV (described in Sect. 2.4) and optical spectra (presented in C11) for the determination of carbon abundances, a consistent normalisation between both wavelength ranges was required. We adopted the optical data of C11 for the inner nebula, corresponding to a region comparable to the aperture covered by the HST-COS observations (see Fig. 1). The normalisation between UV and optical spectra was established using the theoretical He IIλ1640/λ4686 ratio. Taking the values derived for the inner nebula by C11, we assumed the observed intensity ratio, He II (4686)/Hβ = 111.6, and the physical conditions (Te = 14 800 ± 500 K and ne = 360 ± 300 cm−3), and then derived the extinction-corrected ratio of I(1640)/Hβ = 776.22 (in units of Hβ = 100) using PYNEB v1.1.18 (Luridiana et al. 2015; Morisset et al. 2020). This cross-calibration implicitly accounts for the small aperture differences between the optical and UV data, assuring internal consistency between the UV and optical lines. Reddening correction was applied using the extinction law of Fitzpatrick (1999) with RV = 3.1 and c(Hβ) = 0.55 ± 0.06, again following C11. Given that our line ratios are UV line fluxes relative to the optical, the uncertainties on these ratios are completely dominated by uncertainty on the extinction. The final adopted line ratios and their uncertainties are shown in Table 4.
Table 4. 
COS-HST de-reddened line fluxes.

PYNEB was then used to compute chemical abundances from both UV and optical spectra, and adopting the physical conditions derived by C11. Uncertainties in the computed abundances are the result of the propagation of extinction and Te uncertainties. The atomic data used are listed in Table 5. The first estimate of the C/O abundance ratio was obtained directly from the sum of the available ionic abundances, i.e. [image: Mathematical equation: $ \mathrm{C/O} \simeq (\mathrm{C^{2+}} + \mathrm{C^{3+}})/(\mathrm{O^{+}} + \mathrm{O^{2+}} + \mathrm{O^{3+}}) = 0.158 ^{+0.315}_{-0.209} $] (but see below using ad hoc ICFs). To compute the O3+/H+ ratio, we considered the contribution of several O IV] lines at λλ1397, 1400, 1401, 1404, and 1407 to the reported flux; similarly, C IVλλ1548, and 1551, are considered in the C IVλ1549 reported flux. We did not attempt to correct the O IV] emission for possible contamination by Si IVλ1403, since the contribution is expected to be small (at most ∼18%) given the weak flux measured in Si IVλ1394, which is always brighter than the Si IVλ1403 line under any opacity conditions.
Table 5. 
Atomic dataset used for abundance computations with PYNEB.

7.2. Looking for adapted ICFs using 3MdB and the machine learning method
The C/O ratio computed above may be underestimated if a significant fraction of carbon is present as C4+, which is plausible given the high degree of ionisation in the inner nebula (He2+/He ≈0.90) and the detection of [Ne V] lines, whose parent ion has a higher ionisation potential than those of C4+. An alternative approach to simply summing the available ionic abundances is to use the ionisation correction factors (ICFs) of Delgado-Inglada et al. (2014) and the optical data alone, which leads to lower oxygen abundances, O/H = 3.96 × 10−4, and a higher carbon abundance, C/H = 3.54 × 10−4, resulting in C/O ≈ 0.89 (with uncertainties that span C-rich values). However, this latter value should be considered highly uncertain, since the ICF(C2+/O2+) lies at the limit of its validity range, as w = O2+/(O+ + O2+)≈0.96, and the ICF is considered valid when 0.05 < w < 0.97 (see Table 3 of Delgado-Inglada et al. 2014). On the other hand, the ICF determined by Kingsburgh & Barlow (1994) for C/H in high ionisation nebulae requires knowledge of N2+/H+ that is not available here.
Following Gómez-Llanos et al. (2024), we determined the ICF adapted to the high ionisation of the nebula using the 3MdB database3 (Morisset et al. 2015). The model database includes radiation- and matter-bounded nebular models produced with version 17.01 of the Cloudy code (Ferland et al. 2017). We directly looked for the ICF needed to produce the C/O ratio from the ionic abundances of C and O, without the intermediate steps of C/H and O/H. We use a set of nine proxies available from the optical and UV observations to determine the models closest to the inner region of the Necklace; namely, Ar3+/(Ar2+ + Ar3+), Ar4+/(Ar3+ + Ar4+), Cl3+/(Cl2+ + Cl3+), He2+/(He+ + He2+), Ne4+/(Ne2+ + Ne4+), O2+/(O+ + O2+), O3+/(O2+ + O3+), S2+/(S+ + S2+), and C3+/(C2+ + C3+).
It is worth highlighting that ICF determination is based on similarities in the ionisation between the object studied and some models. The fact that multiple proxies are used (namely nine in this work) gives more trust in the similarities, and allows for the use of models that do not necessarily correspond in detail to the object we are considering: the exact values of the ionisation parameter, the ionising SED, or the optical depth (in case of matter-bounded models) are not strongly relevant, only reproducing the ionisation state matters.
Following Morisset & Georgiev (2009), the distance between the i-th proxy and its observed counterpart is defined by
[image: Mathematical equation: $$ \begin{aligned} d_i = \frac{|\log (M_i) - \log (O_i)|}{\tau _i}, \end{aligned} $$]
where Mi and Oi are the values of the proxy i from the models and the observation, respectively, and τi is a normalisation factor. Using the nine proxies and the models in the subset 3MdB_17 under the references ‘PNe_2020’ and ‘PNe_2021’ (without any restriction), we looked for models that are simultaneously within a maximal distance of 1 for each proxy, setting τi = 0.15. We call this the look-up table method. The selection was carried out from the values of the table abion_17 for both ‘rad’ ionic fractions (i.e. integrated along a line of sight passing through the centre of the nebula) and ‘vol’ ionic fractions (integrated throughout the entire volume of the nebula). These criteria lead to a zero model that fits all the proxies together. The main issue comes from the ratio O3+/(O2+ + O3+) that is incompatible with the other ones: in the same way that models are used to obtain ICFs, they can be used here to detect incoherencies between ionic fractions; namely, here between C3+/ C2+ and O3+/O2+. A possible solution is to compute O3+ using a higher electron temperature, a situation that is also predicted by the 3MdB models of PNe and in some observational studies (e.g., Pottasch & Beintema 1999). We chose to set the electron temperature to 14,800 K for all the ions with IP < 50 eV, and to 20 000 K for the others (namely He2+, O3+, Ar4+, and Ne4+)4. With these criteria, we found 190 models from the rad set and 305 models for the vol set that fit all the proxies simultaneously. From these models, we extracted the three ICFs that can be used to compute C/O from our observations; namely, ICF((C2++C3+)/O2+), ICF((C2++C3+)/(O2++O3+), and ICF(C2+/O2+).
We also used another approach to compute the needed ICFs using a multi-dimensional space regressor to interpolate values from a large number of models. We selected a subset of photoionisation models from 3MdB_17 to train an artificial neural network (ANN) aimed at predicting the required ICFs from specific ionic abundance ratios. The same ionic fractions as in the look-up table method described above were used as input. The training set was obtained from 3MdB_17 models, selecting a total of 212,001 models for rad and 72,571 for vol, fitting a selection criterion of di < 4 for each of the nine ionic fractions described above (using τi = 0.15). This allowed the regressor to be trained with relatively close models. 80% of each subset was used for training, while the remaining 20% was used for testing. The ANN was implemented using the scikit-learn Python library (Pedregosa et al. 2011) and consists of three dense layers with 50, 80, and 80 rectified linear unit (ReLU) neurons each. The input layer consists of the 9 proxies defined above, while the output consists of 22 ICFs, including the 3 needed for the current specific application. Convergence was achieved using the ADAM optimisation algorithm (Kingma & Ba 2015).
The resulting values for C/O are summarised in Table 6, where the different methods (look-up table and ANN) have been applied to the rad and vol models from 3MdB. The errors were determined using a Monte Carlo distribution of the line intensities corresponding to their uncertainties, and looking for the 16th and 84th percentiles of the C/O distributions. We checked that removing the O3+/(O2+ + O3+) proxy from the inputs of both methods does not significantly change the results, and thus the determination is robust against the choice of assuming Te = 20 kK for O3+. In Fig. A.1, we show the individual Monte Carlo distributions of the different ICFs proposed in this work. In the case of the ICF(C2+/O2+), the distribution of results obtained using the approach by Delgado-Inglada et al. (2014) is also shown. Ultimately, irrespective of the methodology used to determine the C/O ratio, we found that the nebula is not carbon-rich.
Table 6. 
C/O values using Look up Table and ANN methods.

8. Central star properties
Based on the analysis presented in the previous sections and in C11, we can place reasonable limits on the central star’s mass and temperature. The borderline type I/II abundances derived by C11 indicate that the progenitor is unlikely to have been particularly massive (≲2.5 M⊙; Carigi 2003), consistent with it being a member of the thin disc as is implied by the Gaia parallax. However, the central star is required to have become carbon-rich; otherwise, it would not have been able to chemically contaminate the companion. This places a lower limit on the initial mass, Mi, of 1.5–2.0 M⊙ (Miller Bertolami 2016). This, in turn, corresponds to a final mass, Mf, in the range of 0.55–0.6 M⊙ (Kalirai et al. 2008).
While carrying out detailed photoionisation modelling of the nebula is outside the scope of this paper, we did undertake some simple modelling runs to try and constrain the temperature of the central star using CLOUDY (Ferland et al. 2017). The main issue is that the [O I]λ 6300 emission line is not detected in the inner region, pointing to a matter-bounded nebula (as would be expected from the very low ionised mass of the nebula). This leads to a strong degeneracy between:

	
the central source effective temperature;



	
the ionisation parameter, U, which combines the luminosity of the central source, the distance of the nebula from this central source, the electron density, and an eventual filling factor; and



	
the optical depth of the region to the Lyman continuum photons (less than unity in the case of matter-bounded nebulae).




We found that no satisfactory solution can be found for effective temperatures of the ionising source outside of the 140–170 kK domain. Between these two values, the main emission line intensities can be reproduced with an acceptable tolerance. The solution is still not totally presentable, as the electron temperature derived for these models is significantly higher than the observed value derived by C11.
This temperature (140–170 kK) is roughly the maximum temperature reached by the solar metallicity (Z0 = 0.02) models of Miller Bertolami (2016) for Mi = 1.5 M⊙ and Mi = 2.0 M⊙ (Mf = 0.576 M⊙ and Mf = 0.580 M⊙, respectively). Furthermore, the kinematical age of the nebula (∼5.4 kyr; C11) is roughly consistent with the crossing time of the Mi = 1.5 M⊙ model (4.49 kyr), while the Mi = 2.0 M⊙ model is a factor of two shorter (although the starting point for post-AGB ages is notoriously arbitrary). Estimates of the mass of the nebula are extremely low, which one could perhaps consider as further support for a lower-mass progenitor; however, the sum of the ionised and molecular mass (< 0.01 M⊙; Santander-García et al. 2022) is irreconcilably low, even for a very low-mass progenitor. It is important to note that higher-mass models (3–4 M⊙), which would not be as consistent with the abundance pattern of the nebula but which would still become C-rich, pass through the inferred temperature regime twice. Once is as they cross the HR diagram, at unfeasibly early times (tens to hundreds of years). The second time is as they cool at much lower (orders of magnitude lower) luminosities (in fact, the 3 M⊙ model returns to this temperature at an age of only 1000 years, which is too young to be consistent with the kinematical age).
Taking a central star mass of 0.58 M⊙, the RV semi-amplitude for the secondary, K2, of roughly 80 km s−1 implies a mass for the companion of ≤0.8 M⊙. The very high amplitude of the reflection effect is indicative of a physically large companion (Jones et al. 2022), potentially consistent with an earlier spectral type than most main-sequence companions to central stars of PNe (which are typically late K- to early M-type; Jones et al. 2015). Assuming that the contribution to the spectral energy distribution from the central star is roughly flat (g − r ≈ r − i ≈ 0), a relatively large and massive companion would be consistent with the colours of the central star system around minimum g − r ≈ 0.65 and r − i ≈ 0.4, or g − r ≈ 0.25 and r − i ≈ 0.13 after de-reddening, corresponding to a mid-F-type companion (Covey et al. 2007). However, for an inclination of 59° (as one would expect from the nebular inclination), an appreciable fraction of the irradiated hemisphere of the companion would still be visible at inferior conjunction (just as is indicated by the detection of irradiated lines close to inferior conjunction in Sect. 6), and thus, even at photometric minimum, the colours of the companion may be shifted bluer (and thus towards earlier spectral types) by the irradiation from the central star. Furthermore, the lines from which the RVs of the companion are measured are shifted from the centre of mass of the companion, originating only from the irradiated hemisphere; thus, the mass of the companion would be appreciably lower than the ∼0.8 M⊙ upper limit derived above.
As the central star of the Necklace is not eclipsing, it is difficult to place strict constraints on the stellar temperatures and radii. However, a reasonable fit to the light and RV curves could be obtained by fixing the orbital inclination to that of the nebula and the parameters of the primary to values obtained from the evolutionary tracks of Miller Bertolami (2016) at the kinematical age of the nebula, as was discussed previously. The spectrum and limb-darkening of the primary was approximated using the Tübingen Model Atmosphere Package (TMAP; Rauch & Deetjen 2003; Werner et al. 2003; Reindl et al. 2023) as implemented in the PHOEBE2 code (Prša et al. 2016; Jones et al. 2020b; Conroy et al. 2020, Jones in prep.). The parameters of the secondary (mass, temperature, radius, and bolometric albedo) were allowed to vary freely, with those providing the best fit listed in Table 7. The RVs of the secondary, as measured by the irradiated lines, were assumed to be well represented by the centre-of-light (rather than centre-of-mass) RVs in the PHOEBE2 model, which due to the high levels of irradiation are strongly displaced towards the inner Langrange point of the system.
Table 7. 
Binary stellar parameters from PHOEBE2 modelling.

Note that, due to the various assumptions in the model, we do not quote the statistical uncertainties on the derived parameters as they are not representative of the true uncertainties. Furthermore, given the large uncertainties on the distance and extinction, the fitting was not performed in absolute units, meaning that the likelihood function accounted for the amplitudes of variability but not the true observed magnitudes. Nevertheless, the fit reasonably reproduces the observed magnitudes for a distance of ∼4.6 kpc (entirely consistent with statistical distance estimates and the Gaia parallax) and a visual extinction of ∼2 magnitudes – appreciably larger than that derived by C11 (AV ∼ 1.2 mag), but comparable to the value derived by Dharmawardena et al. (2021, AV ∼ 2.4 mag). Applying the method of Csukai et al. (2025), which fits the central star extinction based on catalog photometry, leads to a similarly high extinction of AV ∼ 2.7 mag based on five SED points in the optical (redder points are excluded by their algorithm to the observed excess, see Sect. 9). The uncertainties on the derived extinction are large5 but the derived value is certainly consistent with a larger extinction for the central star than has been previously measured for the nebula. One may expect such an increased extinction should there be an appreciable amount of circumbinary material remaining following the ejection of the CE. Alternatively, if the remnant mass were larger than assumed here, the model luminosity would be lowered potentially to a level consistent with the nebular extinction. However, this does not seem particularly likely as much more massive remnants (which reach the correct temperature at approximately the right post-AGB age as they cool) would have luminosities that are an order of magnitude lower, while slightly more massive remnants reach the correct temperature at much younger ages than is implied by the kinematical age of the nebula.
Ultimately, while the PHOEBE2 fit is not perfect (as was mentioned in Sect. 5, the statistical uncertainties of some of the photometric observations appear to be underestimated) and it is based on a number of assumptions, we can draw some interesting conclusions:

	
A satisfactory fit to the light and RV curves is found using central star parameters that lie on single star evolutionary tracks, while many other post-CE central stars seem to be inconsistent with these tracks (Jones et al. 2019). If this best-fit set of parameters is indeed representative of the system then it might suggest an interesting scenario in which the CE occurred so close to the end of the central star’s AGB evolution that it did not have a significant effect on its post-AGB evolution, perhaps consistent with the CE having occurred at the very tip of the AGB. This would be expected for a 1.5 M⊙ progenitor (as assumed here), and would also be consistent with the remnant having become carbon-rich similarly late in its evolution.



	
The current mass ratio, q = M2/M1, is approximately unity (or lower). As such, the pre-CE mass ratio must have been much lower, consistent with the idea that extreme mass ratios are a requirement for unstable mass transfer, and thus for a CE (Jones 2020, and references therein).



	
The secondary is significantly inflated (and hotter) than would be expected for its mass, as has been found in several other post-CE binary central stars (Jones et al. 2015). This is thought to be a consequence of mass transfer (which clearly occurred here as evidenced by the carbon contamination of the companion; Miszalski et al. 2013).



	
The extinction of the central star may be larger than that derived for the nebula by C11.




9. Discussion
Analysis and modelling of the light and RV curves of the central binary star of the Necklace reveal the system to comprise a hot post-AGB star, with parameters consistent with an initial mass of 1.5–2.0 M⊙ (close to the lower limit to become carbon-rich; Marigo et al. 2017; Abia et al. 2020), along with a highly inflated dC star companion. This is consistent with the previous studies that suggested that the dC companion became chemically contaminated during a period of pre-CE accretion that also led to the formation of the nebula’s bipolar jets (Miszalski et al. 2013).
Analysis of the physical and chemical properties of the Necklace indicates that the nebula is likely not carbon-rich (although the C/O ratio is rather uncertain). This is difficult to reconcile with the presence of a dC companion to the central star, as the nebular progenitor would thus have been expected to become carbon-rich before both contaminating the companion and forming the nebula.
One potential explanation is that while the ionised material is carbon-poor, a significant fraction of the carbonaceous material could be in the form of dust (Toalá et al. 2021). This is particularly attractive when one takes into account the low mass of the ionised nebula (C11). Wide-field Infrared Survey (WISE; Wright et al. 2010) imagery indicates a strong excess in both bands 3 (12 μm) and 4 (22 μm), confirmed by the IRAS 25 μm and 60 μm fluxes (IRAS provides only upper limits for the 12 μm and 100 μm fluxes; Neugebauer et al. 1984), which could be consistent with a high (carbonaceous) dust mass (see Fig. 5). Similarly, the large extinction implied by the best fitting binary model, AV ∼ 2 mag compared to AV ∼ 1.2 mag from nebular spectroscopy, could be consistent with an appreciable amount of circumbinary dust. Ultimately, only infrared spectroscopy and detailed dust modelling can probe the validity of this hypothesis, but one can use the IRAS continuum fluxes at 25 μm and 60 μm to estimate the dust temperature and mass (equations 2 and 4 of Muthumariappan & Parthasarathy 2020). This leads to a dust temperature of 120 K and dust mass of ∼1.1 × 10−5 M⊙ (for a distance of 5.4 kpc), both fairly typical for a PN and in no way indicative of a hidden C-rich mass of dust (although the dust mass is highly dependent on the distance, which is rather uncertain).
	[image: Thumbnail: Fig. 5. Refer to the following caption and surrounding text.]	Fig. 5. WISE imagery of the Necklace highlighting the clear excess in both bands 3 and 4, possibly attributable to carbonaceous dust, although the estimated dust mass based on IRAS photometry is on the order of 1 × 10−5 M⊙ only. North is up, east is left, and all images measure 180″× 180″and the location of the Necklace is marked with a red circle.



It is important to note that the analysis presented in Section 7 does depend on the extinction for the normalisation of the UV and optical spectra, with the uncertainties there propagating through to the measured abundances. However, we repeated the ANN and look-up table analyses assuming a much higher extinction, c(Hβ) = 1.1 (equivalent to an AV = 2.2 mag), and found that the while the C/O ratio does change it is still below unity in all cases. As such, even if the nebular extinction is underestimated (i.e. the increased extinction is not only circumbinary), the conclusions here remain unchanged.
An alternative explanation for the apparent incongruence between nebular and stellar abundances would be that the nebula is chemically very inhomogeneous, with the region covered by the HST-COS aperture being particularly carbon-poor and other regions (the knots, for example) being carbon-rich. Strong chemical inhomogeneities have been observed in a number of post-CE PNe (e.g.; Wesson et al. 2018); however, the lack of observed recombination lines in the optical spectrum of the Necklace would seem to indicate that its abundance discrepancy factor is relatively low (C11, Corradi et al. 2015). Additional pointings of UV spectroscopy, for example centred on a bright knot complex, or deep integral field spectroscopy could potentially reveal any as-yet unobserved chemical inhomogeneities.
A third, perhaps less likely, possibility is that the majority of the nebular material is formed from material lost while the central star was still oxygen-rich, while the companion was contaminated only at the very end of the AGB once the star had become carbon-rich. This would require very significant fine-tuning and/or a very late thermal pulse (VLTP; Miller Bertolami 2016), although this might be consistent with the initial mass of the central star being so close to the limit of becoming carbon-rich and thus only becoming carbon-rich during the last or last few thermal pulses (interestingly, the central star parameters used in the PHOEBE2 modelling do come from a VLTP model). Furthermore, the maximum RGB and AGB radii for a 1.5 M⊙ progenitor are relatively similar; thus, the CE event must have happened close to the end of the AGB in order to have avoided the CE while on the RGB (Jones 2020), potentially making this hypothesis slightly more plausible.
Ultimately, the Necklace continues to be a highly enigmatic object: the only post-CE PN known to host a dC star and the most extreme example of the so-called nebular ‘missing mass problem’ (Santander-García et al. 2022). While we find the nebula to be O-rich, it seems clear that the amount of C-rich material accreted by the companion must have been significant, with perhaps as much as a few tenths of a solar mass (a very significant fraction of its current mass) being required to make it C-rich for all reasonable donor C/O ratios (Miszalski et al. 2013). This material was likely accreted during a period of wind Roche lobe overflow that also led to the formation of the bipolar jets, prior to the runaway Roche lobe overflow that led to the CE event and the formation of the Necklace’s equatorial ring. However, further study is required to fully understand the evolution of the Necklace and its central stars.

Data availability
Tables of the photometry and RVs shown in Figures 2 and 3 are available at the CDS via https://cdsarc.cds.unistra.fr/viz-bin/cat/J/A+A/707/A169.
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1 IRAF is distributed by the National Optical Astronomy Observatory, which is operated by the Association of Universities for Research in Astronomy (AURA) under cooperative agreement with the National Science Foundation.


2 The newly refined orbital period is slightly longer than the period derived in C11, but still within twice their quoted uncertainty. The times of reference minimum show poorer agreement, with the uncertainty quoted in C11 seemingly an order of magnitude too low.


3 https://sites.google.com/site/mexicanmillionmodels/


4 In principle, this affects the normalisation between UV and optical ranges. However, the He IIλ1640/λ4686 ratio only changes by 5% between 15kK and 20kK, and He IIλ1640/Hβ only by 1%, which are well below the reported uncertainties in Table 4.


5 The central star of the Necklace was excluded from the sample of Csukai et al. (2025) due to the relatively compact nebula but would also not have been considered a good fit according to their criteria, likely as a result of the impact of the companion and the intrinsic variability due to irradiation on the observed spectral energy distribution.
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      Table 1. 

      Journal of spectroscopic observations.

      
        


	Date
	Exposures





	4.2m WHT
	



	2007-07-17
	20 min ×3*



	2010-05-02
	40 min



	2010-05-30
	40 min



	2010-06-19
	40 min



	2010-07-22
	40 min



	2010-07-26
	40 min



	2011-05-11
	40 min



	2011-11-05
	40 min ×2



	3.5m APO
	



	2012-06-20
	30 min ×3



	2012-06-21
	30 min ×3



	2012-06-23
	40 min ×2



	2012-06-24
	40 min ×5



	2012-06-25
	30 min ×5



	2012-07-13
	40 min ×5





      

      
Notes. For each night, the integration time and number of exposures obtained are indicated.

* Lower resolution spectra from C11.




    

  
    
      Table 2. 

      Journal of HST imaging.

      
        


	Filter
	λ/width [nm]
	Exp. time [sec]





	F438W (B)
	432.5/61.8
	240



	F502N ([O III])
	501.0/6.5
	2000



	F555W (V)
	530.8/156.2
	180



	F656N (Hα+[N II])
	656.1/1.8
	2000



	F658N ([N II])
	658.4/2.8
	2000



	F814W (I)
	802.4/153.6
	120





      

    

  
    
      Fig. 1. 

      
        [image: Fig. 1. Refer to the following caption and surrounding text.]
      

      
        HST images of the Necklace. The field of view of each panel is 25 × 25 arcsec2. North is up and east is left. The colour-composite image (upper left) comprises red ([N II]), green (Hα), and blue ([O III]). In the [O III] image, the position and size of the circular COS aperture is shown in red, while the inner nebula region from C11 is shown in blue.

      

    

  
    
      Fig. 2. 

      
        [image: Fig. 2. Refer to the following caption and surrounding text.]
      

      
        Phase-folded light curves along with the associated PHOEBE2 fits.

      

    

  
    
      Table 3. 

      Stellar emission lines to measure the RV curves.

      
        


	Ion
	λrest
	Comments



	
	[Å]
	





	[C II]
	6462.04, 7231.34, 7236.80
	blend



	[C III] ‘blue’
	4647.43, 4650.65
	uncertain λrest



	[C III] ‘red’
	5695.92, 6744.39
	



	[C IV]
	4658.33, 5801.34, 5811.97
	



	[N III]
	4640.64
	





      

      
Notes. The adopted rest wavelengths (in air) are from http://www.pa.uky.edu/~peter/atomic/.



    

  
    
      Fig. 3. 

      
        [image: Fig. 3. Refer to the following caption and surrounding text.]
      

      
        Radial velocity curve of the secondary star of the Necklace for different ions listed in Table 3 The emission lines used are listed in Table 3. The underlaid dashed lines are the PHOEBE2 model RVs (K2≈77.5 km s−1). The grey points on the [C IV] plot are tentatively associated with the hot primary (see text), while the lighter grey curves on that same subplot are the PHOEBE2 model RVs for that component.

      

    

  
    
      Fig. 4. 

      
        [image: Fig. 4. Refer to the following caption and surrounding text.]
      

      
        COS-HST spectrum of the Necklace. The most remarkable features are labeled.

      

    

  
    
      Table 4. 

      COS-HST de-reddened line fluxes.

      
        


	Line
	λ (Å)
	I(λ)/I(Hβ)





	N V
	1240*
	0.210[image: Mathematical equation: $ ^{+0.059}_{-0.046} $]



	Si IV
	1394
	0.216[image: Mathematical equation: $ ^{+0.046}_{-0.038} $]



	O IV]*
	1402
	1.184[image: Mathematical equation: $ ^{+0.247}_{-0.205} $]



	N IV*
	1484
	1.543[image: Mathematical equation: $ ^{+0.290}_{-0.245} $]



	C IV*
	1549
	2.320[image: Mathematical equation: $ ^{+0.413}_{-0.350} $]



	He II
	1640
	7.765[image: Mathematical equation: $ ^{+1.313}_{-1.123} $]



	C III]*
	1907
	2.616[image: Mathematical equation: $ ^{+0.479}_{-0.405} $]





      

      
Notes.

* Blend of several lines of the same ion.




    

  
    
      Table 5. 

      Atomic dataset used for abundance computations with PYNEB.

      
        


	Ion
	Transition probabilities
	Collision strengths





	O2+
	Froese Fischer & Tachiev (2004)
	Storey et al. (2014)



	
	Storey & Zeippen (2000)
	



	O3+
	Galavis et al. (1998)
	Blum & Pradhan (1992)



	C2+
	Glass (1983)
	Berrington et al. (1985)



	
	Nussbaumer & Storey (1978)
	



	
	Wiese et al. (1996)
	



	C3+
	Wiese et al. (1996)
	Aggarwal & Keenan (2004)





      

    

  
    
      Table 6. 

      C/O values using Look up Table and ANN methods.

      
        


	ICF
	Look up Table
	ANN





	Rad



	




	ICF[image: Mathematical equation: $ \left(\frac{C^{2+} + C^{3+}}{O^{2+}}\right) $]
	0.48[image: Mathematical equation: $ +^{0.06}_{0.07} $]
	0.42[image: Mathematical equation: $ +^{0.07}_{0.06} $]



	ICF[image: Mathematical equation: $ \left(\frac{C^{2+} + C^{3+}}{O^{2+} + O^{3+}}\right) $]
	0.66[image: Mathematical equation: $ +^{0.07}_{0.07} $]
	0.77[image: Mathematical equation: $ +^{0.17}_{0.14} $]



	ICF[image: Mathematical equation: $ \left(\frac{C^{2+}}{O^{2+}}\right) $]
	0.59[image: Mathematical equation: $ +^{0.07}_{0.09} $]
	0.46[image: Mathematical equation: $ +^{0.09}_{0.08} $]



	




	Vol



	




	ICF[image: Mathematical equation: $ \left(\frac{C^{2+} + C^{3+}}{O^{2+}}\right) $]
	0.50[image: Mathematical equation: $ +^{0.06}_{0.07} $]
	0.44[image: Mathematical equation: $ +^{0.07}_{0.07} $]



	ICF[image: Mathematical equation: $ \left(\frac{C^{2+} + C^{3+}}{O^{2+} + O^{3+}}\right) $]
	0.69[image: Mathematical equation: $ +^{0.07}_{0.08} $]
	0.58[image: Mathematical equation: $ +^{0.12}_{0.09} $]



	ICF[image: Mathematical equation: $ \left(\frac{C^{2+}}{O^{2+}}\right) $]
	0.61[image: Mathematical equation: $ +^{0.07}_{0.09} $]
	0.42[image: Mathematical equation: $ +^{0.07}_{0.06} $]





      

    

  
    
      Table 7. 

      Binary stellar parameters from PHOEBE2 modelling.

      
        


	Parameter
	Value





	Primary mass*, M1 (M⊙)
	0.576



	Primary effective temperature*, T1 (kK)
	148



	Primary radius*, R1 (R⊙)
	0.085



	Secondary mass, M2 (M⊙)
	0.55



	Secondary effective temperature, T2 (kK)
	5.6



	Secondary radius, R2 (R⊙)
	0.99



	Secondary bolometric albedo, A2
	0.7



	Binary inclination*, i (°)
	59





      

      
Notes.

* Parameter fixed in the modelling.




    

  
    
      Fig. 5. 

      
        [image: Fig. 5. Refer to the following caption and surrounding text.]
      

      
        WISE imagery of the Necklace highlighting the clear excess in both bands 3 and 4, possibly attributable to carbonaceous dust, although the estimated dust mass based on IRAS photometry is on the order of 1 × 10−5 M⊙ only. North is up, east is left, and all images measure 180″× 180″and the location of the Necklace is marked with a red circle.

      

    

  
    
      Fig. A.1. 

      
        [image: Fig. A.1. Refer to the following caption and surrounding text.]
      

      
        Monte Carlo distributions of the C/O ratio using the three ICF methods: the ICF by Delgado-Inglada et al. (2014, purple), the Look-up method (green), and ANN (orange). The first row corresponds to the models labeled as ‘rad’, and the second to those labeled as ‘vol’. The vertical lines indicate the median of each distribution.
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