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A distance measurement for blazar TXS 0506+056 using its radio variability and very long baseline interferometry images
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Abstract

Aims. We present the results of constraining the angular diameter distance to blazar TXS 0506+056 (z = 0.3365), a radio-bright active galactic nucleus (AGN) whose jet is aligned with the line of sight.

Methods. We used data obtained with the 15 GHz Very Long Baseline Array (VLBA) from MJD 54838 to MJD 60262 (15 years) and data from the 15 GHz Owens Valley Radio Observatory (OVRO) 40 m single dish (SD) telescope from MJD 54474 to MJD 59023 (12 years). We used a variability timescale and a causality argument of a linear size (taking the Doppler factor and a cosmological redshift into account) to measure the angular diameter distance to the source. To constrain the Doppler factor, we applied the relation between the rest-frame brightness temperature of the emission region and the observed brightness temperature. To calculate the observed brightness temperature, the angular size and flux density variation of the emission region are required. The angular size of the emission region (i.e., the VLBA core) was obtained from a full width at half maximum, which is a circular Gaussian model-fitting parameter that ranges from 0.048–0.228 mas, and its uncertainty is determined to be 1.8–13%. Using the OVRO SD light curve, we obtained a variability timescale of [image: equation] days and a peak flux density of [image: equation] Jy for the largest flare that peaked on MJD [image: equation]. We assumed a disk brightness morphology, equipartition brightness temperature (Tb, int = 5 × 1010 K), and perfect radius.

Results. By fitting the circular Gaussian model to the VLBA images, we found that the variability in the VLBA core drives the multiple flares. Based on the timescales and peak flux densities for the flares, we calculated the angular diameter distance. Using the VLBA core sizes obtained near the flare peaks, we found consistent distance measurement results with the ΛCDM model within 1σ uncertainties.

Conclusions. We suggest that the best distance from the source is [image: equation] Mpc, which is comparable with the ΛCDM distance of 948.2 ± 13.5 Mpc. The distance measurement should indeed be taken at the peak of a flare. We found that the decomposed timescale allowed us to obtain consistent distances with the ΛCDM. We strongly suggest to decompose light curves when the variability timescales are to be obtained properly.
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1. Introduction
The lambda cold dark matter (ΛCDM) model is a well-constrained cosmological model for explaining the expansion of the Universe and for estimating cosmological distances. For the ΛCDM model without radiation and spatial curvature, the Hubble parameter (H) is written as
[image: thumbnail](1)
where z is the redshift, H0 is the Hubble constant, Ωm is the matter density parameter including the baryonic and cold dark matter, and ΩΛ is the dark energy density parameter related to ΩΛ ∼ 1 − Ωm. The cosmological distance is related to z as
[image: thumbnail](2)
where DL is the luminosity distance, DC is the comoving distance, and DA is the angular diameter distance (Hogg 1999). To infer the cosmological parameters H0, Ωm, and ΩΛ, the cosmic distance ladder can be used. This is broadly divided into two categories: the direct distance ladder, and the inverse distance ladder. The direct distance ladder determines the distance from specific celestial objects such as Cepheid variables, Type Ia supernovae (SNe Ia), and the red giant branch (RGB; i.e., tip of the RGB). By fitting Eq. (2) to the distance–redshift relation of the direct distance ladder, the cosmological parameters can be inferred. The inverse distance ladder infers the cosmological parameters by observing early-time processes such as the cosmic microwave background (CMB) and the baryon acoustic oscillation (BAO). The temperature anisotropy observed in the CMB reflects density fluctuations in the early universe. The BAO is an acoustic density wave created by fluctuations in the density of baryonic matter in the plasma state of the early universe. The direct and inverse distance ladders determine the cosmological parameters independently. H0 as constrained by the two distance ladders differs, however. This is called the Hubble tension. The direct distance ladder constrains H0 = 73.04 ± 1.04 km/s/Mpc (Riess et al. 2022), and the inverse distance ladder constrains H0 = 67.4 ± 0.5 km/s/Mpc (Planck Collaboration VI 2020). Solving the Hubble tension currently is a great challenge. One of the tasks for solving the Hubble tension is expanding the local limits of the direct distance ladder because the direct distance ladder clearly has a fatal flaw at higher redshifts. Among the rungs of the direct distance ladder, SNe Ia are known to be the farthest. They reach z = 2.26 (Scolnic et al. 2018). It is difficult to observe distant objects because the intensity dims by (1 + z)3 as a function of z. The direct distance ladder is then accurate to the current and the local universe. Finding new rungs of the ladder with a higher redshift might be a clue to verify whether the locality of the direct distance ladder is the cause of the Hubble tension.
Blazars are a subclass of active galactic nuclei (AGNs) in which relativistic jets powered by a supermassive black hole (SMBH) at the center are observed, being closely aligned to the line of sight. When the relativistic particles in the jet pass through the magnetic field, synchrotron radiation is emitted in a wide range of electromagnetic waves from radio to gamma-rays. Synchrotron radiation is Doppler-boosted by the relativistic effect by δ3 as a function of the Doppler factor δ, and it can therefore be observed from distant blazars at high redshift. In particular, very long baseline interferometry (VLBI) enables us to obtain high-resolution images of the blazars on parsec scales and to measure accurate angular sizes. High-redshift blazars above 6.10 can be imaged by the VLBI (Zhang et al. 2022). Hodgson et al. (2020) applied a method of distance determination using the timescale–size causality to AGN 3C 84, which is not Doppler-boosted (δ ∼ 1). They obtained a consistent distance measurement with SNe Ia and Tully–Fisher measurements. This research has led to the expectation that AGNs might be a direct distance ladder. This method has not yet been applied to a highly Doppler-boosted (δ > 1) source, however. Hodgson et al. (2023) suggested a method of distance determination using Doppler-boosted celestial objects without the Doppler factor. The blazar TXS 0506+056 is classified as an intermediate spectrally peaked BL Lac object AGN (z = 0.3365). On May 13, 2020, the 15 GHz radio flux density reached a maximum of 2.44 Jy and was observed by the Owens Valley Radio Observatory (OVRO) 40 m radio telescope (Hovatta et al. 2021). δ rose to a maximum of 13.6 on June 17, 2017 (Li et al. 2020). We applied the method to TXS 0506+056 to examine whether blazars can be used as a valid means for distance measurements.
In Sect. 2 we derive the angular diameter distance formula of blazars using the variability timescale, flux density, and angular sizes of the emission region. In Sect. 3 we introduce the data and analysis methods we used to obtain the parameters for the distance measurements. In Sect. 4 we describe the analysis results and distance measurements. In Sect. 5 we discuss the results, and in Sect. 6 we conclude.
2. Background
In this section, we describe the method presented by Hodgson et al. (2023) for introducing scaling factors (K, M, and their combination KM3; see below for details), which will also be introduced in Cheong et al. (2025). We used superscripts Qem, Qso, and Qrec over an arbitrary quantity Q, corresponding to the emission, source, and receiver reference frames, respectively. The emission frame is referenced to the relativistic jet of a blazar. The source frame is referenced to the host galaxy of the blazar.
The linear scale (R) of the emission region is constrained by
[image: thumbnail](3)
where ν is the observing frequency, c is the speed of light, τ is a variability timescale, δ is the Doppler factor, and g is a timescale scaling factor (g = 1 for this work). The angular size of the emission region at the receiver frequency νrec measured by an observer in the receiver frame, [image: equation], is described as
[image: thumbnail](4)
The brightness temperature of the emission region [image: equation] is defined in Rayleigh–Jeans regime as
[image: thumbnail](5)
where kB is the Boltzmann constant, and [image: equation] is the intensity of the emission region at the frequency νem in the emission frame. The flux density Sν is written as
[image: thumbnail](6)
where we assumed that Iν(θ, ϕ) is azimuthally symmetric, θR is the angular radius of the brightness distribution of the emission region (with a linear scale of R), and K is a flux-scaling factor corresponding to the intensity distributions (Table 2). The flux density is defined by
[image: thumbnail](7)
where n is the number of photons, and h is the Planck constant. The flux density in the emission frame is then obtained by (Boettcher et al. 2012)
[image: thumbnail](8)
Hence, using Eqs. (5), (6), and (8), and Table 1, the brightness temperature in the emission frame can be written as
[image: thumbnail](9)
Table 1. 
Physical quantity (Q) transformation by Doppler effect and redshift.

Depending on whether the angular size of the emission region is defined using a variability timescale or a VLBI image, the brightness temperature can be divided into a variability brightness temperature and VLBI brightness temperature. The variability brightness temperature in the emission frame ([image: equation]) is defined when [image: equation] is measured by the size–timescale causality (Eq. (4)) as
[image: thumbnail](10)
The VLBI brightness temperature in the emission frame ([image: equation]) is defined when [image: equation] (Table 2) as
[image: thumbnail](11)
Table 2. 
Scaling factors K and M that correct the distance.

where θFWHM, ν is the angular full width at half maximum (FWHM) of a circular Gaussian model component in VLBI images, and M is the size scaling factor. We introduce the intrinsic brightness temperature Tb, int which constrains the maximum brightness temperature of AGNs in the emission region. We assumed that [image: equation] and [image: equation] are equal to Tb, int. By dividing the cube of Eq. (11) by Eq. (10) and then taking the square root, Tb, int can be expressed as
[image: thumbnail](12)
Finally, the angular diameter distance is determined as
[image: thumbnail](13)
which is a revised form of the formula by Hodgson et al. (2023).
3. Data analysis
To measure the angular sizes of the emission regions and the timescales and peak flux densities of flares, we used 32 epochs of 15 GHz Very Long Baseline Array (VLBA) data from MJD 54838 to MJD 60262 (15 years), which is part of the Monitoring Of Jets in Active galactic nuclei with VLBA Experiments (MOJAVE; Lister et al. 2018). For more precise timescales and peak flux densities, we additionally used 620 epochs of 15 GHz Owens Valley Radio Observatory (OVRO) 40 m single-dish (SD) data from MJD 54474 to MJD 59023 (12 years; Richards et al. 2011), which have a mean cadence of about 7 days (significantly denser than the ∼170-day mean cadence of the VLBA data).
3.1. Circular Gaussian fitting to 15 GHz VLBA data from MOJAVE
To measure the variability timescales and the corresponding angular sizes of the emission region, we fit the 2D circular Gaussian model to the 15 GHz VLBA data using the program DIFMAP (Shepherd et al. 1994), as described in Appendix B. The total results of the Gaussian model fitting are presented in Table B.1. We defined the core component, which is the nearest to the center of images, as C0 and other jet components as J1, J2, and J3 (Fig. 2). We found that the source has a core–jet structure in which the core flux density ranges from 0.221 Jy to 1.906 Jy and the jet flux densities range from 0.073–0.814 Jy. This yields a total model flux density (core and jet flux densities) of 0.294–2.278 Jy. Fig. 1 shows that at the core (VLBA C0), the largest flare peaks on MJD 58834 and the two jet components (VLBA J2 and J3) have a higher flux with a peak on MJD 59433 and MJD 59275, respectively. We also found that the core size changes in the range of 0.048–0.228 mas.
	[image: thumbnail]	Fig. 1. Panel (a): Flux density curves for each VLBA circular Gaussian model component (colored dashed lines), VLBA total clean (dashed black line), and OVRO SD (gray dots). Panels (b), (c), and (d): FWHM curves for VLBA C0, J2, and J3. The VLBA model components are defined by their positions as in Fig. 2.



	[image: thumbnail]	Fig. 2. Clean map of TXS 0506+056 on MJD 60126 (July 1, 2023) from MOJAVE overlapped with multiepoch positions of Gaussian model components (VLBA C0, J1, J2, and J3). The major and minor FWHMs of the elliptical clean beam are plotted in the lower left corner. The contours are given at log2 level from three times the root mean square to the peak intensity.



3.2. Flare decomposition of the 15 GHz VLBA model components and OVRO 40 m SD light curves
We decomposed the VLBA light curves using the diffusive nested sampling Python package dnest4 (Brewer & Foreman-Mackey 2018), as described in Appendix C. The results are shown in Fig. 3 and are summarized in Table C.1. In addition, we performed the same decomposition process using the OVRO SD light curve by imposing the decomposition results of the VLBA C0, J2 and J3 as initial parameters. The OVRO data end at MJD 59023, however, while the VLBA data extend to MJD 60262. Therefore, the OVRO SD flux density after MJD 59023 was replaced by the VLBA total clean (VLBA TC) flux density from MJD 59062 to MJD 60262. We named the joint light curve between OVRO SD (MJD 54474–59023) and VLBA TC (MJD 59062–60262) OVRO SD+VLBA+TC.
	[image: thumbnail]	Fig. 3. Flare decomposition plots of the VLBA C0 (a), J2 (b), and J3 (c), respectively. For a purpose of comparison, the flare model components in panels (a)–(c) overlap the OVRO SD+VLBA TC light curve in panel (d). A flare decomposition plot (e) of the OVRO SD+VLBA TC light curve using the initial sample shown in panel (d). The solid lines are the single flare model components. The dashed line in each panel describes the sum of all flare model components and the quiescent flux density. All panels note the number of components N, log-likelihood logℒ, χ2, and reduced [image: equation] (d is the degrees of freedom) in the upper left corner. The quiescent flux density (Fqs) is noted in the lower left corner (as well as by the horizontal dotted lines).



4. Results
4.1. Comparison between cross-identified flares
We found that some of the flares decomposed from the VLBA light curves are identified in the OVRO SD+VLBA TC light curve, as noted in Table C.1. We considered the flares from OVRO SD+VLBA TC as cross-identifiers whose parameter estimates (reference time t0, rising timescale τ, reference flux density F0, and skewness s) are uniquely identified in the range of their posterior samples from the VLBA light curves, that is, VLBA C0a, C0c, C0d, and C0e (see Fig. 4). The decomposition parameters of the cross-identified flares are compared in Table 3. This comparison shows that the fractional difference of the timescale is |Δτ| = 0.026–0.163 and that of the peak flux density is |ΔFp| = 0.010–0.223. The fractional offset of distances (DA) between the cross-identifiers is similar to that of τ × Fp (cf., DA ∝ τFp and Eq. (13)), yielding |Δ(τFp)| = 0.117–0.326. The similarity between the cross-identified flares was also evaluated using the normalized squared Euclidean distance ([image: equation]), which is defined as in Eq. (14), where Var is the variance, and Fi(t) is the flare model function described in Eq. (C.1),
[image: thumbnail](14)
	[image: thumbnail]	Fig. 4. Posterior distributions, point estimates, and credible intervals of the cross-identified flare decomposition parameters t0, τ, F0, and s for flares C0a, C0c, C0d, and C0e (color plots from panels (a) to (d)) and SD4 (C0a), SD14 (C0c), SD19 (C0d), and SD24 (C0e) (gray and black plots from panels (a) to (d)). The bar plots illustrate the posterior distributions. The solid and dashed line plots note the point estimates and interval estimates, respectively.



Table 3. 
Cross-identified flares.

NED2 is equal to zero or far lower than unity for an identical flare, and it approaches unity for significantly different flares. NED2 is found to be in the range of 0.0238–0.0804, which is consistent with it being an identical flare.
4.2. Constraining the distance (DA)
We determined that the flux scaling factor is K = π and the size scaling factor is M = 0.8 (see Table 2). We assumed that the timescale measures the radius perfectly. The timescale scaling factor then is g = 1. We used the equipartition temperature Teq = 5 × 1010 K (Readhead 1994) as the intrinsic brightness temperature. We investigated the distance estimates using the core sizes obtained around flares in the period from t0 − 2τ to t0 + 2sτ for each flare with its timescale τ and peak flux density Fp, as summarized in Tables D.1 and D.2. The results of the distance measurements are shown in Fig. 5, and their 1σ errors were calculated with the Python package uncertainties. Fig. 5 shows transparent symbols for the distance measurements that deviate by more than 1σ uncertainties from DA = 948.2 ± 13.5 Mpc, which was calculated with the ΛCDM model, where H0 = 73.04 ± 1.04 km/s/Mpc and Ωm = 0.315. When we used the timescale and peak flux density from the VLBA data, all flares of VLBA C0 yield distance estimates that are consistent with the ΛCDM, while those of VLBA J2 and J3 are lower than the ΛCDM distance by 2–4 orders of magnitude. To improve the statistical errors, we also used flares SD4, SD14, SD19, and SD24 from the OVRO SD+VLBA TC data, which were cross-identified with flares C0a, C0c, C0d, and C0e from the VLBA data. Consistent distance measurements were largely obtained using parameters near the flare peak time (see Sect. 5.3 for further discussion).
	[image: thumbnail]	Fig. 5. Distance estimates of VLBA C0, J2, J3, and OVRO SD+VLBA TC (from panels (a) to (d)). The solid colored lines show decomposed flares, the colored symbols show the distance estimates using timescales and peak flux densities from the individual flares in corresponding colors, and the black circles show the data (VLBA and OVRO) light curves. The horizontal dashed gray lines note the ΛCDM distance (948.2 ± 13.5 Mpc) with 1σ uncertainty. The color symbols of the distance estimates are opaque when the distance measurements are consistent with the ΛCDM distance within 1σ uncertainties, and they are transparent when the distances are not.



5. Discussions
5.1. Error recognition
The fractional uncertainties of distances for the cross identifiers (C0d/C0e and SD19/SD24) are 40–50% for the VLBA C0 data and 15–26% for the OVRO SD+VLBA TC data. That the uncertainties for OVRO SD+VLBA TC improve by factors of 2–3 is attributed to the fact that the data cadence is about 18.4 times higher and their root mean square error of the flux density is lower by about 3.6 times than that of the VLBA data. The high cadence and precise flux measurements mean that the fractional uncertainties of the distances are smaller by < 5 times for the cross identifiers. The OVRO SD+VLBA TC light curve is the total flux density of the core and all jet components, while the VLBA light curves correspond to individual components. To avoid a potential systematic error from the blending effect of the core and jet components, we decomposed the OVRO SD+VLBA TC light curve as described in Sect. 3.2 and Appendix C. To examine the effect of the systematic error, we compared the parameter offsets (the timescale and peak flux density) between the VLBA and OVRO SD+VLBA TC with the corresponding parameter uncertainties of the VLBA C0 flares (C0a, C0c, C0d, and C0e), as shown in Fig. E.1. We found that the offsets in the flares are within the corresponding parameter uncertainties of VLBA C0.
5.2. Comparison with the standard e-folding timescale
Characteristic timescales of variable emission regions in blazars are determined with various methods, including a log-linear fit (a standard e-folding timescale), a flare decomposition (used in this paper), and a structure function calculation. While the structure function calculation is strongly limited by the data cadence in timescale resolution, the log-linear fit and flare decomposition are free from this limitation. The former two methods are therefore probably largely used to determine the characteristic variability timescale of blazars (e.g., Jorstad et al. 2017; Liodakis et al. 2017). The log-linear fit was used to characterize the variability timescales of resolved jet components (e.g., Jorstad et al. 2017; Hodgson et al. 2020), and the flare decomposition method was largely used to decompose the individual flares in the light curves obtained from single-dish radio observations (e.g., Liodakis et al. 2017, 2018; Kang et al. 2021).
In order to compare the timescales of two methods, we fit a log-linear function to the VLBA C0 light curve for the time period of MJD 57409–58834 (Fig. 6), which yielded an e-folding timescale of about 418 days. We compared this with the decomposition timescales of 178 days (C0c) and 125 days (C0d). The difference of the timescales between the standard e-folding and decomposition cases is most likely attributable to the overlapping multiple flares C0c (peaking on MJD 58230 and reaching Fp = 0.46 Jy) and C0d (peaking on MJD 58850 and reaching Fp = 1.61 Jy). The standard e-folding timescale for the VLBA C0 light curve is similar to the peak-to-peak e-folding timescale for the flares C0c and C0d (about 495 days). Then, the standard e-folding timescale is affected by the flare overlapping and hence overestimated. In order to compare the e-folding timescale of a selected period in individual decomposed flares (e.g., VLBA C0) with the corresponding timescales of a decomposed flare, we investigated the model function and its derivative, as summarized in Appendix F. We found that the e-folding timescale becomes longer than the decomposed timescale, in particular, at the peak of the flare. Therefore, we conclude that the decomposition timescales derived in this study are more robust than the standard e-folding timescales, owing to mitigating the systematic errors of flare overlapping and selecting fitting period.
	[image: thumbnail]	Fig. 6. Log-linear fit to the VLBA C0 light curve from MJD 58230 to MJD 58895 and given quiescent flux density Fqs = 0.164 Jy. The fitting function is [image: equation]. The reference time t0, the reference flux density F0, the standard e-folding timescale τ, χ2, and the quiescent flux density Fqs are noted in the upper right corner.



5.3. Distance determination from blazars
To determine the appropriate angular sizes of the emission regions, we investigated the systematics of the angular sizes on the distance estimates. We calculated the weighted mean distance using the timescales and peak flux densities of each flare (C0a, C0b, C0c, C0d, C0e, J2a, J2b, J2c, J3a, J3b, J3c, and J3d) and the angular sizes of the corresponding individual components (VLBA C0, J2, and J3) obtained in the time from t0 − aτ to t0 + asτ, as described in Fig. 7. As the time range of averaging distances increases (i.e., a increases), the weighted mean distance largely decreases (i.e., a larger offset to the ΛCDM distance, except for C0e and SD24), although the corresponding scatter uncertainty decreases. To determine accurate distances, we chose angular sizes near flare peaks. All of the cross-identified flares SD4 (C0a), SD14 (C0c), SD19 (C0d), and SD24 (C0e) yielded consistent distance measurements using the accurate timescales and peak flux densities from the high-cadence SD light curve. The C0b flare was not cross-identified with any of the SD flares, and it therefore yielded inaccurate distance measurements. Additionally, we found that the largest flare SD19 (C0d) enabled us to obtain the most precise and accurate distance of the source.
	[image: thumbnail]	Fig. 7. Weighted mean of distances. The distances were calculated using the timescales and peak flux densities of each flare (C0a, C0b, C0c, C0d, C0e, J2a, J2b, J2c, J3a, J3b, J3c, and J3d) and the angular sizes of the corresponding individual components (VLBA C0, J2, and J3) obtained in the time from t0 − aτ to t0 + asτ. Panel (a) shows the weighted means of all distances estimated for VLBA C0 (blue circles), J2 (green circles), J3 (red circles), and OVRO SD+VLBA TC (gray circles). The other panels (b)–(e) show the weighted mean distances of C0a (blue squares), C0c (green pentagons), C0d (red stars), and C0e (purple crosses), respectively, with the weighted mean distances for the corresponding cross-identifiers (black outlined symbols). The horizontal dashed gray lines show the ΛCDM distance (948.2 ± 13.5 Mpc) with the 1σ uncertainty.



5.4. Unresolvable components
In a Gaussian fitting, we were unable to obtain a solution that converged to only one for each epoch because of the unresolvable but apparently significant components near the core. In the period of MJD 54838–58468, the reduced χ2 of the best-fitting Gaussian models was improved to 1.071–1.636. From MJD 58699 to MJD 59207, however, the reduced χ2 of the best-fitting Gaussian model increased to 5.734–9.546. The errors of the core flux densities and FWHM are therefore larger because of the high σrms (Eq. (B.2)). When unresolvable components are added near the core, the χ2 might be improved to about 1–2. Because the unresolvable component does not appear continuously in the fitting, however, the flux of the core looks as if it fluctuated. This prevents us from determining an accurate timescale and flux density variation in VLBA C0. If the VLBI observation had a high resolution and dynamic range, they would be resolvable.
6. Conclusions
We measured the distances of blazar TXS 0506+056 using the variability timescale, the flare peak flux density, and the angular sizes of the core and jets, and we assumed an equipartition brightness temperature. The variability timescale and the flare peak flux density were obtained from the 15 GHz VLBA and OVRO SD+VLBA TC light curves. The core sizes were measured using the 15 GHz VLBA data. We summarize our findings below.

	
We obtained distance measurements consistent with the ΛCDM model within a 1σ uncertainty when the core sizes were measured in the period of t0 − 2τ to t0 + 2sτ, which includes the flare peaks for each flare. This implies that the optimal angular size of the flaring core is well determined near the flare peak for measuring a consistent distance.



	
We also emphasize that the distance estimates are underestimated when the angular sizes of the jet components are used in any time period. This implies that the distance estimations seem to work well for the core component, probably because the angular sizes of the core are properly measured, whereas those of jet are overestimated. It is necessary to investigate this issue further in future studies.



	
The high cadence and small errors of the OVRO data meant that the combined data of OVRO SD and VLBA TC data enabled a far preciser estimation than the VLBA C0 data.



	
After avoiding a potential systematic error from the blending effect of the core and jet components with the OVRO SD+VLBA TC light-curve decomposition, we found that the offsets in the flares are within the corresponding parameter uncertainties of VLBA C0.



	
One of the dominant factors affecting the distance measurements is θFWHM because the distance depends on [image: equation], whose uncertainty is as large as 40% for VLBA C0.



	
We found that the decomposed timescale enabled us to obtain distances that were consistent with the ΛCDM. We strongly suggest to decompose the light curves when the variability timescales are to be obtained properly.



	
In a circular Gaussian fitting, we decided to fit only resolvable components. From MJD 58699 to MJD 59207, we were only able to improve the χ2 in a range of 5.734–9.546, however, except for unresolvable components. When more high-resolution VLBI observations over a wider dynamic range are available, preciser model parameters will be obtained, such as θFWHM, and the uncertainty of distance measurement can be decreased.



	
We suggest that the best distance of the source is [image: equation] Mpc, that is, the weighted mean of distances from t0 − 0.5τ to t0 + 0.5sτ of the largest OVRO SD flare (SD19). This is comparable to the ΛCDM distance of 948.2 ± 13.5 Mpc. The results were obtained under the assumption of a disk brightness morphology, an equipartition brightness temperature (Tb, int = 5 × 1010 K), and a perfect radius (g = 1).
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Appendix A:  Size and flux scaling along projected brightness morphologies
	[image: thumbnail]	Fig. A.1. Theoretical visibility distributions (right panels from (d) to (f)) corresponding to intensity distributions (left penels from (a) to (c)). Red dashed lines denote FWHM and black dashed lines denote radius. Blue (panels (a) and (d)), orange (panels (b) and (e)), and green (panels (c) and (f)) solid lines mean Gaussian, uniform disk, and sphere intensity distributions, respectively. All visibility distributions show the same FWHMs.



Suppose that the projected brightness morphology of the emission region is elliptic cylindrical symmetric. The intensities of example morphologies are shown in Table A.1. p is the normalized coordinate defined as
[image: thumbnail](A.1)
Table A.1. 
Intensities of elliptic cylindrical symmetric morphologies.

where (l, m) is the equatorial coordinate system, and (r, ϕ) is the corresponding polar coordinate system. a is the ratio of the minor to major axes (0 < a ≤ 1). θR is the radius of major axis for finite morphologies such as disk, ellipsoid, and cone. θR is the s-σ boundary of major axis for a Gaussian morphology whose size is infinite. When [image: equation] for a Gaussian morphology, θR = θFWHM/2. I0 is the center intensity, where p = 0. The flux density (S) of morphologies is calculated as
[image: thumbnail](A.2)
where the flux scaling factor K is defined as
[image: thumbnail](A.3)
Visibility is Fourier transformation of the intensity, and the visibility functions of the intensity distributions in Table A.1 are shown in Table A.2.
Table A.2. 
Visibilities of elliptic cylindrical symmetric morphologies.

q is the normalized coordinate defined as
[image: thumbnail](A.4)
where (u, v) is the baseline coordinate system, and (ρ, λ) is the corresponding polar coordinate system. It is assumed that the horizontal cross section bounded by the FWHM of the visibility functions will be the same between finite morphologies and a Gaussian morphology. The ellipse equation of the finite morphology cross section bounded by the FWHM is
[image: thumbnail](A.5)
where q1/2 = V−1(V(0)/2), and V−1 is the inverse function of V. For the Gaussian morphology, [image: equation]. When θR = θFWHM/2, q1/2 = 2ln2. Then, the ellipse equation of the Gaussian morphology cross section bounded by the FWHM is
[image: thumbnail](A.6)
Under the assumption that the horizontal cross section bounded by the FWHM of the visibility functions is the same between finite morphologies and a Gaussian morphology, Eq. (A.5) is equal to Eq. (A.6), yielding
[image: thumbnail](A.7)
where the size scaling factor M is defined as
[image: thumbnail](A.8)

Appendix B:  Circular Gaussian fitting to 15 GHz VLBA data from MOJAVE
In this section we describe the 2D circular Gaussian model fitting with the 15 GHz VLBA data. The cell size of VLBI maps was set to 0.1 × 0.1 mas2 with 1024 × 1024 pixels, and a natural weighting is imposed. We performed the model fitting with an increasing number of model components (M). We stopped the fitting when the reduced χ2 improvement was less than 10 %:
[image: thumbnail](B.1)
where [image: equation] is the visibility reduced χ2 with respect to the number of model components M, and m is the number of additional components. The best fitting Gaussian model components were obtained only when the angular sizes FWHM (θFWHM) were larger than the minimum resolvable angular sizes even if the addition of another model component satisfied the reduced χ2 criteria. The approximated 1σ errors σpeak, σtot, and σFWHM corresponding to Speak, Stot, and θFWHM, respectively, are determined by
[image: thumbnail](B.2)
where Speak, Stot, and σrms are the peak flux density, the total flux density, and the root-mean-square (RMS) of the model component, respectively. We determined that the σrms calculation region is the combined area of the model component and the clean beam area constrained by the FWHM. The minimum resolvable angular size θmin of a Gaussian component in a natural-weighting image is determined, following Lobanov (2005), as
[image: thumbnail](B.3)
where the signal-to-noise ratio (S/N) is defined by S/N = Speak/σrms.
Table B.1. 
Circular Gaussian model fitting parameters of 15 GHz VLBA data from MOJAVE.


Appendix C:  Flare decomposition
The total number of decomposed flares is determined by trans-dimensional Bayesian inference (Brewer 2014). Let S[k] be the observed flux density of light curves and σS[k] the 1σ error at kth epoch. We assume that a light curve consists of exponential flares as follows (Kang et al. 2021)
[image: thumbnail](C.1)
Each flare has four parameters, the reference time t0, i, the reference flux density F0, i = Fi(t0, i), the rising timescale τi, and the skewness si, which is the ratio of decaying to rising timescale for the ith flare. The multi-flare model is constructed as
[image: thumbnail](C.2)
where N is the number of flares and Fqs is the quiescent flux density. The peak time tp, i and the peak flux density Fp, i of each flare are derived by the local maxima of Eq. (C.1) as
[image: thumbnail](C.3)
[image: thumbnail](C.4)
We introduced hyper parameters that describe prior distributions of the flare parameters (Brewer 2014). μF0, μτ, and μs are means of prior distributions for F0, i, τi, and si, and σs is the half width of a uniform prior distribution for si. The likelihood ℒ is derived from the joint independent normal distribution as
[image: thumbnail](C.5)
where t[k] is a date of kth epoch, and K is the total number of epochs. We chose the maximum likelihood sample in posterior samples as a point estimation. We estimated the Gaussian kernel density of posterior samples using the Python library scikit-learn (Pedregosa et al. 2011) to estimate the 1σ Bayesian credible interval considered as the 1σ error of parameters. When posterior samples include several numbers of components N, we selected the minimum reduced χ2 result. We calculate the 1σ error of tp, i and Fp, i by using the Python package uncertainties.
Table C.1. 
Flare decomposition parameters.


Appendix D:  Distance measurements using all VLBA and OVRO SD+VLBA TC flares in all VLBA epochs
We summarized the distance estimates using all VLBA and OVRO SD+VLBA TC flares in all VLBA epochs in Tables D.1 and D.2.
Table D.1. 
Distance measurements using flares of VLBA C0 and OVRO SD+VLBA TC light curves.

Table D.2. 
Distance measurements using flares of VLBA J2 and J3 light curves.


Appendix E:  Parameter uncertainties and offsets
To investigate the effect of the systematic error from the OVRO SD+VLBA TC on estimating the model parameters of the flare decomposition (Table C.1) and the distances, we compared the parameter offsets (the timescale and peak flux density) between VLBA and OVRO SD+VLBA TC with the corresponding parameter uncertainties of VLBA C0 flares (C0a, C0c, C0d, and C0e) as shown in Fig. E.1. The fractional offsets (cross symbols) of the parameters (τ, Fp, and τ × Fp) overlap with the fractional errors (open boxes) from VLBA. We found that the offsets in the flares are within the corresponding parameter uncertainties of VLBA C0.
	[image: thumbnail]	Fig. E.1. Fractional errors and offsets of decomposition parameters (timescales in orange, peak flux densities in green, and their multiplications in pink). Fractional errors are plotted as open boxes for VLBA and filled boxes for OVRO SD+VLBA TC, and fractional offsets are cross symbols.




Appendix F:  The difference between standard e-folding timescales and decomposition timescales
In order to compare the e-folding timescale of a selected period in individual decomposed flare (e.g., VLBA C0) with the corresponding timescales of decomposed flare, we investigated the derivatives (∂lnF(t)/∂t) of a simulated flare Eq. (C.1).
[image: thumbnail](F.1)
As a result, we found that the derivative (Eq. (F.1)) changes as a function of time with approaching 1/τ (t ≪ t0) and −1/sτ (t ≫ t0) and converging to zero at the peak of the flare, implying that the e-folding timescale (similar to the inverse derivative (∂lnF(t)/∂t)−1) becomes larger than the decomposed timescale (τ) in particular at the near the peak of the flare. Therefore, flares should always be decomposed.
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	[image: thumbnail]	Fig. 2. Clean map of TXS 0506+056 on MJD 60126 (July 1, 2023) from MOJAVE overlapped with multiepoch positions of Gaussian model components (VLBA C0, J1, J2, and J3). The major and minor FWHMs of the elliptical clean beam are plotted in the lower left corner. The contours are given at log2 level from three times the root mean square to the peak intensity.
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	[image: thumbnail]	Fig. 3. Flare decomposition plots of the VLBA C0 (a), J2 (b), and J3 (c), respectively. For a purpose of comparison, the flare model components in panels (a)–(c) overlap the OVRO SD+VLBA TC light curve in panel (d). A flare decomposition plot (e) of the OVRO SD+VLBA TC light curve using the initial sample shown in panel (d). The solid lines are the single flare model components. The dashed line in each panel describes the sum of all flare model components and the quiescent flux density. All panels note the number of components N, log-likelihood logℒ, χ2, and reduced [image: equation] (d is the degrees of freedom) in the upper left corner. The quiescent flux density (Fqs) is noted in the lower left corner (as well as by the horizontal dotted lines).
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	[image: thumbnail]	Fig. 4. Posterior distributions, point estimates, and credible intervals of the cross-identified flare decomposition parameters t0, τ, F0, and s for flares C0a, C0c, C0d, and C0e (color plots from panels (a) to (d)) and SD4 (C0a), SD14 (C0c), SD19 (C0d), and SD24 (C0e) (gray and black plots from panels (a) to (d)). The bar plots illustrate the posterior distributions. The solid and dashed line plots note the point estimates and interval estimates, respectively.
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	[image: thumbnail]	Fig. 5. Distance estimates of VLBA C0, J2, J3, and OVRO SD+VLBA TC (from panels (a) to (d)). The solid colored lines show decomposed flares, the colored symbols show the distance estimates using timescales and peak flux densities from the individual flares in corresponding colors, and the black circles show the data (VLBA and OVRO) light curves. The horizontal dashed gray lines note the ΛCDM distance (948.2 ± 13.5 Mpc) with 1σ uncertainty. The color symbols of the distance estimates are opaque when the distance measurements are consistent with the ΛCDM distance within 1σ uncertainties, and they are transparent when the distances are not.
In the text



	[image: thumbnail]	Fig. 6. Log-linear fit to the VLBA C0 light curve from MJD 58230 to MJD 58895 and given quiescent flux density Fqs = 0.164 Jy. The fitting function is [image: equation]. The reference time t0, the reference flux density F0, the standard e-folding timescale τ, χ2, and the quiescent flux density Fqs are noted in the upper right corner.
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	[image: thumbnail]	Fig. 7. Weighted mean of distances. The distances were calculated using the timescales and peak flux densities of each flare (C0a, C0b, C0c, C0d, C0e, J2a, J2b, J2c, J3a, J3b, J3c, and J3d) and the angular sizes of the corresponding individual components (VLBA C0, J2, and J3) obtained in the time from t0 − aτ to t0 + asτ. Panel (a) shows the weighted means of all distances estimated for VLBA C0 (blue circles), J2 (green circles), J3 (red circles), and OVRO SD+VLBA TC (gray circles). The other panels (b)–(e) show the weighted mean distances of C0a (blue squares), C0c (green pentagons), C0d (red stars), and C0e (purple crosses), respectively, with the weighted mean distances for the corresponding cross-identifiers (black outlined symbols). The horizontal dashed gray lines show the ΛCDM distance (948.2 ± 13.5 Mpc) with the 1σ uncertainty.
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	[image: thumbnail]	Fig. A.1. Theoretical visibility distributions (right panels from (d) to (f)) corresponding to intensity distributions (left penels from (a) to (c)). Red dashed lines denote FWHM and black dashed lines denote radius. Blue (panels (a) and (d)), orange (panels (b) and (e)), and green (panels (c) and (f)) solid lines mean Gaussian, uniform disk, and sphere intensity distributions, respectively. All visibility distributions show the same FWHMs.
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	[image: thumbnail]	Fig. E.1. Fractional errors and offsets of decomposition parameters (timescales in orange, peak flux densities in green, and their multiplications in pink). Fractional errors are plotted as open boxes for VLBA and filled boxes for OVRO SD+VLBA TC, and fractional offsets are cross symbols.
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      Table 1. 

      Physical quantity (Q) transformation by Doppler effect and redshift.

      
        


	Qso to Qem
	Qrec to Qso
	Qrec to Qem





	νso = δνem
	νrec = νso/(1 + z)
	νrec = δνem/(1 + z)



	dtso = dtem/δ
	dtrec = (1 + z)dtso
	dtrec = (1 + z)dtem/δ



	dAso = dAem/δ2
	dArec = dAso
	dArec = dAem/δ2



	dθso = dθem
	dθrec = dθso
	dθrec = dθem



	[image: equation]
	[image: equation]
	[image: equation]





      

      
Notes. The quantity on the emission frame (Qem) is affected by the Doppler effect, which in the source frame (Qso) is affected by redshift and in the receiver frame (Qrec) is affected by the Doppler effect and redshift. ν is the frequency, A denotes the radiated surface area, θ is the angular size of the emission region, and S is the flux density. δ is the Doppler factor, and z is the redshift.



    

  
    
      Table 2. 

      Scaling factors K and M that correct the distance.

      
        


	Morphology
	K
	M
	KM3





	Uniform Disk
	π
	0.7989
	1.6019



	Sphere
	2π/3
	0.9010
	1.5319





      

      
Notes. K comes from Eq. (7). KM3 is inversely proportional to the angular diameter distance (Eq. (13)). K and M for each morphology are derived in Appendix A.



    

  
    
      Fig. 1. 

      
        [image: thumbnail]
      

      
        Panel (a): Flux density curves for each VLBA circular Gaussian model component (colored dashed lines), VLBA total clean (dashed black line), and OVRO SD (gray dots). Panels (b), (c), and (d): FWHM curves for VLBA C0, J2, and J3. The VLBA model components are defined by their positions as in Fig. 2.

      

    

  
    
      Fig. 2. 

      
        [image: thumbnail]
      

      
        Clean map of TXS 0506+056 on MJD 60126 (July 1, 2023) from MOJAVE overlapped with multiepoch positions of Gaussian model components (VLBA C0, J1, J2, and J3). The major and minor FWHMs of the elliptical clean beam are plotted in the lower left corner. The contours are given at log2 level from three times the root mean square to the peak intensity.

      

    

  
    
      Fig. 3. 

      
        [image: thumbnail]
      

      
        Flare decomposition plots of the VLBA C0 (a), J2 (b), and J3 (c), respectively. For a purpose of comparison, the flare model components in panels (a)–(c) overlap the OVRO SD+VLBA TC light curve in panel (d). A flare decomposition plot (e) of the OVRO SD+VLBA TC light curve using the initial sample shown in panel (d). The solid lines are the single flare model components. The dashed line in each panel describes the sum of all flare model components and the quiescent flux density. All panels note the number of components N, log-likelihood logℒ, χ2, and reduced [image: equation] (d is the degrees of freedom) in the upper left corner. The quiescent flux density (Fqs) is noted in the lower left corner (as well as by the horizontal dotted lines).

      

    

  
    
      Fig. 4. 

      
        [image: thumbnail]
      

      
        Posterior distributions, point estimates, and credible intervals of the cross-identified flare decomposition parameters t0, τ, F0, and s for flares C0a, C0c, C0d, and C0e (color plots from panels (a) to (d)) and SD4 (C0a), SD14 (C0c), SD19 (C0d), and SD24 (C0e) (gray and black plots from panels (a) to (d)). The bar plots illustrate the posterior distributions. The solid and dashed line plots note the point estimates and interval estimates, respectively.

      

    

  
    
      Table 3. 

      Cross-identified flares.

      
        


	Identified flare
	Fractional offset
	NED2



	

	



	VLBA
	SD
	Δτ
	ΔFp
	Δ(τFp)
	





	C0a
	SD4
	−0.108
	−0.010
	−0.117
	0.0259



	C0c
	SD14
	−0.132
	−0.223
	−0.326
	0.0804



	C0d
	SD19
	0.026
	0.090
	0.119
	0.0245



	C0e
	SD24
	−0.163
	−0.129
	−0.271
	0.0238





      

      
Notes. Δτ = (τi − τj)/τj, ΔFp = (Fp, i − Fp, j)/Fp, j, Δ(τFp) = (τiFp, i − τjFp, j)/(τjFp, j), where i and j are cross-identified flare indices from the OVRO SD+VLBA TC and VLBA light curves, respectively. NED2 is the normalized squared Euclidean distance described in Eq. (14), which quantifies the similarity between flare models Fi(t) and Fj(t).



    

  
    
      Fig. 5. 

      
        [image: thumbnail]
      

      
        Distance estimates of VLBA C0, J2, J3, and OVRO SD+VLBA TC (from panels (a) to (d)). The solid colored lines show decomposed flares, the colored symbols show the distance estimates using timescales and peak flux densities from the individual flares in corresponding colors, and the black circles show the data (VLBA and OVRO) light curves. The horizontal dashed gray lines note the ΛCDM distance (948.2 ± 13.5 Mpc) with 1σ uncertainty. The color symbols of the distance estimates are opaque when the distance measurements are consistent with the ΛCDM distance within 1σ uncertainties, and they are transparent when the distances are not.

      

    

  
    
      Fig. 6. 

      
        [image: thumbnail]
      

      
        Log-linear fit to the VLBA C0 light curve from MJD 58230 to MJD 58895 and given quiescent flux density Fqs = 0.164 Jy. The fitting function is [image: equation]. The reference time t0, the reference flux density F0, the standard e-folding timescale τ, χ2, and the quiescent flux density Fqs are noted in the upper right corner.

      

    

  
    
      Fig. 7. 

      
        [image: thumbnail]
      

      
        Weighted mean of distances. The distances were calculated using the timescales and peak flux densities of each flare (C0a, C0b, C0c, C0d, C0e, J2a, J2b, J2c, J3a, J3b, J3c, and J3d) and the angular sizes of the corresponding individual components (VLBA C0, J2, and J3) obtained in the time from t0 − aτ to t0 + asτ. Panel (a) shows the weighted means of all distances estimated for VLBA C0 (blue circles), J2 (green circles), J3 (red circles), and OVRO SD+VLBA TC (gray circles). The other panels (b)–(e) show the weighted mean distances of C0a (blue squares), C0c (green pentagons), C0d (red stars), and C0e (purple crosses), respectively, with the weighted mean distances for the corresponding cross-identifiers (black outlined symbols). The horizontal dashed gray lines show the ΛCDM distance (948.2 ± 13.5 Mpc) with the 1σ uncertainty.

      

    

  
    
      Fig. A.1. 

      
        [image: thumbnail]
      

      
        Theoretical visibility distributions (right panels from (d) to (f)) corresponding to intensity distributions (left penels from (a) to (c)). Red dashed lines denote FWHM and black dashed lines denote radius. Blue (panels (a) and (d)), orange (panels (b) and (e)), and green (panels (c) and (f)) solid lines mean Gaussian, uniform disk, and sphere intensity distributions, respectively. All visibility distributions show the same FWHMs.

      

    

  
    
      Table A.1. 

      Intensities of elliptic cylindrical symmetric morphologies.

      
        


	Morphology
	Intensity I(p)





	Disk
	I0H(1 − p)



	Ellipsoid
	[image: equation]



	Gaussian
	[image: equation]





      

      
Notes. H(x) is the Heaviside function, I0 is the center intensity where p = 0, p is the normalized coordinate defined as Eq. (A.1), and s is the factor defining the Gaussian morphology as θR = sσI in Eq. (A.1), where σI is the standard deviation of the Gaussian intensity distribution.



    

  
    
      Table A.2. 

      Visibilities of elliptic cylindrical symmetric morphologies.

      
        


	Morphology
	Visibility V(q)





	Disk
	[image: equation]



	Ellipsoid
	[image: equation]



	Gaussian
	[image: equation]





      

      
Notes. Jn(x) is the 1st kind Bessel function of order n, and q is the normalized coordinates defined as Eq. (A.4).



    

  
    
      Table B.1. 

      Circular Gaussian model fitting parameters of 15 GHz VLBA data from MOJAVE.

      
        


	MJD
	M
	j
	Stot [Jy]
	θFWHM [mas]
	r [mas]
	ϕ [deg]
	[image: equation]





	54838
	3
	0
	0.346 ± 0.012
	0.083 ± 0.002
	0.065 ± 0.001
	15.4 ± 1.1
	1.080



	
	
	2
	0.070 ± 0.007
	1.145 ± 0.184
	1.899 ± 0.092
	−173.2 ± 2.8
	



	
	
	3
	0.107 ± 0.005
	0.217 ± 0.011
	0.338 ± 0.005
	−160.9 ± 0.9
	



	54985
	3
	0
	0.353 ± 0.007
	0.095 ± 0.002
	0.073 ± 0.001
	10.2 ± 0.7
	1.071



	
	
	2
	0.080 ± 0.008
	1.278 ± 0.247
	1.908 ± 0.124
	−172.7 ± 3.7
	



	
	
	3
	0.142 ± 0.005
	0.309 ± 0.012
	0.362 ± 0.006
	−165.7 ± 0.9
	



	55389
	2
	0
	0.279 ± 0.030
	0.200 ± 0.020
	0.010 ± 0.010
	−167.5 ± 45.3
	1.249



	
	
	2
	0.127 ± 0.017
	1.105 ± 0.280
	1.193 ± 0.140
	−168.2 ± 6.7
	



	55513
	2
	0
	0.250 ± 0.028
	0.187 ± 0.020
	0.078 ± 0.010
	−179.4 ± 7.3
	1.244



	
	
	2
	0.108 ± 0.012
	1.086 ± 0.233
	1.430 ± 0.117
	−167.7 ± 4.7
	



	55619
	2
	0
	0.234 ± 0.034
	0.157 ± 0.021
	0.021 ± 0.011
	179.1 ± 27.1
	1.186



	
	
	2
	0.108 ± 0.016
	1.289 ± 0.357
	1.363 ± 0.179
	−167.3 ± 7.5
	



	55963
	2
	0
	0.241 ± 0.024
	0.162 ± 0.015
	0.037 ± 0.007
	−175.3 ± 11.2
	1.202



	
	
	2
	0.087 ± 0.009
	1.165 ± 0.256
	1.587 ± 0.128
	−170.5 ± 4.6
	



	56351
	2
	0
	0.246 ± 0.025
	0.180 ± 0.017
	0.004 ± 0.008
	0.2 ± 62.4
	1.154



	
	
	2
	0.079 ± 0.009
	1.472 ± 0.381
	1.657 ± 0.191
	−172.0 ± 6.6
	



	56682
	3
	0
	0.286 ± 0.013
	0.139 ± 0.006
	0.052 ± 0.003
	10.1 ± 3.1
	1.194



	
	
	2
	0.062 ± 0.006
	1.585 ± 0.378
	1.916 ± 0.189
	−173.3 ± 5.6
	



	
	
	3
	0.064 ± 0.003
	0.345 ± 0.021
	0.435 ± 0.010
	−166.4 ± 1.4
	



	57040
	3
	0
	0.282 ± 0.014
	0.158 ± 0.007
	0.072 ± 0.004
	7.1 ± 2.9
	1.122



	
	
	2
	0.063 ± 0.006
	1.297 ± 0.261
	1.835 ± 0.130
	−170.2 ± 4.1
	



	
	
	3
	0.064 ± 0.004
	0.337 ± 0.026
	0.488 ± 0.013
	−166.3 ± 1.5
	



	57271
	2
	0
	0.283 ± 0.028
	0.181 ± 0.016
	0.011 ± 0.008
	171.8 ± 36.9
	1.429



	
	
	2
	0.089 ± 0.011
	1.282 ± 0.356
	1.289 ± 0.178
	−173.0 ± 7.9
	



	57409
	2
	0
	0.221 ± 0.020
	0.196 ± 0.017
	0.081 ± 0.008
	−163.9 ± 5.9
	1.413



	
	
	2
	0.073 ± 0.009
	1.123 ± 0.278
	1.373 ± 0.139
	−168.8 ± 5.8
	



	57555
	3
	0
	0.232 ± 0.006
	0.067 ± 0.001
	0.097 ± 0.001
	−1.1 ± 0.4
	1.222



	
	
	2
	0.070 ± 0.006
	1.332 ± 0.304
	1.661 ± 0.152
	−169.4 ± 5.2
	



	
	
	3
	0.123 ± 0.004
	0.283 ± 0.011
	0.279 ± 0.005
	178.6 ± 1.1
	



	57710
	3
	0
	0.282 ± 0.012
	0.048 ± 0.002
	0.095 ± 0.001
	−2.7 ± 0.6
	1.211



	
	
	2
	0.062 ± 0.007
	1.314 ± 0.334
	1.661 ± 0.167
	−170.9 ± 5.7
	



	
	
	3
	0.173 ± 0.006
	0.312 ± 0.011
	0.272 ± 0.006
	177.0 ± 1.2
	



	57921
	2
	0
	0.429 ± 0.026
	0.106 ± 0.005
	0.012 ± 0.003
	−23.4 ± 12.2
	1.636



	
	
	3
	0.117 ± 0.009
	0.487 ± 0.050
	0.674 ± 0.025
	179.1 ± 2.1
	



	58230
	3
	0
	0.636 ± 0.017
	0.096 ± 0.002
	0.070 ± 0.001
	−1.4 ± 0.8
	1.387



	
	
	2
	0.094 ± 0.010
	1.321 ± 0.319
	1.579 ± 0.160
	−171.3 ± 5.8
	



	
	
	3
	0.154 ± 0.007
	0.262 ± 0.012
	0.451 ± 0.006
	177.4 ± 0.8
	



	58269
	3
	0
	0.736 ± 0.025
	0.097 ± 0.003
	0.056 ± 0.001
	−0.9 ± 1.3
	1.384



	
	
	2
	0.099 ± 0.010
	1.421 ± 0.341
	1.604 ± 0.170
	−172.5 ± 6.1
	



	
	
	3
	0.139 ± 0.009
	0.273 ± 0.019
	0.493 ± 0.009
	178.5 ± 1.1
	



	58468
	3
	0
	0.788 ± 0.028
	0.113 ± 0.003
	0.054 ± 0.002
	−1.3 ± 1.6
	1.337



	
	
	2
	0.080 ± 0.007
	1.355 ± 0.254
	1.771 ± 0.127
	−176.4 ± 4.1
	



	
	
	3
	0.139 ± 0.008
	0.309 ± 0.019
	0.528 ± 0.009
	177.3 ± 1.0
	



	58699
	2
	0
	1.606 ± 0.144
	0.120 ± 0.007
	0.019 ± 0.003
	176.3 ± 9.9
	6.312



	
	
	3
	0.119 ± 0.019
	0.334 ± 0.060
	0.825 ± 0.030
	−179.5 ± 2.1
	



	58834
	2
	0
	1.906 ± 0.157
	0.138 ± 0.007
	0.002 ± 0.003
	−5.6 ± 56.0
	9.546



	
	
	3
	0.162 ± 0.022
	0.443 ± 0.071
	0.885 ± 0.035
	177.2 ± 2.3
	



	58895
	3
	0
	1.699 ± 0.134
	0.131 ± 0.006
	0.012 ± 0.003
	65.7 ± 15.0
	6.091



	
	
	2
	0.056 ± 0.009
	0.244 ± 0.040
	1.926 ± 0.020
	−170.7 ± 0.6
	



	
	
	3
	0.406 ± 0.038
	0.309 ± 0.027
	0.413 ± 0.014
	−176.1 ± 1.9
	



	58948
	2
	0
	1.901 ± 0.088
	0.131 ± 0.004
	0.009 ± 0.002
	−67.6 ± 11.1
	5.734



	
	
	3
	0.377 ± 0.030
	0.510 ± 0.041
	0.659 ± 0.021
	−177.8 ± 1.8
	



	58977
	3
	0
	1.704 ± 0.141
	0.142 ± 0.007
	0.070 ± 0.004
	−0.3 ± 3.0
	7.995



	
	
	2
	0.061 ± 0.012
	0.207 ± 0.042
	1.873 ± 0.021
	−169.3 ± 0.6
	



	
	
	3
	0.503 ± 0.046
	0.304 ± 0.025
	0.371 ± 0.013
	−176.5 ± 1.9
	



	59013
	2
	0
	1.638 ± 0.165
	0.182 ± 0.012
	0.012 ± 0.006
	103.5 ± 26.0
	7.187



	
	
	3
	0.476 ± 0.046
	0.493 ± 0.055
	0.578 ± 0.028
	175.2 ± 2.7
	



	59062
	3
	0
	1.390 ± 0.138
	0.173 ± 0.012
	0.026 ± 0.006
	6.0 ± 12.3
	5.865



	
	
	2
	0.086 ± 0.016
	1.156 ± 0.378
	1.793 ± 0.189
	−179.7 ± 6.0
	



	
	
	3
	0.597 ± 0.049
	0.461 ± 0.039
	0.457 ± 0.020
	176.1 ± 2.4
	



	59207
	3
	0
	1.208 ± 0.130
	0.169 ± 0.013
	0.006 ± 0.006
	155.2 ± 47.4
	8.117



	
	
	2
	0.181 ± 0.033
	1.314 ± 0.457
	1.598 ± 0.228
	177.7 ± 8.1
	



	
	
	3
	0.633 ± 0.067
	0.387 ± 0.038
	0.495 ± 0.019
	177.8 ± 2.2
	



	59275
	3
	0
	0.921 ± 0.089
	0.228 ± 0.017
	0.075 ± 0.009
	17.9 ± 6.5
	4.320



	
	
	2
	0.166 ± 0.024
	1.372 ± 0.455
	1.602 ± 0.228
	179.2 ± 8.1
	



	
	
	3
	0.478 ± 0.040
	0.436 ± 0.038
	0.516 ± 0.019
	170.1 ± 2.1
	



	59433
	3
	0
	0.529 ± 0.043
	0.134 ± 0.009
	0.081 ± 0.005
	4.6 ± 3.2
	2.989



	
	
	2
	0.220 ± 0.025
	1.289 ± 0.281
	1.504 ± 0.140
	179.4 ± 5.3
	



	
	
	3
	0.324 ± 0.028
	0.355 ± 0.031
	0.565 ± 0.016
	176.6 ± 1.6
	



	59634
	3
	0
	0.629 ± 0.046
	0.122 ± 0.007
	0.040 ± 0.004
	1.5 ± 5.1
	3.090



	
	
	2
	0.230 ± 0.026
	1.195 ± 0.302
	1.642 ± 0.151
	179.2 ± 5.3
	



	
	
	3
	0.234 ± 0.024
	0.312 ± 0.034
	0.350 ± 0.017
	−172.9 ± 2.8
	



	59741
	4
	0
	0.411 ± 0.018
	0.070 ± 0.003
	0.085 ± 0.001
	11.2 ± 0.9
	1.667



	
	
	1
	0.027 ± 0.002
	2.313 ± 0.744
	4.242 ± 0.372
	178.5 ± 5.0
	



	
	
	2
	0.181 ± 0.015
	1.246 ± 0.214
	1.732 ± 0.107
	−179.5 ± 3.5
	



	
	
	3
	0.237 ± 0.011
	0.285 ± 0.013
	0.356 ± 0.006
	−177.3 ± 1.0
	



	59979
	4
	0
	0.648 ± 0.028
	0.076 ± 0.003
	0.042 ± 0.001
	−7.9 ± 1.7
	1.385



	
	
	1
	0.034 ± 0.002
	2.932 ± 0.840
	3.978 ± 0.420
	179.2 ± 6.0
	



	
	
	2
	0.095 ± 0.007
	1.095 ± 0.146
	1.663 ± 0.073
	−177.8 ± 2.5
	



	
	
	3
	0.102 ± 0.005
	0.274 ± 0.015
	0.533 ± 0.007
	172.5 ± 0.8
	



	60126
	4
	0
	0.811 ± 0.055
	0.154 ± 0.008
	0.033 ± 0.004
	−38.6 ± 6.8
	3.279



	
	
	1
	0.054 ± 0.005
	3.656 ± 1.318
	3.950 ± 0.659
	179.6 ± 9.5
	



	
	
	2
	0.086 ± 0.011
	0.889 ± 0.176
	1.713 ± 0.088
	−177.2 ± 2.9
	



	
	
	3
	0.315 ± 0.018
	0.319 ± 0.018
	0.450 ± 0.009
	174.2 ± 1.2
	



	60262
	3
	0
	0.572 ± 0.028
	0.076 ± 0.003
	0.104 ± 0.001
	8.7 ± 0.8
	2.292



	
	
	2
	0.095 ± 0.009
	1.156 ± 0.247
	1.495 ± 0.123
	−177.6 ± 4.7
	



	
	
	3
	0.432 ± 0.019
	0.327 ± 0.014
	0.297 ± 0.007
	−174.6 ± 1.4
	





      

      
Notes. Stot is the total flux density, θFWHM is the FWHM of a model component in image domain, r is the position radius, ϕ is the position angle, and [image: equation] is the visibility reduced χ2. M is the number of model components and j is a model index, where j = 0, 1, 2, and 3 are matched to VLBA C0, J1, J2, and J3 components.



    

  
    
      Table C.1. 

      Flare decomposition parameters.

      
        


	Data
	Flare name
	Model parametersa
	Peak parametersb



	
	
	




	
	
	Fqs [Jy]
	t0 [MJD]
	τ [day]
	F0 [Jy]
	s
	tp [MJD]
	Fp [Jy]





	VLBA C0
	C0a
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	C0b
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	C0c
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	C0d
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	C0e
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	




	VLBA J2
	J2a
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	J2b
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	J2c
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	




	VLBA J3
	J3a
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	J3b
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	J3c
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	J3d
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	




	OVRO SD
	SD1
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	+
	SD2
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	VLBA TC
	SD3
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD4 (C0a)
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD5
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD6
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD7
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD8
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD9
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD10
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD11
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD12
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD13
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD14 (C0c)
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD15
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD16
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD17
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD18
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD19 (C0d)
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD20
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD21
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD22
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD23
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD24 (C0e)
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	
	SD25
	
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]





      

      
Notes. The flares are listed in ascending order of t0. Fqs is the quiescent flux density, t0 is the reference time, τ is the rising timescale, F0 is the reference flux density at t0, and si is the skewness which is the ratio of decaying to rising timescale. tp and Fp are the peak time and flux density, respectively. aThe component model parameters (t0, τ, F0, and s) and quiescent flux density (Fqs) are given from Eqs. (C.1) and (C.2), respectively. bThe peak time (tp) and peak flux density (Fp) are given from Eqs. (C.3) and (C.4), respectively. Flares cross-identified between the OVRO SD+VLBA TC and individual VLBA components are indicated in parentheses next to the flare name.



    

  
    
      Table D.1. 

      Distance measurements using flares of VLBA C0 and OVRO SD+VLBA TC light curves.

      
        


	MJD
	Distance [Mpc]



	
	




	
	C0a
	C0b
	C0c
	C0d
	C0e
	SD4
	SD14
	SD19
	SD24



	
	
	
	
	
	
	(C0a)
	(C0c)
	(C0d)
	(C0e)



	
	(1)
	(2)
	(3)
	(4)
	(5)
	(6)
	(7)
	(8)
	(9)





	54838
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	54985
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	55389
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	55513
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	55619
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	55963
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	56351
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	56682
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	57040
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	57271
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	57409
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	57555
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	57710
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	57921
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	58230
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	58269
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	58468
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	58699
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	58834
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	58895
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	58948
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	58977
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	59013
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	59062
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	59207
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	59275
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	59433
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	59634
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	59741
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]
	[image: equation]



	59979
	[image: equation]
	[image: equation]
	[image: equation]
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Notes. In columns (1) to (5) and columns (6) to (9) are names of decomposed flares using the VLBA C0 and VLBA C0+OVRO+TC light curves, respectively. For each columns, distances are calculated using a timescale and a peak flux densities of each flare in columns (1) to (9). For each row, distances are calculated using an angular size of the VLBA C0 which is measured in each epoch noted in the 1st column by MJD.



    

  
    
      Table D.2. 

      Distance measurements using flares of VLBA J2 and J3 light curves.
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Notes. In columns (1) to (3) and columns (4) to (7) are names of decomposed flares using the VLBA J2 and VLBA J3 light curves, respectively. For each column, distances are calculated using a timescale and a peak flux densities of each flare in columns (1) to (7). For each row, distances in columns (1) to (3) and columns (4) to (7) are calculated using angular sizes of the VLBA J2 and VLBA J3, respectively, which are measured in each epoch noted in the 1st column by MJD.



    

  
    
      Fig. E.1. 

      
        [image: thumbnail]
      

      
        Fractional errors and offsets of decomposition parameters (timescales in orange, peak flux densities in green, and their multiplications in pink). Fractional errors are plotted as open boxes for VLBA and filled boxes for OVRO SD+VLBA TC, and fractional offsets are cross symbols.
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