
    
      Table 1. 

      Summary of most relevant works in which the two systems considered here have been modelled – with or without the perturber.

      
        

	Lens
	Instrument
	Band
	Msub [109 M⊙]
	csub
	Profile
	Ref.





	B1938
	Keck/NIRC2+HST
	K′+NICMOS
	0.19 ± 0.01
	–
	PJ
	V12



	+666
	Keck/NIRC2
	K′
	–
	–
	–
	L12



	
	
	
	[image: equation]
	[image: equation] (z=[image: equation])
	NFW
	T25



	
	HST/NICMOS
	F160W
	–
	–
	–
	K98



	
	HST/NICMOS
	F160W
	1
	∼60 (γsub = 1.96±0.12)
	tNFW
	S22


	



	J0946
	HST/ACS
	F814W
	–
	–
	–
	G08



	+1006
	
	
	3.51± 0.15
	–
	PJ
	V10



	
	
	
	[image: equation], [image: equation]
	[image: equation], [image: equation]
	tNFW
	M21



	
	
	
	[image: equation], [image: equation]
	Ludlow et al. (2016)
	NFW
	N24



	
	
	
	[image: equation]
	[image: equation]
	tNFW
	E25



	
	
	
	[image: equation]
	[image: equation] (z=[image: equation])
	NFW
	T25



	
	+MUSE
	+F336W
	[image: equation]
	[image: equation]
	tNFW
	B24



	
	+HST/WFC3,WFPC2
	+F(160,606,438)W
	–
	–
	–
	S12



	
	MUSE
	
	–
	–
	–
	C20





      

      
Notes. The data are shown in Fig. 1. For B1938+666, we report values from: Vegetti et al. (2012), Lagattuta et al. (2012), King et al. (1998), Şengül & Dvorkin (2022), and Tajalli et al. (2025). For J0946+1006: Gavazzi et al. (2008), Vegetti et al. (2010b), Minor et al. (2021), Nightingale et al. (2024), Enzi et al. (2025), Ballard et al. (2024), Sonnenfeld et al. (2012), Collett & Smith (2020), and Tajalli et al. (2025). Minor et al. (2021), Şengül & Dvorkin (2022), and Ballard et al. (2024) use a truncated NFW profile (tNFW) instead of the classic NFW model. Tajalli et al. (2025) considered the redshift of the perturber as an extra parameter, as reported together with the concentration. Additionally, Minor et al. (2021) model the mass distribution of the main lens with and without the inclusion of multipoles, the latter leading to a higher mass and concentration for the detected subhalo. Nightingale et al. (2024) use a set of four variations for the main lens mass model, which determine the range of values for Msub, among which we report the minimum and maximum values.



    

  
    
      Table 2. 

      Parameters of the detected subhaloes.

      
        

	Lens
	Profile
	Δlog E
	Msub [M⊙]
	csub
	κsub [arcsec]
	γsub





	
	PJ
	29.8
	1.142±0.23×108
	–
	–
	–



	B1938+666
	NFW free
	30.4
	2.00±0.48×108
	257±70
	–
	–



	
	NFW fix
	12.3
	3.72±0.87×109
	fixed (8.93[image: equation])
	–
	–



	
	PL
	26.8
	–
	–
	0.001±0.006
	−2.44±0.2


	



	
	PJ
	66.5
	4.33±0.34×109
	–
	–
	–



	J0946+1006
	NFW free
	78.4
	2.23±0.23×1010
	201±37
	–
	–



	
	NFW fix
	14.18
	1.09±0.5×1012
	fixed (8.9[image: equation])
	–
	–



	
	PL
	83.1
	–
	–
	0.094±0.023
	-2.11±0.11





      

      
Notes. We report the outcome of the nested sampling exploration performed with MULTINEST for each lens and density profile model, in terms of mean values and the 95 percent confidence interval. The corresponding posterior distributions are shown in Figs. 2, 3 and 4. The significance of the detection is expressed by the difference in Bayesian evidence to the smooth model (third column): a positive difference indicates that the perturbed model is preferred. The PJ profile is defined by the subhalo mass, Msub, which also characterises the NFW profile together with the subhalo concentration, csub. In the NFW fix case, the concentration is determined by the concentration–mass–redshift relation from Duffy et al. (2008), and the value reported here corresponds to the mean inferred Msub, while the error is propagated from the uncertainty on the mass. The PL profile is instead expressed in terms of normalised convergence, κsub, and the slope of the profile, γsub.



    

  
    
      Fig. 2. 

      
        [image: thumbnail]
      

      
        Left: nested sampling posterior distributions for parameters describing the subhalo in the system B1938+666 for the PJ (orange) and NFW (blue and gray) profiles. In all cases, we fit for the subhalo mass Msub (in M⊙) and position (xsub and ysub, measured in arcseconds with respect to the centre of the image). We also plot the posterior of the subhalo position of the PL profile (purple), while the other parameters describing the models are plotted separately in Fig. 4. We consider two variations of the NFW profile: one (grey) where the concentration csub is fixed by the concentration–mass relation from Duffy et al. (2008) and a case (blue) where csub is left free to vary. The best-fit values derived from the posteriors are listed in Table 2. Note that we plot the mass Msub in logarithmic space for better comparing the model, and this may give the impression that the grey contours are reaching the edge of the prior, which is not the case. The black rectangle in the (xsub−ysub) panel indicates the pixel scale of the data. The best lens model and reconstructed source for the smooth and smooth+NFW cases are shown in the Appendix in Figs. A.1 and A.4 shows the posterior distribution for all parameters in all considered models. Right: radial density and projected enclosed mass profiles corresponding to the best-fit subhalo profiles in the left panel, i.e. to the values reported in Table 2 (mean and 95 CL). The profiles are calculated analytically following the definitions in Sect. 2.2. The vertical dashed lines in the top panel mark the slope transition for the NFW and PJ profiles, i.e. rs and rt. In the bottom panel, the dotted lines mark the distance at which the PJ, NFW and PL curves intersect, thus predicting the same mass, i.e. req = 0.9 kpc. The grey areas show the data resolution.

      

    

  
    
      Fig. 3. 

      
        [image: thumbnail]
      

      
        Same as Fig. 2 but for the lens system J0946+1006. Here, the NFW profile with concentration fixed by the concentration–mass relation is a worse fit to the data than the other models: a symptom is the best-fit position of the subhalo, which is very different and more uncertain than for the other profiles. Moreover, the enclosed mass in the bottom-right panel does not converge within a radius similar to the other two profiles, i.e. Req = 0.45 kpc. The best models and the full posterior distributions can be found in the appendix in Figs. A.1 and A.5.

      

    

  
    
      Fig. 5. 

      
        [image: thumbnail]
      

      
        Comparison of the NFW models from our analysis (black circles and blue squares) and previous works with concentration–mass–redshift relations derived from N-body simulations. All results are expressed in terms of the virial mass of haloes Mvir, except for Moliné et al. (2017) who measured the relation using M200, i.e. the mass within the radius enclosing an overdensity of 200. In this case, the relation has an additional dependence on the distance of the subhalo from the centre of its host halo. Since the observational results are derived in projection (on the lens plane), we cannot determine the three-dimensional distance from the host centre, and we plot a range of relations for distances between 0.1Rvir and Rvir. Given that it was calibrated on subhaloes rather than isolated haloes, it naturally predicts higher concentrations at the low-mass end. In each panel, the coloured symbols and error bars show our inferred values from the analysis of the observations (black circle and blue square) and the results from previous works (empty symbols), listed in Table 2. Şengül & Dvorkin (2022) used a fixed mass Msub = 109 M⊙ and varied the inner slope of the profile (that we report in the table), from which they estimated a corresponding concentration but did not provide uncertainties in this quantity.

      

    

  
    
      Fig. 7. 

      
        [image: thumbnail]
      

      
        Comparison between the γsub inferred from observations with the PL model (see Fig. 4) and the inner slopes of subhaloes from the TNG50-1 simulation. In the latter, the slope has been measured for all subhaloes in H23 (see their Fig. 9). The bottom panel shows the distribution of slopes of all subhaloes (black) and two mass bins roughly corresponding to the range of the detections. The coloured vertical lines and shaded areas correspond to the observed values (Table 2). In the top panel, we show the cumulative distribution for all subhaloes and the second mass bin, and we report the corresponding fractions of subhaloes that are compatible with the observed slopes in the two mass bins, highlighting the one that better corresponds to the detection in each case with the horizontal lines and corresponding numbers.

      

    

  
    
      Fig. 10. 

      
        [image: thumbnail]
      

      
        Subhalo density profiles of the simulated subhaloes that best match the observational inference (B1938+666 on the left and J0946+1006 on the right), i.e. the same shown in orange in Fig. 9. The purple band shows the radial range used to measure the slope, γ2D, for Fig. 8. The vertical lines mark the softening of the simulation (vertical solid line), and the value commonly used in simulation as a reliable resolution limit (i.e. 2.3ϵDM,*, vertical dashed line) and the resolution of the observational data.

      

    

  
    
      Fig. 11. 

      
        [image: thumbnail]
      

      
        Properties of simulated subhaloes at infall. We used the merger trees to track the subhalo evolution and measure their properties at infall, i.e. at the redshift where they first entered their host halo. We plot the normalised distribution of infall redshifts zinfall (left) and the mass at infall Minfall (right). The orange histograms show the distribution of the subhaloes selected as analogues, i.e. those lying within the orange boxes in the top panels of Fig. 8 for which we show the density profiles in the bottom panels of the same figure. The grey histograms show instead the distribution for all subhaloes in the same host haloes and with final masses between 2×108 M⊙≤Msub(z = 0.89)≤5×109 M⊙ for B1938+666 and 109 M⊙≤Msub(z = 0.2)≤4×1011 M⊙ for J0946+1006.

      

    

  
    
      Fig. 12. 

      
        [image: thumbnail]
      

      
        Scaling of the Einstein radius (obtained from the best mNFW fits) with subhalo mass (left) and Vmax (right). In both plots, the colour-coding of the data points indicates the subhalo stellar mass M*. The cyan lines represent the best power law fit for all of the data points.

      

    

  
    
      Fig. 13. 

      
        [image: thumbnail]
      

      
        Tests of the impact of numerical resolution on our results. Left and central panel: comparison between the Einstein radii obtained from the best modified NFW profile fits (in grey – corresponding to the points in Fig. 12) and those calculated from the smoothed particle surface density maps, coloured by the subhalo stellar mass. The cyan lines are the best power law fits for the latter. In both plots, the regime below the softening length is coloured purple. Right: repeat of the measurements performed for Fig. 8, using Req = 0.45 kpc for the lens J0946+1006.

      

    

  
    
      Fig. A.1. 

      
        [image: thumbnail]
      

      
        Lens modelling results of the two lenses: B1938+666 in the K′ Keck band (left) and J0946+1006 in the F814W band (right). For each lens, we present the result of the smooth model and the model that includes the NFW profile with free concentration. In each case, we show (i) the best-reconstructed model and critical lines, including both the light of the central galaxy and the main arc, (ii) the residuals between the data and the best model, calculated as (data-model) and (iii) the corresponding best-reconstructed source with the caustics. The posterior distributions for all models are shown in Fig. A.4 and A.5.

      

    

  
    
      Fig. A.2. 

      
        [image: thumbnail]
      

      
        We zoom on the detection location in J0946+1006 and show the residuals between the model and the data for all considered variations of subhalo properties. In each panel, the dashed blue line shows the critical curve predicted by the model, and the black contours trace the surface brightness of the arc. In the first panel, we see a clear red spot at the edge of the lensed arc, which is close to the detection location and indicates that the smooth model cannot correctly reproduce the surface brightness distribution. The NFW models with fixed concentration (second panel) and position (third panel) cannot remove this excess, while the residuals reach the noise level when the NFW is allowed to have a higher concentration (fourth panel) or when we use a PJ or PL profile (last two panels).

      

    

  
    
      Fig. A.3. 

      
        [image: thumbnail]
      

      
        Contours showing the surface brightness distribution of the lensed arc of J0946+1006 when modelled with the inclusion of an NFW profile. The three cases shown here correspond to panel 1-4 in Fig. A.2 and highlight that, among these, only the NFW model with free concentration (dashed blue line) is able to produce the extended shape of the arc's edge which matches the surface brightness of the observes arc.
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