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Abstract

Context. The helium hydride cation (HeH+) holds the distinction of being the first molecule to form in the metal-free Universe after the Big Bang. Following its first circumstellar detection via the pure rotational J = 1 → 0 transition in the young and dense planetary nebula NGC 7027, its presence is further confirmed by detecting the υ = 1 → 0 P(l) and P(2) ro-vibrational line emissions.

Aims. HeH+ belongs to the class of “reactive” ions that can be destroyed so quickly that chemical formation and destruction rates may compete with inelastic rates and should be considered when solving the statistical equilibrium equations. This so-called chemical “pumping” or “excitation” effect is investigated here for the first time in HeH+.

Methods. The chemical evolution of HeH+ in NGC 7027 is modeled with the CLOUDY photoionization code using updated reaction rate coefficients. The electron temperature and atomic-molecular densities are modeled as a function of position in the nebula. The non-local thermodynamic equilibrium (NLTE) analysis of the three observed HeH+ emission lines is then performed with the CLOUDY and RADEX codes using an extensive set of spectroscopic and inelastic collisional data suitable for the specific high-temperature environment of NGC 7027. In a second approach, chemical formation and destruction rates of HeH+ are implemented in RADEX. This code is combined with a Markov Chain Monte Carlo (MCMC) sampling (performed on the RADEX-parameters space) in order to extract the best-fit HeH+ column density and physical conditions from the observed line fluxes.

Results. The CLOUDY and RADEX NLTE results are found to be in good agreement, and they reproduce the observed HeH+ line fluxes to within a factor of 2–5, and the υ = 1 → 0 P(2)/P(l) line ratio to better than 20%. Agreement to better than a factor of 2.3 is obtained when including the reaction between He(23S) and H as an additional source of HeH+ in the chemical model. The RADEX-MCMC model with chemical pumping is found to reproduce both the observed line fluxes and the line ratio to 20%. However, while the best-fit parameters agree rather well with the model predictions, the posterior distributions are poorly constrained, suggesting that additional HeH+ lines must be detected in NGC 7027 to better constrain the physical conditions via NLTE models. On the other hand, uncertainties in collisional (reactive and inelastic) data of HeH+ have been largely reduced in this work. We also show that the three observed lines are not sensitive to chemical pumping while excited “short-lived” levels are significantly overpopulated with respect to a NLTE model neglecting chemical excitation. The corresponding full-line spectrum predicted for NGC 7027 is provided.
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1 Introduction
The formation of a planetary nebula begins when an intermediate-mass star sheds its dusty asymptotic giant branch (AGB) envelope at a high rate. This stage is followed by the pre-planetary nebula phase, during which the central star, while still too cool to ionize its surroundings, drives fast energetic jets that shape the nebula. Within a few hundred years, the fast-moving, mass-losing star sweeps the AGB material into a dense shell and ionizes it, completing the formation of the planetary nebula with a thick shell and a partly hollow interior. NGC 7027 is a young, highly ionized, rapidly evolving, and extensively studied planetary nebula with a massive molecular envelope (Bublitz et al. 2023) within a distance ~1 kpc of the Sun (D = 980 + 100 pc; Zijlstra et al. 2008). The proper-motion analyses of the radio-frequency continuum emission from the inner elliptical shell indicate a kinematic age of ~600 years (Masson 1989; Zijlstra et al. 2008), whereas, based on multi-epoch Hubble Space Telescope imaging of the extended ring system, the nebular expansion analyses suggest a dynamical age between 1080–1620 years (Schönberner et al. 2018; Guerrero et al. 2020). However, both methods have inherent uncertainties, and the difference in ages derived from two different approaches suggests a multi-phase history for the nebula’s formation and evolution. The central star is exceptionally hot, with an effective temperature of about 198 kK and a significant bolometric luminosity of ~6.2 × 103 LΘ (Latter et al. 2000; Moraga Baez et al. 2023). These parameters indicate that the central star originates from a progenitor of mass ≥3 MΘ. It has a present-day mass of ~0.6–0.7 MΘ (Moraga Baez et al. 2023), and left the AGB phase within the last ~1000 years (from the stellar evolution models in Weidmann et al. 2020). These extreme conditions lead to the formation of overlapping H and He Strömgren spheres, which drive the production of the helium hydride cation (HeH+, also known as hydro-helium cation) within a specific region where the He+ Strömgren sphere extends beyond the H+ (H II) zone (Güsten et al. 2019; Neufeld et al. 2020). Although HeH+ was initially identified in the laboratory a century ago (Hogness & Lunn 1925), the idea that it could exist in local astrophysical plasmas, particularly in planetary nebulae, was suggested more than four decades ago (Dabrowski & Herzberg 1977; Black 1978; Flower & Roueff 1979; Roberge & Dalgarno 1982).
The near-infrared emissions from the υ = 1 → 0 P(l) and P(2) ro-vibrational transitions of HeH+ are recently detected by Neufeld et al. (2020) in NGC 7027 planetary nebula using the iSHELL spectrograph on NASA’s Infrared Telescope Facility observations. This detection comes after the first-ever astrophysical identification of HeH+ reported by Güsten et al. (2019) using the GREAT instrument on the Stratospheric Observatory for Infrared Astronomy airborne observatory of its far-infrared / = 1 → 0 pure rotational transition toward the same target. The confirmation of HeH+ in nearby circumstellar space may provide important constraints on our understanding of the chemical network controlling its formation and destruction. The dominant formation channel of HeH+ in NGC 7027 involves the radiative association of He+ with neutral H1 and the associative ionization of neutral H with He in the metastable level 23S state. The dominant destruction channels are the reaction of HeH+ with H and electrons.
In agreement with earlier predictions, Güsten et al. (2019) and Neufeld et al. (2020) suggest that the prime region for the presence of HeH+ (abundance peak) is near the Strömgren radius of NGC 7027, where the physical conditions, such as electron density and temperature, abruptly change. However, modeling the intensity of the observed HeH+ lines has proven to be challenging. A comprehensive nonequilibrium chemical and level population model, conducted by Güsten et al. (2019), predicts that the main-beam brightness temperature of the HeH+ J = 1 → 0 line is approximately four times lower than the observed value. These authors suggest that this discrepancy could be resolved by adjusting the literature values of the rate coefficient for the radiative association process. Later, Neufeld et al. (2020) implement several changes to the chemistry adopted by Güsten et al. (2019) and, in particular, they find that the associative ionization between He(23S) and H is another significant source of HeH+. They predict a line flux for the HeH+ υ = 1 → 0 P(l) transition in very good agreement with the observed value. However, the measured fluxes of the J = 1 → 0 and υ = 1 → 0 P(2) lines are found to exceed the model predictions significantly by factors of 2.9 and 2.3, respectively. In addition, the observed υ = 1 → 0 P(2)/P(1) line ratio (1.34 ± 0.24) is significantly larger than the prediction (0.53).
In this work, we provide new rate coefficients for describing both the chemistry and excitation of HeH+ in the specific high-temperature environment of NGC 7027. This new molecular data covers all 162 bound levels of HeH+ and includes both state-to-state collisional inelastic (non-reactive) rate coefficients and state-resolved collisional reactive (formation and destruction) rate coefficients. The non-local thermodynamic equilibrium (NLTE) analysis of the observed HeH+ rotational and ro-vibrational emissions is first performed with the CLOUDY (Chatzikos et al. 2023) and RADEX (van der Tak et al. 2007) codes. Both codes utilize our newly constructed HeH+ collision data set for inelastic transitions. In a second approach, chemical pumping of HeH+ is implemented in RADEX and the observed line fluxes are fitted using Markov chain Monte Carlo (MCMC) sampling (Goodman & Weare 2010) performed on the parameter space, namely the kinetic temperature, the atomic hydrogen and electron densities, and the HeH+ column density. In Sect. 2, we report the predicted results of our NLTE model and compare them with the observed HeH+ line fluxes. Finally, in Sect. 3, we discuss our obtained results and the concluding remarks are summarized.
Table 1 
Physical parameters and corresponding values used in the CLOUDY model.

2 Modeling and results
2.1 CLOUDY modeling and results
The CLOUDY photoionization code (c23.01; Chatzikos et al. 2023, and references therein) is used to model the HeH+ abundance and interpret the observed line flux features in NGC 7027, similarly to Güsten et al. (2019); Neufeld et al. (2020), by approximating an elongated nebula as spherically symmetric and assuming dynamically young nebula in steady-state equilibrium.
2.1.1 Physical conditions
The physical model parameters are listed in Table 1. Our standard model is computed under the assumption of constant pressure, as in Neufeld et al. (2020). The pressure is adjusted by fixing the initial total hydrogen nuclei density [n(Htot)] at 2.61 × 104 cm−3 to obtain a Strömgren sphere of angular radius at 4.6″ (~0.02186 pc = 6.75 × 1016 cm), considering a source distance of 980 pc. We note that the sound travel time (~1010 years) in the constant pressure model is larger than the kinematic age (~600 years; Masson 1989; Zijlstra et al. 2008), but comparable to the dynamic age (1080–1620 years; Schönberner et al. 2018; Guerrero et al. 2020) of the system. We assume the central star emits ionizing blackbody radiation with a temperature 1.98 × 10s K and a bolometric luminosity 6.2 × 103 L⊙, irradiating a spherical geometry of gas (Latter et al. 2000; Moraga Baez et al. 2023). The dimension of the gas is defined by an inner radius at 3.1″ (~0.01473 pc = 4.55 × 1016 cm). The resulting geometry is a thick, spherical, and closed shell. The ionization of atomic hydrogen by the Galactic cosmic-ray background is considered with a mean primary ionization rate of ζp = 2 × 10−16 s−1 (Indriolo et al. 2007). The ionization of H2, with a mean secondary ionization rate of ζ2 = 4.6 × 10−16 s−1 is estimated by the scaling ζ2 = 2.3ζp (Glassgold & Langer 1974). The background radiation field includes the cosmic microwave background (CMB) at 2.725 K, the unextinguished local interstellar radiation field adopted from the continuum provided by Black (1987, see their Fig. 2) and the Galactic background radiation field proposed by Draine & Bertoldi (1996) with an intensity of the continuum scaled up by a factor of ~3 × 104 (Hasegawa et al. 2000; Godard & Cernicharo 2013; Lau et al. 2016). The default elemental abundance (relative to total hydrogen nuclei) set for planetary nebulae in CLOUDY modeling, noted in Table 2, is primarily from Aller & Czyzak (1983); Khromov (1989).
Since NGC 7027 is a carbon-rich nebula, dust is thought to be primarily made up of amorphous carbon. Based on the best-fit dust model proposed by Lau et al. (2016), we applied a similar approach here. A large grain (LG) component of a single uniform distribution of amorphous carbon (Rouleau & Martin 1991) with radii 1.5 μm is considered. A log-normal distribution of (3.1–12) × 10−4 μm neutral polycyclic aromatic hydrocarbons (PAHs) centered at 6.4 × 10−4 μm with a width σ = 0.1 is adopted considering the refractive index data from Draine & Li (2007). A power-law grain size distribution, n(a) ∝ a−α with index α = 3.5, amin = 12 × 10−4 μm, and amax = 0.4 μm of amorphous carbon (Rouleau & Martin 1991) very small grains (VSGs) is finally considered. Following Lau et al. (2016), we adjusted the dust properties of three independent components with LGs, VSGs, and PAHs constituting 96.51, 1.93, and 1.56% of the total dust by mass, respectively. With these different components of grain size distribution, we obtained dust-to-gas mass ratio (Md/Mg) of ~1/145, a ratio of extinction per reddening of RV = AV/E(B − V) = 4.118 and extinction-to-gas ratio = AV/N(H)~1.48 × 10−22 mag cm2.
Table 2 
Initial gas-phase elemental abundances with respect to total hydrogen nuclei(a) used in the CLOUDY model.

2.1.2 Chemistry
The equilibrium abundance of HeH+ is dominated by the reactions noted in Table A.1 (see Appendix A). Our main update with respect to Neufeld et al. (2020) concerns the radiative association (reaction R1) of He+ with H based on new quantum calculations (see Appendix B). For the three other reactions (reactions R2 to R4 noted in Table A.1), our references are the same, but the rate coefficients are fitted using the modified-Arrhenius equation with good accuracy over the temperature range 100–2 × 104 K. The other chemical reactions related to HeH+ are adopted from Neufeld et al. (2020); Das et al. (2020); Sil et al. (2024).
Figure 1 shows the equilibrium temperature and density profiles of H, H+, H2, H+, e−, He, He+, He(23S), and HeH+ as a function of the distance from the star starting from the illuminated face (where the starlight striking the cloud) up to a certain depth where the temperature reaches up to 800 K. The bottom panel of Fig. 1 shows a zoomed-in view of the top panel, focusing on the region near the Strömgren radius (within the black-colored dashed rectangle) where the HeH+ peak appears. The density peak of HeH+ (~9.69 × 10−4 cm−3) from our model appears close to the helium Strömgren radius (~0.02189 pc), where half of the He+ has recombined. But it is important to note that the abundance peak of HeH+ (~1.02 × 10−8) appears closer to the hydrogen Strömgren radius (~0.02186 pc). The HeH+ peak density is ~2.1 times lower than that reported in Neufeld et al. (2020). It should be noted that the density and temperature profiles shown in Fig. 1 slightly differ from Neufeld et al. (2020) (see their Fig. 8) due to the update from CLOUDY version c17 to c23, as the microphysics treatment in CLOUDY improves over time. Also, due to the revised physical model parameters (source luminosity and effective temperature, radiation field, grain physics), we had to fix the initial n(Htot) at 2.96 × 104 cm−3 for the constant pressure model to obtain the expected position of the Strömgren sphere.
Neufeld et al. (2020) show that the associative ionization of atomic H with He(23S ) is a significant source of HeH+ formation. This finding reflects their update of the rate coefficient to the measurements of Waibel et al. (1988), ignored in all previous astrochemical models. While CLOUDY allows us to predict the population of the metastable 23S level of Helium through its recombination history, and to add it as a reaction partner or product to its chemical network, it is as yet (Version 23.01) unable to consistently couple the underlying chemical reaction network to the statistical equilibrium calculations. We, therefore, neglected this reaction in our CLOUDY modeling. We, however, tested its impact using a simple steady-state chemical model restricted to the four dominant formation and destruction reactions of HeH+, as identified by Neufeld et al. (2020) (reactions R1, R2, R3, and R4 in Table A.1), and taking the CLOUDY density profiles for H, He+, He(23S) and e−. We found that the HeH+ peak density is increased by about a factor of 2.3, reaching a peak density of ~2.19 × 10−3 cm−3, similar to the results of Neufeld et al. (2020) (see their Fig. 8). The impact of this reaction is thus significant and will be considered in our NLTE RADEX calculations in Sect. 2.2.
	[image: thumbnail]	Fig. 1 Top panel: equilibrium temperature and densities of H, H+, H2, [image: equation]+, e−, He, He+, He(2>3S), and HeH+ obtained for an isobaric (gas pressure ~2.16 × 109 K cm−3) CLOUDY model with an initial total hydrogen nuclei density n(Htot) = 2.61 × 104 cm−3 as function of the distance from the star starting from the illuminated face into the depth of the cloud. Bottom panel: zoomed-in view of the top panel in the region close to the Strömgren radii (within the black-colored dashed rectangle).



Table 3 
Comparison between the observed and CLOUDY model predicted line fluxes.

2.1.3 NLTE calculations
In CLOUDY, the NLTE radiative transfer is treated in 1D geometry within the escape probability formalism (Ferland et al. 2017, and references therein). We assumed the closed spherically symmetric geometry (implicit for planetary nebulae) with the sphere expanding (default) option so that the Large Velocity Gradient (LVG) or Sobolev approximation was employed.
Spectroscopic data for HeH+, i.e., level energies and Einstein coefficients, were taken from the EXOMOL database (Tennyson et al. 2016; Amaral et al. 2019). This set includes a total of 183 ro-vibrational levels, with 162 bound and 21 quasi-bound states. Because most of the quasi-bound states have large dissociation probabilities, we selected only the 162 bound states, with the highest level (υ = 11, J = 1) lying 14 873.7 cm−1 (about 21 400 K) above the ground level. For inelastic collisions with electrons and hydrogen atoms, we combined several accurate sets of theoretical data using various approximations based on propensity rules, as described in Appendix C. It should be noted that rate coefficients for electron-impact (de)excitation are typically 3–4 orders of magnitude larger than those for collisions with hydrogen atoms. In regions where n(e)/n(H) ≫ 10−3, such as the region close to the Strömgren radius in NGC 7027, electron collisions will thus dominate the excitation of HeH+.
In Table 3, we compared the observed line fluxes reported by Neufeld et al. (2020) for HeH+, H i, He ii and He i to the predictions of our CLOUDY model. The line fluxes in CLOUDY are given in units of erg s−1 cm−2. To compare with the observations, we converted them to W m−2, accounting for the observational angular sizes (see notes in Table 3). our model underpredicts the observation by Güsten et al. (2019) for the J = 1 → 0 pure rotational line flux of HeH+ by a factor of 3.44, which is similar but slightly worse than the predictions of Neufeld et al. (2020), primarily due to the missing reaction channel R2 (see Sect. 2.1.2 and Table A.1) in our CLOUDY model. For both the P(1) and P(2) ro-vibrational transitions, our model underpredicts them by factors of 1 .91 and 2.29, respectively, while the predictions by Neufeld et al. (2020) for P(1) are better (overpredicted by 1.08), but that for P(2) is similar (underpredicted by 2.33). However, the observed υ = 1 → 0 P(2)/P(1) line ratio of 1.34 ± 0.24 is consistent with our model prediction (1.12), while the predicted value by Neufeld et al. (2020) is 0.53. Since this ratio is mainly determined by the relative collisional rate coefficients for ro-vibrational excitation, our closer match with the observations suggests that the collisional propensity rules are best described in our data set. This point is further illustrated in Appendix C. Finally, the line-center optical depths of the three HeH+ lines predicted from the CLOUDY model are 6.48 × 10−2, 9.92 × 10−5, and 6.20 × 10−6 for J = 1 → 0, υ = 1 → 0 P(1), and P(2), respectively.
Our model underestimates the strongest observed recombination lines for H and He+, showing flux discrepancies of about 1.17 and 1.22 times lower than observed, respectively. Conversely, for He, it overestimates the flux by a factor of 1.34. overall, our model prediction leads to a deviation percentage of 14–34%. The predicted fluxes for one-electron systems (He+ and H), computed from the actual model ionization and temperature structure, were based on the Case B recombination line emissivities presented by Storey & Hummer (1995). For the He recombination line, we utilized the emissivities calculated by Porter et al. (2012, 2013). Ultimately, our model has a better agreement with the observed data compared to the predictions made by Neufeld et al. (2020), likely due to the updated physical model parameters and upgrade from CLOUDY version c17 to c23.
2.2 RADEX modeling and results
In RADEX, the NLTE radiative transfer is solved for a homogeneous and isothermal medium within the escape probability formalism (van der Tak et al. 2007). As with CLOUDY, the LVG approximation (option expanding sphere) was used to model the HeH+ emission in NGC 7027. The RADEX parameters for the physical conditions, namely kinetic temperature Tkin, atomic hydrogen density n(H), and electron density n(e−) were extracted from the CLOUDY solution at the HeH+ abundance peak, which also coincides with the emission peak for the three detected lines. These parameters are listed in Table 4 (see also Fig. 1). The last parameter is the HeH+ column density per unit velocity interval. The HeH+ column density was taken as the CLOUDY value (also reported in Table 4) and a line width (FWHM) of 30 km s−1 was selected as representative of the three detected lines. We also considered a larger column density of 2.04 × 1012 cm−2, as predicted from our simple four-reaction model where the associative ionization of H with He(23S ) (reaction R2) was included (see Sect. 2.1.2). The background radiation field was assumed to be solely the 2.725 K CMB radiation field. We checked that the average interstellar radiation field, as implemented in RADEX, has no effect. The nebular and dust continuum emission was also neglected. We note, however, that radiative pumping due to the internal infrared continuum is not insignificant and should be investigated in future models.
The predicted line fluxes are reported in Table 5. We can notice that the agreement with the CLOUDY results (reported in Table 3) is very reasonable, with RADEX line fluxes being typically 30% lower than those from CLOUDY. Since the same collisional data set was employed, this modest difference can be attributed to the different NLTE radiative transfer treatments and, in particular, the isothermal and homogeneous assumptions. As with CLOUDY, the υ = 1 → 0 and P(2) lines are significantly underpredicted (by a factor of ~3) while the υ = 1 → 0 P(2)/P(1) observational ratio (1.34 ± 0.24) is well reproduced (1.12). Our predictions using the larger column density of 2.04 × 1012 cm−2 are also reported in square brackets. While the line flux computed with RADEX is still too low for the J = 1 → 0 pure rotational line, the agreement with observational values is much better for the two υ = 1 → 0 ro-vibrational lines. Overall, the predicted fluxes agree with observations to better than a factor of 2.3. This result supports the importance of the reaction between He(23S) and H as an additional source of HeH+ in NGC 7027.
In order to illustrate the impact of relative collisional rate coefficients on line flux ratios, we investigated in Appendix C the relation between the υ = 1 → 0 P(2)/P(1) line flux ratio (1.34 ± 0.24) and the ratio of the corresponding fundamental excitation rate coefficients. We showed that the two ratios follow a simple linear relationship so that the line flux ratio is very sensitive to the collisional propensity rules. on the other hand, the υ = 1 → 0 P(2)/P(1) line flux ratio depends only very weakly on the electron density and temperature (in the HeH+ emission region), as already noted by Neufeld et al. (2020).
Table 4 
Physical parameters obtained at HeH+ abundance peak from CLOUDY model.

2.3 RADEX-MCMC modeling and results
In this section, a second approach, where chemical pumping is introduced in the NLTE analysis, is used. Indeed, because HeH+ belongs to the class of reactive ions, i.e., species that react fastly with the dominant colliders (here electrons and H atoms), the chemical source and sink terms should be, in principle, included when solving the statistical-equilibrium equations. These two terms describe the so-called chemical (or formation) pumping process, and they are ignored in the previous sections, as well as in Neufeld et al. (2020). These authors argue that chemical pumping effects should be minor for the detected levels of HeH+ since the destruction rate coefficients are smaller than the excitation rate coefficients. The competition between inelastic and destruction rates is investigated in detail below. In addition, in contrast to the previous NLTE RADEX calculations where the physical conditions and HeH+ column density were taken from the CLOUDY results, here RADEX is combined with MCMC sampling in order to determine the RADEX parameters that best reproduce the three lines detected in NGC 7027.
The version of RADEX, as modified by Faure et al. (2017), was employed in order to include the state-resolved formation and state-resolved destruction rate coefficients of HeH+. The formation of HeH+ was assumed to be entirely dominated by the radiative association of He+ and H, as in our CLOUDY chemical model. Accurate state-resolved rate coefficients were computed for this purpose and are described in Appendix B. Thus, this new data set describes the formation of all 162 bound states of HeH+(υ, J) at kinetic temperatures from 10 to 20 000 K. We recall that the associative ionization of neutral H with He(23S) is another important source of HeH+ in NGC 7027, as shown by Neufeld et al. (2020) and confirmed above. However, to our knowledge, no state-resolved rate coefficients are available for this process, but we note that theoretical state-resolved cross sections at the collision energy Ecol = 50 meV can be found in Waibel et al. (1988). Extending such calculations to higher collision energy would be necessary to include the associative ionization process as a source term. For the destruction of HeH+ by electrons and hydrogen atoms through dissociative recombination and proton transfer, respectively, we employed accurate sets of theoretical data with some extrapolations and assumptions, as described in Appendix B. It is to be noted that we neglected the HeH+ photodissociation reaction (HeH+ + hv → He+ + H) in the chemical pumping model since this reaction is negligible in the region of the HeH+ abundance peak (see Fig. 9 of Neufeld et al. 2020).
MCMC is a statistical method used to estimate the parameters of a model by iteratively generating random samples from the prior probability distributions. To calculate the likelihood of the parameters given the observed values, we utilized the publicly available MCMC Python implementation emcee developed by Foreman-Mackey et al. (2013). It should be noted that MCMC works even if the number of free parameters is larger than the number of data points, which is the case here (four RADEX free parameters versus three observed line fluxes). In this situation, however, some of the parameters remain unconstrained, as described below.
The MCMC analysis is detailed in the Appendix D. In order to illustrate the convergence of the four RADEX free parameters (kinetic temperature, atomic hydrogen density, electron density, and HeH+ column density) considering the applied RADEX-MCMC sampling, the corner diagram for the achieved solution is presented in Fig. D.1. The corner diagram shows the highest probability distributions resulting from the individual histograms of the mentioned free parameters. The best-fit posterior with uncertainties is noted in Table 6.
As shown in Table 7, the agreement between the MCMC best-fit and the observed line fluxes is very good and within observational error bars for the two transitions (υ, J) = (0,1) → (0,0) and (1,1) → (0,2). We can notice in Table 6 that the best-fit posterior parameters are overall in rather good agreement with the values extracted from the CLOUDY solution at the HeH+ abundance peak (see Table 4). However, from the corner plot shown in Fig. D.1, we see that the posterior distributions are not gaussian and clearly bimodal for the electron density. This latter also shows some correlation with the kinetic temperature and the HeH+ column density. Thus, as expected, the small number of detected lines limits the reliability of the parameter estimates. Still, it is interesting to compare the electron density and HeH+ column density inferred from our RADEX-MCMC modeling with the CLOUDY results: the HeH+ column density is twice as large while the electron density is larger by a factor of 3. Compared to the four-reaction model, the HeH+ column density is in excellent agreement. These results will be further discussed in Sect. 3 below.
To assess the role of chemical pumping in our RADEX modeling, we further ran an MCMC model where the chemical source and sink terms are ignored in the statistical-equilibrium equations. The best-fit parameters were found to be practically identical to when these terms are included, demonstrating that the three detected lines are not sensitive to the chemical terms. This result confirms the assumption of Neufeld et al. (2020) based on their estimate of destruction and excitation rates, as mentioned above. Indeed, according to our collisional data set, the destruction state-resolved rate coefficients for both electrons and H atoms are (at 104 K) of the order of 10−9 cm3 s−1, while the electron-impact excitation rate coefficients from the ground (υ, J) = (0, 0) to the three upper levels (0, 1), (1 , 0), and (1 , 1) are 4.1 × 10−7 cm3 s−1, 3.1 × 10−9 cm3 s−1, and 5.3 × 10−9 cm3 s−1, respectively. on the other hand, the electron-impact rate coefficients follow propensity rules, as discussed in Appendix C, and in practice, all transitions with ΔJ ≥ 4 or Δυ ≥ 2 have rate coefficients much lower than 10−9 cm3s−1. This is illustrated in Fig. 2 where the relative population (divided by the degeneracy) of levels with upper energy lower than 7000 K is plotted as a function of the upper-level energy. The two RADEX models, with and without chemical pumping included, are compared using the parameters listed in Table 6. We can clearly observe that the two models agree for low J ≤ 4 and that deviations occur for higher and less populated levels, as expected. The population of highly excited levels is thus found to be much larger by up to eight orders of magnitude for the highest plotted level (υ, J) = (0, 12) when chemical pumping is taken into consideration. The higher population of excited states reflects their relatively short chemical lifetime and the memory of the HeH+ formation process, as observed previously for CH+ in the same source (Godard & Cernicharo 2013; Faure et al. 2017; Neufeld et al. 2021).
Finally, in order to illustrate how the HeH+ emission spectrum retains some memory of the state-specific formation, we plotted in Fig. 3 the HeH+ line surface brightness variation with wavelength in the range 0–40 μm. This plot considers the best-fit RADEX-MCMC model parameters mentioned in Table 6. Furthermore, Table 8 presents the surface brightness of the most intense low-excitation HeH+ transitions with and without pumping based on our best-fit RADEX-MCMC model. It is evident that the most intense lines (with surface brightness exceeding 10−5 erg cm−2 s−1 sr−1 ), including the three already detected, remain unaffected by pumping. Conversely, a significant number of lines exhibit much higher intensities with pumping compared to without, attributed to the substantially elevated populations of their upper levels. According to our best-fit RADEX-MCMC model with chemical pumping, it is predicted that within the JWST range (0.6–28.3 μm), the next lines to be detected in terms of surface brightness should be the (υ, J) = (1,1) → (0,0) [R(0)] and (1,2) → (0,3) [P(3)] lines at 3.36 μm and 3.71 μm, respectively.
Table 5 
Comparison between the observed and RADEX model(a) predicted HeH+ line fluxes.

Table 6 
Summary of the best-fit posterior physical parameters obtained from the RADEX-MCMC model with chemical pumping.

	[image: thumbnail]	Fig. 2 Ro-vibrational population diagram of HeH+ (υ, J) as predicted by RADEX with and without considering chemical pumping for the bestfit parameters noted in Table 6.



Table 7 
Comparison between the observed and the RADEX-MCMC best-fitted model parameters(a) predicted HeH+ line fluxes.

Table 8 
Line surface brightness of the most intense low-excitation pure rotational and ro-vibrational transitions of HeH+ with and without considering chemical pumping as predicted by the best-fit RADEX-MCMC model parameters noted in Table 6.

	[image: thumbnail]	Fig. 3 HeH+ line surface brightness variation with wavelength (in μm) as predicted by the best-fit RADEX-MCMC model parameters noted in Table 6. The left panel is without pumping, and the right panel is considering pumping.



3 Discussion and conclusions
In this study, we utilize three different NLTE models (CLOUDY, RADEX, and RADEX-MCMC with chemical pumping) to conduct a comprehensive analysis aimed at determining how the HeH+ emissions from NGC 7027 can help to evaluate our understanding of the HeH+ chemistry and excitation. One important finding is that including the reaction of H with He(23S) as an additional source of HeH+ increases its column density by a factor of 2.1 and brings RADEX predictions more in line with observations, with line fluxes that agree within a factor of ~2. This result supports the results of Neufeld et al. (2020) and underlines the importance of including He(23S) as a separate species and consistently coupling the resulting chemical population in a future update of CLOUDY. This also suggests that our current knowledge of the HeH+ chemistry should be reliable and that it can be employed in other similar environments with good confidence. We note in this context that for early Universe chemistry, the formation path to HeH+ is yet another reaction, the radiative association of He with H+, for which accurate rate coefficients are also available (Courtney et al. 2021).
A perplexing result is that the electron density inferred from our RADEX-MCMC model, n(e) = 1.45 × 10s cm−3, is a factor of ~3 larger than the electron density predicted by CLOUDY at the position of the HeH+ peak, n(e) = 4.63 × 104 cm−3, which is similar to the average value of 4.7 × 104 cm−3 yielded by density-sensitive diagnostics from ionic atomic lines (Zhang et al. 2005). It is unclear whether HeH+ may serve as a useful probe for electron density in NGC 7027. It may only provide insights into the thin layer where it forms, which is not representative of either the ionized nebula or the surrounding molecular envelope. In any case, a more solid estimate of the electron density will require the identification of additional HeH+ lines, which would also lift the degeneracy with the kinetic temperature and column density. In this context, we stress that our current results suggest that new ro-vibrational transitions of HeH+ such as υ = 1 → 0 R(0) and P(3) could be detected with the JWST in less than an hour (NIRSpec integral field unit, JWST exposure time calculator version 4.0). Another related important result is that uncertainties in the electron-impact excitation rate coefficients have been largely removed in this study, as highlighted by our analysis of the υ = 1 → 0 P(2)/P(1) line ratio.
The impact of the chemical terms on the HeH+ excitation is also investigated, revealing that the three detected lines are insensitive to chemical pumping, in contrast to relatively “shortlived” and less populated levels. As a result, HeH+ chemical pumping effects in NGC 7027 could be probed observationally by detecting lines with surface brightness typically larger than ~10−6 erg cm−2 s−1 sr−1.
As a caveat, we note that NGC 7027 is a dynamically young nebula (600 years, Masson 1989; Zijlstra et al. 2008), while our CLOUDY modeling assumes steady-state equilibrium. In particular, there may be a significant mixing of neutral and atomic gas phases. The expansion of the molecular shell can be described by a radial velocity field, υr = 10–13 kms−1 and an additional linear component along its major axis of 6–8 kms−1 and, locally, up to ~40kms−1 (Santander-Garcia et al. 2012). The latter high-velocity gas is also seen in ro-vibrational H2 emissions from the photon-dominated region (PDR) and in the ionized gas (Br γ emission, Cox et al. 2002), evidencing a system of jets, or the footprint of a precessing jet (Bublitz et al. 2023). In view of this complexity, some mixing of molecular and ionized gas phases seems inevitable. As a matter of fact, an immersion of molecular knots in the ionized gas of planetary nebulae has been evidenced in later evolutionary stages observationally easier to access, e.g., in the Helix nebula (Meixner et al. 2005) or NGC 2828 (Derlopa et al. 2024). Bublitz et al. (2023) indeed locate CO+ emission in front of the PDR, fully exposed to external ultraviolet radiation. In turn, this implies a local coexistence of [image: equation] and He, which could further enhance the HeH+ abundance through the reversal of the proton-transfer reaction R4 (Table A.1)2. It is possible to provide a rough estimate of whether this path is important: At the maximum HeH+ density (T ≃ 104 K), the formation path via reaction R1 exceeds that of the reverse of R4 by a factor of 750, with a minimum value of 75 at a temperature of 6000 K where the HeH+ density is an order of magnitude lower. In our CLOUDY model, [image: equation] is produced by photo-ionization of H2 or charge transfer with H+ or He+; only an inflow of molecular gas, as suggested by Black (1983), could potentially produce the two-order-of-magnitude overabundance of [image: equation] required for the reverse of R4 to compete with R1. Such a scenario is out of the capabilities of our model and reserved for future work.
Finally, the elongated nebula is approximated as spherically symmetrical to simplify our modeling approach. However, we highlight that considering an ellipsoidal geometry could provide a better prediction of the physical conditions. Investigating how ellipsoidal or more complex geometries affect radiative transfer is a challenging task that requires further study. While addressing this complex geometry is beyond the scope of the present work, it remains an important area for future investigation.

[bookmark: S4]Data availability
The new extended HeH+ ro-vibrational inelastic dataset underlying this article will be made available in the Excitation of Molecules and Atoms for Astrophysics (EMAA) database3.
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Appendix A  Updated reaction rates
The HeH+ chemical network from CLOUDY version c23.01 was updated for the three dominant formation and destruction reactions R1, R3, and R4, as listed in Table A.1. For the radiative association of He+ with H (reaction R1), the thermal rate coefficient computed in the present work (see Sect. B.1) was adopted. For the dissociative recombination (DR) of HeH+ (reaction R3), the thermal rate coefficient derived by Novotný et al. (2019) was used. For the reaction of HeH+ with H (reaction R4), we employed the thermal quasi-classical trajectory (QCT) rate coefficient computed by Esposito et al. (2015). In addition, the impact of the associative ionization of H with He in the metastable level 23S (reaction R2) was tested in a simplified four-reaction model, as discussed in Sect. 2.1.2. For this reaction, a thermal rate coefficient was computed using the experimental cross sections of Waibel et al. (1988) (see their Fig. 13) extrapolated as 1/Ecol up to 20 eV. For all reactions R1-R4, the rate coefficients were fitted using a standard modified-Arrhenius equation. It should be noted that our fits are reliable over the kinetic temperature range 100 – 20 000 K only, and they should be accurate to within ~ 20%.

Appendix B  New HeH+ ro-vibrational data for reactive collisions
B.1 Radiative association of He+ with H
The electronic potential energy curves for the ground (X1Σ+) and the excited state (A1Σ+) of HeH+, along with the dipole moment (μυ) were computed by means of the state-averaged complete active space self-consistent field method followed by a configuration interaction calculation as a function of the internuclear distance using the Molpro software (Werner et al. 2012), as described in Loreau et al. (2010).
The partial cross sections of the radiative association reaction were calculated by applying the Fermi golden rule in the zero-density limit as,
[image: equation](B.1)
where v represents the frequency of the emitted photon, k denotes the wavenumber of the initial state, p is the probability factor in the initial electronic state, and J indicates the initial rotational quantum number. Moreover, The term MυJ±1;k,J corresponds to the electric transition dipole moment given by,
[image: equation](B.2)
where fkJ(R) represents the radial, energy-normalized, continuum wavefunctions which were computed through numerical propagation using the symplectic integrator given by Manolopoulos & Gray (1995); and ψv,J±1(R) are the bound ro-vibrational wavefunctions obtained by solving the vibrational Schrodinger equation using the discrete variable representation method described in Colbert & Miller (1992). Consequently, the total cross section was obtained by summing over all possible vibrational and rotational levels of HeH+, σ(E) = Σ v,J σvJ (E).
The partial cross sections were computed in a collision energy range from 1 × 10−3 to 1 × 105 cm−1 with a denser grid around resonances.
The total or state-to-state rate coefficients as a function of the temperature were computed by assuming the Maxwellian velocity distribution of the initial states, and averaging over the normalized energy distribution,
[image: equation](B.3)
where μ is the reduced mass, and kb is the Boltzmann constant. Numerical integration was employed to compute the rate coefficients over a range from 10 to 2 × 104 K. The results are in good agreement with previous calculations on the same system (Forrey et al. 2020).
B.2 Dissociative recombination of HeH+ with electrons
For the DR of HeH+ with electrons, we used the multichannel quantum defect theory (MQDT) cross sections computed by Čurík et al. (2020). HeH+ ro-vibrational levels with υ = 0 – 2 and J = 0 – 2 were considered. In order to cover kinetic temperatures up to 20 000 K, cross sections were extrapolated as 1/Ecol from 3.3 eV up to 20 eV. It should be noted that the DR cross sections for HeH+(υ = 0, J = 0 – 2) were checked against an experiment performed at the Cryogenic Storage Ring (CSR; Novotný et al. 2019) by computing state-specific DR rate coefficients convolved over the CSR electron beam energy distributions. The good agreement observed between theory and experiment suggests that the state-specific thermal (Maxwell-Boltzmann averaged) rate coefficients computed here should be accurate to within ~ 30% above 100 K. Within υ = 0 – 2, the rate coefficients for J = 2 were used for all levels with J ≥ 3. This simple extrapolation should have a modest impact on our modeling since rotational effects become negligible above ~ 1000 K (see Fig. 5 in (Čurík et al. (2020)). Similarly, the rate coefficients for υ = 2, J = 2 were employed for all J levels with υ ≥ 3. We note in this respect that the DR rate coefficients were found to increase significantly with υ, especially below 1000 K where the rate coefficients for υ = 1,2 can exceed those for υ = 0 by more than an order of magnitude. At 104 K, the rate coefficient for the levels (υ, J) = (0,0), (1,0) and (2,0) are 3.9 × 10−10, 1.3 × 10−9 and 2.5 × 10−9 cm3s−1, respectively.
B.3 The reaction of HeH+ with H atoms
For the reaction of HeH+ with H (which produces [image: equation]), we employed the rate coefficients computed by Esposito et al. (2015) for (bound) levels υ = 0 – 5, J = 0 – 23 and kinetic temperatures up to 15 000 K. This set was computed using the QCT approach, which was found to be in excellent agreement with quantum close-coupling calculations for collisional energies larger than ~ 0.1 eV. The QCT thermal rate coefficient at room temperature (298 K) was also found to be in excellent agreement with the experimental result of Karpas et al. (1979) (see Fig. 6 in Esposito et al. 2015). For levels not included in the set of Esposito et al. (2015), i.e. levels with υ ≥ 6, we used an average temperature-independent rate coefficient of 1.5 × 10−9 cm3s−1. We note in this respect that rotational and vibrational effects are modest above ~ 1000 K with all QCT state-specific rate coefficients lying in the range 1 – 3 × 10−9 cm3s−1. This range is comparable to the magnitude of the above DR rate coefficients so that hydrogen atoms can compete with electrons in regions where n(e)/n(H) < 1, which is observed in our CLOUDY modeling near the HeH+ abundance peak (see Fig. 1).
Table A.1 
Updated reaction rate coefficient adopted in the chemical model.


Appendix C  New HeH+ ro-vibrational data for inelastic collisions
C.1 Electron collisions
For inelastic collisions with electrons, we combined two sets of accurate cross sections: the pure rotational cross sections of Hamilton et al. (2016) for levels with υ = 0 and J ≤ 9 and the ro-vibrational cross sections of Čurík & Greene (2017) for levels with υ = 0,1 and J ≤ 4. Both sets were computed using the R-matrix approach, but the MQDT used by Čurík & Greene (2017) includes resonances and is more accurate than the adiabatic-nuclei-rotation (ANR) approximation used by Hamilton et al. (2016). In order to cover kinetic temperatures up to 20 000 K, the two sets of cross sections were extrapolated as 1/Ecol up to 20 eV. In addition, for levels higher than υ = 1, J = 4, the dipolar Coulomb-Born (CB) approximation was employed, as described in Sil et al. (2024) (see their Appendix A). For ions with a significant dipole such as HeH+ (1.66 D; Pavanello et al. 2005), the CB approximation is usually reliable for dipolar transitions, i.e., those with ΔJ = ±1 and Δυ = 0, ±1. For such transitions, the CB cross sections agree very well with those of Hamilton et al. (2016), who applied a CB-closure technique, while they are significantly larger than those of Čurík & Greene (2017). As discussed by these latter authors, the limited number of partial waves included in their calculations is, in fact, expected to underestimate such cross sections. As a result, for dipolar transitions, we used the cross sections of Hamilton et al. (2016) for levels with υ = 0, J ≤ 9 and the CB cross sections otherwise. The corresponding rotational rate coefficients should be accurate to within ~ 30%, as observed experimentally for CH+ (Kálosi et al. 2022) whose dipole is very similar (1.68 D). Future MQDT calculations involving a CB-closure technique, such as those used by Forer et al. (2024) for CH+, should confirm this result. Finally, while cross sections for dipole-forbidden transitions with |ΔJ| ≥ 3 and |Δυ| ≥ 2 can be neglected (Čurík & Greene 2017; Ayouz & Kokoouline 2019), those with |Δυ| = 0,1 and |ΔJ| = 0,2 have magnitudes similar to those with |ΔJ| = 1. Thus, for upper levels higher than υ = 1, J = 4, de-excitation rate coefficients for such transitions were set identical to the CB rate coefficients for |ΔJ| = 1. This simple prescription follows the propensity rules and should be accurate within a factor of 3. We note that the typical magnitude of the largest de-excitation state-to-state rate coefficients at 103 K is 10−6 cm3s−1 for rotational transitions and 10−8 cm3s−1 for ro-vibrational transitions.
C.2 Collision with hydrogen atoms
For inelastic collisions with hydrogen atoms, we used the rate coefficients computed by Desrousseaux & Lique (2020) for levels with υ = 0 and J = 0 – 9 and kinetic temperatures up to 500 K. This set of data was computed using the quantum close-coupling approach and should be accurate to within ~30%. A flat temperature dependence of the de-excitation rate coefficients was assumed above 500 K. For levels higher than υ = 0, J = 9, we followed the propensity rules observed by Desrousseaux & Lique (2020) for rotational transitions due to H collisions and by Gianturco et al. (2021) for ro-vibrational transitions due to collisions with He atoms: rotational transitions with |ΔJ| = 1,2 and ro-vibrational transitions with |Δυ| = 1 and |ΔJ| ≤ 5| are favored in these collisions. For levels higher than (0,9) and transitions obeying the previous propensity rules, temperature-independent de-excitation rate coefficients of 10−10 cm3s−1 and 10−11 cm3s−1 were used, respectively. This crude prescription should be accurate to within a factor of 5 – 10. While accurate state-to-state rate coefficients at high temperatures are desirable, we note that in the context of NGC 7027, the excitation of HeH+ is dominated by electron collisions due to their much larger rate coefficients.
	[image: thumbnail]	Fig. C.1 HeH+ line flux ratio predicted by RADEX for the two detected ro-vibrational lines (υ, J) = (1,1) → (0,2) [P(2)] and (1,0) → (0,1) [P(1)] as a function of the rate coefficient ratio for the excitation transitions (0,0) → (1,1) and (0,0) → (1,0). The hatched blue area represents the observed ratio. The red and green circles denote the predicted line ratio when using the CB (default) or MQDT rate coefficients for the excitation (0,0) → (1,1). See text for more details.



C.3 Impact of propensity rules on the υ = 1 → 0 P(2)/P(1) line ratio
We plotted in Fig. C.1 the υ = 1 → 0 P(2)/P(1) line flux ratio, as predicted by RADEX, as a function of the rate coefficient ratio for the two fundamental excitations (0,0) → (1,1) and (0,0) → (1,0). At low electron density, line fluxes should be roughly proportional to fundamental excitation rate coefficients. In practice, we used the same physical conditions as in Sect. 2.2 (those listed in Table 5) with the same collisional data set except that the rate coefficient for the dipolar transition 0,0 → 1,1 (at 10 500 K) was varied from 2 × 10−10 cm3s−1 to 2 × 10−8 cm3s−1 in order to cover a rate coefficient ratio in the range 0 – 5. The default (CB) rate coefficient is 5.4 × 10−9 cm3s−1 while the MQDT value is 1.5 × 10−9 cm3s−1. The rate coefficient for the (dipole-forbidden) transition 0,0 → 1,0 was kept fixed at the default (MQDT) value of 3.2 × 10−9 cm3s−1. Thus, the rate coefficient ratio in our default collisional data set is 1.7, while it is 0.48 in the original MQDT data set of Čurík & Greene (2017), as employed by Neufeld et al. (2020). We can observe in Fig. C.1 that the RADEX predicted line flux ratio is a linear function of the rate coefficient ratio and that this latter should lie in the range 1.7 - 2.6 to reproduce the observational line ratio. This result nicely supports the above discussion where CB calculations were preferred to the MQDT calculations of Čurík & Greene (2017) in the case of dipolar transitions.

Appendix D  MCMC fitting details
We employed a Bayesian approach to fit three observed HeH+ line fluxes noted in Table 7, to compare models with varying four RADEX parameters listed in Table 6, and then to calculate their probability distributions. This method of inference involves using prior data to sample posterior distributions. In practice, we used the MCMC approach to explore parameter space.
A logarithmic likelihood distribution with the formula below was used:
[image: equation](D.1)
where x is the observed spectral line flux, μ is the model line flux, and σ is the uncertainty in the observations.
The corner diagram resulting from the analysis of HeH+ line fluxes is shown in Fig. D.1. The diagonal plots represent the marginal distributions of each parameter, while the off-diagonal plots show the pairwise correlations. The correlation between N(HeH+) and Tkin and the electron density suggests that these parameters are closely linked in the model. For the RADEX-MCMC simulation, we assumed uniform priors spanning the ranges mentioned in the caption of the corner diagram. It is important to carefully consider the appropriateness of the chosen priors based on prior knowledge or physical constraints. In our case, we set the initial priors based on the result obtained from the CLOUDY model near the peak abundance of HeH+. The selected initial values were: Tkin = 10000 K, n(e) = 5 × 104 cm−3, n(H) = 5 × 104 cm−3, and N(HeH+) = 1012 cm−2. The MCMC simulation was performed using 48 walkers and 4096 iterations.
	[image: thumbnail]	Fig. D.1 Exploring parameter space using RADEX-MCMC “corner plot” showing the distribution of Tkin, n(e−), n(H), and N(HeH+) (in the log10 scale) within the prior intervals [3:4.3], [4:6], [3:6], and [10:13], respectively, in the diagonal panels and the correlation between any pair of them (off-diagonal panels). The central dashed, vertical line in each diagonal panel shows the most likely parameters based on the χ2 likelihood (the other vertical lines show the 16% and 84% quantiles). The contours of the corner plot (2D plots) represent the 1 σ and 2σ levels at the 39.3% and 86.4% confidence levels.
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1 We note that in the early Universe, HeH+ was formed by radiative association of neutral helium atoms with protons.


2 This reaction, [image: equation], is included in our network with a rate coefficient of 3.00 × 10−10 exp(−6717/T) cm3 s−1 (Black 1978).


3 https://emaa.osug.fr and https://dx.doi.org/10.17178/EMAA
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      Table 1 

      Physical parameters and corresponding values used in the CLOUDY model.

      
        


	Parameters
	Values





	Geometry
	Closed thick shell



	Distance
	980 pc (~3.02 × 1021 cm)



	Inner angular radius
	3.1″ (~0.015 pc = 4.55 × 1016 cm)



	Strömgren angular radius
	4.6″ (~0.022 pc = 6.75 × 1016 cm)



	Stellar luminosity
	6.2 × 103 L⊙ = 2.37 × 1037 erg s−1



	Stellar effective temperature
	1.98 × 105 K



	Radiation field
	Black (1987) + Draine & Bertoldi (1996) + CMB



	Initial Hydrogen density [n(Htot)]
	2.96 × 104 cm−3



	Pressure
	Constant (~2.16 × 109 K cm−3)



	Mean primary CR ionization rate
	2×10−16 s−1



	Type of grain
	Mix of amorphous carbon LG, VSG, and PAH



	Dust-to-gas mass ratio
	1/145





      

    

  
    
      Table 2 

      Initial gas-phase elemental abundances with respect to total hydrogen nuclei(a) used in the CLOUDY model.

      
        


	Elements
	Abundance
	Elements
	Abundance





	H
	1
	Si
	1.0 × 10−5



	He
	0.120
	P
	2.0 × 10−7



	C
	7.8 × 10−4
	S
	1.0 × 10−5



	N
	1.8 × 10−4
	Cl
	1.7 × 10−7



	O
	4.4 × 10−4
	Ar
	2.7 × 10−6



	F
	3.0 × 10−7
	K
	1.2 × 10−7



	Ne
	1.1 × 10−4
	Ca
	1.2 × 10−8



	Na
	1.9 × 10−6
	Fe
	5.0 × 10−7



	Mg
	1.6 × 10−6
	Ni
	1.8 × 10−8



	Al
	2.7 × 10−7
	
	





      

      
Notes. (a)Elemental abundances are taken from Aller & Czyzak (1983); Khromov (1989).




    

  
    
      Fig. 1 

      
        [image: thumbnail]
      

      
        Top panel: equilibrium temperature and densities of H, H+, H2, [image: equation]+, e−, He, He+, He(2>3S), and HeH+ obtained for an isobaric (gas pressure ~2.16 × 109 K cm−3) CLOUDY model with an initial total hydrogen nuclei density n(Htot) = 2.61 × 104 cm−3 as function of the distance from the star starting from the illuminated face into the depth of the cloud. Bottom panel: zoomed-in view of the top panel in the region close to the Strömgren radii (within the black-colored dashed rectangle).

      

    

  
    
      Table 3 

      Comparison between the observed and CLOUDY model predicted line fluxes.

      
        


	Lines
	Rest wavelength (μm)
	Observed line flux (10−18 Wm−2)
	Predicted line flux (10−18 W m−2)
	Ratio (Observed / Predicted)



	This work(*)
	Neufeld et al. (2020)
	This work
	Neufeld et al. (2020)





	HeH+ (υ, J) = (0,1 → 0,0)
	149.091
	163 ± 32
	47.35
	56
	3.44 ± 0.68
	2.86 ± 0.56



	HeH+ (υ, J) = (1,0 → 0,1) [P(1)]
	3.51532
	1.55 ± 0.16
	0.81
	1.68
	1.91 ± 0.20
	0.92 ± 0.095



	




	HeH+ (υ, J) = (1,1 → 0,2) [P(2)]
	3.60677
	2.08 ± 0.31
	0.91
	0.89
	2.29 ± 0.34
	2.33 ± 0.35



	H I 19 − 6
	3.64493
	23.9 ± 0.22
	20.44
	34.6
	1.17 ± 0.011
	0.69 ± 0.006



	He II 13 − 9
	3.54328
	53.7 ± 0.21
	44.20
	108
	1 .22 ± 0.005
	0.50 ± 0.002



	He I 53 D − 43P0
	3.70256
	8.44 ± 0.48
	11.35
	12.8
	0.74 ± 0.042
	0.66 ± 0.038





      

      
Notes. (*)The line fluxes in CLOUDY are given in units of erg s−1 cm−2. To compare with the observations, we converted them to W m−2, accounting for the observational angular sizes tabulated in Table 4 (see notes) of Neufeld et al. (2020). The conversion formula used are: Predicted flux (W m−2) for [image: equation]. Predicted flux (W m−2) for HeH+ υ = 1 → 0 P(1), P(2), H i, He ii, and [image: equation].




    

  
    
      Table 4 

      Physical parameters obtained at HeH+ abundance peak from CLOUDY model.

      
        


	Parameters
	Values





	Kinetic gas temperature, Tkin
	10 380 K



	H atom density, n(H)
	4.77 × 104 cm−3



	electron density, n(e−)
	4.63 × 104 cm−3



	HeH+ total column density, N(HeH+)
	9.67 × 1011 [2.04 × 1012] cm−2





      

      
Notes. The HeH+ column density value in the square brackets denotes the estimation from our simplified four-reaction model (see text in Sect. 2.2).




    

  
    
      Table 5 

      Comparison between the observed and RADEX model(a) predicted HeH+ line fluxes.

      
        


	HeH+ Lines (υ′, J′) → (υ, J)
	Rest wavelength (μm)
	Upper state energy / kB (K)
	Observed line flux (10−18 Wm−2)
	Predicted line flux (by RADEX)(*) (10−18 Wm−2)
	Ratio (observed / Predicted)





	(0,1 → 0,0)
	149.091
	96.5
	163 ± 32
	33.49 [70.43]
	4.87 ± 0.956 [2.31 ± 0.454]



	(1,0 → 0,1)[P(1)]
	3.51532
	4188.3
	1.55 ± 0.16
	0.57 [1.19]
	2.74 ± 0.282 [1.30 ± 0.134]



	(1,1 → 0,2) [P(2)]
	3.60677
	4276.9
	2.08 ± 0.31
	0.63 [1.33]
	3.31 ± 0.493 [1.57 ± 0.234]





      

      
Notes. (*)RADEX line flux is given erg s−1 cm−2. To compare with the observed flux, we convert the RADEX flux unit to W m−2 and accounting for the observational angular sizes (see notes in Table 3).(a) CLOUDY parameters: Tkin = 10 380 K, n(e) = 4.63 × 104 cm−3, n(H) = 4.77 × 104 cm−3, N[HeH+] = 9.67 × 1011 cm−2, line width = 30 km s−1. The predicted line fluxes and their ratio with observation considering the larger column density of 2.04 × 1012 cm−2 are reported in square brackets.




    

  
    
      Table 6 

      Summary of the best-fit posterior physical parameters obtained from the RADEX-MCMC model with chemical pumping.

      
        


	Parameters
	Values



	Logarithmic scale
	Linear scale





	Kinetic gas temperature, Tkin (K)
	[image: equation]
	[image: equation]



	electron density, n(e−) cm−3
	[image: equation]
	[image: equation]



	H atom density, n(H) cm−3
	[image: equation]
	[image: equation]



	HeH+ total column density, N[HeH+] cm−2
	[image: equation]
	[image: equation]





      

      
Notes. The uncertainties quoted represent the 16th and 84th percentiles (equivalent to a 1σ for a Gaussian distribution).




    

  
    
      Fig. 2 

      
        [image: thumbnail]
      

      
        Ro-vibrational population diagram of HeH+ (υ, J) as predicted by RADEX with and without considering chemical pumping for the bestfit parameters noted in Table 6.

      

    

  
    
      Table 7 

      Comparison between the observed and the RADEX-MCMC best-fitted model parameters(a) predicted HeH+ line fluxes.

      
        


	HeH+ Lines (υ′, J′) → (υ, J)
	Rest wavelength (μm)
	Upper state energy / kg (K)
	Observed line flux (10−18 Wm−2)
	Predicted line flux (by RADEX-MCMC)W (10−18 Wm−2)
	Ratio (Observed / Predicted)





	(0,1 → 0,0)
	149.091
	96.5
	163 ± 32
	171.60
	0.95 ± 0.186



	(1,0 → 0,1)[P(1)]
	3.51532
	4188.3
	1.55 ± 0.16
	1.80
	0.86 ± 0.089



	(1,1 → 0,2)[P(2)]
	3.60677
	4276.9
	2.08 ± 0.31
	1.92
	1.08 ± 0.161





      

      
Notes. (*)RADEX line flux is given erg s−1 cm−2. To compare with the observed flux, we convert the RADEX flux unit to W m−2 and accounting for the observational angular sizes (see notes in Table 3). (a)RADEX-MCMC best-fitted model parameters from Table 6: Tkin = 2455 K, n(e) = 1.45 × 105 cm−3, n(H) = 6.61 × 104 cm−3, N[HeH+] = 2.04 × 1012 cm−2, line width = 30 km s−1.




    

  
    
      Table 8 

      Line surface brightness of the most intense low-excitation pure rotational and ro-vibrational transitions of HeH+ with and without considering chemical pumping as predicted by the best-fit RADEX-MCMC model parameters noted in Table 6.

      
        


	HeH+ lines (υ′, J′) → (υ, J)
	EU/kg (K)
	Wavelength (μm)
	Surface Brightness (erg cm−2 s−1 sr−1)



	Without pumping
	With pumping





	Pure rotational lines (υ = 0)



	




	(0,1) → (0,0)
	96.48
	149.10
	1.10 × 10−4
	1.10 × 10−4



	(0,2) → (0,1)
	288.87
	74.76
	2.54 × 10−4
	2.56 × 10−4



	(0,3) → (0,2)
	576.08
	50.08
	1 .11 × 10−4
	1.13 × 10−4



	(0,4) → (0,3)
	956.44
	37.82
	1.53 × 10−5
	1.79 × 10−5



	(0,5) → (0,4)
	1427.79
	30.52
	1.43 × 10−6
	4.23 × 10−6



	(0,6) → (0,5)
	1987.45
	25.70
	1.36 × 10−7
	2.99 × 10−6



	(0,7) → (0,6)
	2632.27
	22.31
	4.06 × 10−8
	2.77 × 10−6



	(0,8) → (0,7)
	3358.67
	19.80
	1.95 × 10−8
	2.46 × 10−6



	(0,9) → (0,8)
	4162.64
	17.89
	6.49 × 10−9
	2.03 × 10−6



	




	Ro-vibrational lines (υ = 1 → 0)



	




	(1,0) → (0,1) [P(1)]
	4188.26
	3.51
	1.82 × 10−5
	1.86 × 10−5



	(1,1) → (0,2) [P(2)]
	4276.91
	3.60
	1.92 × 10−5
	1.98 × 10−5



	(1,1) → (0,0)[R(0)]
	4276.91
	3.36
	1.07 × 10−5
	1.11 × 10−5



	(1,2) → (0,3) [P(3)]
	4453.70
	3.71
	8.19 × 10−6
	9.12 × 10−6



	(1,2) → (0, 1) [R(1)]
	4453.70
	3.30
	6.61 × 10−6
	7.35 × 10−6



	(1, 3) → (0,4) [P(4)]
	4717.50
	3.83
	1.90 × 10−6
	3.02 × 10−6



	(1,3) → (0,2)[R(2)]
	4717.50
	3.25
	1.86 × 10−6
	2.95 × 10−6





      

    

  
    
      Fig. 3 

      
        [image: thumbnail]
      

      
        HeH+ line surface brightness variation with wavelength (in μm) as predicted by the best-fit RADEX-MCMC model parameters noted in Table 6. The left panel is without pumping, and the right panel is considering pumping.

      

    

  
    
      Table A.1 

      Updated reaction rate coefficient adopted in the chemical model.

      
        


	Reaction Number
	Reactions
	Rate coefficients (cm3 s−1)
	References





	R1 (RA)
	He+ + H → HeH+ + hv
	2.32 × 10−16 exp(−122/T)
	This work



	R2 (AI)
	He(23S) + H → HeH+ + e−
	2.74 × 10−10 (T/300)−0.451 exp(−89.2/T)
	Waibel et al. (1988)



	R3 (DR)
	HeH+ + e− → He + H
	1.16× 10−8 (T/300)−0.908 exp(−267/T)
	Novotný et al. (2019)



	R4 (IN)
	[image: equation]
	1.82 × 10−9 exp(−121/T)
	Esposito et al. (2015)





      

      
Notes. Fits are reliable over the kinetic temperature range T = 100 – 20 000 K.




    

  
    
      Fig. C.1 

      
        [image: thumbnail]
      

      
        HeH+ line flux ratio predicted by RADEX for the two detected ro-vibrational lines (υ, J) = (1,1) → (0,2) [P(2)] and (1,0) → (0,1) [P(1)] as a function of the rate coefficient ratio for the excitation transitions (0,0) → (1,1) and (0,0) → (1,0). The hatched blue area represents the observed ratio. The red and green circles denote the predicted line ratio when using the CB (default) or MQDT rate coefficients for the excitation (0,0) → (1,1). See text for more details.

      

    

  
    
      Fig. D.1 

      
        [image: thumbnail]
      

      
        Exploring parameter space using RADEX-MCMC “corner plot” showing the distribution of Tkin, n(e−), n(H), and N(HeH+) (in the log10 scale) within the prior intervals [3:4.3], [4:6], [3:6], and [10:13], respectively, in the diagonal panels and the correlation between any pair of them (off-diagonal panels). The central dashed, vertical line in each diagonal panel shows the most likely parameters based on the χ2 likelihood (the other vertical lines show the 16% and 84% quantiles). The contours of the corner plot (2D plots) represent the 1 σ and 2σ levels at the 39.3% and 86.4% confidence levels.
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