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Abstract

Context. The upcoming Rubin-LSST is expected to revolutionize the field of classical pulsators by offering well-sampled multi-epoch photometric data in multiple wavelengths. Type II Cepheids (T2Cs) exhibit weak or negligible metallicity dependence on period-luminosity (PL) relations. Thus, they may potentially be used as an alternative to classical Cepheids for extragalactic distance estimations, when used together with RR Lyraes and the tip of the red giant branch. It is therefore crucial to study an updated theoretical pulsation scenario of BL Herculis stars (BL Her; the shortest period T2Cs) in the corresponding Rubin-LSST photometric system.

Aims. We present new theoretical light curves in the Rubin-LSST filters for a fine grid of BL Her models computed using MESA-RSP. We have also derived new theoretical PL and period-Wesenheit (PW) relations in the Rubin-LSST filters with the aim to study the effect of convection parameters and metallicity on these relations.

Methods. The grid of BL Her models was computed using the non-linear radial stellar pulsation tool MESA-RSP with the input stellar parameters: metallicity (−2.0 dex ≤ [Fe/H] ≤ 0.0 dex), stellar mass (0.5 M⊙ − 0.8 M⊙), stellar luminosity (50 L⊙ − 300 L⊙), and effective temperature (across the full extent of the instability strip; in steps of 50 K) and using four sets of convection parameters. Bolometric correction tables from MIST were used to transform the theoretical bolometric light curves of the BL Her models into the Rubin–LSST ugrizy filters.

Results. The PL relations of the BL Her models exhibit steeper slopes but smaller dispersion with increasing wavelengths in the Rubin-LSST filters. The PL and PW slopes for the complete set of BL Her models computed with radiative cooling (sets B and D) are statistically similar across the grizy filters. The BL Her models exhibit weak or negligible effect of metallicity on the PL relations for wavelengths longer than the g filter for the case of the complete set of models as well as for the low-mass models. However, we find a significant effect of the metallicity on the PL relation in the u filter. Strong metallicity effects are observed in the PWZ relations involving the u filter and are found to have significant contribution from the high-metallicity BL Her models. Due to a negligible metallicity effect for relations involving the Wesenheit indices W(i, g − i), W(z, i − z), and W(y, g − y), we recommend these filter combinations for BL Her stars during observations with Rubin–LSST for use as reliable standard candles.
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1. Introduction
BL Herculis (BL Her) stars belong to the class of Type II Cepheids (T2Cs), which lie between RR Lyraes and classical Cepheids on the instability strip of the Hertzsprung-Russell diagram (HRD, Gingold 1985; Wallerstein 2002; Bono et al. 2024). BL Her stars are typically considered to be low-mass stars (Bono et al. 1997; Caputo 1998; Bono et al. 2020) with pulsation periods between 1 and 4 days (Soszyński et al. 2018). It is important to note that both the lower and the upper limits on pulsation period are not strict. The pulsation period of 1 day separates RR Lyraes and T2Cs (Soszyński et al. 2008, 2014); however, the RR Lyrae–T2C separation is a long-standing problem and is now recommended to be separated on a more general evolution-dependent threshold (Braga et al. 2020; Bono et al. 2024). An in-depth analysis of the light curve morphology of these classical pulsators may also be useful in this regard (see, e.g., Fig. 9 of Smolec et al. 2018). On the other hand, the upper limit of the pulsation period of BL Her stars is 4 days in the Magellanic Clouds (Soszyński et al. 2018) but 5 days in the Galactic bulge (Soszyński et al. 2017), depending on the stellar environment. However, in this study, we consider the conventional classification of pulsation periods 1 ≤ P(days)≤4 for BL Her stars.
BL Her stars (and T2Cs) obey well-defined period-luminosity (PL) relations (Matsunaga et al. 2006, 2009, 2011; Groenewegen et al. 2008; Ciechanowska et al. 2010; Ripepi et al. 2015; Bhardwaj et al. 2017a,b; Groenewegen & Jurkovic 2017; Braga et al. 2018; Bhardwaj et al. 2022; Ngeow et al. 2022; Sicignano et al. 2024), similar to RR Lyrae stars (in near-infrared) and classical Cepheids. Therefore, they can serve as useful distance estimators (see reviews, Beaton et al. 2018; Bhardwaj 2020; Bono et al. 2024). However, BL Her stars seem to have an advantage over the other classical pulsators with their weak or negligible effect of metallicity on the PL relations, as demonstrated by the empirical studies mentioned above and complemented by theoretical studies (Di Criscienzo et al. 2007; Das et al. 2021, 2024). Recently, several new T2Cs have been detected towards the Galactic center (Braga et al. 2019) as well as from the VIrac VAriable Classification Ensemble (VIVACE) catalogue (Molnar et al. 2022) of the Vista Variables in the Vía Láctea (VVV) infrared survey of the Galactic bar and bulge, and the southern disc. In addition, Wielgórski et al. (2024) recently determined projection factors for eight nearby BL Her stars and calibrated the semi-geometric Baade-Wesselink method (Baade 1926; Becker & Strohmeier 1940; Wesselink 1947) for measuring distances using BL Her stars.
We present this paper in anticipation of the upcoming Vera C. Rubin Observatory Legacy Survey of Space and Time (Rubin–LSST)1, which is expected to revolutionize the field of stellar astrophysics (and in particular, classical pulsators). The new ground-based telescope is expected to detect stars at limiting magnitudes of around 25 mag2, thereby producing unprecedented astronomical data of the deep universe. The Rubin–LSST will observe the southern sky in six filters uLSST, gLSST, rLSST, iLSST, zLSST, and yLSST (hereafter ugrizy) and it will allow us to obtain well-sampled multi-epoch photometry of the classical pulsators, among other astronomical data. We therefore provide multi-band theoretical PL relations of BL Her models in the Rubin–LSST filters for a future comparison with observations, as was recently done by Marconi et al. (2022) for RR Lyrae models.
We used the fine grid of convective BL Her models first presented in Das et al. (2021) (hereafter Paper I), which was subsequently used in Das et al. (2024) and Das et al. (2025) (hereafter Paper II and Paper III, respectively). The grid of models was computed using the state-of-the-art 1D non-linear Radial Stellar Pulsation (RSP) tool within the Modules for Experiments in Stellar Astrophysics (MESA, Paxton et al. 2011, 2013, 2015, 2018, 2019; Jermyn et al. 2023) software suite for a wide range of input parameters: metallicity (−2.0 dex ≤ [Fe/H] ≤ 0.0 dex), stellar mass (0.5–0.8  M⊙), stellar luminosity (50–300 L⊙), and effective temperature (full extent of the instability strip; in steps of 50 K) and using four sets of convection parameters as outlined in Paxton et al. (2019). We presented new theoretical PL relations for BL Her models in the Johnson-Cousins-Glass bands (UBVRIJHKLL′M) in Paper I and in the Gaia passbands (G, GBP, and GRP) in Paper II and compared with the empirical relations at mean light from Matsunaga et al. (2006, 2009, 2011), Bhardwaj et al. (2017b), Groenewegen & Jurkovic (2017), Ripepi et al. (2023). Among the most interesting results is the weak or negligible metallicity effect on the theoretical PL relations in wavelengths longer than the B band, as observed in the empirical relations. In Paper III, we carried out a robust light curve optimisation technique to compare stellar pulsation BL Her models computed using MESA-RSP with observed light curves. We applied the technique to 58 BL Her stars in the Large Magellanic Cloud from Gaia DR3 over their entire pulsation cycle and not just at mean light.
As an extension to Paper I and Paper II, here we compute the light curves for the fine grid of BL Her models in the Rubin–LSST filters (ugrizy), derive new multi-band theoretical PL relations, and study the effects of metallicity and convection parameters. The structure of this paper is as follows: in Sect. 2, we present the theoretical light curves of the BL Her models, spanning a wide range of stellar mass, stellar luminosity, metallicities, and effective temperatures across the four sets of convection parameters in the Rubin–LSST filters. In Sect. 3, we derive the theoretical PL relations in the ugrizy filters and study the effect of metallicity and convection parameters on these relations. A comparison of the PL relations of BL Her models with those from RR Lyrae models (Marconi et al. 2022) in the Rubin–LSST filters is described out in Sect. 4. Lastly, the results of this study are summarized in Sect. 5.
2. Theoretical light curves in the Rubin–LSST filters
2.1. Stellar pulsation models
We used the grid of non-linear radial stellar pulsation BL Her models computed using MESA-RSP (Smolec & Moskalik 2008; Paxton et al. 2019) in Paper I. In brief, the grid of BL Her models covers: (i) seven metallicities (Z = 0.00014, 0.00043, 0.00061, 0.00135, 0.00424, 0.00834, 0.013; see Table A.1 for more details); (ii) stellar masses M/ M⊙ ∈ ⟨0.5,0.8⟩ with a step of 0.05 M⊙; (iii) stellar luminosities L/L⊙ ∈ ⟨50,300⟩3 with a step of 50 L⊙; and (iv) effective temperatures, Teff ∈ ⟨4000,8000⟩ K, with a step of 50 K. Each grid with these ZXMLTeff input stellar parameters was computed using the four sets of convection parameters (sets A, B, C, and D), each with increasing complexity, as outlined in Table 4 of Paxton et al. (2019). The non-linear computations for the grid of models with the above-mentioned input stellar parameters and convective efficiencies were carried for 4000 pulsation cycles each. Thus, we also checked for the conditions of full-amplitude stable pulsation4 and single periodicity. Following the above checks and considering only those models with non-linear pulsation periods between 1–4 days to be BL Her models (Soszyński et al. 2018), the number of BL Her models accepted in each convection set are as follows: 3266 (set A), 2260 (set B), 2632 (set C), and 2122 (set D).
It is important to highlight here that our grid of models includes stellar masses higher than what is typically considered for BL Her stars (for more discussion, see Das et al. 2021, 2024). BL Her stars are predicted to be low-mass stars and in a double-shell (hydrogen and helium) burning phase (Salaris & Cassisi 2005), as they evolve off the zero-age horizontal branch and approach their asymptotic giant branch (AGB) track (Gingold 1985; Bono et al. 1997; Caputo 1998; Bono et al. 2020; Braga et al. 2020; Bono et al. 2024). The higher stellar mass (M > 0.6 M⊙) and lower metallicity (Z = 0.00014) models may also be considered typical of evolved RR Lyrae stars. However, as mentioned in Paper I and Paper II, we chose to explore the possibility of higher stellar mass models following a few theoretical studies on BL Her stars (Marconi & Di Criscienzo 2007; Smolec & Moskalik 2012) as well as to accommodate the differences in the uncertainties between different evolutionary codes. In Paper III, we indeed found the majority of observed BL Hers in the LMC to match well with the lower stellar mass models (M ≤ 0.65 M⊙), with just a few preferring the higher stellar mass models. In light of this, for a reliable comparison with future observations from the Rubin–LSST, we derived the PL relations and carry out the theoretical analysis twice: for the complete set of BL Her models with M/ M⊙ ∈ [0.5, 0.8] as well as for the low-mass models only with M/ M⊙ ∈ [0.5, 0.6].
2.2. Processing the model data
The non-linear computations of the models using MESA-RSP result in bolometric light curves, which can then be transformed into light curves in different passbands (for more details, see, Paxton et al. 2018). While MESA includes a few pre-computed bolometric correction (BC) tables, it does not yet include BC tables to transform the bolometric light curves into the different Rubin–LSST filters. As in Paper II, we therefore include user-provided BC tables defined as a function of the stellar photosphere in terms of Teff (K), log(g(cm s−2)), and metallicity [M/H]. We use BC tables obtained from the MIST5 (MESA Isochrones & Stellar Tracks) packaged model grids which were computed using 1D atmosphere models (based on ATLAS12/SYNTHE; Kurucz 1970, 1993); thereby transforming the theoretical bolometric light curves of our grid of BL Her models into the Rubin–LSST ugrizy filters. A few examples of the theoretical light curves of BL Her models in the Rubin-LSST filters computed using convection parameter set A are presented in Fig. 1. The theoretical BL Her light curves in the Rubin-LSST filters across the different convection parameter sets are available upon request.
	[image: thumbnail]	Fig. 1. Theoretical light curves of a few BL Her models in the Rubin-LSST filters computed using convection parameter set A. The input stellar parameters of the corresponding models are included in the format (Z, M/ M⊙, L/L⊙, Teff) in each sub-plot. The increasing stellar luminosity (L/L⊙) are plotted from the bottom to the top panels, while the increasing effective temperature values (Teff) are displayed from the right to the left panels.



Instead of using a simple mean magnitude to obtain the PL relations in the different filters, we used the mean magnitudes obtained by fitting the theoretical light curves in the Rubin–LSST filters with the Fourier sine series (see, for example, Deb & Singh 2009; Das et al. 2020), taking the form:
[image: thumbnail](1)
where x is the instantaneous pulsation phase, m0 is the mean magnitude, and N is the order of the fit (N = 20). We also obtain the peak-to-peak amplitude A of the light curve as the difference in the minimum and the maximum of the light variations:
[image: thumbnail](2)
where (Mλ)min and (Mλ)max are the minimum and maximum magnitudes obtained from the Fourier fits in the λ band, respectively. The input stellar parameters as well as the computed light curve parameters of the BL Her models in the different Rubin–LSST filters obtained from the Fourier fitting and used in this analysis are provided in Table 1.
Table 1. 
Light curve parameters of the BL Her models used in this analysis computed using MESA-RSP.

From both Fig. 1 and Table 1, we find that the peak-to-peak amplitude of the light curve of a particular BL Her model decreases with increasing wavelength as we go from the u to the y filters. This is well-known and is expected because the effective temperature of a BL Her star (similar to RR Lyraes and classical Cepheids) causes the Planck function to peak at visible wavelengths with the temperature dependence of visible flux scaling as R2Teff4. The temperature dependence of infrared flux, on the other hand, lies in the Rayleigh-Jeans tail of the Planck function and scales as R2Teff1.6 (Jameson 1986; Catelan & Smith 2015; Das et al. 2018). This is probed further in the Bailey diagram (peak-to-peak amplitude versus period) as a function of stellar mass, chemical composition, and wavelength (displayed in Fig. B.1). As discussed earlier, the amplitude decreases with increasing wavelength. However, a higher stellar mass model exhibits a slightly higher amplitude at a particular wavelength. We also found a significantly larger amplitude for the higher metallicity model, corresponding to the same stellar mass and luminosity; this is more pronounced at the shorter wavelengths (uLSST and gLSST). Similar results hold for all four sets of convection parameters.
3. Period-luminosity relations
The theoretical period-luminosity (PL) relations of the BL Her models in the Rubin–LSST filters are derived using the mathematical form:
[image: thumbnail](3)
where Mλ refers to the mean magnitudes obtained from the Fourier-fitted theoretical light curves in a given band, λ. We note that a few empirical and theoretical studies use intensity-averaged magnitudes, which may result in slightly different PL relations, especially at the shorter wavelengths.
In addition, we used Wesenheit indices (Madore 1982), which offer the advantage of being minimally affected by uncertainties arising from extinction corrections. The Wesenheit magnitude combinations adopted for this work come from Marconi et al. (2022) and are defined as follows:
[image: thumbnail](4)
Here, ugrizy are the absolute mean magnitudes in the respective Rubin-LSST filters. The color term coefficients result from the extinction law by Cardelli et al. (1989), assuming RV = 3.1. Thus, we also derived theoretical multi-filter period-Wesenheit (PW) relations of the BL Her models of the mathematical form:
[image: thumbnail](5)
where λ1 > λ2 and the multi-filter Wesenheit indices Wλ2, λ1 are obtained from Eq. (4).
3.1. Effect of convection parameters
We used the standard t-test6 to statistically compare the slopes of the theoretical PL and PW relations across the different convection parameter sets to study the effect of convection efficiencies on these relations. We note that the t-test is relatively robust to deviations from assumptions (see e.g. Posten 1984).
The theoretical PL and PW relations for the BL Her models in the Rubin-LSST filters and the results from the standard t-test across the different convection parameter sets are presented in Tables C.1 and C.2, respectively. For the complete set of BL Her models, the slopes of the PL and PW relations for the models computed with radiative cooling (sets B and D) are statistically similar across all the Rubin-LSST filters longer than the u filter. We found similar results in Paper I for the Johnson-Cousin-Glass bands (BVRIJHKLL′M) and in Paper II across all the Gaia passbands. However, for the low-mass BL Her models, the theoretical PL relations computed using convection parameter sets A, C, and D exhibit statistically similar slopes across most of the Rubin–LSST filters while the PW slopes are only statistically similar for models computed with sets A and D. This result is similar to what we found in Paper II for the Gaia passbands.
In increasing order of their central effective wavelengths (λeff), the Rubin–LSST filters follow the order of u < g < r < i < z < y (Rodrigo et al. 2012; Rodrigo & Solano 2020). Table C.1 demonstrates that theoretical PL slopes get steeper in the Rubin-LSST filters with increasing wavelengths, similar to what was found in Paper I for the Johnson-Cousin-Glass bands (UBVRIJHKLL′M) and in Paper II for the Gaia passbands (GGBPGRP). This trend is also observed in empirical PL relations for RR Lyrae stars (Neeley et al. 2017; Beaton et al. 2018; Bhardwaj 2020, among others). The dispersion in the theoretical PL relations for BL Her models also decreases with increasing wavelengths in the Rubin-LSST filters and is expected to be caused by the very decrease in the width of the instability strip itself with increasing wavelengths (for more details, see, Catelan et al. 2004; Madore & Freedman 2012; Marconi et al. 2015).
3.2. Effect of metallicity
As mentioned earlier, the weak or negligible metallicity effect on the PL relations of BL Her stars from theoretical and empirical studies so far seem to offer an advantage over the classical pulsators. RR Lyrae and classical Cepheid stars suffer from strong metallicity effects on their PL relations, especially at shorter wavelengths (see e.g. Ripepi et al. 2021, 2022; Breuval et al. 2022; De Somma et al. 2022; Bhardwaj et al. 2023). BL Her stars do thus potentially exhibit a universal PL relation irrespective of different stellar environments with different metallicities. It is therefore of crucial importance to also test the effect of metallicity on the theoretical relations in the Rubin-LSST filters. To this end, we derived PLZ and PWZ relations for the BL Her models in the Rubin-LSST filters, taking the mathematical form:
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The theoretical PLZ relations of the BL Her models for the different Rubin–LSST filters across the different convection parameter sets are presented in Tables C.3 and C.4, and displayed in Fig. C.1. In Table C.3, the PLZ relations from both the complete set of models and from the low-mass models exhibit a weak or negligible effect of the metallicity (indicated by the γ term) on the PL relations for wavelengths longer than the g filter onwards (within 3σ uncertainties), with a significant metallicity effect in the u filter. This is very similar to the strong dependence of PL relations on metallicity that was observed in the U and B bands in Paper I. To investigate the significant metallicity dependence in the u filter, we derived PLZ relations for the BL Her models in Table C.4 in the low-metallicity (Z = 0.00014, 0.00043, 0.00061, 0.00135) and the high-metallicity (Z = 0.00424, 0.00834, 0.01300) regimes. We clearly see the significant metallicity contribution in the u filter arising mostly from the high-metallicity BL Her models with a much smaller dependence on metallicity from the low-metallicity BL Her models. This could be caused by the higher effect of metallicities on bolometric corrections at wavelengths shorter than the V band (Gray 2005; Kudritzki et al. 2008), which is discussed in more detail in Paper I and Paper II. A systematic study of the impact of the different model atmospheres adopted for the transformations of the bolometric light curves is crucial for constraining the stellar pulsation theory further, but is beyond the scope of the present study.
The equivalent multi-filter PWZ relations for the BL Her models are derived in Tables C.5 and C.6 and displayed in Fig. C.2. Strong metallicity effects are observed in the PWZ relations involving the u filter and are once again, significantly contributed by the high-metallicity BL Her models. The small but significant metallicity contribution in the Wgr relations in the presence of a weak or negligible metallicity effect on the PL relations in the g and r filters individually is interesting, but this is similar to what was also seen in Paper II for PW relations derived using Gaia passbands. The PWGaiaZ relations from the classical Cepheids also exhibit a relatively large metallicity dependence (see Ripepi et al. 2022; Breuval et al. 2022; Trentin et al. 2024). As in Paper II, the high-metallicity BL Her models exhibit a small but significant and negative metallicity coefficient in the PWgrZ relations, resulting in an overall small metallicity effect on the PWgrZ relations. An updated figure demonstrating the contribution of the γ term (metallicity effect) from the the theoretical PLZ relations for BL Her models across multiple wavelengths, including the Rubin-LSST filters (ugrizy) is presented in Fig. 2. This figure clearly exhibits weak or negligible metallicity effect on the PL relations for BL Her models for wavelengths longer than the V band. In addition, for wavelengths shorter than the V band, we found a much higher contribution of metallicity from the high-metallicity BL Her models that contribute to the overall metallicity dependence when the complete set of BL Her models is considered.
	[image: thumbnail]	Fig. 2. Contribution of the γ term (metallicity effect) obtained from the theoretical PLZ relations for BL Her models computed using the convection parameter set A. Figure updated from Paper II to also include the Rubin–LSST filters (ugrizy) in addition to the bolometric (Bol), Johnson-Cousins-Glass (UBVRIJHKLL′M) and Gaia (GGBPGRP) passbands. The different panels present results from the complete set of models compared with the high-metallicity models (Z = 0.00424, 0.00834, 0.01300) and the low-metallicity models (Z = 0.00014, 0.00043, 0.00061, 0.00135). The x-axis is in increasing order of the central effective wavelengths (λeff) of the respective passbands as provided by the SVO Filter Profile Service (Rodrigo et al. 2012; Rodrigo & Solano 2020).



In addition to Eq. (6), we also derived modified PLZ and PWZ relations for the BL Her models in the Rubin–LSST filters, taking the mathematical form:
[image: thumbnail](7)
This allowed us to take into account the metallicity-dependent slopes predicted from the theoretical PL and PW relations involving the Rubin–LSST u filter. The modified PLZ and PWZ relations are presented in Tables D.1 and D.2, respectively, in the Appendix. For completeness, we also include the relations for all the Rubin–LSST filters. The dependence on metallicity for the Rubin–LSST u filter indeed seems to be weaker (but still significant considering 3σ uncertainties) when we use the modified PLZ/PWZ relations. Comparing results from the complete set of models using convection set A, we find that the metallicity term γ from the PLZ relation is 0.223 ± 0.009 (Table C.3); whereas from the modified PLZ relation, it is 0.125 ± 0.02 (Table D.1) in the Rubin-LSST u filter. Similar results are seen for the other convection sets, as well as for the case of low-mass models only. This is also true for the PWZ relations involving the Rubin–LSST u filter for all cases.
As was observed for the theoretical PW relations for RR Lyrae models in Marconi et al. (2022), a dependence of the metallicity effect on the band combinations is seen for BL Her models in this work. The metallicity effect is minimal for relations involving the Wesenheit indices Wgi, Wiz, and Wgy; therefore, we recommend using these filter combinations for BL Her stars to be used as reliable standard candles, when observed with the Rubin-LSST. This will take care of any uncertainties present in the spectroscopic metallicities of these stars.
4. Comparison with RRL models
Recent empirical studies by Majaess (2010), Bhardwaj et al. (2017a), and Braga et al. (2020) have found evidence that RRab stars and T2Cs obey the same PL relations at near-infrared wavelengths. This is not surprising given that both classes are population II classical pulsators having similar chemical compositions, with the classical evolutionary scenario often suggesting BL Her stars to be the evolved counterparts of RR Lyrae stars as they evolve from the blue ZAHB and approach their AGB tracks (Gingold 1985; Marconi et al. 2011, 2015; Bono et al. 2020). In Paper I, we had found PL slopes from our grid of BL Her models computed without radiative cooling (sets A and C) to be statistically similar with those for RR Lyrae models from Marconi et al. (2015) in the RIJHKS bands. In addition, we had also found the period-radius slopes of our grid of BL Her models to be similar with those for RR Lyrae models from Marconi et al. (2015) across all four sets of convection parameters, thereby suggesting a tight coupling of both pulsational and evolutionary properties between the two classes of low-mass radial pulsators. It is important to note that this similarity between RR Lyraes and BL Her stars may not hold true over the entire metallicity range, as cautioned by Marconi et al. (2015). However, RR Lyraes and T2Cs potentially following the same PL relations offers us a unique opportunity of adopting RRLs+T2Cs together for the calibration of the extragalactic distance scale (and thereby estimating the local Hubble constant) as an alternative to classical Cepheids (see e.g. Beaton et al. 2016).
First, we compared the stellar parameter space of our grid to that of the RR Lyrae models from Marconi et al. (2015), which were subsequently used in Marconi et al. (2022). We derived MLTZP relations, similar to those of Eq. (1) in Marconi et al. (2015); these relations are presented in Table 2. We highlight that while Marconi et al. (2022) uses pulsation models constrained by stellar evolution tracks, our grid of BL Her pulsation models have so far not been constrained by stellar evolutionary tracks, which may influence this comparison.
Table 2. 
Comparison of the MLTZP relations for BL Her and RR Lyrae models.

Thus, we compared the theoretical PL and PW relations of the RR Lyrae models from Marconi et al. (2022) with those from our BL Her models in the Rubin–LSST filters. As summarized in Table 3, we find the theoretical PL slopes of the RR Lyrae models from Marconi et al. (2022) to be statistically similar to those from our low-mass BL Her models across the four different convection parameter sets in the Rubin–LSST rizy filters. This is also displayed in Fig. 3 for the BL Her models computed using convection parameter set D; similar results hold for the other convection sets. However, this result does not hold true when we consider the complete set of BL Her models with stellar masses M/ M⊙ ∈ [0.5, 0.8]. We note that this could be because the complete set of BL Her models also includes stellar masses higher than what is typically considered for BL Her stars from stellar evolutionary predictions, as discussed in Sect. 2. A similar comparison for the PWZ relations is presented in Table 4. While the PWZ slopes are still statistically different when comparing the complete set of BL Her models to the RR Lyrae models, there are a few cases where the slopes are predicted to be statistically similar when considering the low-mass BL Her models only. We note that there are several reasons why the theoretical relations for RR Lyrae models may differ from the corresponding relations for BL Her models from this work. First, the two studies use different theories of convection; for instance, Marconi et al. (2022) used the convection formulation outlined in Stellingwerf (1982a, b); whereas this work uses MESA-RSP, which follows the turbulent convection theory from Kuhfuss (1986). Next, there is further uncertainty involved with the different model atmospheres (and, thus, bolometric correction tables) used between the two studies. Lastly, note that this study uses the two-tailed t-distribution with quite a stringent confidence limit of 95% for the statistical comparison of the slopes.
	[image: thumbnail]	Fig. 3. Comparison of the theoretical PL slopes for RR Lyrae models from Marconi et al. (2022) and for BL Her models using convection parameter set D from this work in the Rubin–LSST rizy passbands.



Table 3. 
Comparison of the β term of the PLZ relations for RR Lyrae models with those for BL Her models.

Table 4. 
Same as Table 3 but for the PWZ relations of the mathematical form, Wλ2, λ1 = α + βlog(P)+γ[Fe/H].

5. Summary and conclusion
The upcoming Rubin-LSST is expected to revolutionize the field of classical pulsators with unprecedented photometric data of the deep universe. We extended the grid of BL Her models from Paper I and Paper II, computed using MESA-RSP (Smolec & Moskalik 2008; Paxton et al. 2019), to obtain new theoretical light curves in the Rubin-LSST ugrizy filters. The input stellar parameters (ZXMLTeff) were chosen typical for BL Her stars and ranges over the values: metallicity (−2.0 dex ≤ [Fe/H] ≤ 0.0 dex), stellar mass (0.5–0.8 M ⊙), stellar luminosity (50–300 L⊙), and effective temperature (full extent of the instability strip in steps of 50 K; 5900–7200 K for 50 L⊙ and 4700–6550 K for 300 L⊙). The grid of models was also computed for the four different sets of convection parameters as provided in Paxton et al. (2019). The BL Her models used in this analysis were checked for attaining full-amplitude stable pulsations and for fundamental-mode pulsation with pulsation periods between 1 and 4 days, following the conventional period classification of Soszyński et al. (2018).
In this work, we derived new theoretical PL and PW relations for the fine grid of BL Her models in the Rubin–LSST ugrizy filters and thereby studied the effects of convection parameters and metallicity on these relations. We found the PL and PW slopes for the models computed with radiative cooling (sets B and D) to be statistically similar across the Rubin-LSST grizy filters, similar to what was observed in Paper I for the Johnson-Cousin-Glass bands (BVRIJHKLL′M) and in Paper II for the Gaia passbands (GGBPGRP). Considering the low-mass models only, the convection parameter sets A, C, and D exhibit statistically similar PL slopes across most of the Rubin-LSST filters while only convection parameter sets A and D have statistically similar PW slopes. The PL relations of the BL Her models exhibit steeper slopes but smaller dispersion with increasing wavelengths in the Rubin-LSST filters.
It is important to note here that when comparing with future observations from the Rubin–LSST, in addition to comparing the PL and PW relations at mean light, we must also compare the light curve structures in the respective filters over a complete pulsation cycle to be able to distinguish among the preferred convection parameter sets better. This was recently demonstrated for the comparison of theoretical and empirical relations for BL Her stars in the Gaia passbands; although the PL and PW relations at mean light did not prefer any convection parameter set das2024, a clear preference for non-linear BL Her models computed without radiative cooling was observed when we compared model light curves to observations (for further discussion on this; see Paper III). We note that a known (but unsolved) potential shortcoming on the theoretical front is the need to adopt static model atmospheres, even though the pulsating atmosphere is clearly dynamic. This may affect detailed comparisons between observed and theoretical light curves.
The BL Her models exhibit weak or negligible effect of metallicity on the PL relations for wavelengths longer than the g filter for both the cases of the complete set of models as well as the low-mass models. However, we find a significant metallicity effect on the PL relation in the u filter, similar to what was demonstrated for wavelengths shorter than V band in Paper I. Strong metallicity effects are observed in the PWZ relations involving the u filter and are found to have significant contribution from the high-metallicity BL Her models. A possible explanation for the stronger contribution of metallicity to both the PL and PW relations from the high-metallicity BL Her models could be the increased sensitivity of bolometric corrections to metallicities for filters with wavelengths shorter than the V band (Gray 2005; Kudritzki et al. 2008). Thus, the theoretical relations do indeed predict that BL Her stars will obey almost metallicity-independent PL relations at the longer wavelengths of the Rubin-LSST (rizy).
Lastly, following recent empirical studies (Majaess 2010; Bhardwaj et al. 2017a; Braga et al. 2020) that suggest that RRab stars and T2Cs obey the same PL relations at near-infrared wavelengths, we compared the multi-filter Rubin-LSST PLZ and PWZ relations for our BL Her models with those for RR Lyrae stars by Marconi et al. (2022). We found the theoretical PL slopes of the RR Lyrae models to be statistically similar with those from our low-mass BL Her models across the four different convection parameter sets in the Rubin–LSST rizy filters. Both the PLZ and PWZ relations exhibit statistically different slopes between the RR Lyrae models and the BL Her models when the complete set is considered with stellar masses M/ M⊙ ∈ [0.5, 0.8]. We note that this could be because the complete set of BL Her models also includes stellar masses higher than what is typically considered for BL Her stars from stellar evolutionary predictions. We highlight here that the two studies use different theories of convection as well as different assumptions of model atmospheres which could contribute to different slopes for a few certain cases, when comparing the PWZ relations of the low-mass BL Her models with the RR Lyrae models.
While our fine grid of BL Her models ushers in the era of large number statistics in stellar pulsation modelling, we point out that our grid uses the four convection parameter sets, as outlined in Paxton et al. (2019); these are useful starting choices but may need further calibration to match with observed light curves in the Rubin-LSST filters over an entire pulsation cycle. In addition, a systematic and robust study of the impact of different model atmospheres adopted for the transformations of the bolometric light curves will be crucial for constraining the stellar pulsation theory further.

[bookmark: S10]Data availability
Table 1 provides the light curve parameters of the BL Her models computed using MESA-RSP in the Rubin–LSST passbands and is available entirely in electronic form at https://doi.org/10.5281/zenodo.14788603.


1 https://rubinobservatory.org/


2 For more details, see https://smtn-002.lsst.io/


3 The low mass models M/ M⊙ ∈ [0.5, 0.6] were computed with stellar luminosity L/L⊙ ∈ ⟨50,200⟩ only.


4 The fractional growth of the kinetic energy per pulsation period, Γ does not vary by more than 0.01, the amplitude of radius variation, ΔR by more than 0.01 R⊙, and the pulsation period, P by more than 0.01 d over the last 100 cycles of the completed integration (see Fig. 2 of Paper I for a detailed pictorial representation).


5 https://waps.cfa.harvard.edu/MIST/index.html


6 We defined a T statistic for the comparison of two linear regression slopes, [image: equation] with sample sizes, n and m, respectively (Ngeow et al. 2015):
[image: thumbnail]
where [image: equation] is the variance of the slope. The null hypothesis of equivalent slopes is rejected if T > tα/2, ν (or the probability of the observed value of the T statistic) is p < 0.05, where tα/2, ν is the critical value under the two-tailed t-distribution with 95% confidence limit (α = 0.05) and degrees of freedom, ν = n + m − 4.
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Appendix A:  Chemical compositions of the BL Her models
In Table A.1, we present the equivalent ZX values for each [Fe/H] value.
Table A.1. 
Chemical compositions of the adopted pulsation models.


Appendix B:  Bailey diagram
The Bailey diagram for the BL Her models computed using convection parameter set A as a function of stellar mass, chemical composition and wavelength is displayed in Fig. B.1. Similar results hold for the other convection sets.
	[image: thumbnail]	Fig. B.1. Bailey diagram for the BL Her models computed using convection parameter set A as a function of stellar mass, chemical composition and wavelength.




Appendix C:  Theoretical PL an PW relations
The theoretical PL and PW relations for the BL Her models in the Rubin–LSST filters across the different convection parameter sets are presented in Table C.1 and Table C.2, respectively. The theoretical PLZ relations of the BL Her models as a function of stellar mass and metallicity are provided in Tables C.3 and C.4, respectively. Corresponding PWZ relations are given in Tables C.5 and C.6, respectively.
Table C.1. 
Comparison of the slopes of the PL relations for BL Her stars of the mathematical form: Mλ = alog(P)+b.

Table C.2. 
Comparison of the slopes of the PW relations for BL Her stars of the mathematical form: Wλ = alog(P)+b.

The predicted multi-filter PL and PW relations of the BL Her models with different chemical compositions across the different Rubin-LSST wavelengths for the convective parameter sets A, B, C, and D are displayed in Fig. C.1 and Fig. C.2, respectively. A comparison of the PL slopes of the BL Her models as a function of chemical composition across different Rubin-LSST filters for the four sets of convective parameters is presented in Fig. C.3.
	[image: thumbnail]	Fig. C.1. Predicted multi-filter PL relations of the BL Her models with different chemical compositions across the different Rubin-LSST wavelengths for the convective parameter sets A, B, C, and D. The y-scale is same (2.5 mag) in each panel for a relative comparison.



	[image: thumbnail]	Fig. C.2. Predicted multi-filter period-Wesenheit (Wug, Wur, Wgr, Wgi, Wiz, Wgy) relations of the BL Her models with different chemical compositions across the different Rubin-LSST wavelengths for the convective parameter sets A, B, C, and D. The y-scale is same (3.5 mag) in each panel for a relative comparison.



	[image: thumbnail]	Fig. C.3. Comparison of the PL slopes of the BL Her models as a function of increasing metallicity (see Table A.1 for equivalent ZX values) across the different Rubin-LSST filters for the convective parameter sets A, B, C, and D. The horizontal lines represent the mean values of the slopes in the individual sub-plots. The y-scale is same (two units) in each panel for a relative comparison.




Appendix D:  Modified PLZ and PWZ relations
The modified PLZ and PWZ relations are presented in Tables D.1 and D.2, respectively.
Table D.1. 
PLZ relations for BL Her models at different wavelengths for the complete set of models and for low-mass models only.

Table D.2. 
PLZ relations for BL Her models at different wavelengths in the low- and the high-metallicity regimes.

Table D.3. 
PWZ relations for BL Her models at different wavelengths for the complete set of models and for low-mass models only.

Table D.4. 
PWZ relations for BL Her models at different wavelengths in the low- and the high-metallicity regimes.

Table D.5. 
Modified PLZ relations for BL Her models at different wavelengths using different convective parameter sets.

Table D.6. 
Modified PWZ relations for BL Her models at different wavelengths using different convective parameter sets.
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	[image: thumbnail]	Fig. 1. Theoretical light curves of a few BL Her models in the Rubin-LSST filters computed using convection parameter set A. The input stellar parameters of the corresponding models are included in the format (Z, M/ M⊙, L/L⊙, Teff) in each sub-plot. The increasing stellar luminosity (L/L⊙) are plotted from the bottom to the top panels, while the increasing effective temperature values (Teff) are displayed from the right to the left panels.
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	[image: thumbnail]	Fig. 2. Contribution of the γ term (metallicity effect) obtained from the theoretical PLZ relations for BL Her models computed using the convection parameter set A. Figure updated from Paper II to also include the Rubin–LSST filters (ugrizy) in addition to the bolometric (Bol), Johnson-Cousins-Glass (UBVRIJHKLL′M) and Gaia (GGBPGRP) passbands. The different panels present results from the complete set of models compared with the high-metallicity models (Z = 0.00424, 0.00834, 0.01300) and the low-metallicity models (Z = 0.00014, 0.00043, 0.00061, 0.00135). The x-axis is in increasing order of the central effective wavelengths (λeff) of the respective passbands as provided by the SVO Filter Profile Service (Rodrigo et al. 2012; Rodrigo & Solano 2020).
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	[image: thumbnail]	Fig. 3. Comparison of the theoretical PL slopes for RR Lyrae models from Marconi et al. (2022) and for BL Her models using convection parameter set D from this work in the Rubin–LSST rizy passbands.
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	[image: thumbnail]	Fig. C.2. Predicted multi-filter period-Wesenheit (Wug, Wur, Wgr, Wgi, Wiz, Wgy) relations of the BL Her models with different chemical compositions across the different Rubin-LSST wavelengths for the convective parameter sets A, B, C, and D. The y-scale is same (3.5 mag) in each panel for a relative comparison.
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	[image: thumbnail]	Fig. C.3. Comparison of the PL slopes of the BL Her models as a function of increasing metallicity (see Table A.1 for equivalent ZX values) across the different Rubin-LSST filters for the convective parameter sets A, B, C, and D. The horizontal lines represent the mean values of the slopes in the individual sub-plots. The y-scale is same (two units) in each panel for a relative comparison.
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      Table 1. 

      Light curve parameters of the BL Her models used in this analysis computed using MESA-RSP.

      
        


	Z
	X
	M
	L
	Teff
	P
	⟨uLSST⟩
	Au
	⟨gLSST⟩
	Ag
	⟨rLSST⟩
	Ar
	⟨iLSST⟩
	Ai
	⟨zLSST⟩
	Az
	⟨yLSST⟩
	Ay
	Convection



	
	
	( M⊙)
	(L⊙)
	(K)
	(days)
	(mag)
	(mag)
	(mag)
	(mag)
	(mag)
	(mag)
	(mag)
	(mag)
	(mag)
	(mag)
	(mag)
	(mag)
	set





	0.01300
	0.71847
	0.50
	50
	5900
	1.0875
	1.969
	0.158
	0.712
	0.101
	0.359
	0.063
	0.278
	0.049
	0.277
	0.043
	0.267
	0.039
	A



	0.01300
	0.71847
	0.50
	50
	5950
	1.0523
	1.934
	0.235
	0.697
	0.154
	0.359
	0.095
	0.284
	0.076
	0.286
	0.067
	0.278
	0.063
	A



	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...



	0.01300
	0.71847
	0.50
	50
	5900
	1.0919
	1.980
	0.258
	0.716
	0.165
	0.360
	0.103
	0.277
	0.082
	0.275
	0.072
	0.264
	0.068
	B



	0.01300
	0.71847
	0.50
	50
	5950
	1.0558
	1.946
	0.343
	0.702
	0.230
	0.360
	0.142
	0.283
	0.117
	0.284
	0.105
	0.275
	0.100
	B



	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...



	0.01300
	0.71847
	0.50
	50
	5650
	1.3319
	2.276
	0.023
	0.836
	0.014
	0.374
	0.009
	0.244
	0.007
	0.217
	0.006
	0.192
	0.005
	C



	0.01300
	0.71847
	0.50
	50
	5700
	1.2774
	2.223
	0.354
	0.816
	0.224
	0.372
	0.153
	0.250
	0.124
	0.227
	0.109
	0.206
	0.102
	C



	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...



	0.01300
	0.71847
	0.50
	50
	5700
	1.2798
	2.224
	0.319
	0.816
	0.198
	0.372
	0.132
	0.250
	0.106
	0.227
	0.092
	0.205
	0.086
	D



	0.01300
	0.71847
	0.50
	50
	5750
	1.2290
	2.167
	0.371
	0.793
	0.236
	0.368
	0.163
	0.255
	0.134
	0.236
	0.119
	0.217
	0.112
	D



	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...
	...





      

      
Notes. The columns provide the chemical composition (ZX), stellar mass ([image: equation]), stellar luminosity ([image: equation]), effective temperature (Teff), pulsation period (P), the mean magnitudes and the peak-to-peak amplitudes in each of the Rubin-LSST filters, and the convection parameter set used.



    

  
    
      Fig. 2. 

      
        [image: thumbnail]
      

      
        Contribution of the γ term (metallicity effect) obtained from the theoretical PLZ relations for BL Her models computed using the convection parameter set A. Figure updated from Paper II to also include the Rubin–LSST filters (ugrizy) in addition to the bolometric (Bol), Johnson-Cousins-Glass (UBVRIJHKLL′M) and Gaia (GGBPGRP) passbands. The different panels present results from the complete set of models compared with the high-metallicity models (Z = 0.00424, 0.00834, 0.01300) and the low-metallicity models (Z = 0.00014, 0.00043, 0.00061, 0.00135). The x-axis is in increasing order of the central effective wavelengths (λeff) of the respective passbands as provided by the SVO Filter Profile Service (Rodrigo et al. 2012; Rodrigo & Solano 2020).

      

    

  
    
      Table 2. 

      Comparison of the MLTZP relations for BL Her and RR Lyrae models.

      
        


	Source
	a
	b
	c
	d
	e





	BL Her (Set A)
	13.458 ± 0.009
	0.869 ± 0.000
	−0.731 ± 0.001
	−4.004 ± 0.002
	0.009 ± 0.000



	BL Her (Set B)
	13.587 ± 0.015
	0.874 ± 0.001
	−0.746 ± 0.002
	−4.042 ± 0.004
	0.008 ± 0.000



	BL Her (Set C)
	14.445 ± 0.025
	0.865 ± 0.001
	−0.745 ± 0.003
	−4.265 ± 0.006
	0.006 ± 0.000



	BL Her (Set D)
	14.616 ± 0.054
	0.857 ± 0.002
	−0.739 ± 0.005
	−4.305 ± 0.014
	0.007 ± 0.000



	RRab
	11.347 ± 0.006
	0.860 ± 0.003
	−0.580 ± 0.020
	−3.430 ± 0.010
	0.024 ± 0.002





      

      
Notes. The MLTZP relation is of the mathematical form log(P) = a + blog(L/L⊙)+clog(M/ M⊙)+dlog(Teff)+elog(Z). The table includes our grid of BL Her models computed using four sets of convection parameters and fundamental-mode RR Lyrae models from Marconi et al. (2015).



    

  
    
      Fig. 3. 

      
        [image: thumbnail]
      

      
        Comparison of the theoretical PL slopes for RR Lyrae models from Marconi et al. (2022) and for BL Her models using convection parameter set D from this work in the Rubin–LSST rizy passbands.

      

    

  
    
      Table 4. 

      Same as Table 3 but for the PWZ relations of the mathematical form, Wλ2, λ1 = α + βlog(P)+γ[Fe/H].

      
        


	Band
	Mode
	α
	β
	γ
	σ
	N
	(|T|, p(t)) w.r.t. BL Her models from this work (a)



	(LSST)
	
	
	
	
	
	
	Set A
	Set B
	Set C
	Set D



	




	Complete set of models (0.5 − 0.8 M⊙)





	Wug
	F
	−3.28 ± 0.04
	−1.29 ± 0.14
	−0.22 ± 0.02
	0.219
	155
	(10.968,0.0)
	(9.491,0.0)
	(12.25,0.0)
	(10.7,0.0)



	Wur
	F
	−1.622 ± 0.019
	−2.09 ± 0.07
	−0.059 ± 0.011
	0.010
	155
	(10.671,0.0)
	(8.469,0.0)
	(11.672,0.0)
	(9.595,0.0)



	Wgr
	F
	−0.489 ± 0.013
	−2.63 ± 0.04
	0.047 ± 0.008
	0.068
	155
	(5.548,0.0)
	(2.8,0.005)
	(5.591,0.0)
	(3.309,0.001)



	Wgi
	F
	−0.178 ± 0.009
	−2.51 ± 0.03
	0.11 ± 0.005
	0.046
	155
	(6.148,0.0)
	(2.394,0.017)
	(5.259,0.0)
	(2.496,0.013)



	Wiz
	F
	0.295 ± 0.01
	−2.13 ± 0.03
	0.185 ± 0.006
	0.051
	155
	(7.373,0.0)
	(2.566,0.01)
	(5.537,0.0)
	(2.395,0.017)



	Wgy
	F
	0.071 ± 0.008
	−2.23 ± 0.03
	0.147 ± 0.005
	0.042
	155
	(8.73,0.0)
	(4.26,0.0)
	(7.35,0.0)
	(4.274,0.0)



	




	Low-mass models only (0.5 − 0.6 M⊙)



	




	Wug
	F
	−3.28 ± 0.04
	−1.29 ± 0.14
	−0.22 ± 0.02
	0.219
	155
	(8.7,0.0)
	(7.662,0.0)
	(11.106,0.0)
	(10.167,0.0)



	Wur
	F
	−1.622 ± 0.019
	−2.09 ± 0.07
	−0.059 ± 0.011
	0.010
	155
	(7.811,0.0)
	(6.282,0.0)
	(10.228,0.0)
	(9.014,0.0)



	Wgr
	F
	−0.489 ± 0.013
	−2.63 ± 0.04
	0.047 ± 0.008
	0.068
	155
	(2.646,0.008)
	(0.677,0.498)
	(4.188,0.0)
	(2.804,0.005)



	Wgi
	F
	−0.178 ± 0.009
	−2.51 ± 0.03
	0.11 ± 0.005
	0.046
	155
	(1.479,0.139)
	(0.972,0.331)
	(3.144,0.002)
	(1.718,0.086)



	Wiz
	F
	0.295 ± 0.01
	−2.13 ± 0.03
	0.185 ± 0.006
	0.051
	155
	(0.0,1.0)
	(2.561,0.011)
	(2.266,0.024)
	(1.145,0.252)



	Wgy
	F
	0.071 ± 0.008
	−2.23 ± 0.03
	0.147 ± 0.005
	0.042
	155
	(2.258,0.024)
	(0.269,0.788)
	(4.471,0.0)
	(3.174,0.002)





      

      
Notes.

(a) The PWZ relations for the BL Her models are provided in Table C.5.




    

  
    
      Table A.1. 

      Chemical compositions of the adopted pulsation models.

      
        


	[Fe/H]
	Z
	X





	-2.00
	0.00014
	0.75115



	-1.50
	0.00043
	0.75041



	-1.35
	0.00061
	0.74996



	-1.00
	0.00135
	0.74806



	-0.50
	0.00424
	0.74073



	-0.20
	0.00834
	0.73032



	0.00
	0.01300
	0.71847





      

      
Notes. The Z and X values are estimated from the [Fe/H] values by assuming the primordial helium value of 0.2485 from the WMAP CMB observations (Hinshaw et al. 2013) and the helium enrichment parameter value of 1.54 (Asplund et al. 2009). The solar mixture is adopted from Asplund et al. (2009).



    

  
    
      Table C.1. 

      Comparison of the slopes of the PL relations for BL Her stars of the mathematical form: Mλ = alog(P)+b.

      
        


	Band
	Source
	a
	b
	σ
	N
	(|T|, p(t)) w.r.t.



	(LSST)
	
	
	
	
	
	Set A
	Set B
	Set C





	Complete set of models (0.5 − 0.8 M⊙)



	




	u
	
Zall (Set A)
	-0.834±0.044
	0.815±0.015
	0.39
	3266
	...
	...
	...



	u
	
Zall (Set B)
	-0.589±0.046
	0.848±0.015
	0.352
	2260
	(3.843,0.0
	...
	...



	u
	
Zall (Set C)
	-0.475±0.05
	0.944±0.017
	0.418
	2632
	(5.412,0.0)
	(1.69,0.091)
	...



	u
	
Zall (Set D)
	-0.405±0.052
	0.952±0.018
	0.4
	2122
	(6.308,0.0)
	(2.65,0.008)
	(0.961,0.336)



	




	g
	
Zall (Set A)
	-1.423±0.035
	-0.089±0.012
	0.312
	3266
	...
	...
	...



	g
	
Zall (Set B)
	-1.164±0.036
	-0.077±0.012
	0.278
	2260
	(5.121,0.0)
	...
	...



	g
	
Zall (Set C)
	-1.241±0.038
	0.033±0.013
	0.319
	2632
	(3.53,0.0)
	(1.45,0.147)
	...



	g
	
Zall (Set D)
	-1.095±0.039
	0.023±0.013
	0.302
	2122
	(6.241,0.0)
	(1.297,0.195)
	(2.669,0.008)



	




	r
	
Zall (Set A)
	-1.829±0.028
	-0.23±0.01
	0.253
	3266
	...
	...
	...



	r
	
Zall (Set B)
	-1.602±0.03
	-0.232±0.01
	0.231
	2260
	(5.466,0.0)
	...
	...



	r
	
Zall (Set C)
	-1.705±0.031
	-0.146±0.011
	0.26
	2632
	(2.947,0.003)
	(2.387,0.017)
	...



	r
	
Zall (Set D)
	-1.563±0.032
	-0.159±0.011
	0.249
	2122
	(6.199,0.0)
	(0.888,0.375)
	(3.193,0.001)



	




	i
	
Zall (Set A)
	-2.01±0.025
	-0.238±0.009
	0.225
	3266
	...
	...
	...



	i
	
Zall (Set B)
	-1.804±0.027
	-0.245±0.009
	0.209
	2260
	(5.509,0.0)
	...
	...



	i
	
Zall (Set C)
	-1.902±0.028
	-0.175±0.01
	0.232
	2632
	(2.871,0.004)
	(2.514,0.012)
	...



	i
	
Zall (Set D)
	-1.771±0.029
	-0.188±0.01
	0.224
	2122
	(6.189,0.0)
	(0.826,0.409)
	(3.262,0.001)



	




	z
	
Zall (Set A)
	-2.099±0.024
	-0.217±0.008
	0.214
	3266
	...
	...
	...



	z
	
Zall (Set B)
	-1.903±0.026
	-0.226±0.009
	0.199
	2260
	(5.507,0.0)
	...
	...



	z
	
Zall (Set C)
	-2.001±0.026
	-0.162±0.009
	0.219
	2632
	(2.751,0.006)
	(2.647,0.008)
	...



	z
	
Zall (Set D)
	-1.876±0.028
	-0.174±0.009
	0.213
	2122
	(6.093,0.0)
	(0.718,0.473)
	(3.294,0.001)



	




	y
	
Zall (Set A)
	-2.15±0.023
	-0.21±0.008
	0.209
	3266
	...
	...
	...



	y
	
Zall (Set B)
	-1.957±0.026
	-0.22±0.008
	0.196
	2260
	(5.537,0.0)
	...
	...



	y
	
Zall (Set C)
	-2.061±0.025
	-0.158±0.009
	0.214
	2632
	(2.565,0.01)
	(2.869,0.004)
	...



	y
	
Zall (Set D)
	-1.936±0.027
	-0.17±0.009
	0.208
	2122
	(5.979,0.0)
	(0.569,0.569)
	(3.367,0.001)



	




	Low-mass models only (0.5 − 0.6 M⊙)



	




	u
	
Zall (Set A)
	-0.235±0.071
	0.858±0.023
	0.351
	1050
	...
	...
	...



	u
	
Zall (Set B)
	-0.198±0.067
	0.958±0.022
	0.3
	707
	(0.38,0.704)
	...
	...



	u
	
Zall (Set C)
	-0.252±0.081
	1.122±0.028
	0.396
	856
	(0.155,0.877)
	(0.512,0.609)
	...



	u
	
Zall (Set D)
	-0.388±0.08
	1.169±0.028
	0.384
	711
	(1.428,0.153)
	(1.811,0.07)
	(1.196,0.232)



	




	g
	
Zall (Set A)
	-0.92±0.055
	-0.036±0.018
	0.274
	1050
	...
	...
	...



	g
	
Zall (Set B)
	-0.798±0.049
	0.025±0.016
	0.218
	707
	(1.666,0.096)
	...
	...



	g
	
Zall (Set C)
	-1.043±0.059
	0.193±0.02
	0.29
	856
	(1.513,0.13)
	(3.193,0.001)
	...



	g
	
Zall (Set D)
	-1.034±0.057
	0.208±0.02
	0.274
	711
	(1.427,0.154)
	(3.136,0.002)
	(0.107,0.915)



	




	r
	
Zall (Set A)
	-1.433±0.043
	-0.155±0.014
	0.213
	1050
	...
	...
	...



	r
	
Zall (Set B)
	-1.304±0.039
	-0.12±0.013
	0.172
	707
	(2.237,0.025)
	...
	...



	r
	
Zall (Set C)
	-1.544±0.046
	0.011±0.016
	0.226
	856
	(1.765,0.078)
	(4.001,0.0)
	...



	r
	
Zall (Set D)
	-1.502±0.045
	0.015±0.016
	0.213
	711
	(1.109,0.267)
	(3.355,0.001)
	(0.662,0.508)



	




	i
	
Zall (Set A)
	-1.664±0.037
	-0.152±0.012
	0.182
	1050
	...
	...
	...



	i
	
Zall (Set B)
	-1.544±0.033
	-0.126±0.011
	0.149
	707
	(2.413,0.016)
	...
	...



	i
	
Zall (Set C)
	-1.761±0.039
	-0.018±0.014
	0.194
	856
	(1.791,0.073)
	(4.185,0.0)
	...



	i
	
Zall (Set D)
	-1.718±0.038
	-0.015±0.013
	0.184
	711
	(1.011,0.312)
	(3.408,0.001)
	(0.778,0.437)



	




	z
	
Zall (Set A)
	-1.773±0.034
	-0.127±0.011
	0.169
	1050
	...
	...
	...



	z
	
Zall (Set B)
	-1.659±0.031
	-0.104±0.01
	0.139
	707
	(2.47,0.014)
	...
	...



	z
	
Zall (Set C)
	-1.868±0.037
	-0.006±0.013
	0.179
	856
	(1.902,0.057)
	(4.357,0.0)
	...



	z
	
Zall (Set D)
	-1.826±0.036
	-0.003±0.012
	0.171
	711
	(1.068,0.286)
	(3.521,0.0)
	(0.829,0.407)



	




	y
	
Zall (Set A)
	-1.833±0.033
	-0.118±0.011
	0.164
	1050
	...
	...
	...



	y
	
Zall (Set B)
	-1.718±0.03
	-0.098±0.01
	0.135
	707
	(2.56,0.011)
	...
	...



	y
	
Zall (Set C)
	-1.932±0.035
	-0.002±0.012
	0.173
	856
	(2.041,0.041)
	(4.591,0.0)
	...



	y
	
Zall (Set D)
	-1.885±0.035
	-0.0±0.012
	0.165
	711
	(1.09,0.276)
	(3.632,0.0)
	(0.942,0.346)





      

      
Notes. The theoretical relations are derived for the cases of the complete set of models and for the low mass models. N is the total number of models. |T| represents the observed value of the t-statistic, and p(t) gives the probability of acceptance of the null hypothesis (equal slopes). The bold-faced entries indicate that the null hypothesis of the equivalent PL slopes can be rejected.



    

  
    
      Table C.2. 

      Comparison of the slopes of the PW relations for BL Her stars of the mathematical form: Wλ = alog(P)+b.

      
        


	Band
	Source
	a
	b
	σ
	N
	(|T|, p(t)) w.r.t.



	(LSST)
	
	
	
	
	
	Set A
	Set B
	Set C





	Complete set of models (0.5 − 0.8 M⊙)



	




	Wug
	
Zall (Set A)
	-3.249±0.053
	-2.892±0.018
	0.469
	3266
	...
	...
	...



	Wug
	
Zall (Set B)
	-2.946±0.064
	-2.942±0.021
	0.488
	2260
	(3.653,0.0)
	...
	...



	Wug
	
Zall (Set C)
	-3.615±0.063
	-2.792±0.022
	0.529
	2632
	(4.45,0.0)
	(7.444,0.0)
	...



	Wug
	
Zall (Set D)
	-3.232±0.07
	-2.857±0.024
	0.541
	2122
	(0.194,0.846)
	(3.009,0.003)
	(4.057,0.0)



	




	Wur
	
Zall (Set A)
	-3.081±0.031
	-1.545±0.011
	0.279
	3266
	...
	...
	...



	Wur
	
Zall (Set B)
	-2.876±0.038
	-1.589±0.012
	0.29
	2260
	(4.167,0.0)
	...
	...



	Wur
	
Zall (Set C)
	-3.254±0.037
	-1.517±0.013
	0.307
	2632
	(3.575,0.0)
	(7.155,0.0)
	...



	Wur
	
Zall (Set D)
	-3.018±0.041
	-1.557±0.014
	0.316
	2122
	(1.218,0.223)
	(2.554,0.011)
	(4.282,0.0)



	




	Wgr
	
Zall (Set A)
	-2.965±0.019
	-0.624±0.007
	0.172
	3266
	...
	...
	...



	Wgr
	
Zall (Set B)
	-2.826±0.023
	-0.665±0.008
	0.178
	2260
	(4.59,0.0)
	...
	...



	Wgr
	
Zall (Set C)
	-3.005±0.021
	-0.645±0.007
	0.179
	2632
	(1.386,0.166)
	(5.671,0.0)
	...



	Wgr
	
Zall (Set D)
	-2.87±0.024
	-0.668±0.008
	0.185
	2122
	(3.054,0.002)
	(1.341,0.18)
	(4.179,0.0)



	




	Wgi
	
Zall (Set A)
	-2.765±0.017
	-0.431±0.006
	0.152
	3266
	...
	...
	...



	Wgi
	
Zall (Set B)
	-2.628±0.02
	-0.462±0.007
	0.154
	2260
	(5.144,0.0)
	...
	...



	Wgi
	
Zall (Set C)
	-2.754±0.019
	-0.442±0.006
	0.156
	2632
	(0.439,0.661)
	(4.555,0.0
	...



	Wgi
	
Zall (Set D)
	-2.642±0.021
	-0.459±0.007
	0.16
	2122
	(4.548,0.0)
	(0.482,0.63)
	(3.991,0.0)



	




	Wiz
	
Zall (Set A)
	-2.384±0.02
	-0.149±0.007
	0.181
	3266
	...
	...
	...



	Wiz
	
Zall (Set B)
	-2.219±0.023
	-0.164±0.007
	0.174
	2260
	(5.383,0.0)
	...
	...



	Wiz
	
Zall (Set C)
	-2.318±0.022
	-0.12±0.008
	0.184
	2632
	(2.207,0.027)
	(3.115,0.002)
	...



	Wiz
	
Zall (Set D)
	-2.21±0.024
	-0.131±0.008
	0.182
	2122
	(5.574,0.0)
	(0.282,0.778)
	(3.344,0.001)



	




	Wgy
	
Zall (Set A)
	-2.557±0.018
	-0.278±0.006
	0.164
	3266
	...
	...
	...



	Wgy
	
Zall (Set B)
	-2.401±0.021
	-0.3±0.007
	0.161
	2260
	(5.538,0.0)
	...
	...



	Wgy
	
Zall (Set C)
	-2.521±0.02
	-0.264±0.007
	0.167
	2632
	(1.341,0.18)
	(4.095,0.0)
	...



	Wgy
	
Zall (Set D)
	-2.407±0.022
	-0.279±0.007
	0.168
	2122
	(5.243,0.0)
	(0.191,0.849)
	(3.835,0.0)



	




	Low-mass models only (0.5 − 0.6 M⊙)



	




	Wug
	
Zall (Set A)
	-3.046±0.095
	-2.808±0.031
	0.472
	1050
	...
	...
	...



	Wug
	
Zall (Set B)
	-2.658±0.111
	-2.866±0.036
	0.492
	707
	(2.662,0.008)
	...
	...



	Wug
	
Zall (Set C)
	-3.496±0.111
	-2.687±0.038
	0.544
	856
	(3.079,0.002)
	(5.35,0.0)
	...



	Wug
	
Zall (Set D)
	-3.037±0.115
	-2.771±0.04
	0.552
	711
	(0.055,0.956)
	(2.378,0.018)
	(2.862,0.004)



	




	Wur
	
Zall (Set A)
	-2.94±0.054
	-1.43±0.017
	0.266
	1050
	...
	...
	...



	Wur
	
Zall (Set B)
	-2.695±0.062
	-1.475±0.02
	0.276
	707
	(2.995,0.003)
	...
	...



	Wur
	
Zall (Set C)
	-3.17±0.062
	-1.387±0.021
	0.302
	856
	(2.817,0.005)
	(5.437,0.0)
	...



	Wur
	
Zall (Set D)
	-2.903±0.064
	-1.436±0.022
	0.306
	711
	(0.445,0.657)
	(2.338,0.02)
	(3.007,0.003)



	




	Wgr
	
Zall (Set A)
	-2.866±0.027
	-0.488±0.009
	0.134
	1050
	...
	...
	...



	Wgr
	
Zall (Set B)
	-2.718±0.031
	-0.524±0.01
	0.137
	707
	(3.606,0.0)
	...
	...



	Wgr
	
Zall (Set C)
	-2.946±0.029
	-0.499±0.01
	0.145
	856
	(1.992,0.046)
	(5.332,0.0)
	...



	Wgr
	
Zall (Set D)
	-2.809±0.031
	-0.523±0.011
	0.147
	711
	(1.385,0.166)
	(2.098,0.036)
	(3.203,0.001)



	




	Wgi
	
Zall (Set A)
	-2.621±0.02
	-0.301±0.007
	0.099
	1050
	...
	...
	...



	Wgi
	
Zall (Set B)
	-2.505±0.022
	-0.32±0.007
	0.097
	707
	(3.931,0.0)
	...
	...



	Wgi
	
Zall (Set C)
	-2.684±0.021
	-0.291±0.007
	0.105
	856
	(2.168,0.03)
	(5.894,0.0)
	...



	Wgi
	
Zall (Set D)
	-2.598±0.022
	-0.302±0.008
	0.105
	711
	(0.779,0.436)
	(3.001,0.003)
	(2.823,0.005)



	




	Wiz
	
Zall (Set A)
	-2.122±0.026
	-0.045±0.009
	0.131
	1050
	...
	...
	...



	Wiz
	
Zall (Set B)
	-2.026±0.025
	-0.033±0.008
	0.111
	707
	(2.655,0.008)
	...
	...



	Wiz
	
Zall (Set C)
	-2.212±0.028
	0.035±0.009
	0.135
	856
	(2.364,0.018)
	(5.015,0.0)
	...



	Wiz
	
Zall (Set D)
	-2.172±0.028
	0.037±0.01
	0.132
	711
	(1.298,0.194)
	(3.924,0.0)
	(1.042,0.297)



	




	Wgy
	
Zall (Set A)
	-2.345±0.022
	-0.164±0.007
	0.112
	1050
	...
	...
	...



	Wgy
	
Zall (Set B)
	-2.234±0.022
	-0.166±0.007
	0.099
	707
	(3.494,0.0)
	...
	...



	Wgy
	
Zall (Set C)
	-2.43±0.024
	-0.112±0.008
	0.116
	856
	(2.612,0.009)
	(6.026,0.0)
	...



	Wgy
	
Zall (Set D)
	-2.362±0.024
	-0.117±0.008
	0.114
	711
	(0.54,0.59)
	(3.926,0.0)
	(2.008,0.045)





      

      
Notes. The theoretical relations are derived for the cases of the complete set of models and for the low mass models. N is the total number of models. |T| represents the observed value of the t-statistic, and p(t) gives the probability of acceptance of the null hypothesis (equal slopes). The bold-faced entries indicate that the null hypothesis of the equivalent PL slopes can be rejected.



    

  
    
      Fig. C.1. 

      
        [image: thumbnail]
      

      
        Predicted multi-filter PL relations of the BL Her models with different chemical compositions across the different Rubin-LSST wavelengths for the convective parameter sets A, B, C, and D. The y-scale is same (2.5 mag) in each panel for a relative comparison.

      

    

  
    
      Fig. C.2. 

      
        [image: thumbnail]
      

      
        Predicted multi-filter period-Wesenheit (Wug, Wur, Wgr, Wgi, Wiz, Wgy) relations of the BL Her models with different chemical compositions across the different Rubin-LSST wavelengths for the convective parameter sets A, B, C, and D. The y-scale is same (3.5 mag) in each panel for a relative comparison.

      

    

  
    
      Fig. C.3. 

      
        [image: thumbnail]
      

      
        Comparison of the PL slopes of the BL Her models as a function of increasing metallicity (see Table A.1 for equivalent ZX values) across the different Rubin-LSST filters for the convective parameter sets A, B, C, and D. The horizontal lines represent the mean values of the slopes in the individual sub-plots. The y-scale is same (two units) in each panel for a relative comparison.

      

    

  
    
      Table D.1. 

      PLZ relations for BL Her models at different wavelengths for the complete set of models and for low-mass models only.

      
        


	Band
	α
	β
	γ
	σ
	N



	




	Complete set of models (0.5 − 0.8 M⊙)



	




	Convection set A





	u
	1.057 ± 0.017
	-0.983 ± 0.041
	0.223 ± 0.009
	0.359
	3266



	g
	-0.062 ± 0.015
	-1.44 ± 0.035
	0.025 ± 0.008
	0.311
	3266



	r
	-0.251 ± 0.012
	-1.816 ± 0.029
	-0.019 ± 0.007
	0.253
	3266



	i
	-0.254 ± 0.011
	-2.0 ± 0.026
	-0.014 ± 0.006
	0.225
	3266



	z
	-0.223 ± 0.01
	-2.095 ± 0.024
	-0.005 ± 0.006
	0.214
	3266



	y
	-0.218 ± 0.01
	-2.145 ± 0.024
	-0.008 ± 0.005
	0.209
	3266



	




	Convection set B



	




	u
	1.073 ± 0.017
	-0.693 ± 0.042
	0.221 ± 0.01
	0.318
	2260



	g
	-0.061 ± 0.015
	-1.171 ± 0.037
	0.015 ± 0.009
	0.277
	2260



	r
	-0.261 ± 0.012
	-1.588 ± 0.03
	-0.029 ± 0.007
	0.23
	2260



	i
	-0.268 ± 0.011
	-1.794 ± 0.027
	-0.022 ± 0.006
	0.208
	2260



	z
	-0.239 ± 0.011
	-1.897 ± 0.026
	-0.013 ± 0.006
	0.199
	2260



	y
	-0.236 ± 0.01
	-1.95 ± 0.026
	-0.016 ± 0.006
	0.195
	2260



	




	Convection set C



	




	u
	1.218 ± 0.02
	-0.685 ± 0.046
	0.255 ± 0.011
	0.381
	2632



	g
	0.059 ± 0.016
	-1.261 ± 0.039
	0.024 ± 0.009
	0.318
	2632



	r
	-0.172 ± 0.013
	-1.685 ± 0.032
	-0.024 ± 0.007
	0.259
	2632



	i
	-0.194 ± 0.012
	-1.887 ± 0.028
	-0.018 ± 0.007
	0.231
	2632



	z
	-0.171 ± 0.011
	-1.994 ± 0.027
	-0.009 ± 0.006
	0.219
	2632



	y
	-0.169 ± 0.011
	-2.052 ± 0.026
	-0.011 ± 0.006
	0.214
	2632



	




	Convection set D



	




	u
	1.213 ± 0.02
	-0.553 ± 0.047
	0.256 ± 0.011
	0.36
	2122



	g
	0.046 ± 0.017
	-1.108 ± 0.04
	0.023 ± 0.01
	0.302
	2122



	r
	-0.185 ± 0.014
	-1.548 ± 0.032
	-0.026 ± 0.008
	0.248
	2122



	i
	-0.207 ± 0.012
	-1.76 ± 0.029
	-0.019 ± 0.007
	0.223
	2122



	z
	-0.184 ± 0.012
	-1.87 ± 0.028
	-0.01 ± 0.007
	0.213
	2122



	y
	-0.183 ± 0.011
	-1.929 ± 0.027
	-0.012 ± 0.007
	0.208
	2122



	




	Low-mass models only (0.5 − 0.6 M⊙)



	




	Convection set A



	




	u
	1.081 ± 0.027
	-0.394 ± 0.066
	0.206 ± 0.015
	0.322
	1050



	g
	-0.03 ± 0.023
	-0.925 ± 0.056
	0.006 ± 0.012
	0.274
	1050



	r
	-0.195 ± 0.017
	-1.405 ± 0.043
	-0.036 ± 0.01
	0.212
	1050



	i
	-0.185 ± 0.015
	-1.641 ± 0.037
	-0.03 ± 0.008
	0.181
	1050



	z
	-0.149 ± 0.014
	-1.757 ± 0.035
	-0.021 ± 0.008
	0.169
	1050



	y
	-0.143 ± 0.013
	-1.816 ± 0.033
	-0.023 ± 0.007
	0.163
	1050



	




	Convection set B



	




	u
	1.174 ± 0.024
	-0.279 ± 0.058
	0.224 ± 0.014
	0.258
	707



	g
	0.036 ± 0.02
	-0.802 ± 0.049
	0.011 ± 0.012
	0.217
	707



	r
	-0.153 ± 0.016
	-1.291 ± 0.038
	-0.034 ± 0.009
	0.171
	707



	i
	-0.153 ± 0.013
	-1.534 ± 0.033
	-0.028 ± 0.008
	0.147
	707



	z
	-0.122 ± 0.013
	-1.652 ± 0.031
	-0.019 ± 0.008
	0.138
	707



	y
	-0.118 ± 0.012
	-1.711 ± 0.03
	-0.021 ± 0.007
	0.134
	707



	




	Convection set C



	




	u
	1.391 ± 0.031
	-0.453 ± 0.073
	0.262 ± 0.018
	0.354
	856



	g
	0.216 ± 0.025
	-1.06 ± 0.06
	0.022 ± 0.015
	0.29
	856



	r
	-0.02 ± 0.02
	-1.521 ± 0.047
	-0.03 ± 0.011
	0.225
	856



	i
	-0.043 ± 0.017
	-1.742 ± 0.04
	-0.024 ± 0.01
	0.193
	856



	z
	-0.021 ± 0.016
	-1.856 ± 0.037
	-0.015 ± 0.009
	0.179
	856



	y
	-0.02 ± 0.015
	-1.918 ± 0.036
	-0.018 ± 0.009
	0.172
	856



	




	Convection set D



	




	u
	1.417 ± 0.03
	-0.476 ± 0.071
	0.271 ± 0.019
	0.337
	711



	g
	0.231 ± 0.024
	-1.042 ± 0.057
	0.025 ± 0.015
	0.274
	711



	r
	-0.009 ± 0.019
	-1.493 ± 0.045
	-0.027 ± 0.012
	0.213
	711



	i
	-0.035 ± 0.016
	-1.711 ± 0.038
	-0.021 ± 0.01
	0.183
	711



	z
	-0.014 ± 0.015
	-1.822 ± 0.036
	-0.013 ± 0.009
	0.171
	711



	y
	-0.015 ± 0.015
	-1.88 ± 0.035
	-0.015 ± 0.009
	0.165
	711





      

      
Notes. PLZ relation is of the mathematical form, Mλ = α + βlog(P)+γ[Fe/H].



    

  
    
      Table D.2. 

      PLZ relations for BL Her models at different wavelengths in the low- and the high-metallicity regimes.

      
        


	Band
	α
	β
	γ
	σ
	N



	




	Low-metallicity regime (Z = 0.00135, 0.00061, 0.00043, 0.00014)



	




	Convection set A





	u
	0.923 ± 0.037
	-1.182 ± 0.053
	0.098 ± 0.022
	0.331
	1734



	g
	-0.103 ± 0.034
	-1.454 ± 0.05
	-0.005 ± 0.021
	0.31
	1734



	r
	-0.264 ± 0.028
	-1.796 ± 0.041
	-0.025 ± 0.017
	0.255
	1734



	i
	-0.267 ± 0.025
	-1.978 ± 0.036
	-0.019 ± 0.015
	0.227
	1734



	z
	-0.24 ± 0.024
	-2.074 ± 0.035
	-0.013 ± 0.014
	0.215
	1734



	y
	-0.234 ± 0.023
	-2.122 ± 0.034
	-0.014 ± 0.014
	0.211
	1734



	




	Convection set B



	




	u
	0.964 ± 0.036
	-0.918 ± 0.05
	0.11 ± 0.022
	0.277
	1217



	g
	-0.074 ± 0.034
	-1.205 ± 0.047
	0.001 ± 0.021
	0.263
	1217



	r
	-0.25 ± 0.029
	-1.579 ± 0.04
	-0.02 ± 0.018
	0.223
	1217



	i
	-0.26 ± 0.026
	-1.779 ± 0.036
	-0.014 ± 0.016
	0.202
	1217



	z
	-0.236 ± 0.025
	-1.88 ± 0.035
	-0.008 ± 0.015
	0.194
	1217



	y
	-0.232 ± 0.025
	-1.93 ± 0.034
	-0.009 ± 0.015
	0.191
	1217



	




	Convection set C



	




	u
	1.044 ± 0.041
	-0.795 ± 0.057
	0.121 ± 0.025
	0.32
	1292



	g
	-0.005 ± 0.038
	-1.159 ± 0.053
	0.0 ± 0.023
	0.296
	1292



	r
	-0.202 ± 0.032
	-1.574 ± 0.044
	-0.024 ± 0.019
	0.247
	1292



	i
	-0.223 ± 0.028
	-1.79 ± 0.039
	-0.019 ± 0.017
	0.222
	1292



	z
	-0.202 ± 0.027
	-1.903 ± 0.038
	-0.013 ± 0.016
	0.212
	1292



	y
	-0.199 ± 0.026
	-1.963 ± 0.037
	-0.014 ± 0.016
	0.207
	1292



	




	Convection set D



	




	u
	1.055 ± 0.039
	-0.747 ± 0.051
	0.117 ± 0.024
	0.284
	1094



	g
	-0.001 ± 0.037
	-1.087 ± 0.048
	-0.004 ± 0.023
	0.268
	1094



	r
	-0.2 ± 0.031
	-1.493 ± 0.041
	-0.025 ± 0.019
	0.229
	1094



	i
	-0.222 ± 0.029
	-1.706 ± 0.037
	-0.018 ± 0.018
	0.21
	1094



	z
	-0.202 ± 0.028
	-1.815 ± 0.036
	-0.011 ± 0.017
	0.201
	1094



	y
	-0.199 ± 0.027
	-1.872 ± 0.035
	-0.012 ± 0.017
	0.198
	1094



	




	High-metallicity regime (Z = 0.01300, 0.00834, 0.00424)



	




	Convection set A



	




	u
	1.056 ± 0.026
	-0.822 ± 0.062
	0.424 ± 0.048
	0.381
	1532



	g
	-0.049 ± 0.021
	-1.436 ± 0.051
	0.083 ± 0.04
	0.313
	1532



	r
	-0.239 ± 0.017
	-1.839 ± 0.041
	0.001 ± 0.032
	0.25
	1532



	i
	-0.241 ± 0.015
	-2.025 ± 0.036
	0.005 ± 0.028
	0.222
	1532



	z
	-0.209 ± 0.014
	-2.12 ± 0.034
	0.017 ± 0.027
	0.211
	1532



	y
	-0.205 ± 0.014
	-2.171 ± 0.033
	0.013 ± 0.026
	0.206
	1532



	




	Convection set B



	




	u
	1.037 ± 0.027
	-0.446 ± 0.069
	0.36 ± 0.053
	0.351
	1043



	g
	-0.071 ± 0.022
	-1.134 ± 0.057
	0.016 ± 0.044
	0.293
	1043



	r
	-0.264 ± 0.018
	-1.597 ± 0.047
	-0.056 ± 0.036
	0.239
	1043



	i
	-0.269 ± 0.016
	-1.81 ± 0.042
	-0.046 ± 0.033
	0.214
	1043



	z
	-0.238 ± 0.016
	-1.916 ± 0.04
	-0.032 ± 0.031
	0.205
	1043



	y
	-0.234 ± 0.015
	-1.972 ± 0.039
	-0.034 ± 0.03
	0.201
	1043



	




	Convection set C



	




	u
	1.241 ± 0.031
	-0.623 ± 0.072
	0.434 ± 0.058
	0.427
	1340



	g
	0.099 ± 0.024
	-1.357 ± 0.057
	0.052 ± 0.046
	0.337
	1340



	r
	-0.139 ± 0.019
	-1.784 ± 0.045
	-0.031 ± 0.037
	0.269
	1340



	i
	-0.166 ± 0.017
	-1.974 ± 0.04
	-0.023 ± 0.033
	0.239
	1340



	z
	-0.143 ± 0.016
	-2.076 ± 0.038
	-0.009 ± 0.031
	0.226
	1340



	y
	-0.142 ± 0.016
	-2.132 ± 0.037
	-0.011 ± 0.03
	0.219
	1340



	




	Convection set D



	




	u
	1.182 ± 0.033
	-0.349 ± 0.081
	0.37 ± 0.065
	0.42
	1028



	g
	0.053 ± 0.026
	-1.135 ± 0.065
	-0.005 ± 0.052
	0.333
	1028



	r
	-0.174 ± 0.021
	-1.61 ± 0.052
	-0.075 ± 0.041
	0.266
	1028



	i
	-0.194 ± 0.019
	-1.823 ± 0.046
	-0.062 ± 0.037
	0.236
	1028



	z
	-0.169 ± 0.018
	-1.934 ± 0.043
	-0.046 ± 0.035
	0.223
	1028



	y
	-0.168 ± 0.017
	-1.995 ± 0.042
	-0.047 ± 0.034
	0.217
	1028





      

      
Notes. PLZ relation is of the mathematical form, Mλ = α + βlog(P)+γ[Fe/H].



    

  
    
      Table D.3. 

      PWZ relations for BL Her models at different wavelengths for the complete set of models and for low-mass models only.

      
        


	Band
	α
	β
	γ
	σ
	N



	




	Complete set of models (0.5 − 0.8 M⊙)



	




	Convection set A





	Wug
	-3.529 ± 0.012
	-2.856 ± 0.028
	-0.588 ± 0.006
	0.244
	3266



	Wur
	-1.896 ± 0.008
	-2.864 ± 0.019
	-0.324 ± 0.004
	0.17
	3266



	Wgr
	-0.78 ± 0.007
	-2.869 ± 0.016
	-0.144 ± 0.004
	0.142
	3266



	Wgi
	-0.501 ± 0.007
	-2.722 ± 0.017
	-0.065 ± 0.004
	0.146
	3266



	Wiz
	-0.123 ± 0.009
	-2.4 ± 0.021
	0.024 ± 0.005
	0.18
	3266



	Wgy
	-0.306 ± 0.008
	-2.54 ± 0.019
	-0.026 ± 0.004
	0.163
	3266



	




	Convection set B



	




	Wug
	-3.576 ± 0.013
	-2.653 ± 0.032
	-0.621 ± 0.007
	0.241
	2260



	Wur
	-1.939 ± 0.009
	-2.714 ± 0.023
	-0.342 ± 0.005
	0.172
	2260



	Wgr
	-0.82 ± 0.008
	-2.754 ± 0.019
	-0.152 ± 0.004
	0.144
	2260



	Wgi
	-0.535 ± 0.008
	-2.595 ± 0.019
	-0.071 ± 0.005
	0.147
	2260



	Wiz
	-0.147 ± 0.009
	-2.227 ± 0.023
	0.017 ± 0.005
	0.173
	2260



	Wgy
	-0.334 ± 0.009
	-2.386 ± 0.021
	-0.033 ± 0.005
	0.16
	2260



	




	Convection set C



	




	Wug
	-3.533 ± 0.013
	-3.044 ± 0.03
	-0.691 ± 0.007
	0.25
	2632



	Wur
	-1.919 ± 0.009
	-2.943 ± 0.021
	-0.376 ± 0.005
	0.174
	2632



	Wgr
	-0.816 ± 0.007
	-2.873 ± 0.017
	-0.16 ± 0.004
	0.143
	2632



	Wgi
	-0.52 ± 0.008
	-2.694 ± 0.018
	-0.073 ± 0.004
	0.148
	2632



	Wiz
	-0.096 ± 0.009
	-2.336 ± 0.022
	0.022 ± 0.005
	0.183
	2632



	Wgy
	-0.297 ± 0.009
	-2.495 ± 0.02
	-0.031 ± 0.005
	0.166
	2632



	




	Convection set D



	




	Wug
	-3.572 ± 0.014
	-2.829 ± 0.033
	-0.7 ± 0.008
	0.256
	2122



	Wur
	-1.944 ± 0.01
	-2.8 ± 0.024
	-0.379 ± 0.006
	0.181
	2122



	Wgr
	-0.832 ± 0.008
	-2.778 ± 0.02
	-0.16 ± 0.005
	0.149
	2122



	Wgi
	-0.533 ± 0.008
	-2.6 ± 0.02
	-0.073 ± 0.005
	0.152
	2122



	Wiz
	-0.11 ± 0.01
	-2.222 ± 0.024
	0.021 ± 0.006
	0.181
	2122



	Wgy
	-0.311 ± 0.009
	-2.389 ± 0.022
	-0.031 ± 0.005
	0.167
	2122



	




	Low-mass models only (0.5 − 0.6 M⊙)



	




	Convection set A



	




	Wug
	-3.471 ± 0.018
	-2.572 ± 0.046
	-0.612 ± 0.01
	0.224
	1050



	Wur
	-1.8 ± 0.011
	-2.676 ± 0.027
	-0.341 ± 0.006
	0.13
	1050



	Wgr
	-0.657 ± 0.007
	-2.745 ± 0.017
	-0.156 ± 0.004
	0.082
	1050



	Wgi
	-0.385 ± 0.007
	-2.561 ± 0.017
	-0.077 ± 0.004
	0.085
	1050



	Wiz
	-0.034 ± 0.011
	-2.13 ± 0.027
	0.01 ± 0.006
	0.131
	1050



	Wgy
	-0.207 ± 0.009
	-2.314 ± 0.022
	-0.039 ± 0.005
	0.108
	1050



	




	Convection set B



	




	Wug
	-3.492 ± 0.019
	-2.424 ± 0.048
	-0.648 ± 0.012
	0.213
	707



	Wur
	-1.821 ± 0.012
	-2.566 ± 0.029
	-0.359 ± 0.007
	0.127
	707



	Wgr
	-0.679 ± 0.007
	-2.66 ± 0.019
	-0.161 ± 0.005
	0.082
	707



	Wgi
	-0.396 ± 0.007
	-2.476 ± 0.018
	-0.078 ± 0.004
	0.08
	707



	Wiz
	-0.023 ± 0.01
	-2.03 ± 0.025
	0.011 ± 0.006
	0.11
	707



	Wgy
	-0.205 ± 0.009
	-2.22 ± 0.022
	-0.04 ± 0.005
	0.095
	707



	




	Convection set C



	




	Wug
	-3.427 ± 0.021
	-2.941 ± 0.05
	-0.723 ± 0.012
	0.24
	856



	Wur
	-1.794 ± 0.012
	-2.865 ± 0.029
	-0.397 ± 0.007
	0.139
	856



	Wgr
	-0.678 ± 0.007
	-2.812 ± 0.017
	-0.174 ± 0.004
	0.084
	856



	Wgi
	-0.377 ± 0.008
	-2.62 ± 0.018
	-0.084 ± 0.004
	0.088
	856



	Wiz
	0.049 ± 0.012
	-2.223 ± 0.028
	0.014 ± 0.007
	0.135
	856



	Wgy
	-0.153 ± 0.01
	-2.399 ± 0.023
	-0.04 ± 0.006
	0.113
	856



	




	Convection set D



	




	Wug
	-3.444 ± 0.021
	-2.798 ± 0.049
	-0.735 ± 0.013
	0.233
	711



	Wur
	-1.803 ± 0.012
	-2.773 ± 0.029
	-0.401 ± 0.008
	0.138
	711



	Wgr
	-0.681 ± 0.008
	-2.753 ± 0.018
	-0.173 ± 0.005
	0.088
	711



	Wgi
	-0.377 ± 0.008
	-2.571 ± 0.019
	-0.082 ± 0.005
	0.09
	711



	Wiz
	0.052 ± 0.012
	-2.177 ± 0.028
	0.016 ± 0.007
	0.131
	711



	Wgy
	-0.152 ± 0.01
	-2.35 ± 0.023
	-0.038 ± 0.006
	0.111
	711





      

      
Notes. PWZ relation is of the mathematical form, Wλ2, λ1 = α + βlog(P)+γ[Fe/H].



    

  
    
      Table D.4. 

      PWZ relations for BL Her models at different wavelengths in the low- and the high-metallicity regimes.

      
        


	Band
	α
	β
	γ
	σ
	N



	




	Low-metallicity regime (Z = 0.00135, 0.00061, 0.00043, 0.00014)



	




	Convection set A





	Wug
	-3.286 ± 0.028
	-2.299 ± 0.041
	-0.325 ± 0.017
	0.252
	1734



	Wur
	-1.759 ± 0.019
	-2.569 ± 0.028
	-0.179 ± 0.012
	0.173
	1734



	Wgr
	-0.715 ± 0.016
	-2.752 ± 0.023
	-0.079 ± 0.01
	0.142
	1734



	Wgi
	-0.478 ± 0.016
	-2.653 ± 0.024
	-0.037 ± 0.01
	0.148
	1734



	Wiz
	-0.153 ± 0.02
	-2.38 ± 0.029
	0.008 ± 0.012
	0.182
	1734



	Wgy
	-0.307 ± 0.018
	-2.496 ± 0.027
	-0.019 ± 0.011
	0.166
	1734



	




	Convection set B



	




	Wug
	-3.293 ± 0.029
	-2.092 ± 0.041
	-0.335 ± 0.018
	0.228
	1217



	Wur
	-1.778 ± 0.021
	-2.41 ± 0.03
	-0.182 ± 0.013
	0.166
	1217



	Wgr
	-0.742 ± 0.018
	-2.626 ± 0.025
	-0.078 ± 0.011
	0.142
	1217



	Wgi
	-0.5 ± 0.019
	-2.517 ± 0.026
	-0.034 ± 0.012
	0.146
	1217



	Wiz
	-0.159 ± 0.022
	-2.204 ± 0.03
	0.013 ± 0.014
	0.17
	1217



	Wgy
	-0.32 ± 0.021
	-2.336 ± 0.028
	-0.015 ± 0.013
	0.159
	1217



	




	Convection set C



	




	Wug
	-3.258 ± 0.03
	-2.288 ± 0.041
	-0.372 ± 0.018
	0.234
	1292



	Wur
	-1.769 ± 0.022
	-2.553 ± 0.03
	-0.206 ± 0.013
	0.169
	1292



	Wgr
	-0.752 ± 0.018
	-2.733 ± 0.025
	-0.092 ± 0.011
	0.143
	1292



	Wgi
	-0.502 ± 0.019
	-2.601 ± 0.027
	-0.044 ± 0.012
	0.15
	1292



	Wiz
	-0.137 ± 0.023
	-2.264 ± 0.032
	0.008 ± 0.014
	0.18
	1292



	Wgy
	-0.307 ± 0.021
	-2.413 ± 0.029
	-0.022 ± 0.013
	0.165
	1292



	




	Convection set D



	




	Wug
	-3.276 ± 0.032
	-2.143 ± 0.041
	-0.378 ± 0.02
	0.23
	1094



	Wur
	-1.78 ± 0.024
	-2.432 ± 0.031
	-0.203 ± 0.015
	0.173
	1094



	Wgr
	-0.758 ± 0.021
	-2.627 ± 0.027
	-0.084 ± 0.013
	0.149
	1094



	Wgi
	-0.506 ± 0.021
	-2.502 ± 0.028
	-0.037 ± 0.013
	0.154
	1094



	Wiz
	-0.139 ± 0.024
	-2.165 ± 0.032
	0.013 ± 0.015
	0.177
	1094



	Wgy
	-0.31 ± 0.023
	-2.312 ± 0.03
	-0.017 ± 0.014
	0.166
	1094



	




	High-metallicity regime (Z = 0.01300, 0.00834, 0.00424)



	




	Convection set A



	




	Wug
	-3.472 ± 0.01
	-3.339 ± 0.025
	-0.973 ± 0.019
	0.152
	1532



	Wur
	-1.868 ± 0.009
	-3.12 ± 0.022
	-0.532 ± 0.017
	0.137
	1532



	Wgr
	-0.771 ± 0.009
	-2.968 ± 0.022
	-0.23 ± 0.017
	0.136
	1532



	Wgi
	-0.49 ± 0.01
	-2.783 ± 0.023
	-0.097 ± 0.018
	0.142
	1532



	Wiz
	-0.107 ± 0.012
	-2.425 ± 0.029
	0.057 ± 0.023
	0.179
	1532



	Wgy
	-0.293 ± 0.011
	-2.583 ± 0.026
	-0.026 ± 0.02
	0.159
	1532



	




	Convection set B



	




	Wug
	-3.504 ± 0.012
	-3.264 ± 0.031
	-1.05 ± 0.024
	0.157
	1043



	Wur
	-1.901 ± 0.011
	-3.044 ± 0.028
	-0.579 ± 0.021
	0.14
	1043



	Wgr
	-0.806 ± 0.011
	-2.892 ± 0.027
	-0.257 ± 0.021
	0.138
	1043



	Wgi
	-0.523 ± 0.011
	-2.68 ± 0.028
	-0.126 ± 0.022
	0.144
	1043



	Wiz
	-0.138 ± 0.014
	-2.254 ± 0.035
	0.015 ± 0.027
	0.177
	1043



	Wgy
	-0.325 ± 0.012
	-2.441 ± 0.031
	-0.063 ± 0.024
	0.16
	1043



	




	Convection set C



	




	Wug
	-3.444 ± 0.011
	-3.634 ± 0.025
	-1.132 ± 0.021
	0.151
	1340



	Wur
	-1.877 ± 0.01
	-3.246 ± 0.023
	-0.615 ± 0.019
	0.136
	1340



	Wgr
	-0.805 ± 0.01
	-2.979 ± 0.023
	-0.262 ± 0.019
	0.136
	1340



	Wgi
	-0.506 ± 0.01
	-2.768 ± 0.024
	-0.12 ± 0.02
	0.145
	1340



	Wiz
	-0.07 ± 0.013
	-2.402 ± 0.031
	0.035 ± 0.025
	0.186
	1340



	Wgy
	-0.277 ± 0.012
	-2.566 ± 0.028
	-0.047 ± 0.023
	0.166
	1340



	




	Convection set D



	




	Wug
	-3.448 ± 0.012
	-3.572 ± 0.03
	-1.169 ± 0.024
	0.154
	1028



	Wur
	-1.879 ± 0.011
	-3.198 ± 0.027
	-0.636 ± 0.022
	0.139
	1028



	Wgr
	-0.807 ± 0.011
	-2.94 ± 0.027
	-0.272 ± 0.022
	0.139
	1028



	Wgi
	-0.512 ± 0.012
	-2.709 ± 0.028
	-0.135 ± 0.023
	0.147
	1028



	Wiz
	-0.09 ± 0.015
	-2.289 ± 0.036
	0.005 ± 0.029
	0.186
	1028



	Wgy
	-0.291 ± 0.013
	-2.476 ± 0.032
	-0.071 ± 0.026
	0.166
	1028





      

      
Notes. PWZ relation is of the mathematical form, Wλ2, λ1 = α + βlog(P)+γ[Fe/H].



    

  
    
      Table D.5. 

      Modified PLZ relations for BL Her models at different wavelengths using different convective parameter sets.

      
        


	Band
	α
	β1
	β2
	γ
	σ
	N



	




	Complete set of models (0.5 − 0.8 M⊙)



	




	Convection set A





	u
	0.969 ± 0.023
	-0.715 ± 0.064
	0.32 ± 0.059
	0.125 ± 0.02
	0.358
	3266



	g
	-0.07 ± 0.02
	-1.416 ± 0.056
	0.029 ± 0.051
	0.016 ± 0.018
	0.311
	3266



	r
	-0.244 ± 0.017
	-1.839 ± 0.045
	-0.027 ± 0.042
	-0.011 ± 0.014
	0.253
	3266



	i
	-0.246 ± 0.015
	-2.025 ± 0.04
	-0.03 ± 0.037
	-0.005 ± 0.013
	0.225
	3266



	z
	-0.215 ± 0.014
	-2.119 ± 0.038
	-0.028 ± 0.035
	0.004 ± 0.012
	0.214
	3266



	y
	-0.21 ± 0.014
	-2.171 ± 0.037
	-0.031 ± 0.034
	0.002 ± 0.012
	0.209
	3266



	




	Convection set B



	




	u
	0.97 ± 0.023
	-0.351 ± 0.068
	0.384 ± 0.061
	0.11 ± 0.02
	0.315
	2260



	g
	-0.076 ± 0.021
	-1.122 ± 0.06
	0.055 ± 0.053
	-0.001 ± 0.018
	0.277
	2260



	r
	-0.256 ± 0.017
	-1.604 ± 0.05
	-0.018 ± 0.044
	-0.023 ± 0.015
	0.23
	2260



	i
	-0.261 ± 0.015
	-1.818 ± 0.045
	-0.028 ± 0.04
	-0.014 ± 0.013
	0.208
	2260



	z
	-0.231 ± 0.015
	-1.923 ± 0.043
	-0.03 ± 0.038
	-0.005 ± 0.013
	0.199
	2260



	y
	-0.227 ± 0.015
	-1.981 ± 0.042
	-0.034 ± 0.038
	-0.006 ± 0.012
	0.195
	2260



	




	Convection set C



	




	u
	1.173 ± 0.026
	-0.549 ± 0.071
	0.173 ± 0.067
	0.203 ± 0.023
	0.381
	2632



	g
	0.098 ± 0.022
	-1.38 ± 0.059
	-0.151 ± 0.056
	0.07 ± 0.019
	0.318
	2632



	r
	-0.127 ± 0.018
	-1.82 ± 0.048
	-0.171 ± 0.046
	0.027 ± 0.016
	0.258
	2632



	i
	-0.155 ± 0.016
	-2.005 ± 0.043
	-0.149 ± 0.041
	0.027 ± 0.014
	0.231
	2632



	z
	-0.135 ± 0.015
	-2.104 ± 0.041
	-0.139 ± 0.039
	0.034 ± 0.013
	0.219
	2632



	y
	-0.134 ± 0.015
	-2.16 ± 0.039
	-0.136 ± 0.038
	0.03 ± 0.013
	0.213
	2632



	




	Convection set D



	




	u
	1.12 ± 0.028
	-0.26 ± 0.076
	0.331 ± 0.068
	0.156 ± 0.023
	0.358
	2122



	g
	0.056 ± 0.023
	-1.137 ± 0.064
	-0.033 ± 0.057
	0.033 ± 0.02
	0.302
	2122



	r
	-0.158 ± 0.019
	-1.631 ± 0.053
	-0.094 ± 0.047
	0.003 ± 0.016
	0.248
	2122



	i
	-0.18 ± 0.017
	-1.844 ± 0.048
	-0.094 ± 0.042
	0.009 ± 0.015
	0.223
	2122



	z
	-0.157 ± 0.016
	-1.954 ± 0.045
	-0.094 ± 0.04
	0.019 ± 0.014
	0.212
	2122



	y
	-0.155 ± 0.016
	-2.015 ± 0.044
	-0.097 ± 0.039
	0.017 ± 0.014
	0.207
	2122



	




	Low-mass models only (0.5 − 0.6 M⊙)



	




	Convection set A



	u
	0.998 ± 0.036
	-0.129 ± 0.103
	0.317 ± 0.094
	0.113 ± 0.031
	0.321
	1050



	g
	-0.022 ± 0.031
	-0.95 ± 0.087
	-0.029 ± 0.08
	0.015 ± 0.027
	0.274
	1050



	r
	-0.172 ± 0.024
	-1.478 ± 0.068
	-0.088 ± 0.062
	-0.011 ± 0.021
	0.212
	1050



	i
	-0.162 ± 0.02
	-1.713 ± 0.058
	-0.086 ± 0.053
	-0.005 ± 0.018
	0.181
	1050



	z
	-0.127 ± 0.019
	-1.826 ± 0.054
	-0.082 ± 0.05
	0.003 ± 0.016
	0.169
	1050



	y
	-0.121 ± 0.018
	-1.886 ± 0.052
	-0.084 ± 0.048
	0.002 ± 0.016
	0.163
	1050



	




	Convection set B



	




	u
	1.071 ± 0.032
	0.071 ± 0.093
	0.406 ± 0.084
	0.109 ± 0.028
	0.254
	707



	g
	0.025 ± 0.027
	-0.766 ± 0.079
	0.042 ± 0.072
	-0.001 ± 0.024
	0.217
	707



	r
	-0.143 ± 0.021
	-1.322 ± 0.062
	-0.036 ± 0.057
	-0.024 ± 0.019
	0.17
	707



	i
	-0.142 ± 0.018
	-1.573 ± 0.054
	-0.045 ± 0.049
	-0.015 ± 0.016
	0.147
	707



	z
	-0.11 ± 0.017
	-1.691 ± 0.05
	-0.046 ± 0.046
	-0.006 ± 0.015
	0.138
	707



	y
	-0.106 ± 0.017
	-1.754 ± 0.049
	-0.05 ± 0.045
	-0.007 ± 0.015
	0.134
	707



	




	Convection set C



	




	u
	1.388 ± 0.041
	-0.444 ± 0.112
	0.011 ± 0.107
	0.259 ± 0.036
	0.354
	856



	g
	0.297 ± 0.034
	-1.311 ± 0.091
	-0.315 ± 0.087
	0.115 ± 0.029
	0.288
	856



	r
	0.058 ± 0.026
	-1.764 ± 0.071
	-0.304 ± 0.067
	0.06 ± 0.023
	0.222
	856



	i
	0.025 ± 0.022
	-1.953 ± 0.061
	-0.265 ± 0.057
	0.054 ± 0.02
	0.191
	856



	z
	0.042 ± 0.021
	-2.054 ± 0.056
	-0.248 ± 0.053
	0.058 ± 0.018
	0.177
	856



	y
	0.042 ± 0.02
	-2.111 ± 0.054
	-0.241 ± 0.051
	0.053 ± 0.017
	0.17
	856



	




	Convection set D



	




	u
	1.33 ± 0.04
	-0.199 ± 0.112
	0.328 ± 0.103
	0.172 ± 0.036
	0.335
	711



	g
	0.236 ± 0.033
	-1.058 ± 0.091
	-0.019 ± 0.084
	0.031 ± 0.029
	0.274
	711



	r
	0.01 ± 0.026
	-1.556 ± 0.071
	-0.074 ± 0.065
	-0.005 ± 0.023
	0.212
	711



	i
	-0.015 ± 0.022
	-1.773 ± 0.061
	-0.073 ± 0.056
	0.001 ± 0.02
	0.183
	711



	z
	0.005 ± 0.02
	-1.883 ± 0.057
	-0.073 ± 0.052
	0.009 ± 0.018
	0.17
	711



	y
	0.005 ± 0.02
	-1.944 ± 0.055
	-0.075 ± 0.051
	0.007 ± 0.018
	0.165
	711





      

      
Notes. Modified PLZ relation is of the mathematical form, Mλ = α + (β1 + β2[Fe/H])log(P)+γ[Fe/H].



    

  
    
      Table D.6. 

      Modified PWZ relations for BL Her models at different wavelengths using different convective parameter sets.

      
        


	Band
	α
	β1
	β2
	γ
	σ
	N



	




	Complete set of models (0.5 − 0.8 M⊙)



	




	Convection set A





	Wug
	-3.29 ± 0.015
	-3.589 ± 0.04
	-0.875 ± 0.037
	-0.32 ± 0.013
	0.226
	3266



	Wur
	-1.77 ± 0.011
	-3.253 ± 0.029
	-0.464 ± 0.027
	-0.182 ± 0.009
	0.163
	3266



	Wgr
	-0.73 ± 0.009
	-3.022 ± 0.025
	-0.183 ± 0.023
	-0.088 ± 0.008
	0.141
	3266



	Wgi
	-0.472 ± 0.01
	-2.809 ± 0.026
	-0.104 ± 0.024
	-0.033 ± 0.008
	0.145
	3266



	Wiz
	-0.117 ± 0.012
	-2.419 ± 0.032
	-0.023 ± 0.03
	0.031 ± 0.01
	0.18
	3266



	Wgy
	-0.289 ± 0.011
	-2.593 ± 0.029
	-0.064 ± 0.027
	-0.006 ± 0.009
	0.163
	3266



	




	Convection set B



	




	Wug
	-3.317 ± 0.016
	-3.513 ± 0.047
	-0.964 ± 0.042
	-0.344 ± 0.014
	0.217
	2260



	Wur
	-1.798 ± 0.012
	-3.181 ± 0.035
	-0.524 ± 0.031
	-0.192 ± 0.01
	0.162
	2260



	Wgr
	-0.76 ± 0.011
	-2.953 ± 0.031
	-0.223 ± 0.027
	-0.088 ± 0.009
	0.142
	2260



	Wgi
	-0.499 ± 0.011
	-2.714 ± 0.032
	-0.134 ± 0.028
	-0.032 ± 0.009
	0.146
	2260



	Wiz
	-0.137 ± 0.013
	-2.26 ± 0.038
	-0.037 ± 0.033
	0.027 ± 0.011
	0.173
	2260



	Wgy
	-0.311 ± 0.012
	-2.461 ± 0.035
	-0.085 ± 0.031
	-0.009 ± 0.01
	0.16
	2260



	




	Convection set C



	




	Wug
	-3.232 ± 0.015
	-3.956 ± 0.04
	-1.157 ± 0.038
	-0.342 ± 0.013
	0.215
	2632



	Wur
	-1.763 ± 0.011
	-3.418 ± 0.03
	-0.602 ± 0.028
	-0.194 ± 0.01
	0.16
	2632



	Wgr
	-0.758 ± 0.01
	-3.049 ± 0.026
	-0.224 ± 0.025
	-0.092 ± 0.009
	0.141
	2632



	Wgi
	-0.481 ± 0.01
	-2.809 ± 0.027
	-0.146 ± 0.026
	-0.028 ± 0.009
	0.148
	2632



	Wiz
	-0.068 ± 0.013
	-2.42 ± 0.034
	-0.107 ± 0.032
	0.054 ± 0.011
	0.183
	2632



	Wgy
	-0.264 ± 0.011
	-2.596 ± 0.031
	-0.128 ± 0.029
	0.008 ± 0.01
	0.165
	2632



	




	Convection set D



	




	Wug
	-3.244 ± 0.017
	-3.859 ± 0.047
	-1.162 ± 0.042
	-0.351 ± 0.014
	0.218
	2122



	Wur
	-1.767 ± 0.013
	-3.357 ± 0.035
	-0.629 ± 0.031
	-0.191 ± 0.011
	0.166
	2122



	Wgr
	-0.757 ± 0.011
	-3.012 ± 0.031
	-0.264 ± 0.028
	-0.081 ± 0.01
	0.146
	2122



	Wgi
	-0.484 ± 0.012
	-2.753 ± 0.032
	-0.172 ± 0.029
	-0.021 ± 0.01
	0.151
	2122



	Wiz
	-0.083 ± 0.014
	-2.306 ± 0.039
	-0.095 ± 0.034
	0.049 ± 0.012
	0.181
	2122



	Wgy
	-0.273 ± 0.013
	-2.506 ± 0.035
	-0.132 ± 0.032
	0.008 ± 0.011
	0.166
	2122



	




	Low-mass models only (0.5 − 0.6 M⊙)



	




	Convection set A



	Wug
	-3.182 ± 0.022
	-3.495 ± 0.061
	-1.105 ± 0.056
	-0.29 ± 0.019
	0.191
	1050



	Wur
	-1.643 ± 0.013
	-3.176 ± 0.036
	-0.598 ± 0.034
	-0.167 ± 0.011
	0.114
	1050



	Wgr
	-0.591 ± 0.009
	-2.956 ± 0.025
	-0.252 ± 0.023
	-0.082 ± 0.008
	0.078
	1050



	Wgi
	-0.343 ± 0.009
	-2.695 ± 0.027
	-0.159 ± 0.024
	-0.03 ± 0.008
	0.083
	1050



	Wiz
	-0.016 ± 0.015
	-2.187 ± 0.042
	-0.068 ± 0.038
	0.03 ± 0.013
	0.13
	1050



	Wgy
	-0.177 ± 0.012
	-2.41 ± 0.034
	-0.115 ± 0.032
	-0.006 ± 0.01
	0.108
	1050



	




	Convection set B



	




	Wug
	-3.216 ± 0.022
	-3.36 ± 0.063
	-1.087 ± 0.058
	-0.34 ± 0.019
	0.174
	707



	Wur
	-1.67 ± 0.013
	-3.076 ± 0.039
	-0.592 ± 0.036
	-0.191 ± 0.012
	0.107
	707



	Wgr
	-0.614 ± 0.01
	-2.879 ± 0.028
	-0.254 ± 0.025
	-0.089 ± 0.008
	0.077
	707



	Wgi
	-0.356 ± 0.01
	-2.611 ± 0.029
	-0.156 ± 0.026
	-0.034 ± 0.009
	0.078
	707



	Wiz
	-0.01 ± 0.014
	-2.072 ± 0.04
	-0.049 ± 0.037
	0.024 ± 0.012
	0.11
	707



	Wgy
	-0.179 ± 0.012
	-2.307 ± 0.034
	-0.102 ± 0.031
	-0.011 ± 0.01
	0.095
	707



	




	Convection set C



	




	Wug
	-3.087 ± 0.022
	-3.998 ± 0.059
	-1.326 ± 0.056
	-0.331 ± 0.019
	0.187
	856



	Wur
	-1.614 ± 0.013
	-3.423 ± 0.036
	-0.7 ± 0.034
	-0.19 ± 0.012
	0.113
	856



	Wgr
	-0.608 ± 0.009
	-3.029 ± 0.025
	-0.272 ± 0.023
	-0.094 ± 0.008
	0.078
	856



	Wgi
	-0.325 ± 0.01
	-2.78 ± 0.027
	-0.201 ± 0.026
	-0.025 ± 0.009
	0.085
	856



	Wiz
	0.098 ± 0.016
	-2.375 ± 0.042
	-0.191 ± 0.04
	0.07 ± 0.014
	0.133
	856



	Wgy
	-0.101 ± 0.013
	-2.559 ± 0.035
	-0.2 ± 0.033
	0.019 ± 0.011
	0.111
	856



	




	Convection set D



	




	Wug
	-3.156 ± 0.023
	-3.723 ± 0.064
	-1.094 ± 0.059
	-0.407 ± 0.021
	0.191
	711



	Wur
	-1.65 ± 0.014
	-3.262 ± 0.04
	-0.58 ± 0.036
	-0.227 ± 0.013
	0.119
	711



	Wgr
	-0.62 ± 0.01
	-2.946 ± 0.028
	-0.228 ± 0.026
	-0.104 ± 0.009
	0.083
	711



	Wgi
	-0.339 ± 0.011
	-2.692 ± 0.029
	-0.143 ± 0.027
	-0.039 ± 0.009
	0.088
	711



	Wiz
	0.071 ± 0.016
	-2.238 ± 0.044
	-0.073 ± 0.04
	0.038 ± 0.014
	0.131
	711



	Wgy
	-0.124 ± 0.013
	-2.44 ± 0.037
	-0.107 ± 0.034
	-0.006 ± 0.012
	0.111
	711





      

      
Notes. Modified PWZ relation is of the mathematical form, Wλ2, λ1 = α + (β1 + β2[Fe/H])log(P)+γ[Fe/H].
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