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Abstract

Context. The discovery in the Solar System of more and more binary asteroids, or even triple asteroids with odd shapes, has triggered studies and new space missions to these bodies related to their dynamical behavior. The Martian moons, due to their characteristics, are the focus of similar interest.

Aims. In this context, the aims of this paper are to revisit the mutual gravitational potential of two celestial bodies, and evaluate the dynamical effects on their orbit of terms, which are often neglected. The rotational dynamics of the bodies is not addressed here.

Methods. The method uses complex gravity spherical harmonic coefficients of each body and takes into account their exact orientation in space. These coefficients are usually estimated from the spherical harmonic representation of the shape and assuming constant density. The analytical derivation of the potential is achieved by using the rotation and translation formulas for the spherical harmonic functions and coefficients. The different components of the potential function are categorized into central direct, indirect, and coupling terms.

Results. Application to the Didymos–Dimorphos pair shows the importance of indirect and coupling terms, for which accelerations reach, respectively, 5% and 1% of the direct terms. This approach was then applied to the Mars-Phobos system, for which the effects on the Phobos orbit due to its gravity field coupling with Mars field were numerically evaluated; effects can reach several tens of meters, as is shown after orbit adjustment on currently adopted Phobos reference ephemeris. The analysis of the radio science data from the coming MMX mission (Martian Moons eXploration) may ultimately require such refinement.
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1 Introduction
Space missions, for which rendezvous with Solar System bodies and sometimes landing demand the highest possible accuracy in the navigation of spacecraft, also require increased accuracy in the ephemerides of the targeted body(ies). It is therefore necessary to model as well as possible all forces acting on these bodies, which may include improvements in the orbit of natural satellites such as Phobos in the case of the Martian Moons eXploration (MMX) mission (Kuramoto et al. 2022). Among the model uncertainties are those related to coupling between the complex shapes, and gravitational attractions of a satellite and its parent planet. The Mars-Phobos case was studied analytically by Borderies and Yoder (Borderies & Yoder 1990), especially in relation to Phobos libration, taking into account the satellite gravity harmonic coefficients to the degree and order two. Jacobson and Lainey (Jacobson & Lainey 2014), and more recently Yang et al. (Yang et al. 2024), have also studied this problem, but without the coupling terms (CoT) between Mars and Phobos. Our goal has been to revisit the general expression of the mutual gravitational field of two bodies, and first to apply it and quantify the orbital effects on the Didymos–Dimorphos system, which is unusual in terms of shape and relative distance. Then, we numerically assess the effect of the full gravitational CoT on the Phobos orbit with respect to other small perturbations such as the tidal forces. In this paper, we neither work out the dynamical equations for the rotational (attitude) dynamics of the bodies involved, nor do we propagate those dynamics.
2 General formulation
The mutual gravitational potential of two bodies (B) and (B’) is a function, U, which simply depends on the shape and mass distribution of both bodies interacting on each other. Its general expression is
[image: equation](1)
where G is the Newtonian gravitational constant, and dµP and dµ′P are the infinitesimal mass densities of the two bodies at any couple of points, P, P′. As is usual in celestial mechanics, we note that U is a force potential function (the opposite of the potential energy).
For a single body, its gravitational potential is usually represented as a (truncated) spherical harmonics series in a reference frame, [R], fixed relative to it. At any point of spherical coordinates, r, ϕ, λ (radius vector, latitude, longitude), the body gravitational potential can be written as (Balmino & Borderies 1978; Balmino 1994)
[image: equation](2)
where M is the mass of the body, G is the Newton constant, and R is a reference equatorial radius. Klm are the complex gravitational harmonics coefficients of degree l and order m, and Ylm the corresponding complex harmonics functions with the following definition:
[image: equation](3)
where Plm (m > 0) is the usual Legendre associated function, extended to negative orders by
[image: equation](4)
The complex Klm coefficients are related to the usual real coefficients, Clm and Slm (m > 0), by
[image: equation](5)
where δ0m is the Dirac delta (equal to 1 if m = 0 and 0 else),
[image: equation](6)
In the following, we use non-normalized functions and coefficients, which is appropriate from a numerical point of view, since we do not go to a high degree and order in this work.
	[image: thumbnail]	Fig. 1 Two bodies, (B) and (B′), and their body-fixed reference systems, [R] and [R′], respectively. [R0] and [R′0] are two other reference frames that have the same orientation in space.



2.1 Mutual potential
For two bodies, (B) and (B′), we considered reference frames [R0] for (B) and [R′0] for (B′), whose origins, O, O′, are distant from r and whose axes have the same orientations (Fig. 1).
We let [image: equation] and [image: equation] be the complex gravity harmonics of (B) and (B′) in the reference frames [R0] and [R′0], respectively. The mutual gravitational potential can be expanded as (Borderies 1978)
[image: equation](7)
where M′, and R′ are, for (B′), analogous to M and R, and α and δ are, respectively, the right ascension and declination of O′ in [R0]. In this formula, we can identify certain terms that correspond to usual simplifications. In order to distinguish them, we shall refer to them in the remainder of this article using the conventions of Table 1.
For calculation purposes, we must refer the [image: equation] coefficients of (B) to its harmonics, Kjn, in its proper body fixed system, [R], and also refer the [image: equation] coefficients of (B') to its harmonics, [image: equation], in its body fixed system, [R']. To do so, we introduced the Euler angles, Ψ, Θ, Φ, of [R] with respect to [R0], as is defined in Fig. 2, and similarly the “3-1-3” Euler angles, Ψ′, Θ′, Φ′, of [R′] with respect to [R′0].
We used the spherical harmonics rotation theorem (Wigner & Fano 1960) in its dual form, which yields
[image: equation](8)
and
[image: equation](9)
with
[image: equation](10)
where
[image: equation](11)
are the Clifford polynomials. The conjugate of the [image: equation] functions that enter in Eqs. (8) and (9) verify that
[image: equation](12)
In formulas (8) and (9), we note that the degree of the spherical harmonics is preserved. For comparison purposes with other simplified expressions of U found in the literature, we give in the appendix formulas for the case in which spherical harmonics are limited to the degree and order two for each body and when Ψ = Ψ′ = Θ = Θ′ = 0.
Table 1 
Naming convention for terms of U in spherical harmonics.

	[image: thumbnail]	Fig. 2 Going from reference system [R0] to another one, [R], by means of the Euler angles, Ψ, Θ, and Φ.



2.2 Dynamical equations
The motion of O′ relative to O is described by the equation
[image: equation](13)
Then we have to compute the components of the mutual gravitational potential gradient U defined in Eq. (7). Xs being the components of [image: equation] in [R0], these gradient components are [image: equation], where fnj is defined ∀n ∊ 〚1, lmax + pmax〛 and ∀ j ∊ 〚−n, n〛 by the equation:
[image: equation](14)
These terms originate from formula (7), where n = l + p and j = m + k. It should be noted that the coefficients of such terms capture all of the dependence on the attitudes of both bodies and have no dependence on the relative position of the bodies, in a separable fashion. We followed an approach whereby we wrote Pnj(sin δ) = cosj δ Hnj(sin δ), Hnj being the Helmholtz polynomials, here non-normalized (the degree and order remain small, as was said above). They were computed by recursive formulas with a fixed order, j, as well as their derivatives. Introducing the direction cosines (ε1, ε2, ε3) of [image: equation] in [R0], we have for j > 0:
[image: equation](15)
[image: equation](16)
from which nonsingular expressions (valid when cos δ = 0) for fnj,s can be derived (Balmino et al. 1990).
3 Example: Didymos and Dimorphos
We present a simplified case of the Didymos and Dimorphos binary, which was visited by the DART mission (Daly et al. 2023) and which is targeted by the Hera mission (ESA 2022). This example consists of taking the known physical parameters of this binary system, propagating a Keplerian orbit of Dimorphos around Didymos, and evaluating over one revolution the value of the different terms of the acceleration induced by the mutual potential – according to definitions in Table 1.
3.1 Data assumptions
As the precise shape of each of these bodies is not precisely known, we carried out the calculation using ellipsoidal models with the parameters given in Table 2 (Daly et al. 2023); the semimajor axes are those in the X, Y, Z directions of the [R] system for Didymos and similarly in the [R′] system for Dimorphos. For each body, defining: p = a2 − b2, q = c2 − (a2 + b2)/2, one can compute the nonzero gravity spherical harmonics according to (Balmino 1994; Boyce 1997)
[image: equation](17)
where the a2l term corresponds to a scaling factor (Brillouin sphere radius) equal to a. The resulting coefficients (unnormalized) are given up to the degree and order six in Table 3 for the two bodies.
The mean orbital parameters used in the computation are listed in Table 4. Finally, we fixed the Euler angles (rotational elements) at the following values:
[image: equation]
where 360/(11.9217 * 3600) is the mean motion (n) of Dimorphos (before the DART impact) and t is the time in seconds.
Table 2 
Didymos and Dimorphos data: a, b, and c are semimajor axes.

Table 3 
Gravity harmonic coefficients of Didymos and Dimorphos.

Table 4 
Orbital elements of Dimorphos.

Table 5 
Accelerations of Dimorphos along one orbit.

	[image: thumbnail]	Fig. 3 Acceleration magnitudes of Dimorphos over one orbit for the direct term (DT).



	[image: thumbnail]	Fig. 4 Acceleration magnitudes of Dimorphos over one orbit for IT.



3.2 Numerical results
The maximum and minimum accelerations along one orbit are given in Table 5 for the different classes of terms: central, direct, indirect, and coupling. Indirect accelerations are smaller though close to the direct terms; the CoT amount to about 1% of the direct ones, which is significant for the system dynamics.
Figures 3, 4, and 5 more precisely show the behaviour of the different terms (apart from the central one). In addition to once-per-revolution variations in the direct and indirect radial and normal accelerations, higher-frequency variations due to direct and CoT are clearly visible, especially in the tangential and radial directions; the direct perturbations dominate due to the much higher mass and C20 of Didymos.
	[image: thumbnail]	Fig. 5 Acceleration magnitudes of Dimorphos over one orbit for CoT.



4 Application to Mars-Phobos
To see the impact of the mutual potential on a well-known orbit, we chose the Mars-Phobos system. Phobos has a rather unusual gravitational configuration with Mars, being relatively close and not spherical in shape.
We focus on the effects of the gravitational CoT compared to other forces at work in the system, the tidal effects of Mars (i.e., the k2 Love number contribution), the third-body perturbations mainly due to the Sun and Jupiter, and relativistic effects.
4.1 Orbit models and assumptions
4.1.1 Mars and Phobos orientation
For the body orientation and rotation, the models in the IAU 2015 standards (Archinal et al. 2018) were used. For Phobos, the correction (Archinal et al. 2019) has been taken into account in this study, even though its impact remains small.
4.1.2 Gravity model
The Martian gravity model used is the Konopliv model (Konopliv et al. 2016) developed to degree 120. The version used is MRO120d, but only the first eight degrees were retained.
The Phobos gravity model was derived from the transformation of the most accurate body shape (Ernst et al. 2023) into gravitational spherical harmonics under the assumption of uniform mass distribution. This model is given in Appendix B. We assumed a GM value of 708 700 m3/s2 (consistent with Jacobson & Lainey 2014) and a translation was done to make the center of mass, O, and the center of figure, C, coincide. Thanks to this  translation, [image: equation], of (82.194, 521.606, 31.433) (m), the degree one coefficients vanish.
4.1.3 Other forces
Third body and tidal forces were taken into account in accordance with current knowledge and state-of-the-art algorithms (see the GINS software documentation; Space Geodesy 2018). The third bodies taken into account are: the Sun, Jupiter, Saturn, Uranus, and the Earth. It should be noted that only the contributions of the Sun and Jupiter are significant, the other planets contributing only marginally. The Solar System ephemeris data are consistent with the de430bdlf file (Folkner et al. 2014). It is not the last updated ephemeris (Park et al. 2021), but it is consistent with the Phobos mar097.bsp model.
Phobos and Deimos distort Mars’ gravity field, the effect of which is modeled by the Love number k2, whose adopted value is: 0.152 + i 0.00183. The imaginary part corresponds to the delayed effect of gravity deformation. This value is consistent with Jacobson (2010).
Finally, the effect of relativity can be modeled by several terms: the Schwarzschild term, the relativistic Coriolis term, and the Lense-Thirring term (see, for instance, Huang & Liu 1992). In our case, only the Schwarzschild effect is taken into account; this term is already very small, and the others are even smaller,
[image: equation](18)
In Eq. (18), c is the light velocity, µ the standard gravitational parameter (GM) of the central attracting body, r the vector position of Phobos, and υ its velocity vector.
	[image: thumbnail]	Fig. 6 Acceleration magnitude over one orbit for each term.



	[image: thumbnail]	Fig. 7 Difference between the Jacobson model (Eq. (19)) and the IT+CoT term of full mutual potential model.



4.1.4 Reference orbit
PDS (Planetary Data System) archives (Acton 1996; Acton et al. 2018) provide the up-to-date Phobos ephemeris in the file mar097.bsp. This was selected as the reference for comparison with all other orbits, since this reference is determined from observations that are astrometric in nature and that thus reflect precisely where Phobos is and how the body shape is oriented at all of the observation epochs. As is described in the orbit file documentation, it models Mars’ gravity, third body, and tides, although the implementation may differ from ours.
The main difference lies in the account of the Mars-Phobos mutual gravity: it is limited to a so-called libration term force and written as (Jacobson 2010)
[image: equation](19)
where µ is the GM of Mars, R′ the equatorial radius of Phobos, r the distance from Phobos to Mars, C′20 the second degree zonal harmonic of Phobos, and C′22 its second degree and order tesseral term. β′ equals [image: equation] is the unit vector directed from Mars toward Phobos, and [image: equation] is the unit vector in the Phobos orbit plane normal to [image: equation] and in the direction of Phobos’s orbital motion. This agrees with the degree two model presented in Appendix A, with some simplifications: it retains only one part of the indirect terms (IT) and none of the CoT due to assuming S′22 = 0, and δ = 0.
Table 6 
Adjustment on the Jacobson orbit of the Phobos trajectory without full mutual potential.

Table 7 
Adjustment on the Jacobson orbit of the Phobos trajectory with full mutual potential.

4.2 Numerical results
4.2.1 Comparison of accelerations
Figure 6 shows the amplitudes of the total accelerations involved in the dynamics of Phobos over one revolution. The central and direct terms are the dominant ones but do not exhibit any particularity and are not shown; only accelerations between 10−6 and 10−12 are presented.
The term “Jacobson model” represents the contribution of the mutual potential that Jacobson uses (Eq. (19)). This contribution is very close to the IT of our mutual potential model.
The CoT acceleration is of the same order as the effect of the Martian tide but larger. The contribution is therefore relatively small in the orbit of Phobos, though not negligible.
The smallest accelerations in Fig. 6 are the relativistic Schwarzschild effect and the contribution of the third body, Jupiter. Both are less than 10−10 m/s2.
4.2.2 Jacobson model and full mutual potential impact
Figure 7 shows the difference in the RTN axis between the Jacobson acceleration, which assumes an equatorial and circular orbit and neglects terms of a degree greater than two, and the acceleration induced by the full mutual potential; that is, the complete IT and CoT terms.
In order to quantify the impact of the mutual potential, the numerically integrated trajectory of Phobos was compared with the Jacobson reference trajectory described in Sect. 4.1.4. The calculations were carried out over 3 days (72 hours). Firstly, the orbit generation and adjustment were made using the same dynamics as for the Jacobson trajectory. A second case was run with our full mutual potential model, followed by a similar adjustment on Jacobson orbit. The least-squares fit seeks to minimize the 3D residuals from the reference orbit, so in terms of orbital parameters we can observe a secular trend for certain parameters, which is due to the fit in the Cartesian domain over a relatively short period (3 days).
In the first case, a 3D RMS of less than 7 m over 3 days is obtained, which means the dynamical models are fairly consistent with the Jacobson ones. However, in the second case in which the full mutual potential is included, the 3D RMS rises to greater than 27 m.
Tables 6 and 7 respectively show the trajectory difference statistics in the RTN axes after the adjustment. As was expected, the impact of the difference in dynamical models is mainly on the tangential axis. The graphs in Fig. 8 show the evolution of the difference between the two adjusted trajectories, in terms of orbital parameters.
Figure 9 shows the differences in position (in R,T,N) between the Jacobson reference trajectory and our adjusted trajectories, without and with the full mutual potential modeling. On the butterfly shape inherent to the least squares adjustment, and on the once-per-revolution terms expected from the dynamics differences, was superimposed an along-track secular effect. This deviation from the Jacobson reference orbit was an order of magnitude smaller than the translation of the Phobos shape model in order to make the center of mass coincide with the shape’s center of figure (see Sect. 4.1.2). Therefore, it seems that the present uncertainty in Phobos’ internal mass distribution swamps the effects of including or not including the additional parts of the IT terms and the CoT terms that Jacobson did not include. Nevertheless, for future modeling of Phobos gravity field and mass distribution, we recommend including such terms, which otherwise would induce (additional) errors in any density model.
	[image: thumbnail]	Fig. 8 Difference between orbital parameters for case 1 and case 2. The X axis represents the number of Julian days since January 1, 1950 (day 27 709 = 12/11/2025).



	[image: thumbnail]	Fig. 9 Position differences in tangential, normal, and radial between Jacobson Phobos orbit and our adjusted orbits: with a simplified model for the mutual potential (left) consistent with Table 6, and with a full mutual potential (right) consistent with Table 7 The X axis represents the number of Julian days since January 1, 1950 (day 27 709 = 12/11/2025).



5 Conclusion
We have shown that usually neglected terms in the expression of the mutual gravitational potential of two celestial bodies of an odd shape can have a significant dynamical effect on their relative orbit. In particular, the MMX mission at the Mars-Phobos system, to be launched in 2026, will bring a wealth of data, including new tracking measurements that will be used to improve our knowledge of Phobos and especially its ephemeris and gravity field model. Their determination process should take into account the indirect and coupling gravitational terms of the Mars–Phobos pair, as we do here.
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Appendix A  Case of degree and order-two coefficients in a simplified geometry
A special case is considered when the equatorial planes of the two bodies remain parallel to the [R0] reference system equator (Fig. A.1) and when the spherical harmonics are limited to degree and order two for each body. Direct formulas using un-normalized real spherical harmonic coefficients (Clm, Slm, C′lm, S′lm) can be derived and allow comparison with other authors’ results as well as numerical verification with the more general formulas applied to this case.
	[image: thumbnail]	Fig. A.1 Particular case (viewed from X3 > 0): Ψ= Ψ′ = Θ = Θ′ =0, and harmonic coefficients are limited to degree and order two for each body.



In this case, U becomes
[image: equation]
The three terms are
[image: equation]
where
[image: equation]
and with β =α − Φ; β’ = α − Φ’
[image: equation]
As an example, note that Jacobson (2010) considered the term T20 and only the portion of T02 without S′22 (with P20(0) = −1/2, Pշշ(0) = 3)

Appendix B  Phobos gravity model
The Phobos gravity field was calculated by transforming the body shape into gravity spherical harmonics, assuming a uniform mass distribution.
The algorithm involved calculating the gravity field modeled from the polyhedral shape on a sphere containing all the masses. The calculation was performed on a 0.1° grid in longitude and latitude using the “polyhedral-gravity-model” tool of Tsoulis (Tsoulis 2012; Tsoulis & Gavriilidou 2021). The projection on the spherical harmonics basis was then carried out using an internal tool.
The whole process was compared to another method (Balmino 1994) and gave consistent results. Table B.1 gives the normalized derived Phobos gravity field spherical harmonics. We have set the coefficients of degree 1 to 0.0 to align the center of the figure with the center of gravity, and the coefficients C21 and S21 to 0 also to align the main axis of inertia of the body with the Z axis of the frame of reference attached to the body.
Table B.1 
Phobos normalized spherical harmonics coefficient.
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      Table 1 

      Naming convention for terms of U in spherical harmonics.

      
        


	Central term
	(CeT)
	l = m = 0
	p = k = 0



	Direct terms
	(DT)
	l > 0
	p = k = 0



	Indirect terms
	(IT)
	l = m = 0
	p > 0



	Coupling terms
	(CoT)
	l > 0
	p > 0
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        Going from reference system [R0] to another one, [R], by means of the Euler angles, Ψ, Θ, and Φ.

      

    

  
    
      Table 2 

      Didymos and Dimorphos data: a, b, and c are semimajor axes.

      
        


	
	
	Didymos
	Dimorphos





	a
	(m)
	424.5
	88.5



	b
	(m)
	425.5
	87.



	c
	(m)
	310
	58.



	Density
	(kg/m3)
	2400
	2400



	Vol.
	(km3)
	0.2345
	0.00187



	Mass
	(ton)
	5.629 × 108
	4.489 × 106



	Rot. Per.
	(hour)
	2.2593
	11.9217





      

    

  
    
      Table 3 

      Gravity harmonic coefficients of Didymos and Dimorphos.

      
        


	l
	m
	C : Didymos
	C: Dimorphos





	2
	0
	−9.38 × 10−2
	−1.11 × 10−1



	2
	2
	−2.36 × 10−4
	1.68 × 10−3



	4
	0
	1.89 × 10−2
	2.62 × 10−2



	4
	2
	1.58 × 10−5
	−1.32 × 10−4



	4
	4
	9.93 × 10−9
	5.04 × 10−7



	6
	0
	−4.91 × 10−3
	−8.09 × 10−3



	6
	2
	−2.47 × 10−6
	2.45 × 10−5



	6
	4
	−5.18 × 10−10
	−3.10 × 10−8



	6
	6
	−2.17 × 10−13
	7.85 × 10−11





      

      
Notes. Clm = (2 − δ0m)Klm since Slm = 0.




    

  
    
      Table 4 

      Orbital elements of Dimorphos.

      
        


	a
	Semimajor axis
	1100 m



	e
	Eccentricity
	0.03



	i
	Inclination
	5°



	Ω
	Longitude of asc.node
	0°



	ω
	Periapsis argument
	0°



	M
	Mean anomaly
	nt°





      

      
Notes. n is the mean motion, t is in seconds.




    

  
    
      Table 5 

      Accelerations of Dimorphos along one orbit.

      
        


	
	
	CeT
	DT
	IT
	CoT





	R
	Min
	−3.3 × 10−5
	−7.8 × 10−7
	−4.2 × 10−8
	−4.9 × 10−9



	Max
	−2.9 × 10−5
	−6.0 × 10−7
	−3.3 × 10−8
	−3.4 × 10−9



	




	T
	Min
	
	−2.1 × 10−8
	−1.0 × 10−9
	−1.0 × 10−10



	Max
	
	+2.3 × 10−8
	+ 1.0 × 10−9
	+ 1.2 × 10−10



	




	N
	Min
	
	−1.8 × 10−7
	−9.3 × 10−9
	−1.8 × 10−9



	Max
	
	+ 1.8 × 10−7
	+9.3 × 10−9
	+ 1.8 × 10−9





      

      
Notes. The radial, tangential, and normal directions are respectively R, T, and N; the unit is m/s.




    

  
    
      Fig. 3 

      
        [image: thumbnail]
      

      
        Acceleration magnitudes of Dimorphos over one orbit for the direct term (DT).

      

    

  
    
      Fig. 4 

      
        [image: thumbnail]
      

      
        Acceleration magnitudes of Dimorphos over one orbit for IT.

      

    

  
    
      Fig. 5 

      
        [image: thumbnail]
      

      
        Acceleration magnitudes of Dimorphos over one orbit for CoT.

      

    

  
    
      Fig. 6 

      
        [image: thumbnail]
      

      
        Acceleration magnitude over one orbit for each term.

      

    

  
    
      Fig. 7 

      
        [image: thumbnail]
      

      
        Difference between the Jacobson model (Eq. (19)) and the IT+CoT term of full mutual potential model.

      

    

  
    
      Table 6 

      Adjustment on the Jacobson orbit of the Phobos trajectory without full mutual potential.

      
        


	
	
	Min
	Max
	Mean
	Stand. dev.





	Radial
	(m)
	–6.1
	7.9
	1.1
	3.0



	Normal
	(m)
	–2.1
	2.2
	0.0
	0.8



	Tangential
	(m)
	–14.4
	14.2
	–0.2
	6.2



	rms 3D
	(m)
	
	
	
	6.9





      

      
Notes. Model consistent with Eq. (19).




    

  
    
      Table 7 

      Adjustment on the Jacobson orbit of the Phobos trajectory with full mutual potential.

      
        


	
	
	Min
	Max
	Mean
	Stand. dev.





	Radial
	(m)
	−11.6
	9.4
	1.1
	3.8



	Normal
	(m)
	−2.0
	2.3
	0.0
	0.9



	Tangential
	(m)
	−57.40
	37.5
	4.6
	27.2



	rms 3D
	(m)
	
	
	
	27.5





      

    

  
    
      Fig. 8 

      
        [image: thumbnail]
      

      
        Difference between orbital parameters for case 1 and case 2. The X axis represents the number of Julian days since January 1, 1950 (day 27 709 = 12/11/2025).

      

    

  
    
      Fig. 9 

      
        [image: thumbnail]
      

      
        Position differences in tangential, normal, and radial between Jacobson Phobos orbit and our adjusted orbits: with a simplified model for the mutual potential (left) consistent with Table 6, and with a full mutual potential (right) consistent with Table 7 The X axis represents the number of Julian days since January 1, 1950 (day 27 709 = 12/11/2025).

      

    

  
    
      Fig. A.1 

      
        [image: thumbnail]
      

      
        Particular case (viewed from X3 > 0): Ψ= Ψ′ = Θ = Θ′ =0, and harmonic coefficients are limited to degree and order two for each body.

      

    

  
    
      Table B.1 

      Phobos normalized spherical harmonics coefficient.

      
        


	l
	m
	C′lm
	S′lm





	0
	0
	1.00
	
	
	



	1
	0
	0.00
	
	
	



	2
	0
	−1.36
	10−2
	
	



	3
	0
	−4.12
	10−4
	
	



	4
	0
	−2.51
	10−4
	
	



	5
	0
	−3.40
	10−4
	
	



	6
	0
	1.73
	10−3
	
	



	7
	0
	−4.16
	10−4
	
	



	8
	0
	−5.98
	10−4
	
	



	1
	1
	0.00
	
	0.00
	



	2
	1
	0.00
	
	0.00
	



	3
	1
	−2.00
	10−3
	4.13
	10−3



	4
	1
	9.38
	10−3
	−1.35
	10−4



	5
	1
	−6.96
	10−4
	1.75
	10−3



	6
	1
	2.35
	10−3
	2.77
	10−4



	7
	1
	1.88
	10−3
	1.66
	10−3



	8
	1
	1.92
	10−3
	−3.30
	10−5



	2
	2
	5.93
	10−2
	1.02
	10−3



	3
	2
	1.31
	10−3
	1.35
	10−3



	4
	2
	1.85
	10−2
	2.57
	10−3



	5
	2
	5.44
	10−4
	−5.06
	10−4



	6
	2
	1.44
	10−2
	4.19
	10−4



	7
	2
	3.27
	10−4
	−7.18
	10−4



	8
	2
	1.87
	10−2
	8.46
	10−4



	3
	3
	5.73
	10−3
	−8.73
	10−3



	4
	3
	−7.79
	10−3
	2.76
	10−4



	5
	3
	1.79
	10−3
	1.24
	10−3



	6
	3
	2.03
	10−3
	−4.67
	10−4



	7
	3
	−7.46
	10−4
	1.33
	10−3



	8
	3
	1.36
	10−3
	4.57
	10−4



	4
	4
	8.14
	10−3
	−4.49
	10−3



	5
	4
	1.28
	10−3
	2.63
	10−3



	6
	4
	4.67
	10−3
	9.56
	10−4



	7
	4
	1.18
	10−3
	8.38
	10−4



	8
	4
	1.64
	10−3
	−2.54
	10−5



	5
	5
	−1.36
	10−3
	1.82
	10−4



	6
	5
	−3.34
	10−3
	−1.10
	10−4



	7
	5
	4.56
	10−4
	2.08
	10−3



	8
	5
	6.25
	10−4
	−7.29
	10−4



	6
	6
	1.51
	10−3
	−2.83
	10−3



	7
	6
	7.06
	10−4
	1.60
	10−3



	8
	6
	1.50
	10−3
	4.24
	10−5



	7
	7
	−2.66
	10−3
	1.58
	10−3



	8
	7
	−1.31
	10−3
	−1.04
	10−4



	8
	8
	7.95
	10−4
	−5.25
	10−4
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