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CHEOPS observations confirm nodal precession in the WASP-33 system
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Abstract

Aims. We aim to observe the transits and occultations of WASP-33 b, which orbits a rapidly rotating δ Scuti pulsator, with the goal of measuring the orbital obliquity via the gravity-darkening effect, and constraining the geometric albedo via the occultation depth.

Methods. We observed four transits and four occultations with CHEOPS, and employ a variety of techniques to remove the effects of the stellar pulsations from the light curves, as well as the usual CHEOPS systematic effects. We also performed a comprehensive analysis of low-resolution spectral and Gaia data to re-determine the stellar properties of WASP-33.

Results. We measure an orbital obliquity 111.3−0.7+0.2 degrees, which is consistent with previous measurements made via Doppler tomography. We also measure the planetary impact parameter, and confirm that this parameter is undergoing rapid secular evolution as a result of nodal precession of the planetary orbit. This precession allows us to determine the second-order fluid Love number of the star, which we find agrees well with the predictions of theoretical stellar models. We are unable to robustly measure a unique value of the occultation depth, and emphasise the need for long-baseline observations to better measure the pulsation periods.

Key words: planets and satellites: dynamical evolution and stability / planets and satellites: fundamental parameters / planets and satellites: gaseous planets / planets and satellites: individual: WASP-33 b / stars: oscillations – stars: individual: WASP-33


1 Introduction
WASP-33 is a bright, rapidly rotating A-type star, known to host a hot Jupiter in a 1.22-d orbit (Collier Cameron et al. 2010). The star exhibits non-radial pulsations of the δ Sct / γ Dor type (Herrero et al. 2011; Kálmán et al. 2022). The planet, by virtue of its short orbital period and early-type host star, is one of the hottest-known hot Jupiters (Smith et al. 2011), and has therefore been very well studied, particularly through observations to characterise its atmosphere (e.g. Deming et al. 2012; von Essen et al. 2015; Cont et al. 2022).
The rapid rotation of the host star has a significant impact on the type of observations of the system that can be conducted. With v sin i★ = 86 km s−1 (Collier Cameron et al. 2010), extreme line-broadening makes precise radial velocity measurements impossible, but Lehmann et al. (2015) were able to use 248 spectra to derive low-precision radial velocities, sufficient to measure the planetary mass as 2.1 ± 0.2 MJup. The rapid rotation does, however, enable measurement of the stellar obliquity (spin-orbit angle) via Doppler tomography (DT) (Collier Cameron et al. 2010).
In the decade or so since the discovery, and first DT measurement of WASP-33 b, several further measurements have been made with a variety of spectrographs. These observations enabled the detection (Johnson et al. 2015) and detailed characterisation (Watanabe et al. 2022) of nodal precession in the WASP-33 system. This is only the second such planetary detection, after that of Kepler-13A b (Szabó et al. 2012). Two more planets, KELT-9 b and TOI-1518 b were recently added to this exclusive list by Stephan et al. (2022) and Watanabe et al. (2024), respectively. All of these planets are hosted by fast-rotating stars, in orbits significantly misaligned with the stellar rotation. Rapid rotation leads to oblateness, and the more oblate a star, the larger the gravitational quadrupole moment (e.g. Dicke 1970), and hence the faster the precession. The misalignment of the planetary orbit doesn’t increase the rate of precession, but does act to increase the observed rate of change of parameters such as the transit impact parameter (e.g. Watanabe et al. 2022).
The nodal precession of WASP-33 b results in secular variations of the orbital parameters. This is manifested observationally, in particular as a sinusoidal evolution of the impact parameter, b, with a period equal to the precession period, determined by Watanabe et al. (2022) to be around 700 yr. WASP-33 b is only expected to exhibit transits (as seen from Earth) for around 20 per cent of this time. Other parameters, such as the sky-projected stellar obliquity, λ, also vary on the same timescale, but this variation is slower with respect to the measurement precision than for b. DT measurements lead to very precise measurements of b that allow the nodal precession to be detected and characterised.
Another effect exhibited by WASP-33 is gravity darkening, which is a direct result of the stellar oblateness induced by the rapid rotation. The reduced surface gravity at the stellar equator results in a dark belt in the equatorial region. For planets orbiting in a plane misaligned with the stellar equator, this results in transit light curves with an asymmetric shape (Barnes 2009). This phenomenon was also first observed in Kepler-13 (Szabó et al. 2012), and subsequently in several other systems (Ahlers et al. 2014, 2015, 2020). Observing gravity-darkened transits has the potential not only to measure the obliquity from the light curve shape, but also the stellar inclination with respect to the line-of-sight, i★ . Table 1 lists previously published obliquity and impact parameter measurements for WASP-33 b, from both DT measurements and gravity-darkened photometry.
CHEOPS (CHaracterising ExOPlanet Satellite) has observed several systems which exhibit gravity-darkened transits, and the precision of its photometry has enabled constraints on both their obliquities and stellar inclinations (Lendl et al. 2020; Hooton et al. 2022; Singh et al. 2024). These previous observations are summarised in Table 2. CHEOPS has also observed the occultations of several hot Jupiters, allowing constraints to be placed on their geometric albedos (e.g. Parviainen et al. 2022; Krenn et al. 2023; Pagano et al. 2024). Motivated by observations like these, we observed both transits and occultations of WASP-33 b, with the goal of measuring the stellar obliquity via gravity darkening, and the albedo via occultations. In Section 2 we describe the new CHEOPS observations of WASP-33, in Section 3 we re-determine the stellar parameters of WASP-33, and in Section 4 we discuss our treatment of the stellar pulsations. In Sections 5 and 6 we describe our fits to the transits and occultations, respectively. We present our results in Section 7 and in Section 8 we discuss our results and conclude.
Table 1 
Stellar obliquity and transit impact parameter measurements for WASP-33 b.

Table 2 
Previously published observations of gravity-darkened transits with CHEOPS.

Table 3 
Log of CHEOPS observations of WASP-33.

Table 4 
Stellar parameters for WASP-33.

2 CHEOPS observations
We observed four transits and four occultations of WASP-33 b with ESA’s CHEOPS (Benz et al. 2021; Fortier et al. 2024), as part of the CHEOPS consortium’s Guaranteed Time Observera-tions (GTO) programme. The observing log for these CHEOPS measurements can be found in Table 3. Each ‘visit’ (transit or occultation observation) lasted for 6–12 hours, covering the full eclipse plus some out-of-eclipse baseline before and afterwards, and comprised a series of exposures, each of 19 s duration. There are gaps in the observations for Earth occultation, stray light, and South Atlantic Anomaly crossings, caused by the low Earth orbit of CHEOPS. With a G-band magnitude of 8.1, WASP-33 is well-suited to observation by CHEOPS.
The data were reduced using the standard CHEOPS data reduction pipeline (DRP version 13; Hoyer et al. 2020), which performs aperture photometry. We also reduced the data with PIPE1 (PSF Imagette Photometric Extraction; Brandeker et al. 2024; Szabó et al. 2021), an independent data reduction pipeline that relies on PSF fitting. The resulting ‘raw’ light curves from each pipeline are shown in Fig. 1. In general, the PIPE light curves show a lower scatter than those from the DRP, because the ‘roll angle effect’, caused by the rotation of the spacecraft around the optical axis, is greatly reduced in the PIPE output, which is less impacted by background stars. We quantified this difference by fitting a fourth order polynomial to a single ‘chunk’ of raw data (that centred on a phase of 0.42 in visit #5) and measuring the residuals for each of the two light curves. We measured an rms of 39 ppm /hour for the DRP data, and 23 ppm /hour for the PIPE data.
3 Stellar parameters
3.1 Spectral parameters
We derived the stellar effective temperatute, T★,eff, using two spectra of WASP-33. First, we used a spectrum with R ~ 15 000, which covers the Hα line (647–671 nm), obtained with the 1.8-m telescope of the Dominion Astrophysical Observatory (DAO), Canada on 2011 September 02 (see Zwintz et al. 2013, for details on the spectral reduction and extraction procedure). The spectrum has a signal-to-noise ratio (S/N) per pixel of 118 at 660 nm. Compared to high-resolution echelle spectra, lower resolution spectra allow a better control of the normalisation of the hydrogen lines, therefore decreasing systematics. To estimate the stellar T★,eff value from the Ha line, we compared the observed spectrum with synthetic spectra calculated with SYNTH3 (Kochukhov 2007) on the basis of stellar atmosphere models computed with LLmodels (Shulyak et al. 2004). At the temperature of WASP-33, the wings of the Balmer lines are sensitive to T★,eff variations, while variations in the other parameters (e.g. log ɡ, metallicity) play a significantly lesser role (e.g. Fuhrmann et al. 1993). Fig. 2 shows a comparison of the DAO spectrum with synthetic spectra computed for T★,eff values of 7000, 7100, and 7200 K. The synthetic spectrum for 7100 K fits the observed spectrum better than the other two models. In Fig. 2, the observed line core is deeper than the models. This is a result of non-local thermodynamic equilibrium effects that are not included in the calculation of the synthetic spectra. The deep narrow lines in the observed spectrum are of telluric origin.
We also analysed a high-resolution spectrum, consisting of around 350 individual HARPS-N spectra, which has a combined S/N of ~1500. We model this spectrum with the software Spectroscopy Made Easy2 (SME; Valenti & Piskunov 1996; Piskunov & Valenti 2017) and the Atlas 12 (Kurucz 2013) atmosphere model. Based on modelling of the Hα line wings for T★,eff and the Ca I triplet at 610.2 nm, 612.2 nm, and 616.2 nm for log ɡ★, we obtain T★,eff = 7166 ± 70 K (consistent with the result from the low-resolution spectrum, above) and log ɡ★ = 4.25 ± 0.15 with a fixed iron abundance and v sin i★ of 0.1 and 90 km s−1, respectively.
	[image: thumbnail]	Fig. 1 CHEOPS photometry of WASP-33 covering the transit (left) and occultation (right) of WASP-33 b. In each case, the PIPE light curve (blue circles) is shown with a small vertical offset with respect to the DRP light curve (green triangles). Larger offsets in flux are applied between each transit/occultation for clarity. Dashed vertical lines indicate the beginning and end of each eclipse. The number to the right of each light curve corresponds to the visit number given in Table 3.



	[image: thumbnail]	Fig. 2 Observed Hα line profile (black) compared to synthetic spectra computed for T★,eff values of 7000 (blue), 7100 (red), and 7200K (green). The lower panel shows the residuals to the three fits.



3.2 Radius
To estimate the stellar radius of WASP-33 we used a MCMC modified infrared flux method (Blackwell & Shallis 1977; Schanche et al. 2020). By comparing synthetic photometry, computed from constructed spectral energy distributions (SEDs) using stellar atmospheric models (Castelli & Kurucz 2003) and our stellar spectral parameters as priors, to observed broadband photometry in the following bandpasses: Gaia G, GBP , and GRP , 2MASS J, H, and K, and WISE W1 and W2 (Skrutskie et al. 2006; Wright et al. 2010; Gaia Collaboration 2023), we derive the stellar bolometric flux. We utilised the Stefan-Boltzmann law to convert the bolometric flux to stellar effective temperature and angular diameter. Our stellar radius is computed using this angular diameter and the offset-corrected Gaia parallax (Lindegren et al. 2021).
3.3 Mass and age
We derived the stellar mass M★ and age τ★ via two different stellar evolutionary models after inputting T★,eff, [Fe/H], and R★ along with their errors. In detail, we used the isochrone placement routine (Bonfanti et al. 2015, 2016) that interpolates the set of input parameters within pre-computed grids of PARSEC3 v1.2S (Marigo et al. 2017) isochrones and tracks to compute a first pair of mass and age estimates. A second pair, instead, was derived by the CLES (Code Liégeois d’Évolution Stellaire; Scuflaire et al. 2008) code, which generates the best-fit stellar evolutionary track based on the input parameters following a Levenberg-Marquadt minimisation scheme (Salmon et al. 2021). After checking the consistency between the two respective pairs of outcomes through the χ2 -based criterion as described in Bonfanti et al. (2021), we merged (i.e. we summed) the mass and age distributions and obtained [image: equation] and [image: equation] Gyr; see Bonfanti et al. (2021) for further details. Our adopted stellar parameters are listed in Table 4.
4 Stellar pulsations
As expected, given the hybrid γ Dor/δ Sct (Kálmán et al. 2022) nature of WASP-33, the light curves exhibit pulsation-induced variability at a significant amplitude (Fig. 1). These pulsations must be accounted for when fitting the light curves, particularly the occultation light curves, where the amplitude of the pulsations is significantly larger than the occultation depth. We explored several different approaches to fitting for these pulsations, which are described below.
4.1 Measuring pulsation frequencies from the CHEOPS data
We used both PERIOD04 (Lenz & Breger 2005), which uses a fast Fourier transform, and Lomb-Scargle periodograms (LSP) as implemented in ASTROPY (Astropy Collaboration 2013, 2018, 2022) to measure the frequencies of pulsations from the CHEOPS data themselves. This approach is similar to that performed in earlier studies of the system, such as Smith et al. (2011). This method is limited by the short baseline of the CHEOPS observations, and also by the gaps in the light curves.
For the occultation data, we also tried determining the frequencies present in each individual CHEOPS visit, using both the aforementioned methods. From the LSP, for a false alarm probability of 0.1 per cent, we calculated 13, 13, 14, and 10 significant frequencies for visits 1, 3, 5, and 6, respectively.
4.2 Pulsation frequencies measured from TESS data
An alternative to measuring the pulsation frequencies directly from the CHEOPS data, is to measure the frequencies from the TESS light curves of WASP-33, which have a much longer baseline. TESS observed WASP-33 in sectors 18 (late 2019) and 58 (late 2022). The S18 data were analysed by von Essen et al. (2020), who measured 29 distinct frequencies using PERIOD04. A similar approach was employed by Kálmán et al. (2022), who also analysed the TESS S18 data, producing a list of frequencies slightly different to that of von Essen et al. (2020) (Sz. Kálmán, priv. comm.).
We performed a third measurement of the pulsation frequencies in the TESS data, by applying the prewhitening technique (Deeming 1975) to the LSP of S18 data with the dedicated software FELIX (Charpinet et al. 2010; Zong et al. 2016).
The pre-whitening technique consists of subtracting sequentially from the light curve each periodic variation spotted above a given level of S/N. That is, FELIX identifies in the LSP of the light curve the frequency, phase, and amplitude of the highest- amplitude peak, which are used as initial guesses in a subsequent nonlinear least square (NLLS) fit of a cosine wave in time domain using the Levenberg-Marquardt algorithm. The fitted wave of derived frequency, amplitude, and phase is then subtracted from the light curve. The operation was repeated as long as there was a peak above the pre-defined threshold. From the extraction of the second peak and beyond, the model is reevaluated at each step by a simultaneous fit of all the extracted peaks to reevaluate their frequency, phase, and amplitude. The S/N=1 level – the noise – is defined locally as the median of the points within a gliding window (centered on each point of the LSP) of 300 times the resolution of the data. This median is re-evaluated at each step of the pre-whitening, that is each time a peak is removed. The minimum significance that we allow for identifying a peak to remove is 4σ, that is a false alarm probability of 3.2 × 10−5 (99.99994% probability that the signal is real). This 4σ significance level can be converted into an S/N=x level. To determine the value of x, we used the approach developed in Zong et al. (2016): using the same time sampling and the same window as in the TESS light curves, we simulated 10 000 pure Gaussian white noise light curves. For a given S/N threshold we then searched for the number of times that at least one peak in the LSP of these artificial light curves (that are by construction just noise) happen to be above this threshold. We obtained the false alarm probability by dividing by the number of tests (10 000 here). We found that the threshold corresponding to a 4σ significance (false alarm probability of 3.2 × 10−5), is S/N=5.0 for TESS S18.
The LSP of WASP-33 shows a mix of orbital peaks and stellar pulsations. It is standard, as done in von Essen et al. (2020), to first remove the (primary) transits from the light curve, and then perform the frequency extraction on the LSP of the light curve without transits. We found this approach to be non-optimal, with a lot of residuals linked to the orbital signal remaining in the LSP. We then chose to perform a full frequency extraction using the prewhitening technique on the original light curve (including transits). It is then easy to identify the orbital signal (orbital frequency and its numerous harmonics, here up to 77*forb) and stellar pulsations. The original light curve is then cleaned from the stellar pulsations only, leaving a light curve containing planetary signal only. 108 peaks were extracted from the original light curve of S18 down to S/N=5.0. The frequencies, periods, amplitudes and phases of these 108 peaks, with their associated errors, are presented in Table A.1. 62 of them can be linked to the orbital signal, being equal (within the errors) to the orbital frequency and multiples of it. The 46 remaining peaks are associated to instrumental noise and stellar signal. Instrumental noise is often present in TESS data below ~10 µHz, and we believe here that all peaks below 13.645 µHz are actually of instrumental origin. The 35 remaining peaks, between 22.026 and 394.968 µHz, are associated to stellar pulsations of the δ-scuti type. We recovered here almost all of the 29 pulsations detected by von Essen et al. (2020). Four pulsation frequencies from von Essen et al. (2020) are very close to a multiple of the orbital frequency, and we listed them here as peaks of orbital origin (see last column of Table A.1).
We assume that the pulsations observed in TESS and in CHEOPS have the same frequencies, but different amplitudes, since the passbands of the two instruments differ significantly from each other, with TESS being redder than CHEOPS. Furthermore, we do not expect the phases of the pulsations to remain coherent between the epoch of the TESS observation, and our CHEOPS observations. We therefore keep the frequencies determined from TESS fixed in our analysis of the CHEOPS light curves, but fit for the amplitude and phase (or equivalently the amplitudes of a sine and cosine component) of each frequency. In other words, we fit for the Ais and Bis in this equation:
[image: equation](1)
where a total of nν pulsations are fitted. νi is the frequency of the ith pulsation signal and tj is the timestamp of the jth light curve point.
4.3 Fitting the light curve using measured pulsation frequencies
As described above, we have five different lists of pulsation frequencies: (i) those measured from the CHEOPS data using PERIOD04 and (ii) using Lomb-Scargle periodograms, as well as those measured from TESS by (iii) von Essen et al. (2020), (iv) Kálmán et al. (2022), and (v) ourselves. For each of these frequency lists, we tried fitting for the amplitudes by adding a function like Equation (1) to the light curve model in TLCM (Transit and Light Curve Modeller; Csizmadia 2020).
We also tried a simpler approach to fitting the occultation data, by fitting Equation (1) along with a simple trapezoid model in which only the depth is variable (i.e. with the total duration, durations of ingress and egress, and the phase of mid-occultation fixed). We iteratively fitted each frequency component alongside the occultation depth and subtracted each pulsation term from the light curve in turn. In both the fitting with TLCM, and this iterative method, we also tried varying the number of frequencies considered, nν .
4.4 Wavelet-only pulsation correction
Finally, we tried a method which relies on no direct measurement, or prior knowledge of, the pulsation frequencies. We relied on the wavelet method (Carter & Winn 2009) of correlated noise fitting implemented in TLCM (Csizmadia 2020; Csizmadia et al. 2023), with no special treatment for stellar pulsations. This technique was found to be valid for analysing pulsating stars by Bókon et al. (2023). In the following two sections, we describe in more detail the transit and occultation models fitted to the data, and how the resulting parameters depend on the treatment of the stellar pulsations.
5 Fitting the transit data
We fitted the CHEOPS transit data using the Transit and Light Curve Modeller (TLCM; Csizmadia 2020), which is able to model the asymmetric transits of fast-rotating, gravity-darkened stars. TLCM was previously used to fit the gravity-darkened transits of WASP-189 b (Lendl et al. 2020), KELT-20 b (Singh et al. 2024), and HD 31221 b (Kálmán et al. 2023a), as well as the TESS light curves of WASP-33 b (Kálmán et al. 2022).
We fix the gravity-darkening coefficient, β = 0.23, based on the oblateness of WASP-33; this is the same value used by Dholakia et al. (2022). We note, however, that there is some uncertainty on the appropriate value of β to use. Observational studies suggest that values of β may vary significantly from those predicted by theory, especially for stars with temperatures similar to WASP-33 (e.g. Djurašević et al. 2003).
Kálmán et al. (2022) find β = 0.58 ± 0.20 from a free fit to the TESS light curve of WASP-33, although they also present a solution with β fixed to 0.25. A full exploration of β is beyond the scope of this paper.
Initially, we fitted for the following parameters: the orbital period (Porb) the epoch of mid transit (T0), the scaled orbital semi-major axis (a/R★), the planet to star radius ratio (Rp /R★), the transit impact parameter (b), the stellar inclination angle (i★), the longitude of the ascending node (Ω★), the two limbdarkening parameters (и+ and u−)4, as well as the photometric white noise (σw) and red noise (σr) levels.
Since the data are not able to constrain well the value of λ, we also performed fits where the value of λ = Ω★ − Ωp (with Ωp = 90°) is fixed to the value determined from Doppler tomography by Watanabe et al. (2022), λ = −111.5°. This allows us to measure better the stellar inclination (from the gravity-darkening effect), as well as the transit impact parameter. We also tried fitting using a transit model that does not include the gravitydarkening effect (i.e. the list of fitted parameters above does not contain Ω★ or i★, and beyond limb-darkening the stellar disc is assumed to be uniformly bright).
We found the results of these fits to be largely insensitive to the details of the pulsation modelling used, as long as sufficient frequencies were considered. The results from the fits where the pulsations were modelled alongside residual systematics using the wavelet method (Section 4.4) are consistent with those where Equation (1) and a list of frequencies derived from the TESS data were used. When modelling the DRP light curves, we fit for the roll angle effect using a series of sine and cosine terms (see Equation (1) of Smith & Csizmadia 2022); this is not necessary when using the PIPE light curves. We therefore choose to present the results of this wavelet-only fit to the PIPE light curves, for the three cases: (i) no gravity darkened model, (ii) gravity darkening with Ω★ a free parameter5, and (iii) gravity darkening with Ω★ fixed according to the sky-projected obliquity (λ) derived from DT (Table 1). These results are shown in Table 5, and the case (iii) fit to the transit light curves is shown in Fig. 3. The posterior distribution for this fit is shown in Fig. B.1, where it can be seen that the largest correlations between parameters are the usual cases: Porb & T0 , b & a/R★ , and u+ & u−.
The resulting parameters for the three cases are all consistent with each other within 2σ, with the exception of the transit duration, where there is a 3σ difference between cases (i) and (iii), corresponding to about 5 minutes. The lower panel of Fig. 3 shows the difference between the best-fitting models for cases (i) and (iii), that is between the GD and no-GD cases. The maximum amplitude of this difference is 579 ppm, which can be compared to the amplitudes of the various signals identified in the TESS light curve (Table A.1); here the orbital harmonics range in amplitude from 34 to 2214 ppm, the instrumental systematics from 154 to 372 ppm, and the stellar pulsations have amplitudes between 49 and 775 ppm. Finally, we used the Bayesian information criterion (BIC) to compare the fits from the three cases (Table 5): the additional complexity of model (iii) is justified.
Table 5 
Parameters from transit light curve analysis, both with and without gravity darkening (GD).

6 Fitting the occultation data
6.1 Fitting
Since the orbit of WASP-33 b is well-determined, and known from previous measurements of the occultation to be circular (Deming et al. 2012), the only parameter we wish to derive from the CHEOPS occultation data is the occultation depth. However, the amplitude of the stellar pulsations is clearly much larger than the occultation depth – the occultation is not visible in the raw light curves (Fig. 1).
We fitted the occultation data using TLCM, which relies on a physically motivated model, rather than a simple light curve-based approach. We therefore fit only for the ratio of the planetary to stellar intensity (in the CHEOPS bandpass), Ip /I★, as well as the parameters needed to characterise the stellar pulsations and residual light curve noise (σr, σw). The occultation depth is also reported by TLCM, and is related to the ratio of intensities by:
[image: equation](2)
All of the methods described in Section 4 were tried when fitting the occultation data with TLCM. The resulting occultation depth values vary wildly, from zero to more than one thousand parts per million (ppm). Although these most extreme values are probably unphysical, many of our fits resulted in plausible values of the occultation depth (on the order of a few hundred ppm), and seemingly good-looking fits (see Fig. C.1 for some examples). However, these values are inconsistent with each other, and do not seem to correlate with either the number of pulsation frequencies fitted, the frequency list used, or the method of fitting (Fig. 4). After performing more than 200 unique fits to the occultation data, we were unfortunately forced to conclude that we are unable to reliably extract an occultation depth from these data.
We also tried generating synthetic light curves with similar properties to the CHEOPS occultation light curves, with the aim of injecting and recovering an occulation signal. We find that we are unable to reliably recover the injected occultation depth, using some of the same techniques as described above. These tests are described in section 6.2. Our inability to reliably determine the occultation depth means that we are unable to use the CHEOPS data to place any new constraints on the geometric albedo, or other atmospheric parameters of WASP-33 b.
6.2 Injection and recovery tests
In order to further investigate the cause of our failure to extract a reliable measurement of the occultation depth from the CHEOPS data, we performed an injection and recovery test. We generated synthetic light curves of the occultation of WASP-33 b, using the timestamps from the real CHEOPS occultation data. Fluxes were generated using a simple trapezoidal model for the occultation, with δocc fixed to 500 ppm. The pulsations characterisation of von Essen et al. (2020) were used to generate an artificial pulsation signal, with the values of frequency, amplitude, and phase chosen randomly from normal distributions centred on the best-fitting values, and with standard deviation equal to the uncertainties in their Table 2. White noise was also added to the light curve, with an amplitude of 150 ppm – the same as that found in the CHEOPS light curves.
We then attempted to recover the injected occultation depth, by fitting the synthetic light curves in the same manner as some of our attempts to fit the real data (Section 6.1). The approaches we used here are fitting eight frequencies per occultation, and fitting twenty frequencies common to all occultations. For each approach, we used each of the three TESS pulsation frequencies (Section 4.2), namely the frequency lists from von Essen et al. (2020), Kálmán et al. (2022), and our own list, as well as fitting additional noise with the wavelet method. The resulting occultation depths are shown in Fig. 5 for two randomly generated synthetic light curves. We fail to reliably recover the injected 500 ppm depth, further justifying our decision not to report an occultation depth for the CHEOPS data.
	[image: thumbnail]	Fig. 3 Fit to the transit data. Upper panel: Phase-folded transit light curve (blue points), overplotted with the best-fitting model with fixed Ω★, corresponding to case (iii) of Table 5 (green curve). Middle panel: Residuals to the fit shown in the upper panel. Lower panel: The difference between the best-fitting model shown in the upper panel, and the best-fitting model from case (i), where the gravity-darkening phenomenon is not included in the fit.



7 Results
7.1 Transit fit
Our fits to the transit light curves reveal a clear asymmetry caused by gravity darkening (Fig. 3). Fitting freely for the gravity-darkening parameters results in poorly constrained values of the stellar obliquity and inclination. Fixing the obliquity to the DT value results in a better-constrained value of the stellar inclination i★ = 100.5 ± 8.4 degrees. This value is consistent with those of Watanabe et al. (2020) and Borsa et al. (2021), who also determine i★ to be slightly larger than 90°, but inconsistent with the values determined by Watanabe et al. (2022); Dholakia et al. (2022); Kálmán et al. (2022) who all find that i★ is less than 90°. These results are largely insensitive to our choice of pulsation treatment.
There are degeneracies between the angles deduced from gravity darkening. Specifically, transit photometry is unable to distinguish between the following four scenarios (Ahlers et al. 2014):

	° i★, λ


	° i★, 180° − λ


	° 180° − i★, λ


	° 180° − i★, λ + 180°.




When we fit for i★ and Ω★ giving a 180° range for the former, and a 360° range for the latter, we see all four of the above scenarios represented in the posterior distribution resulting from the TLCM fit (Fig. 6). We used a K-means clustering technique (Hartigan & Wong 1979), as implemented in the built-in function of the R language, to divide the posterior values into four clusters (Fig. 6). Although the assignation of posterior values to the four clusters may not be perfect, we note that the results of a fit where i★ and Ω★ were constrained to a single quadrant of the parameter space shown in Fig. 6 (90° < i★ < 180° and 180° < Ω★ < 360°) are virtually identical to the results of the corresponding cluster. The results for case (ii) presented in Table 5 are from the fit where i★ and Ω★ are constrained in this way. We also used a twodimensional kernel density estimation method (implemented in R; Venables & Ripley 2002) to calculate contours representing the density of the posterior distribution. These contours are shown for 30 levels of density in Fig. 6.
To test whether four clusters are justified, we computed the silhouette statistic (Rousseeuw 1987) for three, four, and five clusters. We used the python package scikit-learn (Pedregosa et al. 2011) to do this, and found that for three clusters, the value is 0.56, for four clusters 0.56, and for five clusters it is 0.46. The corresponding silhouette plots are shown in Appendix D (Fig. D.1). These values offer clear evidence against five clusters, but we are unable to choose between three and four clusters using this statistic alone. Nevertheless, we use the geometric argument outlined above, and the fact that the contours indicate that there are four clear local maxima in the density of points in the Ω★−i★ plane of the posterior distribution (Fig. 6), as justifications for our choice of four clusters.
Using the posteriors of our fits, we can compute the true obliquity, ψ, using (Fabrycky & Winn 2009),
[image: equation](3)
For our free fit, we find [image: equation] deg and when we fix λ, [image: equation], both of which are close to previous determinations, but discrepant at the 2 − 3σ level with Watanabe et al. 2022 who found [image: equation], because our i★ values are inconsistent. Using our values of i★ and R★ , and v sin i★ = 86.0 ± 0.5 km s−1 (Collier Cameron et al. 2010), we calculate P★,rot = 0.94 ± 0.03 d. Alternatively, using the i★ value of Watanabe et al. (2022), we obtain P★,rot = 0.81 ± 0.04 d.
	[image: thumbnail]	Fig. 4 Comparison of fitted occultation depths resulting from different approaches to fitting the pulsations. The different colours and symbols correspond to different input lists of pulsation frequencies (see key top right, that applies to all sub panels). (A) Different amplitudes were fitted (using TLCM) for each of the four occultations, and residual red noise was fitted with the wavelet method. (B) As (A), but without the wavelets. (C) A common set of amplitudes was fitted (using TLCM) to all the occultations, with wavelets (solid symbols) and without wavelets (open symbols). (D) Here, pulsation signals were fitted and subtracted iteratively, using a simple code, with solid symbols representing a common set of frequencies across all occultations, and open symbols representing unique frequencies for each occultation. In the upper three panels, points are slightly shifted horizontally for readability. The abscissa has different scales in panels A&B and C&D.



	[image: thumbnail]	Fig. 5 Fitted occultation depth for two of the synthetic light curves described in Section 6.2. We fitted for the pulsations using two approaches: eight frequencies per occultation (left) and twenty frequencies common across all occulations (right). Three different frequency lists were used: from von Essen et al. (2020), Kálmán et al. (2022), and this work (Section 4.2). Open and closed symbols refer to the two different randomly generated light curves. The injected occultation depth of 500 ppm is indicated with a dashed red line.



	[image: thumbnail]	Fig. 6 Posterior distribution of Ω★ (equivalently λ) and i★, for a fit with fitting ranges 0° < i★ < 180° and 0° < Ω★ < 360°. A clustering analysis was performed on the posterior, dividing it into four groups, indicated with different colours. The median and 1σ uncertainties of each group are shown with the open circles and error bars. The red circle is the ‘correct’ solution. Contours indicating the density of the posterior space are shown with magenta lines.



Table 6 
Fitted times of mid-transit for individual transits of WASP-33 b, and the deviations (O–C) from the ephemeris presented in Ivshina & Winn (2022) [I&W 2022].

	[image: thumbnail]	Fig. 7 Transit timings compared to a linear ephemeris. The archival points collated by Ivshina & Winn (2022) are shown with blue squares, relative to their linear ephemeris. The timing of our CHEOPS transits are indicated with red circles.



7.2 Transit timing and updated ephemeris
We also fitted each transit separately to derive the times of each mid-transit. For these fits, we fixed all transit parameters except T0 to the values obtained in our fit with λ fixed (case (iii) of Table 5). A similar approach was adopted by Harre et al. (2023), who derived transit times for several systems observed by CHEOPS in order to search for TTVs caused by tidal orbital decay.
The fitted mid-transit times have a mean uncertainty of around 3.5 minutes, and are listed in Table 6. In Fig. 7, we plot our transit times alongside those collated and published by Ivshina & Winn (2022), which were originally published by Collier Cameron et al. (2010); von Essen et al. (2015); Johnson et al. (2015); Zhang et al. (2018); Maciejewski et al. (2018). The mid-transit times are compared to the ephemeris published by Ivshina & Winn (2022)6. Our CHEOPS timings have relatively large uncertainties, probably as a result of the data gaps resulting from low-Earth orbit. We also suggest that many of the literature timings have underestimated uncertainties (probably as a result of how the pulsation noise is dealt with). For instance, Kálmán et al. (2023b) found that in the presence of unaccounted for red noise, timing uncertainties can easily be underestimated. The transit timings show no evidence for deviation from a linear ephemeris.
Using the transit timings shown in Fig. 7, we refit for the ephemeris using a simple least squares approach. This yields an ephemeris that is only slightly different to that of Ivshina & Winn (2022), and compatible to within 1σ. The updated ephemeris is Porb = 1.21987089 ± 0.00000019 d, T0 = 2456217.48712 ± 0.00019 (BJDTDB). This ephemeris predicts transit times with a 1σ uncertainty less than 90 s for the rest of this decade, and less than 150 s for the entirety of the 2030s.
	[image: thumbnail]	Fig. 8 Impact parameter as a function of time. Doppler tomographic measurements (from Watanabe et al. 2022) are shown in dark blue, previously published photometric measurements are shown in green, with the two at the same epoch taken from Dholakia et al. (2022) (light green) and Kálmán et al. (2022) (dark green). Our CHEOPS measurements are shown in dark red, with the result from the fit to all four transits indicated by a square, and the fits to each pair of transits by circles. The epochs of our four CHEOPS transits are shown with short red vertical lines just above the abscissa. The solid black line is the nodal precession model presented in Watanabe et al. (2022).



7.3 Nodal precession
As discussed in Section 1, nodal precession has previously been detected for WASP-33, with the most recent and comprehensive analysis of this phenomenon published by Watanabe et al. (2022). In Fig. 8 we plot the impact parameter derived from our fit to the CHEOPS transits alongside previous such measurements from the literature (Table 1). We include the data plotted in Fig. 6 of Watanabe et al. (2022), namely the eight measurements of b from Doppler tomography, as well as the transit measurements from the MuSCAT and MuSCAT2 instruments. We also include the TESS fits from Dholakia et al. (2022) and Kálmán et al. (2022), for which we plot the result for their fit with λ fixed. We note that transit light curve fits are not able to distinguish between + b and −b7, but we plot these points with negative b, since that is what is expected at these epochs from the DT results. We note that one of these TESS points appears to be a slight outlier (~2σ), and suggest that this may be the result of the well- known degeneracy between a/R★ and b (and perhaps also the gravity-darkening parameters). One of the DT points is similarly discrepant from the model, but with a much smaller error bar, it is less noticeable.
Because the four CHEOPS transits are spread over more than 400 d, we also performed two additional fits, fitting only the first two transits (which are separated by only 13 d) and only the last two transits (separation: 61 d). The fits were otherwise identical to the λ-fixed fit described in Section 5 The results of these two fits are entirely consistent with that fit, as can be seen in Fig. 8. The value of b measured from the CHEOPS light curves is also consistent with the nodal precession model of Watanabe et al. (2022). The CHEOPS measurements is, however, much less precise than the Doppler tomography measurements. For this reason, we opt not to refit these measurements with a nodal precession model, but simply to show the model fit from Watanabe et al. (2022) (solid line, Fig. 8). This model has a precession rate, [image: equation], resulting in a stellar gravitational quadrupole moment, [image: equation] (Watanabe et al. 2022).
7.4 Stellar Love number
Combining the aforementioned J2 value with the P⋆,rot we derived in Section 7.1, we can calculate the second-order fluid Love number of WASP-33, k2,★ , following Equation (3) of Ragozzine & Wolf (2009),
[image: equation](4)
where [image: equation] is the break-up angular velocity, and Ωrot = 2π/P★,rot. We obtain k2,★ = 0.0099 ± 0.0012 using our i★ value, and k2,★ = 0.0074 ± 0.0011 using the i★ value of Watanabe et al. (2022). These can be compared to the theoretical values computed by Claret (2023), noting that the values there must be multiplied by two to give the same quantity as the k2,★ we calculate above (Csizmadia et al. 2019). In Fig. 9 we show theoretical values of k2,★ as a function of stellar age for M★ = 1.6 M⊙. Both of our estimates of k2,★ are in good agreement with theory, although given that [Fe/H] = 0.1 ± 0.1, the lower estimate of k2,★ appears to be in better agreement, particularly if WASP-33 is at the older end of our age estimate ([image: equation]).
8 Discussion and conclusions
We have confirmed photometrically that the transit impact parameter (b) of WASP-33 b is undergoing secular evolution, at a rate that is consistent with the nodal precession model presented by Watanabe et al. (2022). Although the photometric measurements of b are significantly less precise than those arising from Doppler tomographic fits to transit spectroscopy, our work does demonstrate that such precession can be detected from photometry alone. This has implications for ESA’s upcoming PLATO mission (Rauer et al. 2014, 2024), where nodal precession may be detected in several WASP-33-like systems. PLATO’s uninterrupted photometric coverage of a large number of bright stars will be unparalleled, allowing secular evolution to be detected in real time.
The long baselines and short cadences of PLATO will also allow the stellar pulsations of stars like WASP-33 to be much better characterised. Pulsation characterisation was the limiting factor in our analysis of the CHEOPS light curves. Although we were able to remove the pulsation signals sufficiently well to model the transits, the same cannot be said of our attempts to fit the occultation data. Our sections of out-of-eclipse photometry were just too short (just a few hours) to be able to well characterise the complex spectrum of stellar pulsations at the epoch and in the wavelength band of the eclipses. Using photometry from a different epoch, and passband (i.e. TESS) is far from ideal.
We have also characterised the stellar pulsations of WASP-33 from the TESS data, a list of which can be found in Appendix A. Furthermore, the stellar parameters of WASP-33 were redetermined (Section 3), taking into account Gaia data, allowing the most precise and accurate determination of R⋆ and Rp for this system to date. We determine the stellar radius and mass to be 1.623 ± 0.036 R⊙ and [image: equation], respectively. When combined with the results of our transit fit, we find the planetary radius to be 1.689 ± 0.039 RJup.
	[image: thumbnail]	Fig. 9 Second-order fluid Love number (k2,★) of WASP-33 as a function of stellar age. Our two calculated values of k2,★ are indicated with dotted red and blue lines, and their 1σ confidence intervals with the shaded red and blue areas. Theoretical k2,★ values from Claret (2023) are shown for three different metallicities. In each case the solid curve is for the non-rotating case, and the dashed curve includes a correction factor for the stellar rotation (see Claret 1999). Both k2,★ estimates are in good agreement with the theoretical expectations, although given that [Fe/H] is probably slightly supersolar, the lower estimate of k2,★ (corresponding to the i★ value of Watanabe et al. 2022) is in slightly better agreement.
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Appendix A  List of pulsation frequencies detected in the TESS data
Table A.1 
Frequency, period, amplitude, and phase (and associated errors) of the 108 peaks extracted from the LSP of the S18 TESS data, sorted by instrumental, orbital and pulsation origin. The fn are ranked by decreasing amplitudes. The Fn denotes the von Essen et al. (2020) identified stellar pulsations.


Appendix B  Transit fit correlations
	[image: thumbnail]	Fig. B.1 Posterior distribution from the case (iii) transit fit (See Section 5).




Appendix C  Example occultation fits
	[image: thumbnail]	Fig. C.1 Examples of some of our fits to the CHEOPS occultation data, showing a range of occultation depths. In each panel, the grey points represent the unbinned data with the pulsation signal subtracted, the larger, dark blue points are binned to 0.01 in orbital phase (about 17.6 minutes), and the green line is our best-fitting model for this particular treatment of the pulsations. A) three frequencies (from (Kálmán et al. 2022)) per occultation. B) 10 frequencies (from (von Essen et al. 2020)) fitted in common to all four occultations. C) as (B), but for 20 frequencies. D) 15 frequencies from this work (Section 4.2).




Appendix D  Silhouette plots for clustering analysis
	[image: thumbnail]	Fig. D.1 Silhouette plots for our cluster analysis of the posterior distribution of Ω★ and i★. Silhouette plots are shown (from top to bottom) for three, four, and five clusters. In each case, the silhouette coefficients are plotted in the left panel, where the silhouette statistic is indicated with a dashed red line. The clusters are shown in λ − i★ space in the right panels, using the same colour coding as in the corresponding left-hand panel. For more details, see Section 7.1.
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1 https://github.com/alphapsa/PIPE


2 http://www.stsci.edu/~valenti/sme.html


3 PAdova & TRieste Stellar Evolutionary Code: http://stev.oapd.inaf.it/cgi-bin/cmd


4 Here, и+ = ua + ub and и− = ua − ub, where ua and ub are the linear and quadratic coefficients respectively, of the quadratic limb-darkening law. This formulation is designed to minimise correlations between the coefficients (Csizmadia 2020).


5 Because of the four-way degeneracy of i★ and Ω★ (see Section 7.1 for a detailed discussion of this), we place the following limits on Ω★ and i★ for case (ii): 90° < i★ < 180° and 180° < Ω★ < 360°.


6 Porb = 1.21987070 ± 0.00000038 d, T0 = 2456217.48738 ± 0.00039 (BJDTDB).


7 I.e. between a transit occurring across the northern half of the stellar disc, and one occurring across the southern half.
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	[image: thumbnail]	Fig. 1 CHEOPS photometry of WASP-33 covering the transit (left) and occultation (right) of WASP-33 b. In each case, the PIPE light curve (blue circles) is shown with a small vertical offset with respect to the DRP light curve (green triangles). Larger offsets in flux are applied between each transit/occultation for clarity. Dashed vertical lines indicate the beginning and end of each eclipse. The number to the right of each light curve corresponds to the visit number given in Table 3.
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	[image: thumbnail]	Fig. 2 Observed Hα line profile (black) compared to synthetic spectra computed for T★,eff values of 7000 (blue), 7100 (red), and 7200K (green). The lower panel shows the residuals to the three fits.
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	[image: thumbnail]	Fig. 3 Fit to the transit data. Upper panel: Phase-folded transit light curve (blue points), overplotted with the best-fitting model with fixed Ω★, corresponding to case (iii) of Table 5 (green curve). Middle panel: Residuals to the fit shown in the upper panel. Lower panel: The difference between the best-fitting model shown in the upper panel, and the best-fitting model from case (i), where the gravity-darkening phenomenon is not included in the fit.
In the text



	[image: thumbnail]	Fig. 4 Comparison of fitted occultation depths resulting from different approaches to fitting the pulsations. The different colours and symbols correspond to different input lists of pulsation frequencies (see key top right, that applies to all sub panels). (A) Different amplitudes were fitted (using TLCM) for each of the four occultations, and residual red noise was fitted with the wavelet method. (B) As (A), but without the wavelets. (C) A common set of amplitudes was fitted (using TLCM) to all the occultations, with wavelets (solid symbols) and without wavelets (open symbols). (D) Here, pulsation signals were fitted and subtracted iteratively, using a simple code, with solid symbols representing a common set of frequencies across all occultations, and open symbols representing unique frequencies for each occultation. In the upper three panels, points are slightly shifted horizontally for readability. The abscissa has different scales in panels A&B and C&D.
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	[image: thumbnail]	Fig. 5 Fitted occultation depth for two of the synthetic light curves described in Section 6.2. We fitted for the pulsations using two approaches: eight frequencies per occultation (left) and twenty frequencies common across all occulations (right). Three different frequency lists were used: from von Essen et al. (2020), Kálmán et al. (2022), and this work (Section 4.2). Open and closed symbols refer to the two different randomly generated light curves. The injected occultation depth of 500 ppm is indicated with a dashed red line.
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	[image: thumbnail]	Fig. 6 Posterior distribution of Ω★ (equivalently λ) and i★, for a fit with fitting ranges 0° < i★ < 180° and 0° < Ω★ < 360°. A clustering analysis was performed on the posterior, dividing it into four groups, indicated with different colours. The median and 1σ uncertainties of each group are shown with the open circles and error bars. The red circle is the ‘correct’ solution. Contours indicating the density of the posterior space are shown with magenta lines.
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	[image: thumbnail]	Fig. 7 Transit timings compared to a linear ephemeris. The archival points collated by Ivshina & Winn (2022) are shown with blue squares, relative to their linear ephemeris. The timing of our CHEOPS transits are indicated with red circles.
In the text



	[image: thumbnail]	Fig. 8 Impact parameter as a function of time. Doppler tomographic measurements (from Watanabe et al. 2022) are shown in dark blue, previously published photometric measurements are shown in green, with the two at the same epoch taken from Dholakia et al. (2022) (light green) and Kálmán et al. (2022) (dark green). Our CHEOPS measurements are shown in dark red, with the result from the fit to all four transits indicated by a square, and the fits to each pair of transits by circles. The epochs of our four CHEOPS transits are shown with short red vertical lines just above the abscissa. The solid black line is the nodal precession model presented in Watanabe et al. (2022).
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	[image: thumbnail]	Fig. 9 Second-order fluid Love number (k2,★) of WASP-33 as a function of stellar age. Our two calculated values of k2,★ are indicated with dotted red and blue lines, and their 1σ confidence intervals with the shaded red and blue areas. Theoretical k2,★ values from Claret (2023) are shown for three different metallicities. In each case the solid curve is for the non-rotating case, and the dashed curve includes a correction factor for the stellar rotation (see Claret 1999). Both k2,★ estimates are in good agreement with the theoretical expectations, although given that [Fe/H] is probably slightly supersolar, the lower estimate of k2,★ (corresponding to the i★ value of Watanabe et al. 2022) is in slightly better agreement.
In the text



	[image: thumbnail]	Fig. B.1 Posterior distribution from the case (iii) transit fit (See Section 5).
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	[image: thumbnail]	Fig. C.1 Examples of some of our fits to the CHEOPS occultation data, showing a range of occultation depths. In each panel, the grey points represent the unbinned data with the pulsation signal subtracted, the larger, dark blue points are binned to 0.01 in orbital phase (about 17.6 minutes), and the green line is our best-fitting model for this particular treatment of the pulsations. A) three frequencies (from (Kálmán et al. 2022)) per occultation. B) 10 frequencies (from (von Essen et al. 2020)) fitted in common to all four occultations. C) as (B), but for 20 frequencies. D) 15 frequencies from this work (Section 4.2).
In the text



	[image: thumbnail]	Fig. D.1 Silhouette plots for our cluster analysis of the posterior distribution of Ω★ and i★. Silhouette plots are shown (from top to bottom) for three, four, and five clusters. In each case, the silhouette coefficients are plotted in the left panel, where the silhouette statistic is indicated with a dashed red line. The clusters are shown in λ − i★ space in the right panels, using the same colour coding as in the corresponding left-hand panel. For more details, see Section 7.1.
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      Table 1 

      Stellar obliquity and transit impact parameter measurements for WASP-33 b.

      
        


	Epoch (BJDTDB-2450000)
	Instrument
	λ (deg)
	Impact parameter
	Original reference
	Re-analysis reference





	4758.52
	TLS
	−108.8 ± 1.0
	0.218 ± 0.008
	Collier Cameron et al. (2010)
	



	4782.92
	McD
	[image: equation]
	[image: equation]
	Collier Cameron et al. (2010)
	Watanabe et al. (2022)



	5173.28
	NOT
	−108.4 ± 0.7
	0.203 ± 0.007
	Collier Cameron et al. (2010)
	



	5853.97
	Subaru
	−113.96 ± 0.3
	0.1578 ± 0.0027
	Watanabe et al. (2020)
	Watanabe et al. (2022)



	6934.77
	McD
	−113.00 ± 0.37
	0.0845 ± 0.0031
	Johnson et al. (2015)
	Watanabe et al. (2022)



	7660.59
	HARPS-N
	−111.39 ± 0.23
	0.0413 ± 0.0019
	Borsa et al. (2021)
	Watanabe et al. (2022)



	7733.79
	McD
	[image: equation]
	0.0432 ± 0.0039
	Watanabe et al. (2022)
	



	8063.15
	*OAC/MuSCAT
	—
	|b| < 0.132
	Watanabe et al. (2022)
	



	8131.46
	HARPS-N
	−111.46 ± 0.28
	[image: equation]
	Borsa et al. (2021)
	Watanabe et al. (2022)



	8403.49
	*TCS/MuSCAT2
	–
	|b| < 0.067
	Watanabe et al. (2022)
	



	8486.45
	HARPS-N
	−111.64 ± 0.28
	[image: equation]
	Borsa et al. (2021)
	Watanabe et al. (2022)



	8804.83
	PEPSI
	[image: equation]
	–
	Cauley et al. (2021)
	



	8845.09
	OAC/HIDES
	[image: equation]
	[image: equation]
	Watanabe et al. (2022)
	



	8792.63
	*TESS
	−94.9 ± 21.4
	0.177 ± 0.039
	Kálmán et al. (2022)
	



	8792.63
	*TESS
	[image: equation]
	−0.12 ± 0.08
	Dholakia et al. (2022)
	





      

      
Notes. Original reference refers to the paper where the data were first published. Values are taken from the paper listed under ‘Re-analysis reference’ where available. All measurements are made by Doppler tomography, except those marked by a * in the ‘Instrument’ column, which are photometric. Instrument abbreviations are as follows: TLS: the Coudé Échelle spectrograph on the 2-m Alfred Jensch telescope at the Thüringer Landessternwarte Tautenburg. McD: the Tull spectrograph on the 2.7-m Harlan J. Smith Telescope at McDonald Observatory, Texas. NOT: the FIES spectrograph on the 2.6-m Nordic Optical Telscope, La Palma. HARPS-N: the HARPS-N spectrograph on the 3.6-m Telescopio Nazionale Galileo, La Palma. OAC/MuSCAT: the Multicolor Simultaneous Camera for studying Atmospheres of Transiting exoplanets (MuSCAT) at the Okayama Astro Complex (OAC), Japan. TCS/MuSCAT2: MuSCAT2 at the Telescopio Carlos Sánchez, Tenerife. PEPSI: Potsdam Échelle Polarimetric and Spectroscopic Instrument on the 8.4-m Large Binocular Telescope, Arizona. OAC/HIDES: the HIgh Dispersion Échelle Spectrograph at the OAC. TESS: the Transiting Exoplanet Survey Satellite.




    

  
    
      Table 2 

      Previously published observations of gravity-darkened transits with CHEOPS.

      
        


	Planet
	G mag
	ntr
	Resid. RMS (ppm/h)
	λ (deg)
	i★ (deg)
	DT prior on λ?
	Reference





	WASP-189 b
	6.57
	2
	10–17
	[image: equation]
	[image: equation]
	N
	Lendl et al. (2020)



	MASCARA-1 b
	8.25
	2
	≈40
	−54 ± 26
	[image: equation]
	N
	Hooton et al. (2022)



	KELT-20 b
	7.59
	5
	≈22
	3.9 ± 1.1
	[image: equation]
	Y
	Singh et al. (2024)





      

      
Notes. RMS of the residuals to the best fit estimated from the per-point RMS reported for MASCARA-1, and the median absolute deviation reported for KELT-20.




    

  
    
      Table 3 

      Log of CHEOPS observations of WASP-33.

      
        


	Visit #
	Eclipse type
	Start date (UTC)
	Duration (h)
	No. of data points
	File key
	Efficiency (%)





	1
	Occultation
	2020 Oct. 21 21:38
	5.9
	377
	CH_PR100016_TG007901_V0200
	67.2



	2
	Transit
	2020 Nov. 13 10:45
	8.1
	455
	CH_PR110047_TG000301_V0200
	58.9



	3
	Occultation
	2020 Nov. 18 22:47
	7.0
	409
	CH_PR100016_TG007902_V0200
	61.7



	4
	Transit
	2020 Nov. 26 21:27
	7.5
	439
	CH_PR110047_TG000302_V0200
	61.4



	5
	Occultation
	2020 Dec. 19 10:44
	6.9
	373
	CH_PR100016_TG007903_V0200
	57.3



	6
	Occultation
	2020 Dec. 24 08:55
	5.8
	345
	CH_PR100016_TG007904_V0200
	62.6



	7
	Transit
	2021 Oct. 26 23:42
	11.7
	662
	CH_PR110047_TG001101_V0200
	59.6



	8
	Transit
	2021 Dec. 27 00:50
	11.7
	586
	CH_PR110047_TG001102_V0200
	54.9





      

      
Notes. The file keys are unique identifiers for each visit. The visit efficiency is the fraction of each visit for which data was collected.




    

  
    
      Table 4 

      Stellar parameters for WASP-33.

      
        


	Parameter
	Value
	Source





	G
	8.0833 ± 0.0004
	Gaia DR3



	GBP
	8.2089 ± 0.0014
	Gaia DR3



	GRP
	7.8368 ± 0.0008
	Gaia DR3



	J
	7.581 ± 0.021
	2MASS



	H
	7.516 ± 0.024
	2MASS



	K
	7.468 ± 0.024
	2MASS



	W1
	7.471
	WISE



	W2
	7.460
	WISE



	ϖ (mas)
	8.2238 ± 0.0327
	Gaia DR3



	




	T★,eff (K)
	7166 ± 70
	Spectroscopy (Section 3.1)



	log ɡ★ (cgs)
	4.25 ± 0.15
	Spectroscopy (Section 3.1)



	R★ (R⊙)
	1.623 ± 0.036
	IRFM (Section 3.2)



	M★ (M⊙)
	[image: equation]
	Isochrones (Section 3.3)



	τ★ (Gyr)
	[image: equation]
	Isochrones (Section 3.3)





      

      
Notes. Gaia DR3: Gaia Collaboration (2023). 2MASS: Skrutskie et al. (2006). WISE: Wright et al. (2010).




    

  
    
      Fig. 1 

      
        [image: thumbnail]
      

      
        CHEOPS photometry of WASP-33 covering the transit (left) and occultation (right) of WASP-33 b. In each case, the PIPE light curve (blue circles) is shown with a small vertical offset with respect to the DRP light curve (green triangles). Larger offsets in flux are applied between each transit/occultation for clarity. Dashed vertical lines indicate the beginning and end of each eclipse. The number to the right of each light curve corresponds to the visit number given in Table 3.

      

    

  
    
      Fig. 2 

      
        [image: thumbnail]
      

      
        Observed Hα line profile (black) compared to synthetic spectra computed for T★,eff values of 7000 (blue), 7100 (red), and 7200K (green). The lower panel shows the residuals to the three fits.

      

    

  
    
      Table 5 

      Parameters from transit light curve analysis, both with and without gravity darkening (GD).

      
        


	Parameter
	(i) no GD
	(ii) GD λ free
	(iii) GD λ fixed





	Fitted parameters:



	




	Orbital period Porb (d)
	1.2198747 ± 0.0000012
	1.2198769 ± 0.0000011
	[image: equation]



	Transit epoch T0 (BJDTDB − 2450000)
	8792.63255 ± 0.00053
	8792.63167 ± 0.00049
	8792.63188 ± 0.00045



	Scaled semi-major axis a/R⋆
	[image: equation]
	[image: equation]
	[image: equation]



	Radius ratio Rp/R★
	0.10918 ± 0.00098
	[image: equation]
	0.10696 ± 0.00083



	Transit impact parameter b
	[image: equation]
	[image: equation]
	[image: equation]



	Limb-darkening coefficient и+
	[image: equation]
	[image: equation]
	[image: equation]



	Limb-darkening coefficient u−
	[image: equation]
	[image: equation]
	−0.26 ± 0.28



	Longitude of ascending node Ω*
	—
	[image: equation]
	201.5 (fixed)



	Stellar inclination i⋆ (deg)
	—
	[image: equation]
	100.5 ± 8.4



	White noise level σw (ppm)
	214±5
	214±5
	214±6



	Red noise level σr (ppm)
	16517 ± 227
	16468 ± 218
	16471 ±247



	Derived parameters:
	
	
	



	




	Semi-major axis a (au)
	0.02603 ± 0.00040
	0.02603 ± 0.00040
	0.02603 ± 0.00040



	Orbital inclination angle ip (degrees)
	[image: equation]
	[image: equation]
	[image: equation]



	Transit duration T14 (h)
	2.893 ± 0.022
	[image: equation]
	2.979 ± 0.016



	Planet radius Rp (RJup )
	1.724 ± 0.042
	1.692 ± 0.039
	1.689 ± 0.039



	Sky-projected stellar obliquity λ (deg)
	—
	[image: equation]
	−111.5 (fixed)



	True obliquity ψ (deg)
	—
	[image: equation]
	[image: equation]



	Relative Bayesian information criterion (BIC)
	0
	+4.1
	–5.3





      

      
Notes. The best ephemeris for planning future observations is not listed in this table, but rather in Section 7.2.




    

  
    
      Fig. 3 

      
        [image: thumbnail]
      

      
        Fit to the transit data. Upper panel: Phase-folded transit light curve (blue points), overplotted with the best-fitting model with fixed Ω★, corresponding to case (iii) of Table 5 (green curve). Middle panel: Residuals to the fit shown in the upper panel. Lower panel: The difference between the best-fitting model shown in the upper panel, and the best-fitting model from case (i), where the gravity-darkening phenomenon is not included in the fit.

      

    

  
    
      Fig. 4 

      
        [image: thumbnail]
      

      
        Comparison of fitted occultation depths resulting from different approaches to fitting the pulsations. The different colours and symbols correspond to different input lists of pulsation frequencies (see key top right, that applies to all sub panels). (A) Different amplitudes were fitted (using TLCM) for each of the four occultations, and residual red noise was fitted with the wavelet method. (B) As (A), but without the wavelets. (C) A common set of amplitudes was fitted (using TLCM) to all the occultations, with wavelets (solid symbols) and without wavelets (open symbols). (D) Here, pulsation signals were fitted and subtracted iteratively, using a simple code, with solid symbols representing a common set of frequencies across all occultations, and open symbols representing unique frequencies for each occultation. In the upper three panels, points are slightly shifted horizontally for readability. The abscissa has different scales in panels A&B and C&D.

      

    

  
    
      Fig. 5 

      
        [image: thumbnail]
      

      
        Fitted occultation depth for two of the synthetic light curves described in Section 6.2. We fitted for the pulsations using two approaches: eight frequencies per occultation (left) and twenty frequencies common across all occulations (right). Three different frequency lists were used: from von Essen et al. (2020), Kálmán et al. (2022), and this work (Section 4.2). Open and closed symbols refer to the two different randomly generated light curves. The injected occultation depth of 500 ppm is indicated with a dashed red line.

      

    

  
    
      Fig. 6 

      
        [image: thumbnail]
      

      
        Posterior distribution of Ω★ (equivalently λ) and i★, for a fit with fitting ranges 0° < i★ < 180° and 0° < Ω★ < 360°. A clustering analysis was performed on the posterior, dividing it into four groups, indicated with different colours. The median and 1σ uncertainties of each group are shown with the open circles and error bars. The red circle is the ‘correct’ solution. Contours indicating the density of the posterior space are shown with magenta lines.

      

    

  
    
      Table 6 

      Fitted times of mid-transit for individual transits of WASP-33 b, and the deviations (O–C) from the ephemeris presented in Ivshina & Winn (2022) [I&W 2022].

      
        


	E
	Tc − 2 450 000
	O–C



	(I&W 2022)
	BJDTDB
	d





	2418
	[image: equation]
	0.0006



	2429
	[image: equation]
	−0.0003



	2703
	[image: equation]
	−0.0003



	2753
	[image: equation]
	0.0015





      

    

  
    
      Fig. 7 

      
        [image: thumbnail]
      

      
        Transit timings compared to a linear ephemeris. The archival points collated by Ivshina & Winn (2022) are shown with blue squares, relative to their linear ephemeris. The timing of our CHEOPS transits are indicated with red circles.

      

    

  
    
      Fig. 8 

      
        [image: thumbnail]
      

      
        Impact parameter as a function of time. Doppler tomographic measurements (from Watanabe et al. 2022) are shown in dark blue, previously published photometric measurements are shown in green, with the two at the same epoch taken from Dholakia et al. (2022) (light green) and Kálmán et al. (2022) (dark green). Our CHEOPS measurements are shown in dark red, with the result from the fit to all four transits indicated by a square, and the fits to each pair of transits by circles. The epochs of our four CHEOPS transits are shown with short red vertical lines just above the abscissa. The solid black line is the nodal precession model presented in Watanabe et al. (2022).

      

    

  
    
      Fig. 9 

      
        [image: thumbnail]
      

      
        Second-order fluid Love number (k2,★) of WASP-33 as a function of stellar age. Our two calculated values of k2,★ are indicated with dotted red and blue lines, and their 1σ confidence intervals with the shaded red and blue areas. Theoretical k2,★ values from Claret (2023) are shown for three different metallicities. In each case the solid curve is for the non-rotating case, and the dashed curve includes a correction factor for the stellar rotation (see Claret 1999). Both k2,★ estimates are in good agreement with the theoretical expectations, although given that [Fe/H] is probably slightly supersolar, the lower estimate of k2,★ (corresponding to the i★ value of Watanabe et al. 2022) is in slightly better agreement.

      

    

  
    
      Table A.1 

      Frequency, period, amplitude, and phase (and associated errors) of the 108 peaks extracted from the LSP of the S18 TESS data, sorted by instrumental, orbital and pulsation origin. The fn are ranked by decreasing amplitudes. The Fn denotes the von Essen et al. (2020) identified stellar pulsations.

      
        


	Id.
	Frequency
	σf
	Period
	σP
	Amplitude
	σA
	Phase
	σph
	S/N
	Comparison to von Essen et al. (2020)



	
	(µHz)
	(µHz)
	(s)
	(s)
	(%)
	(%)
	
	
	
	





	Instrumental noise



	f37
	l.220
	0.034
	819856
	23111
	0.0213
	0.0027
	0.257
	0.041
	7.8
	



	fl8
	2.843
	0.020
	351786
	2424
	0.0372
	0.0027
	0.859
	0.023
	13.7
	



	f43
	3.835
	0.041
	260745
	2783
	0.0178
	0.0027
	0.722
	0.049
	6.6
	



	f33
	4.704
	0.033
	212602
	1480
	0.0223
	0.0027
	0.692
	0.039
	8.2
	



	f48
	6.057
	0.045
	165093
	1227
	0.0162
	0.0027
	0.531
	0.053
	6.0
	



	f42
	10.576
	0.040
	94554
	354
	0.0179
	0.0026
	0.176
	0.047
	6.8
	



	f22
	10.979
	0.023
	91081
	193
	0.0303
	0.0026
	0.132
	0.028
	11.5
	



	f51
	l2.3l5
	0.046
	81200
	302
	0.0154
	0.0026
	0.136
	0.054
	5.9
	



	f44
	l3.645
	0.040
	73289
	215
	0.0175
	0.0026
	0.092
	0.047
	6.7
	



	Orbital peaks



	f2
	9.4836
	0.0033
	105445
	36
	0.2200
	0.0027
	0.8851
	0.0039
	82.4
	forb



	f1
	l8 . 9745
	0.0031
	52702.3
	8.7
	0.2214
	0.0026
	0.2559
	0.0037
	85.7
	2 * forb



	f4
	28.42ll
	0.0037
	35185.2
	4.6
	0.1794
	0.0025
	0.6855
	0.0044
	72.8
	3 *forb



	f3
	37.946l
	0.0034
	26353.1
	2.4
	0.1831
	0.0023
	0.0247
	0.0041
	78.3
	4 * forb



	f5
	47.4358
	0.0039
	21081.1
	1.7
	0.1538
	0.0022
	0.3978
	0.0046
	69.2
	5 * forb



	f6
	56.9267
	0.0039
	17566.5
	1.2
	0.1454
	0.0021
	0.7782
	0.0046
	68.7
	6 * forb



	f7
	66.4l8l
	0.0050
	15056.1
	1.1
	0.1089
	0.0020
	0.1486
	0.0059
	54.2
	7 * forb



	f8
	75.8935
	0.0056
	13176.37
	0.98
	0.0925
	0.0019
	0.5492
	0.0067
	47.7
	8 * forb



	f12
	85.3925
	0.0087
	11710.6
	1.2
	0.0569
	0.0019
	0.907
	0.010
	30.7
	9 * forb



	f17
	94.911
	0.013
	10536.1
	1.4
	0.0375
	0.0018
	0.262
	0.015
	20.9
	10 * forb



	f45
	l04 . 396
	0.028
	9579.0
	2.6
	0.0174
	0.0018
	0.637
	0.033
	9.7
	11 * forb



	f11
	113.9649
	0.0081
	8774.63
	0.63
	0.0572
	0.0017
	0.1921
	0.0096
	33.0
	12 * forb



	f31
	123.558
	0.019
	8093.4
	1.2
	0.0238
	0.0017
	0.567
	0.022
	14.2
	13 * forb



	f25
	132.845
	0.016
	7527.59
	0.88
	0.0282
	0.0016
	0.316
	0.018
	17.3
	14 * forb



	f19
	142.322
	0.012
	7026.31
	0.61
	0.0345
	0.0016
	0.679
	0.015
	21.7
	15 * forb



	f15
	151.8103
	0.0099
	6587.17
	0.43
	0.0414
	0.0015
	0.058
	0.012
	27.2
	16 * forb



	f16
	161.2819
	0.0094
	6200.32
	0.36
	0.0411
	0.0014
	0.454
	0.011
	28.4
	17 * forb



	f14
	170.7736
	0.0088
	5855.71
	0.30
	0.0417
	0.0014
	0.822
	0.010
	30.4
	18 * forb



	f21
	180.264
	0.011
	5547.41
	0.35
	0.0316
	0.0013
	0.203
	0.013
	23.7
	19 * forb



	f24
	189.762
	0.012
	5269.75
	0.33
	0.0288
	0.0013
	0.578
	0.014
	22.5
	20 * forb



	f41
	199.252
	0.017
	5018.78
	0.44
	0.0188
	0.0012
	0.951
	0.021
	15.5
	21 * forb



	f73
	208.717
	0.030
	4791.18
	0.68
	0.0105
	0.0012
	0.385
	0.035
	9.0
	22 * forb



	f89
	227.750
	0.045
	4390.79
	0.86
	0.0065
	0.0011
	0.533
	0.053
	6.0
	24 * forb



	f71
	237.171
	0.025
	4216.37
	0.45
	0.0109
	0.0010
	0.991
	0.030
	10.7
	25 * forb



	f40
	246.641
	0.014
	4054.48
	0.23
	0.01880
	0.00099
	0.396
	0.017
	19.0
	26 * forb(F24)



	f26
	256.2286
	0.0097
	3902.76
	0.15
	0.02598
	0.00094
	0.702
	0.012
	27.6
	27 * forb(F20)



	f34
	265.662
	0.011
	3764.19
	0.16
	0.02210
	0.00091
	0.101
	0.013
	24.2
	28 * forb



	f36
	275.131
	0.011
	3634.64
	0.15
	0.02144
	0.00088
	0.498
	0.013
	24.4
	29 * forb



	f39
	284.643
	0.012
	3513.17
	0.15
	0.01925
	0.00085
	0.873
	0.014
	22.6
	30 * forb



	f47
	294.125
	0.013
	3399.92
	0.15
	0.01703
	0.00083
	0.250
	0.016
	20.5
	31 * forb



	f56
	303.598
	0.016
	3293.83
	0.17
	0.01379
	0.00081
	0.638
	0.019
	16.9
	32 * forb



	f86
	313.078
	0.030
	3194.09
	0.30
	0.00721
	0.00079
	0.014
	0.035
	9.1
	33 * forb



	f85
	332.033
	0.028
	3011.74
	0.25
	0.00738
	0.00076
	0.501
	0.033
	9.7
	35 * forb(F22)



	f88
	341.586
	0.029
	2927.52
	0.25
	0.00690
	0.00075
	0.604
	0.035
	9.2
	36 * forb



	f83
	351.048
	0.025
	2848.61
	0.21
	0.00787
	0.00074
	0.032
	0.030
	10.6
	37 * forb (F29)



	f65
	360.521
	0.017
	2773.77
	0.13
	0.01187
	0.00074
	0.415
	0.020
	16.1
	38 * forb



	f59
	370.038
	0.015
	2702.42
	0.11
	0.01333
	0.00073
	0.761
	0.017
	18.4
	39 * forb



	f53
	379.519
	0.013
	2634.917
	0.091
	0.01480
	0.00072
	0.154
	0.016
	20.5
	40 * forb



	f62
	388.995
	0.015
	2570.730
	0.099
	0.01280
	0.00071
	0.529
	0.018
	17.9
	41 * forb



	f63
	398.493
	0.015
	2509.456
	0.097
	0.01223
	0.00070
	0.904
	0.018
	17.4
	42 * forb



	f80
	407.955
	0.022
	2451.25
	0.13
	0.00855
	0.00070
	0.318
	0.026
	12.3
	43 * forb



	f90
	417.452
	0.030
	2395.49
	0.17
	0.00632
	0.00070
	0.687
	0.035
	9.1
	44 * forb



	f104
	426.923
	0.050
	2342.34
	0.27
	0.00373
	0.00069
	0.058
	0.059
	5.4
	45 * forb



	f98
	455.457
	0.036
	2195.60
	0.17
	0.00496
	0.00066
	0.628
	0.043
	7.5
	48 * forb



	f91
	464.888
	0.029
	2151.06
	0.14
	0.00604
	0.00066
	0.076
	0.035
	9.1
	49 * forb



	f75
	474.402
	0.018
	2107.917
	0.080
	0.00965
	0.00065
	0.432
	0.021
	14.8
	50 * forb



	f78
	483.886
	0.019
	2066.602
	0.082
	0.00908
	0.00065
	0.804
	0.023
	14.0
	51 * forb





        


	Id.
	Frequency
	σf
	Period
	σP
	Amplitude
	σA
	Phase
	σph
	S/N
	Comments



	
	(µHz)
	(µHz)
	(s)
	(s)
	(%)
	(%)
	
	
	
	





	f79
	493.369
	0.019
	2026.882
	0.079
	0.00902
	0.00065
	0.200
	0.023
	13.9
	52 * forb



	f82
	502.862
	0.021
	1988.617
	0.085
	0.00814
	0.00065
	0.594
	0.025
	12.5
	53 * forb



	f84
	512.378
	0.022
	1951.686
	0.084
	0.00782
	0.00064
	0.928
	0.026
	12.2
	54 * forb



	f92
	521.822
	0.030
	1916.36
	0.11
	0.00578
	0.00064
	0.364
	0.035
	9.0
	55 * forb



	f106
	531.331
	0.049
	1882.06
	0.17
	0.00354
	0.00064
	0.680
	0.058
	5.5
	56 * forb



	f101
	569.322
	0.042
	1756.48
	0.13
	0.00412
	0.00064
	0.654
	0.050
	6.4
	60 * forb



	f102
	578.831
	0.044
	1727.62
	0.13
	0.00395
	0.00065
	0.020
	0.052
	6.1
	61 * forb



	f93
	588.300
	0.030
	1699.814
	0.088
	0.00576
	0.00065
	0.398
	0.036
	8.9
	62 * forb



	f95
	597.764
	0.031
	1672.902
	0.088
	0.00553
	0.00065
	0.798
	0.037
	8.5
	63 * forb



	f94
	607.202
	0.031
	1646.900
	0.083
	0.00563
	0.00065
	0.288
	0.036
	8.7
	64 * forb



	f100
	616.746
	0.036
	1621.412
	0.095
	0.00480
	0.00065
	0.582
	0.043
	7.4
	65 * forb



	f103
	626.243
	0.045
	1596.82
	0.12
	0.00383
	0.00065
	0.977
	0.054
	5.9
	66 * forb



	f105
	702.075
	0.048
	1424.349
	0.097
	0.00366
	0.00065
	0.533
	0.057
	5.6
	74 * forb



	f107
	721.098
	0.050
	1386.774
	0.097
	0.00346
	0.00065
	0.218
	0.060
	5.3
	76 * forb



	f108
	730.570
	0.051
	1368.793
	0.095
	0.00342
	0.00065
	0.648
	0.060
	5.3
	77 * forb



	Stellar pulsations



	f10
	22.026
	0.010
	45401
	21
	0.0668
	0.0025
	0.864
	0.012
	26.3
	F2



	f49
	23.454
	0.042
	42636
	76
	0.0161
	0.0025
	0.818
	0.050
	6.4
	



	f35
	24.315
	0.031
	41127
	52
	0.0220
	0.0025
	0.615
	0.036
	8.8
	



	f60
	28.030
	0.050
	35677
	64
	0.0132
	0.0025
	0.727
	0.060
	5.3
	



	f29
	29.023
	0.027
	34455
	32
	0.0246
	0.0025
	0.512
	0.032
	10.0
	F5 ?



	f61
	35.837
	0.049
	27904
	38
	0.0129
	0.0024
	0.408
	0.058
	5.5
	



	f55
	43.978
	0.044
	22738
	23
	0.0138
	0.0023
	0.139
	0.052
	6.1
	



	f23
	87.144
	0.016
	11475.3
	2.2
	0.0301
	0.0018
	0.277
	0.019
	16.4
	F7



	f38
	89.865
	0.023
	11127.8
	2.9
	0.0210
	0.0018
	0.117
	0.028
	11.5
	



	f50
	95.848
	0.030
	10433.1
	3.3
	0.0159
	0.0018
	0.489
	0.036
	8.9
	



	f57
	96.753
	0.035
	10335.6
	3.8
	0.0137
	0.0018
	0.516
	0.042
	7.6
	



	f58
	100.122
	0.036
	9987.8
	3.6
	0.0135
	0.0018
	0.860
	0.042
	7.5
	



	f52
	106.280
	0.032
	9409.1
	2.8
	0.0148
	0.0018
	0.339
	0.038
	8.4
	



	f54
	109.238
	0.034
	9154.3
	2.8
	0.0140
	0.0018
	0.025
	0.040
	7.9
	



	f70
	114.628
	0.041
	8723.8
	3.1
	0.0112
	0.0017
	0.922
	0.049
	6.5
	



	f72
	118.771
	0.043
	8419.6
	3.1
	0.0106
	0.0017
	0.575
	0.051
	6.2
	



	f30
	124.654
	0.019
	8022.2
	1.2
	0.0241
	0.0017
	0.466
	0.022
	14.4
	F12



	f64
	125.360
	0.037
	7977.0
	2.3
	0.0122
	0.0017
	0.788
	0.044
	7.3
	



	f77
	135.183
	0.047
	7397.4
	2.6
	0.0093
	0.0016
	0.334
	0.056
	5.7
	



	f67
	136.861
	0.037
	7306.7
	2.0
	0.0116
	0.0016
	0.999
	0.044
	7.2
	F13



	f87
	210.808
	0.045
	4743.7
	1.0
	0.0069
	0.0012
	0.941
	0.053
	6.0
	F23



	f66
	222.306
	0.025
	4498.31
	0.51
	0.0116
	0.0011
	0.102
	0.030
	10.6
	F15



	f74
	231.121
	0.028
	4326.73
	0.52
	0.0102
	0.0011
	0.945
	0.033
	9.7
	F17



	f9
	233.3617
	0.0036
	4285.193
	0.067
	0.0775
	0.0010
	0.6100
	0.0043
	74.1
	F1



	f20
	237.7339
	0.0083
	4206.38
	0.15
	0.0329
	0.0010
	0.7959
	0.0098
	32.4
	F6



	f46
	242.707
	0.016
	4120.19
	0.27
	0.0171
	0.0010
	0.257
	0.019
	17.1
	F11



	f13
	243.7941
	0.0047
	4101.822
	0.079
	0.05673
	0.00100
	0.1163
	0.0056
	56.9
	F4



	f81
	251.541
	0.031
	3975.50
	0.49
	0.00836
	0.00096
	0.650
	0.037
	8.7
	F19



	f96
	253.147
	0.047
	3950.28
	0.74
	0.00542
	0.00096
	0.804
	0.056
	5.7
	



	f99
	262.651
	0.051
	3807.33
	0.74
	0.00487
	0.00092
	0.362
	0.060
	5.3
	F27



	f69
	268.599
	0.021
	3723.02
	0.29
	0.01135
	0.00090
	0.871
	0.025
	12.7
	F16



	f28
	288.0106
	0.0091
	3472.09
	0.11
	0.02478
	0.00084
	0.523
	0.011
	29.4
	F9



	f68
	296.724
	0.019
	3370.13
	0.22
	0.01140
	0.00082
	0.012
	0.023
	13.9
	F14



	f76
	317.796
	0.023
	3146.67
	0.22
	0.00939
	0.00079
	0.961
	0.027
	11.9
	F18



	f27
	321.6966
	0.0083
	3108.519
	0.080
	0.02519
	0.00078
	0.1757
	0.0098
	32.4
	F8



	f97
	348.785
	0.040
	2867.10
	0.33
	0.00503
	0.00075
	0.505
	0.047
	6.8
	F26



	f32
	394.9676
	0.0085
	2531.853
	0.055
	0.02234
	0.00071
	0.974
	0.010
	31.6
	F10





      

    

  
    
      Fig. B.1 

      
        [image: thumbnail]
      

      
        Posterior distribution from the case (iii) transit fit (See Section 5).

      

    

  
    
      Fig. C.1 

      
        [image: thumbnail]
      

      
        Examples of some of our fits to the CHEOPS occultation data, showing a range of occultation depths. In each panel, the grey points represent the unbinned data with the pulsation signal subtracted, the larger, dark blue points are binned to 0.01 in orbital phase (about 17.6 minutes), and the green line is our best-fitting model for this particular treatment of the pulsations. A) three frequencies (from (Kálmán et al. 2022)) per occultation. B) 10 frequencies (from (von Essen et al. 2020)) fitted in common to all four occultations. C) as (B), but for 20 frequencies. D) 15 frequencies from this work (Section 4.2).

      

    

  
    
      Fig. D.1 

      
        [image: thumbnail]
      

      
        Silhouette plots for our cluster analysis of the posterior distribution of Ω★ and i★. Silhouette plots are shown (from top to bottom) for three, four, and five clusters. In each case, the silhouette coefficients are plotted in the left panel, where the silhouette statistic is indicated with a dashed red line. The clusters are shown in λ − i★ space in the right panels, using the same colour coding as in the corresponding left-hand panel. For more details, see Section 7.1.
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