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Abstract

We compute and apply the minimum spanning tree (MST) of the binary millisecond pulsar population, and discuss aspects of the known phenomenology of these systems in this context. We find that the MST effectively separates different classes of spider pulsars – eclipsing radio pulsars in tight binary systems with a companion of either ~0.1–0.8 M⊙ (redbacks) or ≲0.06 M⊙ in mass (black widows) – into distinct branches. The MST also separates black widows (BWs) in globular clusters from those found in the field and groups other pulsar classes of interest, including transitional millisecond pulsars (tMSPs). Using the MST and a defined ranking for similarity, we identify possible candidates likely to belong to these pulsar classes. In particular, based on this approach, we propose the BW classification of J1300+1240, J1630+3550, J1317−0157, J1221−0633, J1627+3219, J1737−0314A, and J1701−3006F, discuss that of J1908+2105, and analyze J1723−2837, J1431−4715, and J1902−5105 as possible transitional systems. We introduce an algorithm that quickly locates where new pulsars fall within the MST and use this to examine the positions of the TMSP IGR J18245−2452 (PSR J1824−2452I), the tMSP candidate 3FGL J1544.6−1125, and the accreting millisecond X-ray pulsar SAX J1808.4−3658. Assessing the positions of these sources in the MST – assuming a range for their unknown variables (e.g., the spin period derivative of PSR J1824−2452I) –, we can effectively narrow down the parameter space necessary for searching for and determining key pulsar parameters through targeted observations.
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1 Introduction
This article continues the study that integrates principal component analysis (PCA; e.g., Pearson 1901; Shlens 2014) and the application of graph theory (e.g. Wilson 2010) into the field of pulsar astrophysics (see, e.g., Maritz et al. 2016; García et al. 2022; García & Torres 2023; Vohl et al. 2024). PCA is a dimensionality-reduction technique suitable for pinpointing the variables that contain most of the variance of a sample (see, e.g., Cassanelli et al. 2022). Graph theory provides a robust theoretical framework whose objects – the graphs – represent pulsars and their variables. Here, we specifically consider the population of millisecond pulsars (MSPs), weakly magnetized and rotating neutron stars with spin periods shorter than 10 ms. These objects are usually hosted in tight binary systems with a lowmass (<1 M⊙) companion star. MSPs offer unique insights into stellar evolution, the interaction between magnetic fields and plasma transferred by the donor star, and particle acceleration from compact objects, particularly in binary systems (see, e.g., Manchester 2017; Papitto & Bhattacharyya 2022 for reviews).
By treating each MSP as a node, we compute the minimum spanning tree (MST; see e.g., Kruskal 1956; Gower & Ross 1969) of the MSP population, and use it both to describe the population as a whole and to identify individual pulsars that may warrant further investigation due to their unique attributes or positions within the graph.
We specifically examine locations in the MST in which we find spider pulsars (see, e.g., Eichler & Levinson 1988; Roberts 2013; Roberts et al. 2018; Di Salvo et al. 2023), which are eclipsing radio pulsars in tight binary systems. These spider pulsars can be separated into redbacks (RBs), which have a non-degenerate main sequence companion with a mass in the range of ~0.1–0.8 M⊙, and BWs, which have a ≲0.06 M⊙ semidegenerate companion. We also consider tMSPs (Papitto & de Martino 2022), which exhibit dramatic state changes, going from rotation-powered – where they behave as RBs – to accretion-powered and vice versa on timescales as short as a few weeks. Driven by the method developed by García & Torres (2023), which allows an MST to be divided into distinct parts based on specific variables, we explore how to classify MSPs into different groups. Finally, we use the algorithms described below to search for the positions of pulsars within the graph – specifically focusing on those whose properties have not been measured – to predict ranges for specific variables and their characteristic phenomenology.
	[image: thumbnail]	Fig. 1 Distribution of the logarithm of the ten variables considered for the sample of 218 pulsars.



2 The sample variance and the MST
2.1 Sample selection
The sample used is taken from the most recent version of the Australia Telescope National Facility (ATNF) catalog, v2.1.1 (Manchester et al. 2005), imposing that pulsars have a spin period in the millisecond range (P < 10−2 s) and a positive spin period derivative ([image: equation] > 0 s s−1). The latter allows us to calculate the intrinsic variables derived from P and [image: equation] as described in Sect. 2.2. A total of 218 pulsars result from these cuts. Of these, 43 are confirmed as BWs, 9 of which are in globular clusters (see e.g., Swihart et al. 2022; Koljonen & Linares 2023; Freire et al. 2017; Lynch et al. 2012; Douglas et al. 2022), 16 are confirmed as RBs, 2 of which are in globular clusters (see e.g., Strader et al. 2019; Koljonen & Linares 2023), and 2 are confirmed as tMSPs, J1023+0038 (Archibald et al. 2009) and J1227−4853 (Bassa et al. 2014). We note that tMSP J1824−2452I (Eckert et al. 2013) is excluded from the sample as it does not have a [image: equation] measurement, although it is analyzed in Sect. 4.1. These pulsars are listed in Table A.1.
According to the third pulsar catalog by the Fermi Large Area Telescope (Fermi-LAT, see Smith et al. 2023), 103 pulsars out of the 218 of our sample are gamma-ray emitters.
2.2 Variables and PCA
Figure 1 shows the logarithmic distribution of the spin period (P) and the spin period derivative ([image: equation]), the surface magnetic flux density (Bs), the magnetic field at the light cylinder (Blc), the spin-down energy loss rate ([image: equation]sd), the surface electric voltage (ΔΦ), the Goldreich–Julian charge density (ηGJ), the binary period (PB), the projected semi-major axis of the orbit (A1), and the median mass of the companion star for each system (MC). We do not consider the characteristic age (τc = P/2 [image: equation]) here, because in binary systems additional torques imparted on the pulsar during accretion phases can render this estimate unreliable (see, e.g., Kiziltan & Thorsett 2010; Tauris et al. 2012; Jiang et al. 2013). The distributions are not normal (which is also the case for the set of distributions of the original variables, without logarithm), and so we use the robust scaler to scale them (subtract the median and divide by the interquartile range; see, for example, de Amorim et al. 2022). Figure 2 shows how the PB, A1, and MC distribution can be used to distinguish BWs from other classes. However, when none of these variables are used in the analysis, the distinction is no longer evident, and spider pulsars are seen as a more homogeneous group.
Figure 3 shows the results of the PCA analysis applied to these variables. In the left panel of Fig. 3, we observe how most of the variance is distributed in the first two principal components (PCs). Likewise, the central panel shows that the whole variance is represented in four-dimensional space, that is, we need the first four PCs to cover 100% of the variance of the sample. This relatively low number of PCs results from the fact that within the dipolar model used as a proxy (see, e.g., Lorimer & Kramer 2012), all physical variables depend on P and [image: equation], and also that A1 of a binary system is related to the PB and the MC (in this case through the total mass of the system, i.e., the sum of the masses of the pulsar and its companion) via Kepler’s third law. The PCA, as shown in the right panel of Fig. 3, does not highlight the dominant influence of key variables for the separation between pulsar spiders, such as the MC, but provides a more complex classification where its dominance is balanced with other variables. More specifically, the four PCs needed to describe the entirety of the variance have similarly large loadings in several variables (see the right panel of Fig. 3).
2.3 Minimum spanning tree
Kruskal (1956), Kleinberg & Tardos (2005) and Erickson (2019) explain the necessary concepts to calculate an MST. We refer the reader to these references for details. We define a Euclidean distance over the variables or the PCs described above, as using the first four PCs (~100% of the explained variance) produces the same MST as when using all variables (and thus the results from the analysis that follows from the graph are the same), but is less demanding given the reduced dimensionality of the problem. With this Euclidean distance, we first compute a complete, undirected, and weighted graph G(V, E) = G(218, 23 653), with |V|1=218 nodes and |E| = 23 653 edges, with a specific weight value defining each edge. From that, we obtain the MST of this sample, T(V, E′) = (218, 217), with |V| = 218 nodes and |E′| = 217 edges, as shown in Fig. 4.
The MST can separate BWs from RBs, with tMSPs appearing close to each other, in the same structure, as shown in Fig. 4. A zoom onto these tree regions is shown in Fig. 5, where several pulsars are highlighted; these are discussed below. We provide an online tool2 to allow the reader to zoom into, identify, and mark different portions of the MST for further study.
	[image: thumbnail]	Fig. 2 Cross-dependence of the ten variables considered. Confirmed BWs (in red) and RBs (in green) are separately noted. For visualization reasons, no distinction is made between MSPs residing in globular clusters and those not, and the tMSPs are marked in green due to their behavior as RBs. The pulsars not yet assigned to any of these classes are shown in blue. The main diagonal shows the distribution for each variable. The panels with the shaded background show the pairs formed with PB, MC, and A1, which best differentiate the BWs from the rest.



	[image: thumbnail]	Fig. 3 PCA results for the logarithm of the set of variables for the whole population of 218 MSPs. The left panel, also called the scree plot, shows the explained variance of each PC according to the eigenvalues of the covariance matrix. We note that the covariance matrix calculates the relationships between pairs of variables, showing how changes in one variable are associated with changes in another. It represents the amount of information contained in each PC. The central panel shows the cumulative explained variance by the new variables defined through the PCA analysis. The right panel shows the “weight” (also called loading) that each variable has concerning each PC, indicating its contribution to the variance captured by that PC. This value is the coefficient held in each eigenvector of the covariance matrix. Negative values imply that the variable and the PC are negatively correlated. Conversely, a positive value shows a positive correlation between the PC and the variable.



	[image: thumbnail]	Fig. 4 Minimum spanning tree of the binary pulsar population defined as T(218, 217) based on the complete, undirected, and weighted graph G(218, 23 653) computed from the Euclidean distance among ten scaled variables (or the equivalent four PCs that describe their whole variance). Each node in the MST represents a pulsar. The MST separately notes confirmed BWs (red), RBs (green), and tMSPs J1023+0038 and J1227−4853 (yellow), respectively. Also, the BWs and RBs in globular clusters (light red and light green, respectively) are highlighted. The RBs J1622−0315 (green) and the RB candidate J1302−3258 (light teal) are also noted in the rightmost branch of the MST. The unclassified ones appear in blue. See Table A.1 for more details.



2.3.1 Black widow pulsars in the graph
We now focus on some specific pulsars (see Fig. 5). Two of these are J1300+1240 and J1630+3550, which have not yet been explicitly classified as BWs but have been discussed by Yan et al. (2013), Sobey et al. (2022). A possible formation scenario for J1300+1240, suggested by Yan et al. (2013), is in low-mass, narrow-orbit bound binaries. Here, the initial point of departure is a low-mass binary pulsar with a very narrow orbit, such as the known BW J1959+2048. Because its velocity and rotation period are comparable to those of J1959+2048, J1300+1240 may evolve in this scenario. J1630+3550 is an MSP in a binary system of 7.6 h orbiting a companion with a minimum mass of 0.0098 M⊙. These parameters can indicate a BW, as stated in Lewis et al. (2023). From the MST graph, we can see that they are located in the BW region. We can further support their potential categorization as BWs by observing the ranking of the nearest pulsars based on the Euclidean distance derived from the defined variables, which can be obtained using the online tool we provide with this paper. We note that the ranking simply provides a distance-ordered list of one pulsar relative to all others, while the MST provides a global way to connect all pulsars considering all distances, optimizing the total path. Only the nearest neighbor to any given pulsar will have an immediately recognized position within the MST; as such, the nearest neighbor will always be one of the pulsars connected to the pulsar of interest in the MST. For a more detailed discussion and examples regarding the differences between the ranking and the MST, see García et al. (2022). Nine of the ten nearest neighbors of J1300+1240 have already been classified as BWs, and the remaining object is J1630+3550, whose ten nearest neighbors are BWs.
Among the interesting sources highlighted in Fig. 5 are J1317−0157 and J1221−0633, which were classified as BW systems by Swiggum et al. (2023); they have tight orbits, low-mass companions, and exhibit eclipses. In both cases, their nearest neighbor ranking contains nine confirmed BWs, with the exception being J1627+3219.
In this regard, the position of J1627+3219 in the MST, underscored by its ranking, where eight of its ten nearest neighbors are confirmed BW pulsars, supports its categorization in this group. This assertion is further bolstered by the findings of Braglia et al. (2020), who identified a candidate optical periodicity, necessitating verification through subsequent observations. Recent research by Corcoran et al. (2023) also underscores the potential BW nature of this pulsar. Still, the lack of detected radio pulsations highlights the need for further studies to fully understand its nature.
We also pinpoint J1737−0314A, which, according to the timing solution provided by Pan et al. (2021), is likely a BW system. Looking at its ranking, its categorization as a BW is favored, as it contains nine confirmed BWs among its ten nearest neighbors, the remaining one being J1701−3006F. In addition, this latter source, considering its mass limit and orbital features, is also favored to be a BW, as outlined in Freire et al. (2005); although eclipses have not been observed, this absence could be due to a low orbital inclination (Vleeschower et al. 2024). On the other hand, its nearest neighbor ranking shows six BWs, with the closest being J1701−3006E; see also King et al. (2005). We note that both J1701−3006E and J1701−3006F appear connected in the MST (see Fig. 5), filling the end of a branch that contains a large number of these cases.
The position of J1555−2908 in the MST, being the only confirmed BW away from the rest, is noteworthy. Kennedy et al. (2022) performed an extensive analysis using optical spectroscopy and photometry. This study, combined with γ-ray pulsation timing information alongside a companion mass of 0.06 M⊙, concluded that J1555−2908 lies at the observed upper boundary of what is typically classified as a BW system. We note that its nearest neighbor, J1835−3259B, is not a BW. Of interest to all sources discussed in this section, we note that no other non-BW pulsar – except J1908+2105, which is discussed in the following section – has more than five confirmed BWs in its ranking.
	[image: thumbnail]	Fig. 5 Zoom onto the leftmost part of the MST shown in Fig. 4. The locations of the pulsars (shown in orange) discussed in Sect. 2.3.1 (left panel), Sect. 2.3.2 (central panel), and Sect. 2.3.3 (right panel) can be seen more clearly here. The same color code is used as in Fig. 4, where the confirmed BWs appear in red, RBs in green, tMSPs in yellow, and the BWs and RBs in globular clusters are shown in light red and light green, keeping the unclassified pulsars in blue.



2.3.2 Redbacks pulsars in the graph
Figure 5 shows that RB pulsars do not appear clustered like BWs, but are mostly close to each other, with a small fraction near the border of BWs. The caveat here is the smaller number of RBs known so far.
The pulsar J1908+2105 is an interesting case within the RB class. This one is right on the frontier with the part of the MST mostly populated by BWs and could be classified as such, especially given its minimum companion mass of 0.06 M⊙ and its short PB of 0.14 days (Strader et al. 2019). However, the pronounced radio eclipses of this system align it more closely with RBs (also see, e.g., Koljonen & Linares 2023; Deneva et al. 2021). We note that the ranking of the ten nearest neighbor pulsars to J1908+2105 shows that eight of them are BWs. The fifth and ninth pulsars in the ranking, J2039−5617 and J0337+1715 respectively, are RB and an uncategorized pulsar. This situation, where the ranking of a given pulsar thought to pertain to one class (RB) is dominated by pulsars belonging to the other, only arises in the case mentioned above. Thus, the MST location and the ranking favor a BW classification for J1908+2105 – or at the very least do not rule out.
On the other hand, the gamma-ray source 3FGLJ2039−5617 (PSR J2039−5617) is almost certainly associated with an optical binary that is listed as an RB candidate by Strader et al. (2019). Its predicted nature as an RB is validated by Corongiu et al. (2021), who found clear evidence of eclipses of the radio signal for about half of the orbit, which they associate with the presence of intrabinary gas. J2039−5617 appears as a confirmed RB in Koljonen & Linares (2023). Furthermore, it shares similarities with the confirmed RB J2339−0533, exhibiting a peak in gamma-ray emission close to a minimum in its optical emission, which contrasts with the expected phase of the intrabinary shock (IBS) as seen in An et al. (2020). This similarity between J2039−5618 and J2339−0533 and their position in the MST highlight intriguing aspects of their behavior, which merit further analysis.
The distinct positions of J1622−0315, J1302−3258 (see Fig. 4 for the location of the latter two in the MST), and J1628−3205, located far from the rest of the RBs in the MST, also capture our attention. J1622−0315 is one of the lightest known RB systems, with a companion mass of 0.15 M⊙, and a relatively hot companion (Yap et al. 2023; Sen et al. 2024). This system is notable for its PB of 0.16 days, which is marginally smaller than those of other RBs, which typically have a PB of 0.2 days or more.
On the other hand, J1302−3258 is classified as an RB candidate and is reported to have a minimum companion mass of 0.15 M⊙ (Strader et al. 2019). However, it is distinguished by the absence of an identified optical companion and lacks published evidence of extensive radio eclipses. Koljonen & Linares (2023) note that, unlike most known RBs and candidates, J1302−3258 does not have a Gaia counterpart, a trend more typical of BWs, which generally possess cooler companion stars with fainter optical magnitudes. J1628−3205 is a RB in a 0.21 day orbit and has a 0.17–0.24 M⊙ companion star (Ray et al. 2012; Li et al. 2014; Strader et al. 2019). Its optical counterpart shows two peaks per orbital cycle. This shape is reminiscent of the ellipsoidal deformation of a star that nearly fills its Roche-lobe in a high-inclination binary, and suggests that heating by the pulsar wind is not a major effect. In this context, J1628−3205 is an intermediate case among RBs, falling between systems where the companion star’s emission is dominated by pulsar irradiation (e.g., J1023+0038) and those where it is not (e.g., J1723−2837, J1622−0315, J1431−4715)(see Li et al. 2014; Yap et al. 2023; de Martino et al. 2024 and references therein).
2.3.3 Transitional pulsars in the graph
The pulsars J1723−2837, J1902−5105, and J1431−4715 appear in the same part of the MST as the known tMSPs J1227−4853 and J1023+0038 (Fig. 5), and are also the only ones in the sample containing at least one known tMSP in their top three neighbors; see Table 1. The closest neighbors of the two known tMSPs are also shown in Table 1.
J1723−2837 is a nearby (d ~ 1 kpc based on Gaia parallax measure) 1.86 ms RB in a binary system with a 15 h period (Crawford et al. 2013). With an X-ray luminosity of 1032 erg s−1, it ranks among the brightest RBs in that band (see, e.g., Lee et al. 2018). Based on the similarity with the X-ray output of tMSPs in the rotation-powered pulsar state, Linares (2014) suggested that it is one of the most likely candidates to offer the opportunity to observe a transition to an accretion state. The observed emission in both soft (Bogdanov et al. 2014; Hui 2014) and hard X-rays (Kong et al. 2017) is modulated at the PB, indicative of an origin in the IBS between the pulsar wind and mass outflow from the companion star. On the other hand, its optical counterpart shows no sign of significant irradiation, with two peaks per orbital cycle (Li et al. 2014).
J1902−5105 is a 1.74 ms radio MSP in a binary system with a period of 2 days. It was discovered within the Parkes telescope surveys targeting unidentified Fermi-LAT sources (Kerr et al. 2012). It is a relatively bright MSP located at a distance of ~1.2 kpc (Camilo et al. 2015). It was suggested that the companion is a 0.2–0.3 M⊙ white dwarf with a helium core (Camilo et al. 2015).
Finally, J1431−4715, discovered in the High Time Resolution Universe (HTRU) survey with the Parkes radio telescope is an RB MSP with a P of 2.01 ms in a 10.8 hr orbit with a companion mass of 0.20 M⊙ (Bates et al. 2015; Miraval Zanon et al. 2018; de Martino et al. 2024).
One of the most efficient ways to identify candidate tMSPs is to search for the peculiar variability in the X-ray emission between two intensity levels (known as “high” and “low” modes), which has been observed in all three of the confirmed tMSPs in the so-called subluminous disk state (see, e.g., Patruno et al. 2014; de Martino et al. 2013; Archibald et al. 2015; Papitto et al. 2013; Linares et al. 2014; Bogdanov et al. 2015; Papitto et al. 2019; Baglio et al. 2023; Papitto & de Martino 2022). This method has proven successful in identifying a few candidates (see, e.g., Coti Zelati et al. 2019; Bogdanov & Halpern 2015). However, a methodology for identifying candidates among the radio-emitting pulsars out of the subluminous disk state has yet to be determined. The MST can contribute to this.
Although J1723−2837, J1902−5105, and J1431−4715 are currently detected as radio MSPs and are therefore not expected to exhibit the typical bimodality in the X-ray light curve, we analyzed XMM-Newton archival observations of these sources (ObsID 0653830101 for J1723−2837, ObsID 0841920101 for J1902−5105, and ObsID 0860430101 for J1431−4715) to check for possible mode switching. We confirm the absence of moding in our analysis; see Appendix C. This implies a lack of conclusive evidence regarding the transitional nature of J1723−2837, J1902v5105, and J1431−4715, but their position in the MST and their neighbor ranking confirm them as subjects of interest as potential transitional systems, though currently in the radio pulsar state. The relative proximity of J1723−2837 and particularly J1902−5105 renders them optimal candidates for potentially unveiling a future transition from a rotation-powered state to an accretion-powered one.
Table 1 
Ranking of the nodes in the tMSPs region in the MST.

3 MST clustering
Here we apply a clustering algorithm designed to separate an MST into different parts following a quantitative prescription. We describe the methodology in Appendix B. Figure 6 shows separated branches, and Fig. 7 shows the distributions for each magnitude considering them. This is how the MST visually represents the binary MSP population, with no prior assumption on the nature of the nodes.
Two of the branches indicated by the method in Fig. 6 (depicted in dark green and pink) contain all of the BWs except for J1555−2908, which was already deemed as lying at the edge of the BW population as discussed in Sect. 2.3.1. In addition, one of these branches (pink) contains most of the candidate or confirmed BWs seen in globular clusters. The BWs in globular clusters together with the rest of the pulsars seen in the pink branch show [image: equation] and [image: equation] values that are generally higher than those of the others; see Fig. 7. We note that these values cannot be reliably measured in a globular cluster due to the acceleration in the cluster gravity well. Similarly, tMSPs and most of the RBs fall into another branch (depicted in gray in Fig. 6). As we see in Fig. 7, pulsars in the orange branch exhibit PB, MC, and A1 values close to those of the pulsars in the gray branch. However, in contrast, they show a lower [image: equation] and thus a smaller Bs. The rest of the population, particularly those nodes in the dark blue and brown branches, which are more similar to each other, are markedly different from the other groups, as shown in Table B.1. Figure 7 shows that although these nodes are less obviously separated in the usual representations, such as the typical (P, [image: equation])-diagram, they show larger PB, MC, P, and smaller [image: equation] than the BW pulsars.
Based on the distributions of the variables seen in the main diagonal of Fig. 7, we can discuss the differences between branches. We see that MC shows sharp distributions around similar values, except for the (pink) branch, which mostly contains BWs in globular clusters, for which MC shows smaller values. The dark green branch, heavily populated by BWs, displays a wider distribution, always within small values. This is reflected in A1 and PB, where the behavior is similar even with somewhat wider distributions, mainly for the branches that do not contain BWs. The widest distributions are observed in P, for all branches but the one depicted in orange – which has a high density of cases around low values. The dark blue branch contains the pulsars with the longest periods. The [image: equation] shows different trends for some branches. The orange, brown, and dark blue branches, show sharp behaviors that allow us to more clearly delimit the pulsars they contain, most of which are not classified as BWs or RBs. This is reflected in [image: equation], ηGJ, Blc, and Bs; branches containing BWs and RBs show a wider distribution, shifted toward larger values for the dark green, gray, and pink branches, considering that the latter two contain different types of spider pulsars. In addition, Fig. 7 can be compared with Fig. 2. The former is more informative, as the clustering technique separates the nodes into groups that are significantly different from one another (see Table B.1), beyond the known RBs and RBs.
In closing this section, we note that the MST technique orders the pulsars according to one or several of the variables considered (this was discussed at length already in the first work of this series by García et al. 2022 for the whole pulsar population). Figure 8 below serves as an example (data that can be used to construct similar figures for other paths are provided in the online tool that accompanies this paper) of how the variables are ordered along a given sequence of consecutive nodes (or path). Figure 8 shows the values of P, [image: equation], Bs, [image: equation], MC, A1, and PB along a path in the MST.
	[image: thumbnail]	Fig. 6 Minimum spanning tree of the MSP population is defined as T(218, 217), separated into significant branches according to the algorithm described in the text (see Sect. 3). The branches group a comparable number of pulsars: gray (39), orange (20), dark blue (31), brown (54), dark green (30), and pink (16). The trunk (in dark khaki) has only 14 nodes, with 14 others (in sky blue) that are not considered to pertain to any significant branch or trunk and appear to be the noise of the former structures.



4 Localizing a new node
We introduce an incremental algorithm for updating the MST when new nodes are considered. This can be used to infer where a new node with given properties will fall in the MST. In practice, when we add a new node and compute its distance from all other nodes in the graph, we preserve the known distances among the previously existing nodes. In this process, we keep the scaling of the distance used in the calculation of the original MST, denoted T, to which the new node will be added. This involves identifying potential cycles that would be formed with existing T, adding new edges, and discarding them so that the resulting graph remains an MST. This approach, while avoiding the complete recalculation of the MST, delivers the location of the new node concerning the former ones, leading to an updated T, which we refer to as T′. This process follows the principles outlined in traditional graph theory; e.g., the correctness of Prim’s algorithm according to the MST theorem, and the MST lemma as the cycle property (see, e.g., Prim 1957; Wilson 2010; Roughgarden 2019).
4.1 IGR J18245−2452—PSR J1824−2452I
As tMSP IGR J18245−2452 (or PSR J1824−2452I; see, e.g., Papitto et al. 2013) lacks a measured value of [image: equation], it is initially excluded from the sample used in this work (see Sect. 2.1). Considering its measured values for P, PB, MC, and A1, we assume a value for the [image: equation] and add this pulsar to T in Fig. 4. Based on the estimated Bs ~ (0.7–35) × 108 G by Ferrigno et al. (2014), and its known P, we can compute3 a range of [image: equation] ~ (1.2 × 10−21−3 × 10−18) ss−1. We take ten equispaced values in this range (and their concurrent values of all physical variables derived taking [image: equation] into account), and we construct for each one a T′.
When we assume the lowest values of the given range, [image: equation] ≲ 10−20 ss−1, we find that the added pulsar is located along one of the rightmost branches (brown branch; see Fig. 6) of the MST; see the left panel in Fig. 9. As [image: equation] increases to the range (10−20, 3 × 10−19) ss−1, its MST location will climb until it reaches the end of the branch where the rest of the RBs, and therefore the known tMSPs, appear. It will remain at that end until [image: equation] ≲ 6 × 10−19 ss−1 is considered; see the central panel in Fig. 9. When this value of [image: equation] is exceeded, and up to the largest ones explored [image: equation] ~ 3 × 10−18 ss−1, the pulsar will be located in the BW branch, as we can see in the right panel of Fig. 9. Thus, as IGR J18245−2452 is an RB transitional pulsar, it would be reasonable to expect it to fall near the majority of the nodes of its class, implying we can limit searches for its [image: equation] from [image: equation] ~ (1.2 × 10−21−3 × 10−18) ss−1 to around [image: equation] ~ (1 × 10−20, 6 × 10−19) ss−1 or Bs ~ (2 × 108, 1.55 × 109) G.
4.2 tMSP candidate: 3FGL J1544.6−1125
3FGL J1544.6−1125 has shown variability, with high and low modes that are exclusively seen in tMSPs; see Bogdanov & Halpern (2015). In Britt et al. (2017), the PB of this pulsar is estimated to be PB = 0.2415361(36) days = 20868.72(31) s. The semi-amplitude of the radial velocity of the companion star K2 = 39.3 ± 1.5 km s−1 yields a companion mass of M2 ≲ 0.7 M⊙. To estimate the range of A1, we start by defining the location of the center of mass, relying on the fundamental relationship M1a1 = M2a2 (see e.g., Karttunen et al. 2007), where a1 and a2 represent the distances of the objects from the center of mass, and M1 and M2 are the masses of the neutron star and the companion star, respectively. Additionally, the radial velocity of the companion is defined as (see, e.g., Tauris & van den Heuvel 2023) K2 = ωB · a2 · sin(i), where ωB = 2 π/PB. Using the above relationships, we derive [image: equation]. We make several assumptions, where for M1 we have M1min ~ 1.4 M⊙ and M1max ~ 2 M⊙, and for M2 we have M2min ~ 0.05 M⊙ and M2max ~ 0.7 M⊙. Consequently, we calculate the range A1 ~ (0.0088, 0.259) lt-s. We consider values from M2min up to M2max for the range of MC. Also, as the pulsar has an unknown value of P, we impose no constraint on it and we take it to be within the range of ~(1, 10) × 10−3 s. Similarly, we also inspect the range between the minimum and maximum measurement of [image: equation] seen in the sample according to (7 × 10−23, 7 × 10−19) ss−1. We consider ten values spanning each range for (P, [image: equation], A1, MC), resulting in 104 distinct combinations for which we apply the incremental algorithm.
We observe that the stability of T′ is extremely high concerning T, as in more than 99% of the cases, they only differ on one edge (isomorphism; see e.g. Valiente 2002). As seen in the previous analysis, this allows us to position 3FGL J1544.6−1125 considering known parts of T as the regions with the marked classes of pulsars as in Fig. 4 or the branches seen in Fig. 6. In 67% of the cases, the position of 3FGL J1544.6−1125 falls in a branch (gray), where the known tMSPs are located, as we show in Fig. 10. The MST then promotes the tMSP classification of 3FGL J1544.6−1125 despite the uncertainties of the variables.
	[image: thumbnail]	Fig. 7 Cross-dependence and distributions of the ten variables considered to be separated according to the branches in Fig. 6.



4.3 SAX J1808.4−3658
The location of SAX J1808.4−3658 within the MST is also of considerable interest. This source is an accreting millisecond X-ray pulsar (AMXP; see e.g., Patruno & Watts 2021) that has exhibited ten approximately month-long outbursts with a recurrence of about 2–3 years, making it the AMXP with the most numerous outbursts, and suitable for in-depth investigation of its long-term timing properties, as discussed by Illiano et al. (2023). SAX J1808.4−3658 is likely a gamma-ray source (de Oña Wilhelmi et al. 2016), and there is ambiguity regarding its activity status as a rotation-powered millisecond pulsar during quiescent periods, despite the lack of detected radio pulsations Focusing on the long-term first derivative of the spin frequency, as detailed in Fig. 2 and Sect. 3.2 of Illiano et al. (2023), reveals a [image: equation] = −1.152(56) × 10−15 Hz s−1, in alignment with findings from previous works (Patruno et al. 2012; Sanna et al. 2017; Bult et al. 2020). The variables taken are P = 0.00249391976403(31) s, A1 = 0.0628033(57) lt-s, and PB = 0.083902314(96) d (as listed in Table 1 of Illiano et al. 2023). Consequently, we estimate [image: equation] = −[image: equation]/ν2 = −P2 [image: equation] ~ 7.2 × 10−21 s s−1. A previous timing analysis indicates that the neutron star orbits a semi-degenerate companion of MC ~ 0.05 M⊙ (see Bildsten & Chakrabarty 2001). Considering the values computed for the other variables, given the known spin period and spin period derivative, we apply the incremental algorithm to obtain T′. Using the BWs and RBs seen in Fig. 4 as a reference, we show T′ in Fig. 11 together with the AMXP SAX J1808.4−3658, which falls at the gate of the high-density zone of BWs.
	[image: thumbnail]	Fig. 8 Examples of the values of P, [image: equation], Bs, [image: equation], MC, A1, and PB (the legend shown in the first row applies to all rows) along a path in the MST. Left column: selected paths in the MST are shown and nodes are shown in red. Right column: scaled variables are shown on the y-axis (using the robust scaler, i.e., subtracting the median and dividing by the interquartile range for the whole population considered), and the pulsars of the selected path are shown on the x-axis (nodes in red) through their identifier according to the ATNF catalog. The order shown responds to the path reading in the MST, which always goes from the central part (trunk) to the ends of the MST.



5 Concluding remarks
Graph theory provides an elegant way to inspect a population. The combination of the MST and the underlying distance ranking helps to distinguish the components as well as identify candidates for membership in a particular group. Here we focus on the MSP population and show that its MST forms groups, with BWs and RBs being placed in different regions. This separation is evident when plotting the MC for each system. When the values of MC are not clear-cut between these populations, it is increasingly difficult to make a safe classification without further studies. Based on the locations of our sample of pulsars within the MST, the individual distance ranking for a given pulsar, and the fact that in only very few cases the ranking of a given pulsar thought to pertain to one class is dominated by pulsars belonging to another, we come to the following conclusions:

	We promote that J1300+1240, J1630+3550, J1317−0157, J1221−0633, J1627+3219, J1701−3006F, and J1737−0314A be classified as BWs;


	The MST location and the ranking favor, or at the very least do not rule out, a BW classification for J1908+2105;


	The pulsars J1723−2837, J1902−5105, and J1431−4715 are the only ones in the sample containing at least one known tMSP in their closest three neighbors. We advocate further studies of these pulsars to catch them transitioning into an accretion-powered state in analogy to the known tMSPs;


	The MST location of IGR J18245−2452/PSR J1824−2452I, which implies an RB transitional pulsar, suggests that the yet unknown [image: equation] is in the range [image: equation] ~ (1 × 10−20, 6 × 10−19) ss−1. Searches limited to this range could empower the techniques and lead to detections;


	Spanning over the uncertainty in the variables of the putative transitional pulsar behind 3FGL J1544.6−1125, we see indeed that it is located near the others in most cases;


	The AMXP SAX J1808.4−3658 is close to the group of BWs and can be classified as such from its location in the MST. Indeed, di Salvo et al. (2008) proposed that the system is a hidden BW and that in X-ray quiescence the source is ejecting matter. We note that this fact alone would not necessarily imply its possible BW nature;


	If we use graph theory to cluster the population of MSPs via distinguishing branches (unsupervised methodology), we recover a clear distinction between BWs, RBs, and a significant number of other MSPs showing different features, namely larger PB, MC, and P, and smaller [image: equation] releases;


	This process also separates BWs in the field from those in globular clusters, placing them in different branches within the BW region.




	[image: thumbnail]	Fig. 9 Minimum spanning tree containing different realizations for [image: equation] of the tMSP J1824−2452I (in black): [image: equation] ~ 1.22 × 10−20 ss−1 (left panel), [image: equation] ~ 3.34 × 10−19 ss−1 (central panel), and [image: equation] ~ 3 × 10−18 ss−1 (right panel). Each MST is defined as a T′(219, 218) and is shown with the spider type of pulsars as seen in Fig. 4, where the confirmed BWs appear in red, RBs in green, TMSPs in yellow, BWs and RBs in globular clusters in light red and light green, RB candidates in light teal, and the unclassified ones are again shown in blue.



	[image: thumbnail]	Fig. 10 Minimum spanning tree defined as T′(219, 218), containing the 3FGL J1544.6−1125 (in black), with the known tMSPs (in yellow) labeled: J1023+0038 and J1227−4853, as seen in Fig. 4. The color code of the significant branches, trunk, and the remaining pulsars is the same as in Fig. 6.



	[image: thumbnail]	Fig. 11 Minimum spanning tree defined as T′(219, 218), containing the AMXP SAX J1808.4−3658 (in black). The confirmed BWs appear in red, RBs in green, tMSPs in yellow, BWs and RBs in globular clusters in light red and light green, the RB candidate in light teal, and the unclassified sources are shown in blue, as seen in Fig. 4.
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Appendix A  Variables of BWs, RBs, and tMSPs
Table A.1 shows the values of the variables for BWs, RBs, and tMSPs, both confirmed and candidates, shown in Fig. 4, according to the ATNF catalog.
Table A.1 
Variables according to the ATNF catalog of BWs, RBs, and tMSPs.


Appendix B  Significant branches
We applied the betweenness centrality estimator (see Freeman 1977; Moxley & Moxley 1974; Brandes 2001; Baron & Ménard 2021) to identify the most central nodes of the graph T. Values seen as outliers in betweenness centrality will be named potential trunk nodes, or pTNs. The trunk is defined as a path, i.e., a sequence of non-repeated nodes. At the end of the trunk, the pTNs that delimit are called contour nodes (CN). These CNs must be nodes of a degree greater than 2, so they act as an articulation point for the graph, i.e., removing these nodes partitions the graph into connected components. The connected components originating in a CN are called contour branches (CB). This leaves a clustered structure with a minimum of two groupings at each extreme of the trunk. To avoid limiting the trunk in nodes of degree 2 or larger but from which the departing structures are of non-representative size (i.e., we aim to avoid noise near the trunk), we define a significant threshold (αs) so that the number of nodes in the CBs is requested to exceed this lower limit. We set the threshold at 5%, i.e. implying that branches will contain at least 11 pulsars of the total population. Once all the possible CNs are identified, we calculate all the possible trunks as the paths that result in pairing these CNs. The number of trunks obtained, therefore, are #Trunks = CNs × (CNs − 1)/2. For each possible trunk, we have a set of branches constituted by the connected components starting from every node of a degree larger than 2 (including the CBs) and having αs as a lower limit to the number of nodes each one must contain.
This results in six sets of branches and trunks. We choose the set that provides greater uniformity in the size of the resulting groups, which contributes to the robustness of a comparison analysis, such as a non-parametric test such as the Kolmogorov-Smirnov (KS) statistics (see e.g., Wolfe 2012; Lehmann 2012; Yadolah 2008). In this case, the null hypothesis (H0) is that the distribution of the variables of the nodes of two given branches is consistent with them coming from the same parent distribution. Rejecting this null hypothesis, say at the 95% confidence level (CL) or better, would lead us to think that two branches may be formed by different pulsars or at different evolution stages. Table B.1 shows the KS test results for these branches, where the H0 column indicates which branches differ the most under the above assumptions. It is observed that most of the branches are distinguished for most of the individual variables.
Table B.1 
Comparison of branches via the KS test.


Appendix C  No moding in identified tMSP candidates in the radio state
The EPIC-pn (Strüder et al. 2001) operated with a time resolution of 73.4 ms (full frame mode) for 1723-2837 and J1902-5105, and 47.4 ms (large window mode) for J1431-4715. The two EPIC-MOS (Turner et al. 2001) were employed with a time resolution of 2.6 s (full frame mode) in the first two cases and 0.9 s (large window mode) for J1431-4715. We processed and analyzed the data using the Science Analysis Software (SAS; v.21.0.0). All three observations exhibited high background activity in the 10–12 keV light curve, so we excluded the contaminated data intervals. For the EPIC-pn and each MOS, we extracted source photons within a circular region centered on the source position with a 40″radius, and background photons from an 80″wide, source-free circular region. Using the epiclccorr task, 0.3-10 keV background-subtracted light curves were extracted from the three EPIC instruments over the simultaneous coverage time interval, binned with a time resolution of 100 s. As previously noted, we recall that the X-ray flux of J1723-2837 (top panel of Fig. C.1) is variable with the orbital phase as discussed in Bogdanov et al. (2014).
	[image: thumbnail]	Fig. C.1 XMM-Newton 0.3-10 keV background-subtracted light curves over the time interval in which the three EPIC instruments collected data simultaneously for J1723-2837 (top panel) and J1902-5105 (bottom panel). The light curves are binned with a time resolution of 100 s. For a detailed analysis of J1431-4715 see de Martino et al. (2024); Koljonen & Linares (2023).



We searched the XMM-Newton light curves for the typical bimodality between ‘high’ and ‘low’ intensity modes (see Fig. C.1; see de Martino et al. (2024), see also, (Koljonen & Linares 2023) for a detailed analysis of J1431-4715). We experimented with different bin sizes but did not observe the expected bimodal feature. Further analysis of the count rate distributions confirmed the absence of this bimodality. A deep search for pulsation has identified PSR J1431-4715 as a gamma-ray pulsar Smith et al. (2023); its gamma-ray emission shows variable signature as those found for prototypical tMSPs Torres et al. (2017).
We note that the prototype for tMSPs, J1023+0038, is located at ~1.37 kpc (Deller et al. 2012), while the estimated distances for J1723-2837 and J1902-5105 are ~0.75 kpc (Bogdanov et al. 2014) and ~1.2 kpc (Camilo et al. 2015), respectively. Assuming comparable luminosities, if a similar bimodal behavior were present, we would expect to observe it in these closer sources.
Moreover, distinct high and low modes are evident in the faint candidate tMSP 3FGL J1544.6-1125 (Bogdanov & Halpern 2015). For the latter source, as a check, we have re-analyzed the XMM-Newton archival observation ObsID 072080101. The bimodal pattern was detected in the EPIC/MOS1 0.3-10 keV background-subtracted light curve binned with a time resolution of 100 s and exhibiting an average count rate comparable to that of J1723-2837. Thus, should it be present in J1723-2837, it should have become similarly apparent.
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1 The notation | · | represents the cardinality (or size) of the specified set, indicating the number of elements within it.
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3 For consistency, we assume [image: equation].
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	[image: thumbnail]	Fig. 3 PCA results for the logarithm of the set of variables for the whole population of 218 MSPs. The left panel, also called the scree plot, shows the explained variance of each PC according to the eigenvalues of the covariance matrix. We note that the covariance matrix calculates the relationships between pairs of variables, showing how changes in one variable are associated with changes in another. It represents the amount of information contained in each PC. The central panel shows the cumulative explained variance by the new variables defined through the PCA analysis. The right panel shows the “weight” (also called loading) that each variable has concerning each PC, indicating its contribution to the variance captured by that PC. This value is the coefficient held in each eigenvector of the covariance matrix. Negative values imply that the variable and the PC are negatively correlated. Conversely, a positive value shows a positive correlation between the PC and the variable.
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	[image: thumbnail]	Fig. 4 Minimum spanning tree of the binary pulsar population defined as T(218, 217) based on the complete, undirected, and weighted graph G(218, 23 653) computed from the Euclidean distance among ten scaled variables (or the equivalent four PCs that describe their whole variance). Each node in the MST represents a pulsar. The MST separately notes confirmed BWs (red), RBs (green), and tMSPs J1023+0038 and J1227−4853 (yellow), respectively. Also, the BWs and RBs in globular clusters (light red and light green, respectively) are highlighted. The RBs J1622−0315 (green) and the RB candidate J1302−3258 (light teal) are also noted in the rightmost branch of the MST. The unclassified ones appear in blue. See Table A.1 for more details.
In the text



	[image: thumbnail]	Fig. 5 Zoom onto the leftmost part of the MST shown in Fig. 4. The locations of the pulsars (shown in orange) discussed in Sect. 2.3.1 (left panel), Sect. 2.3.2 (central panel), and Sect. 2.3.3 (right panel) can be seen more clearly here. The same color code is used as in Fig. 4, where the confirmed BWs appear in red, RBs in green, tMSPs in yellow, and the BWs and RBs in globular clusters are shown in light red and light green, keeping the unclassified pulsars in blue.
In the text



	[image: thumbnail]	Fig. 6 Minimum spanning tree of the MSP population is defined as T(218, 217), separated into significant branches according to the algorithm described in the text (see Sect. 3). The branches group a comparable number of pulsars: gray (39), orange (20), dark blue (31), brown (54), dark green (30), and pink (16). The trunk (in dark khaki) has only 14 nodes, with 14 others (in sky blue) that are not considered to pertain to any significant branch or trunk and appear to be the noise of the former structures.
In the text
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	[image: thumbnail]	Fig. 8 Examples of the values of P, [image: equation], Bs, [image: equation], MC, A1, and PB (the legend shown in the first row applies to all rows) along a path in the MST. Left column: selected paths in the MST are shown and nodes are shown in red. Right column: scaled variables are shown on the y-axis (using the robust scaler, i.e., subtracting the median and dividing by the interquartile range for the whole population considered), and the pulsars of the selected path are shown on the x-axis (nodes in red) through their identifier according to the ATNF catalog. The order shown responds to the path reading in the MST, which always goes from the central part (trunk) to the ends of the MST.
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	[image: thumbnail]	Fig. 9 Minimum spanning tree containing different realizations for [image: equation] of the tMSP J1824−2452I (in black): [image: equation] ~ 1.22 × 10−20 ss−1 (left panel), [image: equation] ~ 3.34 × 10−19 ss−1 (central panel), and [image: equation] ~ 3 × 10−18 ss−1 (right panel). Each MST is defined as a T′(219, 218) and is shown with the spider type of pulsars as seen in Fig. 4, where the confirmed BWs appear in red, RBs in green, TMSPs in yellow, BWs and RBs in globular clusters in light red and light green, RB candidates in light teal, and the unclassified ones are again shown in blue.
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	[image: thumbnail]	Fig. 10 Minimum spanning tree defined as T′(219, 218), containing the 3FGL J1544.6−1125 (in black), with the known tMSPs (in yellow) labeled: J1023+0038 and J1227−4853, as seen in Fig. 4. The color code of the significant branches, trunk, and the remaining pulsars is the same as in Fig. 6.
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	[image: thumbnail]	Fig. 11 Minimum spanning tree defined as T′(219, 218), containing the AMXP SAX J1808.4−3658 (in black). The confirmed BWs appear in red, RBs in green, tMSPs in yellow, BWs and RBs in globular clusters in light red and light green, the RB candidate in light teal, and the unclassified sources are shown in blue, as seen in Fig. 4.
In the text



	[image: thumbnail]	Fig. C.1 XMM-Newton 0.3-10 keV background-subtracted light curves over the time interval in which the three EPIC instruments collected data simultaneously for J1723-2837 (top panel) and J1902-5105 (bottom panel). The light curves are binned with a time resolution of 100 s. For a detailed analysis of J1431-4715 see de Martino et al. (2024); Koljonen & Linares (2023).
In the text
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        Distribution of the logarithm of the ten variables considered for the sample of 218 pulsars.
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        Cross-dependence of the ten variables considered. Confirmed BWs (in red) and RBs (in green) are separately noted. For visualization reasons, no distinction is made between MSPs residing in globular clusters and those not, and the tMSPs are marked in green due to their behavior as RBs. The pulsars not yet assigned to any of these classes are shown in blue. The main diagonal shows the distribution for each variable. The panels with the shaded background show the pairs formed with PB, MC, and A1, which best differentiate the BWs from the rest.
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        PCA results for the logarithm of the set of variables for the whole population of 218 MSPs. The left panel, also called the scree plot, shows the explained variance of each PC according to the eigenvalues of the covariance matrix. We note that the covariance matrix calculates the relationships between pairs of variables, showing how changes in one variable are associated with changes in another. It represents the amount of information contained in each PC. The central panel shows the cumulative explained variance by the new variables defined through the PCA analysis. The right panel shows the “weight” (also called loading) that each variable has concerning each PC, indicating its contribution to the variance captured by that PC. This value is the coefficient held in each eigenvector of the covariance matrix. Negative values imply that the variable and the PC are negatively correlated. Conversely, a positive value shows a positive correlation between the PC and the variable.
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        Minimum spanning tree of the binary pulsar population defined as T(218, 217) based on the complete, undirected, and weighted graph G(218, 23 653) computed from the Euclidean distance among ten scaled variables (or the equivalent four PCs that describe their whole variance). Each node in the MST represents a pulsar. The MST separately notes confirmed BWs (red), RBs (green), and tMSPs J1023+0038 and J1227−4853 (yellow), respectively. Also, the BWs and RBs in globular clusters (light red and light green, respectively) are highlighted. The RBs J1622−0315 (green) and the RB candidate J1302−3258 (light teal) are also noted in the rightmost branch of the MST. The unclassified ones appear in blue. See Table A.1 for more details.
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        Zoom onto the leftmost part of the MST shown in Fig. 4. The locations of the pulsars (shown in orange) discussed in Sect. 2.3.1 (left panel), Sect. 2.3.2 (central panel), and Sect. 2.3.3 (right panel) can be seen more clearly here. The same color code is used as in Fig. 4, where the confirmed BWs appear in red, RBs in green, tMSPs in yellow, and the BWs and RBs in globular clusters are shown in light red and light green, keeping the unclassified pulsars in blue.
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      Ranking of the nodes in the tMSPs region in the MST.

      
        


	J1023+0038
	J1723−2837
	J1902−5105
	J1227−4853
	J1431−4715





	J1723−2837
	J1902−5105
	J1723−2837
	J1902−5105
	J2205+6012



	J1227−4853
	J1023+0038
	J1227−4853
	J1431−4715
	J1227−4853



	J1902−5105
	J1227−4853
	J1431−4715
	J1723−2837
	J1342+2822B





      

      
Notes. Ranking based on the Euclidean distance calculated over the ten scaled variables considered for the nodes in the region of the tMSPs.
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        Minimum spanning tree of the MSP population is defined as T(218, 217), separated into significant branches according to the algorithm described in the text (see Sect. 3). The branches group a comparable number of pulsars: gray (39), orange (20), dark blue (31), brown (54), dark green (30), and pink (16). The trunk (in dark khaki) has only 14 nodes, with 14 others (in sky blue) that are not considered to pertain to any significant branch or trunk and appear to be the noise of the former structures.
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        Cross-dependence and distributions of the ten variables considered to be separated according to the branches in Fig. 6.
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        Examples of the values of P, [image: equation], Bs, [image: equation], MC, A1, and PB (the legend shown in the first row applies to all rows) along a path in the MST. Left column: selected paths in the MST are shown and nodes are shown in red. Right column: scaled variables are shown on the y-axis (using the robust scaler, i.e., subtracting the median and dividing by the interquartile range for the whole population considered), and the pulsars of the selected path are shown on the x-axis (nodes in red) through their identifier according to the ATNF catalog. The order shown responds to the path reading in the MST, which always goes from the central part (trunk) to the ends of the MST.
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        Minimum spanning tree containing different realizations for [image: equation] of the tMSP J1824−2452I (in black): [image: equation] ~ 1.22 × 10−20 ss−1 (left panel), [image: equation] ~ 3.34 × 10−19 ss−1 (central panel), and [image: equation] ~ 3 × 10−18 ss−1 (right panel). Each MST is defined as a T′(219, 218) and is shown with the spider type of pulsars as seen in Fig. 4, where the confirmed BWs appear in red, RBs in green, TMSPs in yellow, BWs and RBs in globular clusters in light red and light green, RB candidates in light teal, and the unclassified ones are again shown in blue.
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        Minimum spanning tree defined as T′(219, 218), containing the 3FGL J1544.6−1125 (in black), with the known tMSPs (in yellow) labeled: J1023+0038 and J1227−4853, as seen in Fig. 4. The color code of the significant branches, trunk, and the remaining pulsars is the same as in Fig. 6.
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        Minimum spanning tree defined as T′(219, 218), containing the AMXP SAX J1808.4−3658 (in black). The confirmed BWs appear in red, RBs in green, tMSPs in yellow, BWs and RBs in globular clusters in light red and light green, the RB candidate in light teal, and the unclassified sources are shown in blue, as seen in Fig. 4.

      

    

  
    
      Table A.1 

      Variables according to the ATNF catalog of BWs, RBs, and tMSPs.

      
        


	JNAME
	PB(d)
	[image: equation]sd(erg s−1)
	P(s)
	Bs(G)
	[image: equation](s s−1)
	MC(M⊙)
	A1(lt − s)
	ΔΦ(V)
	ηGJ(cm−3)
	Blc(G)





	Black widows



	J0023+0923
	0.13
	1.58×1034
	0.0030
	1.88×108
	1.14×10−20
	0.018
	0.034
	1.33×1014
	4.28×109
	62401.91



	J0024-72040*
	0.13
	6.48×1034
	0.0026
	2.86×108
	3.03×10−20
	0.024
	0.045
	2.69×1014
	7.50×109
	145482.85



	J0024-7204P*
	0.14
	5.41×1035
	0.0036
	1.57×109
	6.63×10−19
	0.019
	0.038
	7.77×1014
	2.98×1010
	305080.04



	J0024-7204R*
	0.06
	1.38×1035
	0.0034
	7.27×108
	1.48×10−19
	0.029
	0.033
	3.93×1014
	1.44×1010
	161687.07



	J0251+2606
	0.20
	1.82×1034
	0.0025
	1.40×108
	7.57×10−21
	0.027
	0.065
	1.42×1014
	3.82×109
	80162.82



	J0312-0921
	0.09
	1.53×1034
	0.0037
	2.73×108
	1.97×10−20
	0.010
	0.015
	1.30×1014
	5.10×109
	50446.32



	J0610-2100
	0.28
	8.45×1033
	0.0038
	2.20×108
	1.23×10−20
	0.024
	0.073
	9.71×1013
	3.95×109
	35950.28



	J0636+5128
	0.06
	5.76×1033
	0.0028
	1.00×108
	3.44×10−21
	0.007
	0.008
	8.02×1013
	2.42×109
	39963.19



	J0952-0607
	0.26
	6.66×1034
	0.0014
	8.31×107
	4.77×10−21
	0.022
	0.062
	2.72×1014
	4.06×109
	275776.46



	J1124-3653
	0.22
	1.69×1034
	0.0024
	1.21×108
	6.01×10−21
	0.031
	0.079
	1.37×1014
	3.49×109
	81614.11



	J1301+0833
	0.27
	6.64×1034
	0.0018
	1.41×108
	1.05×10−20
	0.027
	0.078
	2.72×1014
	5.29×109
	211158.03



	J1311-3430
	0.06
	4.93×1034
	0.0025
	2.34×108
	2.09×10−20
	0.009
	0.010
	2.34×1014
	6.33×109
	130950.18



	J1446-4701
	0.27
	3.66×1034
	0.0021
	1.48×108
	9.80×10−21
	0.021
	0.064
	2.02×1014
	4.67×109
	131662.94



	J1513-2550
	0.17
	8.96×1034
	0.0021
	2.16×108
	2.16×10−20
	0.018
	0.040
	3.16×1014
	7.06×109
	213347.04



	J1518+0204C*
	0.08
	6.71×1034
	0.0024
	2.57×108
	2.60×10−20
	0.043
	0.057
	2.73×1014
	7.17×109
	157520.28



	J1544+4937
	0.12
	1.09×1034
	0.0021
	7.86×107
	2.79×10−21
	0.019
	0.032
	1.10×1014
	2.51×109
	73224.85



	J1555-2908
	0.23
	3.07×1035
	0.0017
	2.85×108
	4.45×10−20
	0.059
	0.151
	5.86×1014
	1.10×1010
	468636.58



	J1641+3627E*
	0.11
	4.47×1034
	0.0024
	2.10×108
	1.74×10−20
	0.023
	0.037
	2.23×1014
	5.86×109
	128450.77



	J1641+8049
	0.09
	4.27×1034
	0.0020
	1.36×108
	8.94×10−21
	0.046
	0.064
	2.18×1014
	4.65×109
	154502.68



	J1653-0158
	0.05
	1.24×1034
	0.0019
	6.95×107
	2.40×10−21
	0.011
	0.010
	1.17×1014
	2.44×109
	85609.20



	J1701-3006E*
	0.15
	3.62×1035
	0.0032
	1.01×109
	3.10×10−19
	0.035
	0.070
	6.36×1014
	2.16×1010
	281028.45



	J1719-1438
	0.09
	1.63×1033
	0.0057
	2.18×108
	8.04×10−21
	0.001
	0.001
	4.27×1013
	2.60×109
	10546.33



	J1731-1847
	0.31
	7.78×1034
	0.0023
	2.46×108
	2.54×10−20
	0.038
	0.120
	2.94×1014
	7.28×109
	179657.07



	J1745+1017
	0.73
	5.77×1033
	0.0026
	8.60×107
	2.72×10−21
	0.015
	0.088
	8.03×1013
	2.24×109
	43265.82



	J1805+0615
	0.33
	9.31×1034
	0.0021
	2.22×108
	2.27×10−20
	0.026
	0.087
	3.22×1014
	7.23×109
	216420.69



	J1810+1744
	0.15
	3.97×1034
	0.0016
	8.84×107
	4.60×10−21
	0.049
	0.095
	2.10×1014
	3.68×109
	181229.94



	J1824-2452M*
	0.24
	4.42×1034
	0.0047
	7.75×108
	1.22×10−19
	0.012
	0.032
	2.22×1014
	1.12×1010
	66406.37



	J1824-2452N*
	0.19
	1.66×1035
	0.0033
	7.39×108
	1.59×10−19
	0.021
	0.049
	4.31×1014
	1.52×1010
	183891.70



	J1833-3840
	0.90
	1.07×1035
	0.0018
	1.84×108
	1.77×10−20
	0.009
	0.061
	3.46×1014
	6.82×109
	265593.33



	J1836-2354A*
	0.20
	2.42×1033
	0.0033
	8.92×107
	2.31×10−21
	0.019
	0.046
	5.20×1013
	1.84×109
	22164.68



	J1928+1245
	0.13
	2.40×1034
	0.0030
	2.27×108
	1.67×10−20
	0.010
	0.018
	1.63×1014
	5.21×109
	77477.09



	J1959+2048
	0.38
	1.60×1035
	0.0016
	1.66×108
	1.68×10−20
	0.024
	0.089
	4.23×1014
	7.16×109
	375949.48



	J2017-1614
	0.09
	7.80×1033
	0.0023
	7.61×107
	2.45×10−21
	0.030
	0.043
	9.33×1013
	2.27×109
	57631.66



	J2047+1053
	0.12
	1.04×1034
	0.0042
	3.02×108
	2.08×10−20
	0.040
	0.069
	1.07×1014
	4.87×109
	35979.39



	J2051-0827
	0.09
	5.48×1033
	0.0045
	2.42×108
	1.27×10−20
	0.030
	0.045
	7.82×1013
	3.72×109
	24801.53



	J2052+1219
	0.11
	3.38×1034
	0.0019
	1.16×108
	6.70×10−21
	0.038
	0.061
	1.94×1014
	4.06×109
	139873.60



	J2055+3829
	0.12
	4.32×1033
	0.0020
	4.62×107
	9.99×10−22
	0.025
	0.045
	6.95×1013
	1.53×109
	47537.98



	J2115+5448
	0.13
	1.67×1035
	0.0026
	4.46×108
	7.49×10−20
	0.024
	0.044
	4.32×1014
	1.18×1010
	237535.29



	J2214+3000
	0.41
	1.91×1034
	0.0031
	2.16×108
	1.47×10−20
	0.015
	0.059
	1.46×1014
	4.81×109
	67001.37



	J2234+0944
	0.41
	1.66×1034
	0.0036
	2.73×108
	2.01×10−20
	0.017
	0.068
	1.36×1014
	5.21×109
	53684.04



	J2241-5236
	0.14
	2.60×1034
	0.0021
	1.24×108
	6.89×10−21
	0.013
	0.025
	1.70×1014
	3.93×109
	111420.40



	J2256-1024
	0.21
	3.71×1034
	0.0022
	1.63×108
	1.13×10−20
	0.034
	0.082
	2.03×1014
	4.92×109
	126750.83



	J2322-2650
	0.32
	5.54×1032
	0.0034
	4.54×107
	5.83×10−22
	0.0008
	0.002
	2.48×1013
	9.08×108
	10266.96



	J1221-0633
	0.38
	2.87×1034
	0.0019
	1.02×108
	5.26×10−21
	0.015
	0.05
	1.79×1014
	3.65×109
	132280.06



	




	J1300+1240†
	25.2
	1.87×1034
	0.0062
	8.53×108
	1.14×10−19
	5.6×10−8
	3×10−6
	1.44×1014
	9.49×109
	33265.14



	J1317-0157
	0.08
	8.82×1033
	0.0029
	1.27×108
	5.49×10−21
	0.020
	0.02
	9.92×1013
	3.04×109
	48767.61



	J1627+3219
	0.16
	2.07×1034
	0.0021
	1.10×108
	5.47×10−21
	0.025
	0.05
	1.52×1014
	3.50×109
	99738.68



	J1630+3550
	0.31
	2.44×1034
	0.0032
	2.62×108
	2.08×10−20
	0.011
	0.03
	1.65×1014
	5.62×109
	73150.90



	J1701-3006F*
	0.20
	7.25×1035
	0.0022
	7.22×108
	2.22×10−19
	0.024
	0.05
	9.00×1014
	2.17×1010
	560490.08



	J1737-0314A*
	0.22
	4.86×1035
	0.0019
	4.40×108
	9.55×10−20
	0.018
	0.04
	7.36×1014
	1.53×1010
	531633.70



	




	Redbacks and transitional millisecond pulsars



	




	J1023+0038*
	0.19
	5.68×1034
	0.0016
	1.09×108
	6.92×10−21
	0.15
	0.34
	2.52×1014
	4.48×109
	213328.66



	J1048+2339
	0.25
	1.16×1034
	0.0046
	3.79×108
	3.00×10−20
	0.35
	0.83
	1.14×1014
	5.62×109
	35000.56



	J1227-4853*
	0.28
	9.12×1034
	0.0016
	1.38×108
	1.10×10−20
	0.24
	0.66
	3.19×1014
	5.67×109
	270534.19



	J1431-4715
	0.44
	6.83×1034
	0.0020
	1.70×108
	1.41×10−20
	0.14
	0.55
	2.76×1014
	5.86×109
	196263.68



	J1622-0315
	0.16
	7.93×1033
	0.0038
	2.12×108
	1.14×10−20
	0.11
	0.21
	9.4×1013
	3.81×109
	34977.90



	J1628-3205
	0.21
	1.42×1034
	0.0032
	1.98×108
	1.19×10−20
	0.18
	0.41
	1.26×1014
	4.27×109
	56116.06



	J1717+4308A*
	0.20
	7.65×1034
	0.0031
	4.44×108
	6.11×10−20
	0.18
	0.39
	2.92×1014
	9.73×109
	132169.23



	J1723-2837
	0.61
	4.65×1034
	0.0018
	1.19×108
	7.54×10−21
	0.27
	1.22
	2.28×1014
	4.46×109
	175618.45



	J1740-5340A*
	1.35
	1.36×1035
	0.0036
	7.92×108
	1.68×10−19
	0.21
	1.65
	3.90×1014
	1.50×1010
	152737.57



	J1803-6707
	0.38
	7.49×1034
	0.0021
	2.00×108
	1.84×10−20
	0.33
	1.06
	2.89×1014
	6.51×109
	193679.03



	J1816+4510
	0.36
	5.22×1034
	0.0031
	3.75×108
	4.31×10−20
	0.18
	0.59
	2.41×1014
	8.13×109
	108100.42



	J1908+2105
	0.14
	3.23×1034
	0.0025
	1.90×108
	1.38×10−20
	0.06
	0.11
	1.90×1014
	5.14×109
	105961.15



	J1957+2516
	0.23
	1.74×1034
	0.0039
	3.33×108
	2.74×10−20
	0.11
	0.28
	1.39×1014
	5.82×109
	50306.20



	J2039-5617
	0.22
	3.00×1034
	0.0026
	1.96×108
	1.41×10−20
	0.19
	0.47
	1.83×1014
	5.11×109
	98678.12



	J2215+5135
	0.17
	7.41×1034
	0.0026
	2.98×108
	3.33×10−20
	0.24
	0.46
	2.87×1014
	7.91×109
	157526.43



	J2339-0533
	0.19
	2.32×1034
	0.0028
	2.04×108
	1.41×10−20
	0.30
	0.61
	1.60×1014
	4.89×109
	79742.09



	




	J1902-5105*
	2.01
	6.86×1034
	0.0017
	1.28×108
	9.19×10−21
	0.18
	1.90
	2.76×1014
	5.08×109
	227053.37



	J1302-3258
	0.78
	4.81×1033
	0.0037
	1.58×108
	6.54×10−21
	0.17
	0.92
	7.33×1013
	2.91×109
	27786.94





      

      
Notes. The truncated values according to v2.1.1 of the ATNF catalog (visit https://www.atnf.csiro.au/research/pulsar/psrcat/ for updated versions) of the 10 variables considered for the confirmed BWs, RBs, and tMSPs (candidates for BWs or RBs are placed below the corresponding line). The tMSPs are included in the RBs section and are denoted by an asterisk. Pulsars belonging to globular clusters are marked with a star. We note that the pulsar J1300+1240 (also known as PSR B1257+12, see Wolszczan & Frail 1992; Wolszczan 1994; Wolszczan et al. 2000) is a planetary system, and its orbital parameters can be considered as lower limits depending on the mass of its planets (see, e.g., Konacki & Wolszczan 2003).




    

  
    
      Table B.1 

      Comparison of branches via the KS test.

      
        


	Branches
	Blc
	BS
	[image: equation]
	ηGJ
	P
	[image: equation]
	ΔΦ
	PB
	A1
	MC
	H0





	Green* - Gray
	0
	1
	1
	1
	0
	1
	1
	1
	1
	1
	8



	Green* - Pink
	1
	1
	1
	1
	0
	1
	1
	0
	0
	0
	6



	Green* - Blue*
	1
	1
	1
	0
	1
	1
	1
	1
	1
	1
	9



	Green* - Orange
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	9



	Green* - Brown
	1
	1
	1
	1
	1
	0
	1
	1
	1
	1
	9



	Gray - Pink
	1
	0
	1
	1
	0
	0
	1
	1
	1
	1
	7



	Gray - Blue*
	1
	1
	1
	1
	1
	1
	1
	1
	1
	0
	9



	Gray - Orange
	1
	1
	1
	1
	1
	1
	1
	0
	0
	0
	7



	Gray - Brown
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	10



	Pink - Blue*
	1
	0
	1
	1
	1
	1
	1
	1
	1
	1
	9



	Pink - Orange
	1
	1
	1
	1
	0
	1
	1
	1
	1
	1
	9



	Pink - Brown
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	10



	Blue* - Orange
	1
	1
	1
	1
	1
	1
	1
	0
	0
	0
	7



	Blue* - Brown
	0
	1
	0
	1
	1
	1
	0
	1
	0
	0
	5



	Orange - Brown
	1
	1
	1
	0
	1
	1
	1
	1
	1
	1
	9





      

      
Notes. Comparison (see Sect. 3) of the branches seen in Fig. 6. We denote with a number 1 when two branches, according to the KS-test for a 95% CL, reject H0 (defined in Appendix B) for the analyzed variable. Instead, we denote the opposite case with a number of 0, where we cannot reject H0. The last column shows the accumulated sum for each confrontation between branches, counting for which variables these branches reject H0. We denote with ‘*’ those colors in which dark is suppressed, alluding to the dark green and dark blue branches, for visualization reasons.




    

  
    
      Fig. C.1 

      
        [image: thumbnail]
      

      
        XMM-Newton 0.3-10 keV background-subtracted light curves over the time interval in which the three EPIC instruments collected data simultaneously for J1723-2837 (top panel) and J1902-5105 (bottom panel). The light curves are binned with a time resolution of 100 s. For a detailed analysis of J1431-4715 see de Martino et al. (2024); Koljonen & Linares (2023).
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