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Abstract

Context. Differential Lunar Laser Ranging (DLLR), which is planned to be conducted at Table Mountain Observatory (TMO) of Jet Propulsion Laboratory (JPL) in the future, is a novel technique for tracking to the Moon. This technique has the potential to determine the orientation, rotation, and interior of the Moon much more accurately if the expected high accuracy of about 30 μm can be achieved.

Aims. We focus on the benefit for the related parameters when only DLLR data with a short time span are available in the beginning.

Methods. A short DLLR time series is not enough to provide an accurate lunar orbit, which has a negative effect on parameter estimation. Fortunately, Lunar Laser Ranging (LLR) has been collecting data for a very long time span, which can be used to compensate this DLLR disadvantage. The combination of LLR data (over more than 50 yr) and simulated DLLR data over a relatively short time span (e.g., 5 or 10 yr) is used in different cases which include changing reflector baselines and extending data time span, along with adding more stations and “new” reflectors.

Results. The results show that the estimated accuracies of the parameters related to the lunar orientation, rotation, and interior can be improved by about 5–100 times by simply adding 5-yr DLLR data in the combination. With LLR, further enhancing the parameter determination can be achieved by choosing appropriate reflector baselines. By investigating different scenarios of reflector baselines based on the present five reflectors on the Moon, we find that two crossing baselines with larger lengths offer the greatest advantage. A longer data time span is more helpful, rather than having more stations involved in the measurement within a shorter time span, assuming the amount of data in these two cases is the same. Furthermore, we evaluated the preferred position of an assumed new reflector.
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1 Introduction
Lunar Laser Ranging (LLR) has a very long history, spanning more than 50 yr, of lunar tracking by measuring the round-trip travel time (multiplying with the speed of light to get the range) between an Earth station and a retroreflector (hereafter, just called a reflector) on the Moon (Müller et al. 2019; Hofmann 2017; Biskupek 2015). It benefits some research fields, for example, the calculation of the lunar ephemeris (Park et al. 2021; Pavlov 2020; Fienga et al. 2019, 2014; Bourgoin et al. 2015; Folkner et al. 2014), the determination of the Earth orientation parameters (Biskupek et al. 2022; Singh et al. 2022; Biskupek 2015; Biskupek & Müller 2009; Zerhouni & Capitaine 2009), the investigation of the lunar interior (Williams et al. 2014), and testing the Einstein’s relativity theory, such as the equivalence principle (Biskupek et al. 2021; Zhang et al. 2020; Hofmann & Müller 2018; Viswanathan et al. 2018; Müller et al. 2012; Williams et al. 2012).
Compared to LLR, an advanced LLR technique, known as Differential Lunar Laser Ranging (DLLR), which is to be conducted at Table Mountain Observatory (TMO) in the future, is intended to provide some possible advantages on the measurement process and lunar science. By using a high-power continuous-wave (CW) laser, the number of received photons is expected to increase substantially. The DLLR observation is a new kind of lunar measurement, namely, differenced lunar ranges (hereafter known as range difference), which is obtained by differencing the ranges for different reflectors tracked by the same station within a short time interval. This differential nature is envisaged to greatly reduce the Earth’s atmospheric error to make the accuracy of DLLR (range difference) reach an outstanding level of about 30 µm (which represents the Earth atmospheric limit by a factor of about 200 better than what is currently possible for LLR). As an error source with a large impact, the Earth’s atmosphere limits the LLR (range) accuracy, imposing a limit of about 5 mm for current LLR (Turyshev et al. 2021, 2018; Dehant et al. 2017). Presently, without so many DLLR technical details available, the judgement of the DLLR feasibility is not possible. Thus, the current specifications mentioned in Turyshev et al. (2021, 2018) and Dehant et al. (2017) are used as a given for the investigation of the potential benefits of DLLR.
By using the same long data time span (more than 50 yr) as LLR, the parameters related to the lunar orientation, rotation, and interior have been investigated using the simulated DLLR data from our previous research (Zhang et al. 2022). It has been shown that their estimated accuracies can really be improved largely, by about two orders of magnitude, if DLLR can indeed reach the high observation accuracy that is expected for it. Furthermore, using highly accurate DLLR data in Zhang et al. (2022), the lunar orbit can be determined at a similarly good level as via LLR.
However, when real DLLR data become available in the future, their data time span will be short in the beginning, making them insufficient with respect to determining the lunar orbit very well. Thus, in order to compensate this deficiency and avoid its possible negative effect on DLLR’s advantage for lunar science, it is a viable option to combine DLLR and LLR, which can offer an accurate lunar orbit due to its data being collected over a very long time span. In this study, LLR and DLLR data are combined in different cases by varying reflector baselines, stations, time spans, and reflectors to investigate their effects on the estimation of the parameters related to the lunar orientation, lunar rotation, and interior.
In Sect. 2, we present the method for combining the data. Section 3 gives the results from the combined data. Our summary and outlook are given in Sect. 4.
2 Data combination method
The parameters are estimated by using the least-squares adjustment with Gauss-Markov model (Niemeier 2001). The combination of LLR and DLLR normal equations can be expressed as (Wu 2016; Bloßfeld 2015; Seitz 2015; Böckmann et al. 2010; Koch & Kusche 2002)
[image: equation](1)
with
[image: equation](2)
and
[image: equation](3)
where the variance factor σ2 is relevant to the weighting of the different LLR and DLLR data in the combination; A, P, and l are the design matrix, weight matrix, and the matrix that includes the differences between the observations and their computed values; n1, n2, and m are the numbers of the LLR observations, DLLR observations and estimated parameters x; Δx includes the corrections of the estimated parameters.
Finally, after combination, the adjusted variance-covariance matrix of the parameters can be calculated as:
[image: equation](4)
where [image: equation] and [image: equation] are the posterior variance factors of LLR and DLLR. Furthermore, the standard deviations of the parameters, namely, the square roots of the diagonal elements of [image: equation] in Eq. (4) are used as the estimated accuracies of the parameters obtained in the cases using combined LLR and DLLR data in Sects. 3.1–3.3. The parameter accuracies attained by only using LLR data in Sect. 3.1 are the standard deviations of the parameters, which are calculated in the individual analysis of LLR.
3 Scenarios of LLR and DLLR combination
An LLR station transmits laser pulses to a reflector on the Moon and receives the reflected signal. A round-trip travel time, τ is obtained. Multiplied by the speed of light, c, the measured range, ρ, between the station and the reflector is approximated using (Biskupek 2015; Müller et al. 2014)
[image: equation](5)
The computed distance, ρc, modeled in the LLR analysis software LUNAR (Müller et al. 2019; Biskupek 2015) is:
[image: equation](6)
where rsta_t1, rsta_t3, and rsta_t2 are the positions of the station, initially given in the International Terrestrial Reference System (ITRS), at the transmitting and receiving times as well as of the reflector, initially given in selenocentric Principal Axis System (PAS), at the reflection time using the Barycentric Celestial Reference System (BCRS) as the coordinate system and Barycentric Dynamical Time (TDB) as time system (Park et al. 2021; Folkner et al. 2014; Petit & Luzum 2010); Δd is the sum of the range corrections resulting from the Shapiro time delay (Moyer 1971; Shapiro 1964), Earth’s atmospheric delay (Petit & Luzum 2010; Mendes & Pavlis 2004; Mendes et al. 2002), solar radiation and thermal-force effects (Vokrouhlickỳ 1997), the time transformation between Terrestrial Time and TDB, and the station biases (Hofmann 2017; Biskupek 2015).
The LLR data used in the following sections include the real and simulated ones. The 28093 real data points1 covering more than 50 yr (04.1970–03.2021) were collected by six observatories to five lunar reflectors (denoted as A11, A14, A15, L1 and L2) deployed by the Apollo 11, 14, and 15 and Luna 17 and 21 missions (Murphy 2013). The observatories are the McDonald Laser Ranging Station (MLRS) conducting LLR at three stations (denoted as McDonald, MLRS1 and MLRS2), which are very close to each other (Hofmann 2017), the Lunar Ranging Experiment Observatory (LURE; Müller et al. 2019), the Apache Point Observatory Lunar Laser ranging Operation (APOLLO; Murphy et al. 2008), the Observatoire de la Côte d’Azur (OCA; Courde et al. 2017), the Wettzell Laser Ranging System (WLRS; Schreiber et al. 2019) and the Matera Laser Ranging Observatory (MLRO; Dequal et al. 2021). More details on the real LLR data, for instance, the data accuracy, can be found in Zhang et al. (2022). The simulated LLR data (Zhang 2023) were generated by a simulation program (Hofmann 2017) as one component of the LUNAR software, using the range model of Eq. (6) with white noise added.
A DLLR station tracks the first reflector to obtain the first range measurement, denoted as ρref1. After a short time interval, another range, ρref2, to the second reflector is measured by the same station. Thus, DLLR data were simulated by the difference ∆ρ of the ranges (based on the range model used in LUNAR) to the two reflectors with white noise ɛ added (Zhang et al. 2022):
[image: equation](7)
More details of the DLLR measurement process and simulation can be found in Zhang et al. (2022).
For the DLLR data (Zhang 2023) in each case of the combined data in the following sections, its data distribution, data amount, time span, and the relevant stations are assumed to be the same as those of the simulated LLR data group in the same case. The time interval of 1.5 min is used as the difference between the two epochs for the two reflectors (composing a reflector baseline) of a DLLR measurement. The epoch for tracking the first reflector in a DLLR measurement is kept the same as the measurement epoch in the simulated LLR data. The DLLR accuracy is assumed with 200-fold the one-way range accuracy of the simulated LLR data.
The LLR and DLLR data are combined based on the variation of the reflector baselines (given in Sect. 3.1), adding stations and extending time spans from Sect. 3.2, as well as assuming “new” reflectors, described in Sect. 3.3. The investigated parameters relating to the lunar orientation, rotation and interior are involved in the transformation between the PAS and BCRS for reflector coordinates, including the three initial lunar orientation parameters (ϕm0, θm0, ψm0), at Julian Date (JD) 2440400.5 in rad, the initial angular velocity of the lunar mantle (ωmx0, ωmy0, ωmz0), and core (ωcx0, ωcy0, ωcz0) at JD 2440400.5 in rad s−1, the friction coefficient between the lunar core and mantle kυc in rad day−1 and the oblateness of the lunar core fc (Park et al. 2021; Biskupek 2015; Folkner et al. 2014).
Table 1 
Basic information of the simulated LLR and DLLR data in cases 1–4.

3.1 Reflector baselines
We used four groups of combined LLR and DLLR data. In these four cases (i.e., cases 1–4), the LLR data – namely, the real LLR data mentioned above and 8480 simulated LLR data points from stations LURE, WLRS, OCA, MLRS2, APOLLO, and MLRO for the reflectors A11, A14, A15, L1, and L2 over the 5-yr time span from 01.04.2021 to 31.03.2026 (following the time span of the used real LLR data) – are common, while the DLLR data vary due to the used reflector baselines. To keep the simulation close to reality, the same as the real LLR data, most of the simulated LLR data are taken from the OCA station. In addition, for each station, the simulated LLR data accuracy is given according to the real LLR data of the last few years of the measurement period of this station. As shown in Table 1, for the simulated DLLR data in case 1, the reflector baselines are generated by randomly combining the present five reflectors on the Moon, namely, A11, A14, A15, L1, and L2. Five shorter baselines, namely, A15-A14, A15-L1, A15-A11, A15-L2, and A11-L2, are used in the DLLR simulation in case 2 (see Fig. 1), while five longer ones, namely, L1-A11, L1-L2, A14-L2, L1-A14, and A14-A11, are used in case 3 (see Fig. 2). The two crossing baselines of L1-A11 and A14-L2 in case 4 are shown in Fig. 3.
Table 2 presents the estimated accuracies of the parameters obtained from the LLR data (real and simulated ones), represented by AccLLR, and from the data of case 1 (combination of LLR and DLLR data), represented by Acccase1. The parameter accuracy ratios are calculated as [image: equation]. If the ratio is larger than 1, the parameter accuracy evaluated from the data of case 1 is higher. Moreover, the larger the value of the ratio, the bigger the accuracy improvement of the parameters acquired from case 1. The estimated accuracies of all the parameters are improved in case 1, by about 5–100 times the accuracies estimated by LLR. Even when using only 8480 DLLR data points over a short time span (i.e., 5 yr), significant results are obtained via the combination with LLR. Similar conclusions can be drawn by comparing the results of the LLR data with the combined data of the other cases (i.e., cases 2–4). Different combinations of the reflector baselines will have an effect on the parameter estimation. Taking case 1 as the reference case, Table 3 shows the parameter accuracy ratios which are calculated as [image: equation], where Acccase1, j = 2, 3, 4 are the parameter accuracies attained in cases 2–4. If the ratio is larger or smaller than 1, the parameter accuracy is higher or lower than obtained in case 1. All parameters are estimated worse when the baseline constellation of case 2 is used. However, by using that of case 3, the estimation of all the parameters is enhanced. It means that the five longer baselines (case 3) are more beneficial for the estimation of these parameters than the five shorter baselines (case 2). Compared to case 3, case 4 gives an even better result, although only two crossing baselines L1-A11 and A14-L2 are involved in DLLR. However, the longer baselines in case 3 include L1-A11 and A14-L2, as well as other three baselines that are more longitudinal or latitudinal. Thus, from these four cases, the length and the way of the constellation of the baselines are two factors which have an effect on the estimation of these parameters. The best choice for investigating lunar orientation, rotation and interior is the use of the longer crossing baselines L1-A11 and A14-L2.
	[image: thumbnail]	Fig. 1 Short reflector baselines in case 2.



	[image: thumbnail]	Fig. 2 Long reflector baselines in case 3.



	[image: thumbnail]	Fig. 3 Crossing reflector baselines in case 4.



3.2 Time spans and stations
Two groups of combined data are considered in two cases, “case-t” and “case-sta”. The real LLR data used is still the same as in Sect. 3.1. As shown in Table 4, in “case-t”, both the time spans of the simulated LLR and DLLR data are extended from 5 to 10 yr, namely, 01.04.2021 to 31.03.2031. The simulated LLR and DLLR datasets still have the same amount of data points, namely, 16946. The other conditions related to the simulation are kept the same as those in the reference case (case 1 described in Sect. 3.1). In “case-sta”, two more stations are included in the simulation of LLR and DLLR data for a 5-yr time span from 01.04.2021 to 31.03.2026. As shown in Fig. 4, the two stations denoted as HARL at Hartebeesthoek in South Africa and STL3 at Mount Stromlo in Australia (Hofmann 2017; Biskupek 2015) are in the southern hemisphere. 8466 simulated LLR data points for these two stations for reflectors A11, A14, A15, L1, and L2 were taken with the assumed accuracy according to the OCA’s simulated LLR data in Sect. 3.1. The same amount of DLLR data of these two stations were simulated for the reflector baselines from the random combination of A11, A14, A15, L1, and L2 (see Table 4). As in Sect. 3.1, the DLLR data accuracy is still assumed 200-fold the accuracy of the one-way range of the simulated LLR data from the two stations. Finally, the combined LLR and DLLR data in “case-sta” are those of case 1 of Sect. 3.1 added by the simulated LLR and DLLR data from HARL and STL3.
Table 5 shows the parameter accuracy ratios which are calculated by [image: equation] and [image: equation], where Acccase–t and Acccase–sta are the estimated accuracies of the parameters obtained in “case-t” and “case-sta”. Comparing with case 1, either by extending the data time span or adding more stations over a short time period, the parameter accuracies are improved. For different parameters, extending the data time span (“case-t”) has different effects. Taking the x-component of the angular velocity of the lunar mantle, ωmx0, and the oblateness of the lunar core, ƒc, the former one is improved the most, about 14.7-fold the accuracy of case 1, while the latter one only about 2.1-fold. However, when adding more stations (“case-sta”), the accuracy improvements of all the parameters are very close to each other. It should be noted that the same total amount of data is used in both cases. All the parameters are better determined in “case-t” than in “case-sta”. Thus, extending the time span is more helpful.
3.3 “New” reflectors
As shown in Fig. 5, three more reflectors, M4, M5, and M6, are assumed in the LLR and DLLR simulation in order to find a position which is more beneficial for the investigated parameters. As the real reflectors distribute around the equator and the northern hemisphere of the moon at present and a wider spread of reflectors is more helpful for the orientation and rotation parameters (Turyshev et al. 2021), M4, M5, and M6 are assumed to be at the edge in different directions. Their latitudes and longitudes are given in Table 6. Three cases are defined, called “case-M4”, “case-M5”, and “case-M6”. The real LLR data used in these three cases are the same as those used in Sect. 3.1. As shown in Table 7, for the simulated LLR and DLLR data, the involved reflectors in each case are the five real reflectors on the Moon at the moment (i.e., A11, A14, A15, L1 and L2) and one “new” reflector. For example, the reflectors of the LLR simulation in “case-M4” are A11, A14, A15, L1, and L2 as well as M4. Also, the reflector baselines in the DLLR simulation in “case-M4” are generated by the random combination of these six reflectors. Compared to the reference case (case 1 described in Sect. 3.1), the other simulation conditions are kept the same, for instance, in terms of the stations used, time period, amount of data, and so on.
The parameter accuracy ratios shown in Table 8 are calculated by [image: equation], [image: equation], and [image: equation], where Acccase–M4, Acccase–M5, and Acccase–M6 are the accuracies of the parameters estimated in “case-M4”, “case-M5”, and “case-M6”. The parameter accuracies in “case-M4” are improved or kept almost the same (only slightly worse for some parameters) compared to the results of the reference case. In “case-M6”, more parameters got a better accuracy compared to “case-M4” and “case-M5”, except the parameters related to the angular velocity of the lunar mantle (ωmx0, ωmy0, ωmz0). Furthermore, the estimated accuracy of ωmz0 in “case-M6” is the worst of these three cases and worse than that obtained by the reference case. More high correlations (equivalent to or higher than 50%) of ωmz0 with other parameters is a possible reason. In the reference case, “case-M4” and “case-M5”, ωmz0 exhibits a high correlation with some coefficients of the lunar gravity field (i.e., C22 and C33) and βL, which is a ratio of the undistorted total moments of inertia of the Moon. In “case-M6”, in addition to the high correlation with these parameters, further ones include ωmx0, θm0, and another coefficient of the lunar gravity field C32. When comparing to the reference case, only “case-M5” improves the estimation of all the parameters. Furthermore, for those parameters which do not attain the best accuracy in “case-M5”, there is no big difference between their estimated accuracies in “case-M5” and their best accuracies obtained by one of the other two cases. Thus, we can conclude: when adding a new reflector to improve the estimation of the studied parameters, M5 will be most beneficial.
Table 2 
Parameter accuracies obtained by using the LLR and data of case 1 as well as their parameter accuracy ratios.

	[image: thumbnail]	Fig. 4 Positions of the stations used in “case-sta”.



Table 3 
Parameter accuracy ratios for cases 2–4 compared with case 1.

Table 4 
Basic information of the simulated LLR and DLLR data in “case-t” and “case-sta”.

Table 5 
Parameter accuracy ratios for “case-t” and “case-sta” compared with case 1.

	[image: thumbnail]	Fig. 5 Positions of the reflectors used in “case-M4”, “case-M5”, and “case-M6”.



Table 6 
Longitudes and latitudes of the assumed new reflectors M4, M5, and M6 on the Moon.

4 Summary and outlook
The novel lunar laser ranging technique, Differential Lunar Laser Ranging (DLLR) is characterized by differencing the ranges measured by one station to different retroreflectors on the Moon. It is expected to have a very high observation accuracy (~30 µm) and can contribute a great deal to improving our understanding of the lunar orientation, rotation, and interior (Turyshev et al. 2021, 2018; Dehant et al. 2017). When solely DLLR data over short time span are available in the beginning, we can combine them with Lunar Laser Ranging (LLR) to exploit the DLLR advantage for the lunar science. This process can benefit from the accurate lunar orbit of LLR with its very long time span. Compared to the results attained by using only LLR data, the parameters related to the lunar orientation, rotation, and interior have already been greatly improved even by using 5-yr 8480 DLLR data points in the combination. In particular, the oblateness of the lunar core can be estimated with an enhanced accuracy of about two orders of magnitude. Further improvements can be obtained by using a better constellation of reflector baselines. Based on the current five reflectors (i.e., A11, A14, A15, L1, and L2) on the Moon, the reflector baselines L1-A11 and A14-L2, which are longer in length and exhibit a crossing shape, provide the biggest benefit. The parameter estimation can also be enhanced by having a longer data time span or involving more stations in the measurement over a short time span. Under the assumption of the same amount of data used in these two cases, the investigated parameters are improved most when the data time span is longer. For the studied parameters, it is better to distribute data over a longer time span instead of concentrating on a shorter time span. Another way for improvement can be achieved by adding more reflectors. Here, a preferred reflector position has been identified.
Further research on using DLLR can be performed at various levels. With respect to the constellation of the stations, reflectors and reflector baselines, more combinations could be studied using certain optimization strategies to determine an improved constellation for a better parameter estimation. With respect to further parameters, the effect of the LLR and DLLR combination on the Earth’s orientation and in relativity tests can be studied. In the future, a novel kind of reflector (a single corner-cube with a wide aperture) will be deployed on the Moon. It is expected to solve the problem for the present LLR reflector, namely, the spread of distances from different corner-cubes on the current lunar reflector array (Ciocci et al. 2017; Turyshev et al. 2013; Garattini et al. 2013; Currie et al. 2011). Its effect on the LLR and DLLR combination and the comparison between this new kind of reflector and the traditional LLR reflectors can be investigated. Another issue is the modelling of the atmosphere at the level of about 30 µm. Since the behavior is turbulent, it will probably require adaptive optics techniques (Merkle 1992) to overcome this problem. In addition to DLLR, we planned to investigate another advanced technique related to the Moon, that is, studying the use of optical clocks on the Moon for linking Earth-bound clocks as well as for enhanced lunar science.
Table 7 
Basic information of the simulated LLR and DLLR data in “case-M4”, “case-M5”, and “case-M6”.

Table 8 
Parameter accuracy ratios for “case-M4”, “case-M5”, and “case-M6” compared with case 1.
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      Table 1 

      Basic information of the simulated LLR and DLLR data in cases 1–4.

      
        


	Data type
	Reflector/reflector baseline
	Station
	Time span
	Data amount





	simulated LLR (cases 1–4)
	A11, A14, A15, L1, and L2
	LURE, WLRS, OCA, MLRS2, APOLLO MLRO
	01.04.2021-31.03.2026
	8480



	simulated DLLR
	case 1
	random combination of A11, A14, A15, L1, and L2



	case 2
	A15-A14; A15-L1; A15-A11; A15-L2; A11-L2



	case 3
	L1-A11; L1-L2; A14-L2; L1-A14; A14-A11



	case 4
	L1-A11; A14-L2





      

      
Notes. The relevant stations, data time span and data amount are kept the same in all the LLR and DLLR simulations of cases 1–4, i.e., 8480 simulated LLR data points and 8480 simulated DLLR data points in cases 1–4.




    

  
    
      Fig. 1 
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        Short reflector baselines in case 2.

      

    

  
    
      Fig. 2 
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        Long reflector baselines in case 3.

      

    

  
    
      Fig. 3 
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        Crossing reflector baselines in case 4.

      

    

  
    
      Table 2 

      Parameter accuracies obtained by using the LLR and data of case 1 as well as their parameter accuracy ratios.

      
        


	Parameter
	Parameter accuracy
	Parameter accuracy ratio



	
	

	



	
	AccLLR
	Acccase1
	AccLLR/Acccase1





	ϕm0 (rad)
	5.51 × 10−9
	8.69 × 10−10
	6.3



	θm0
	3.43 × 10−9
	3.84 × 10−10
	8.9



	ψm0
	1.15 × 10−8
	1.48 × 10−9
	7.8



	ωmx0 (rad s−1)
	6.82 × 10−15
	3.36 × 10−16
	20.3



	ωmy0
	3.48 × 10−15
	2.19 × 10−16
	15.9



	ωmz0
	1.76 × 10−16
	3.65 × 10−18
	48.3



	ωcx0
	2.05 × 10−11
	1.51 × 10−12
	13.6



	ωcy0
	1.66 × 10−11
	2.27 × 10−12
	7.3



	ωcz0
	1.26 × 10−10
	2.62 × 10−11
	4.8



	kυc (rad day−1)
	9.08 × 10−11
	1.55 × 10−12
	58.6



	fc (unitless)
	1.45 × 10−6
	1.36 × 10−8
	107.0





      

    

  
    
      Fig. 4 
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        Positions of the stations used in “case-sta”.

      

    

  
    
      Table 3 

      Parameter accuracy ratios for cases 2–4 compared with case 1.

      
        


	Parameter
	Parameter accuracy ratio



	




	Acccase1/ Acccase2
	Acccase1/ Acccase3
	Acccase1/ Acccase4





	ϕm0 (rad)
	0.87
	1.04
	1.14



	θm0
	0.91
	1.12
	1.23



	ψm0
	0.86
	1.08
	1.15



	ωmx0 (rad s−1)
	0.79
	1.16
	1.26



	ωmy0
	0.72
	1.23
	1.34



	ωmz0
	0.68
	1.23
	1.34



	ωcx0
	0.89
	1.01
	1.09



	ωcy0
	0.89
	1.14
	1.24



	ωcz0
	0.89
	1.07
	1.10



	kυc (rad day−1)
	0.89
	1.14
	1.24



	fc (unitless)
	0.82
	1.08
	1.21





      

    

  
    
      Table 4 

      Basic information of the simulated LLR and DLLR data in “case-t” and “case-sta”.

      
        


	Case
	Data type
	Reflector/reflector baseline
	Station
	Time span
	Data amount





	case-t
	simulated LLR
	A11, A14, A15, L1, and L2
	LURE, WLRS, OCA, MLRS2, APOLLO, MLRO
	01.04.2021–31.03.2031
	16946



	simulated DLLR
	Random combination of A11, A14, A15, L1, and L2



	case-sta
	simulated DLLR
	A11, A14, A15, L1, and L2
	LURE, WLRS, OCA, MLRS2, APOLLO, MLRO, HARL, STL3
	01.04.2021–31.03.2026
	16946



	simulated LLR
	Random combination of A11, A14, A15, L1, and L2





      

      
Notes. The used stations, data time span, and data amount are kept the same in the LLR and DLLR simulations of the same case (“case-t” or “case-sta”), i.e., 16 946 simulated LLR data points and 16 946 simulated DLLR data points.




    

  
    
      Table 5 

      Parameter accuracy ratios for “case-t” and “case-sta” compared with case 1.

      
        


	Parameter
	Parameter accuracy ratio



	Acccase1 / Acccase–t
	Acccase1 / Acccase–sta





	ϕm0 (rad)
	6.76
	1.40



	θm0
	8.07
	1.42



	ψm0
	3.55
	1.30



	ωmx0 (rad s−1)
	14.74
	1.34



	ωmy0
	3.24
	1.39



	ωmz0
	5.70
	1.35



	ωcx0
	3.38
	1.31



	ωcy0
	9.60
	1.41



	ωcz0
	2.28
	1.24



	kυc (rad day−1)
	2.37
	1.44



	ƒc (unitless)
	2.12
	1.51





      

    

  
    
      Fig. 5 
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        Positions of the reflectors used in “case-M4”, “case-M5”, and “case-M6”.

      

    

  
    
      Table 6 

      Longitudes and latitudes of the assumed new reflectors M4, M5, and M6 on the Moon.

      
        


	Reflector
	Longitude (º)
	Latitude (º)





	M4
	75.00 W
	0



	M5
	68.75 W
	45.00 S



	M6
	0
	75.28 S





      

    

  
    
      Table 7 

      Basic information of the simulated LLR and DLLR data in “case-M4”, “case-M5”, and “case-M6”.

      
        


	Case
	Data type
	Reflector/reflector baseline
	Station
	Time span
	Data amount





	case-M4
	simulated LLR
	A11, A14, A15, L1, L2, and M4
	LURE, WLRS, OCA, MLRS2, APOLLO, MLRO
	01.04.2021–31.03.2026
	8480



	simulated DLLR
	Random combination of A11, A14, A15, L1, L2, and M4



	case-M5
	simulated LLR
	A11, A14, A15, L1, L2 and M5



	simulated DLLR
	Random combination of A11, A14, A15, L1, L2, and M5



	case-M6
	simulated LLR
	A11, A14, A15, L1, L2, and M6



	simulated DLLR
	Random combination of A11, A14, A15, L1, L2, and M6





      

      
Notes. The used stations, data time span and data amount are kept the same in all the LLR and DLLR simulations of “case-M4”, “case-M5”, and “case-M6”, i.e., 8480 simulated LLR data points and 8480 simulated DLLR data points.




    

  
    
      Table 8 

      Parameter accuracy ratios for “case-M4”, “case-M5”, and “case-M6” compared with case 1.

      
        


	Parameter
	Parameter accuracy ratio



	Acccase1/Acccase–M4
	Acccase1/Acccase–M5
	Acccase1/Acccase–M6





	ϕm0 (rad)
	0.99
	1.30
	1.50



	θm0
	1.05
	1.44
	1.51



	ψm0
	1.01
	1.16
	1.22



	ωmx0 (rad s−1)
	1.11
	1.18
	1.17



	ωmy0
	1.22
	1.12
	1.14



	ωmz0
	1.23
	1.09
	0.90



	ωcx0
	1.04
	1.35
	1.41



	ωcy0
	1.00
	1.31
	1.52



	ωcz0
	1.06
	1.11
	1.11



	kυc (rad day−1)
	1.03
	1.34
	1.55



	fc (unitless)
	0.98
	1.32
	1.47





      

      
Notes. In fact, ωcz0 is estimated a little bit better in “case-M6” than in “case-M5”. ωcy0 obtains an accuracy in “case-M4” which is a little bit worse than that in the reference case (case 1 in Sect. 3.1).
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