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Abstract

Context. The radial evolution of the density of the plasma and the magnetic field in the heliosphere, especially in the region between the solar corona and the Earth’s orbit, has been a topic of active research for several decades. Both remote-sensing observations and in situ measurements by spacecraft such as HELIOS, Ulysses, and WIND have provided critical data on this subject. The NASA space mission Parker Solar Probe (PSP), which will approach the Sun down to a distance of 9.9 solar radii on December 24, 2024, gives new insights into the structure of the plasma density and magnetic field in the heliosphere, especially in the near-Sun interplanetary space. This region is of particular interest because the launch and evolution of coronal mass ejections (CMEs), which can influence the environment of our Earth (usually called space weather), takes place there.

Aims. Because of the new data from PSP, it is time to revisit the subject of the radial evolution of the plasma density and magnetic field in the heliosphere. To do this, we derive a radial heliospheric density and magnetic field model in the vicinity of the ecliptic plane above quiet equatorial regions. The model agrees well with the measurements in the sense of a global long-term average.

Methods. The radial evolution of the density and solar wind velocity is described in terms of Parker’s wind equation. A special solution of this equation includes two integration constants that are fitted by the measurements. For the magnetic field, we employed a previous model in which the magnetic field is describe by a superposition of the magnetic fields of a dipole and a quadrupole of the quiet Sun and a current sheet in the heliosphere.

Results. We find the radial evolution of the electron and proton number density as well as the radial component of the magnetic field and the total field strength in the heliosphere from the bottom of the corona up to a heliocentric distance of 250 solar radii. The modelled values are consistent with coronal observations, measurements at 1 AU, and with the recent data from the inner heliosphere provided by PSP.

Conclusions. With the knowledge of the radial evolution of the plasma density and the magnetic field in the heliosphere the radial behaviour of the local Alfvén speed can be calculated. It can can reach a local maximum of 392 km s−1 at a distance of approximately 4 solar radii, and it exceeds the local solar wind speed at distances in the range of 3.6−13.7 solar radii from the centre of the Sun.
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⋆ Full Table 8 is available at the CDS via anonymous ftp to cdsarc.cds.unistra.fr (130.79.128.5) or via https://cdsarc.cds.unistra.fr/viz-bin/cat/J/A+A/679/A64



1. Introduction
The permanent flow of plasma produced by the solar corona, called solar wind, fills the entire heliosphere. The behaviour of the density and the magnetic field in the heliosphere, especially in the region between the corona and the Earth’s orbit, is of great scientific interest. Coronal mass ejections (CMEs) are launched in the solar corona, evolve in near-Sun interplanetary space, and travel through the heliosphere. If they impinge on the Earth’s magnetosphere, they influence the environment of our Earth. This effect is usually called space weather. For instance, in order to predict the transit time of a CME from the Sun to the Earth, the knowledge of the density behaviour in the region between the corona and the Earth is important because CMEs interact with the background solar wind flow (Vršnak et al. 2013). This shows that a model of the density and magnetic field in the heliosphere is important.
For several decades, the variation in the density and magnetic field with heliocentric distance has been studied intensively in different ways with ground-based and space-borne measurements. Coronal densities were measured

	
from white-light coronographic observations (see e.g. Baumbach 1937; Van de Hulst 1950; Newkirk 1961; Saito et al. 1977; Leblanc et al. 1973; Koutchmy & Livshits 1992; Koutchmy 1994), assuming the polarized brightness of white light to be generated by Thomson scattering,



	
by means of the emission measure deduced from space-borne extreme-UV (EUV) and X-ray measurements (see e.g. Aschwanden et al. 1999; Zucca et al. 2014),



	
by means of the scintillation of radio sources (see e.g. Erickson 1964; Bird & Edenhofer 1990), and



	
with space-borne in situ instruments OGO-5 (Alvarez & Haddock 1973), HELIOS (Bougeret et al. 1984; Schwenn 1990), ULYSSES (Issautier et al. 1997), WIND (Leblanc et al. 1998), COR2 on board STEREO (Morgan 2021), SWAVES on board STEREO, and FIELDS on board PSP (Badman et al. 2022).




The coronal and interplanetary magnetic fields have also been studied

	
by evaluation of solar radio bursts (see e.g. Dulk & McLean 1978),



	
by Faraday rotation measurements (see e.g. Bird & Edenhofer 1990 as a review),



	
by remote-sensing observations (e.g. with the Coronal Multi-channel Polarimeter, Yang et al. 2020), and



	
by space-borne in situ measurements (e.g. by HELIOS, Mariani & Neubauer 1990, Bird et al. 1994; ULYSSES, Balogh et al. 1995; and PSP, Horbury et al. 2020; Kasper et al. 2021).




Owens & Forsyth (2013) provide a useful review of this topic.
Mann et al. (1999a) introduced a heliospheric density model that describes the density fall-off with heliocentric radial distance up to 5 astronomical units (AU). This model was consistent with the in measurements available at the time. The model was based on a special solution of Parker (1958) wind equation.
Meanwhile, new relevant data have become available, especially from the NASA Parker Solar Probe (PSP) mission. PSP was launched on August 12, 2018. It travels in a highly elliptical orbit around the Sun and is scheduled to approach the Sun to a distance of 9.9 R⊙ (R⊙, solar radius) on December 24, 20241. This mission provides new insights into the plasma conditions in the inner heliosphere, especially in near-Sun interplanetary space. Hence, it is time to revisit the radial evolution of the plasma density and magnetic field in the inner heliosphere.
The aim of this paper is to develop a model describing the radial evolution of the electron and proton number density (Ne and Np, respectively), the solar wind (or proton) speed (vp), the radial component of the magnetic field (Br) as well as the total field strength (Btot), and the radial profile of the local Alfvén speed (vA) in the vicinity of the ecliptic plane above quiet equatorial regions in the distance range of 1−250 R⊙ (1 AU = 215 R⊙) in the sense of a long-term average global model.
In Sect. 2 we summarize and evaluate the data available from ground-based and space-borne measurements, especially from PSP. The radial evolution of the electron (or proton) number density and the solar wind speed is derived by employing Parker’s wind equation in Sect. 3. The global magnetic field model by Banaszkiewisz et al. (1998) is adopted to describe the spatial evolution of the magnetic field in the vicinity of the ecliptic plane above quiet equatorial regions in Sect. 4. With the knowledge of the radial evolution of the proton number density (see Sect. 3) and the magnetic field (see Sect. 4), the radial evolution of the local Alfvén speed is calculated in Sect. 5, where the results of the paper are also discussed. The paper concludes with a summary (Sect. 6).
2. Density and magnetic field data in the heliosphere
In the following, we present a summary of the known data of the density, solar wind velocity, and magnetic field in the corona and heliosphere.
Figure 1 shows the radial evolution of coronal electron number density in the range 1−2 R⊙ as obtained from the various studies listed in Table 1. All measurements that are considered here were obtained for quiet equatorial regions. We determined the electron densities at the base of the corona by extrapolation to r = 1 R⊙, also given in Table 1. The base of the corona is defined as the level at which the temperature exceeds 1 × 106 K, so that the plasma is fully ionized. This occurs at about 3 Mm above the photosphere (see Fig. 1.2 in Priest 1982). Hence, the bottom of the corona is located at a radial distance of 1.0043 R⊙ ≈ 1 R⊙. The table reveals that the electron number density can vary by about an order of magnitude at the bottom of the corona. Therefore, the mean value of Ne = 7.42 × 108 cm−3 was adopted as a representative one of the electron number density at the bottom of the corona above quiet equatorial regions.
	[image: thumbnail]	Fig. 1. Radial evolution of the electron number density Ne above quiet equatorial regions in the solar corona. Observational results from different studies are compared to the model developed in this study (black curve).



Table 1. 
Electron number densities Ne(r = R⊙) at the bottom of the corona above quiet equatorial regions.

In situ spacecraft measurements of the heliospheric electron number density Ne, the radial proton (or solar wind) speed vp, the proton flux Npvp, and the constant Cp = Npvpr2 are summarized in Table 2. The values in Table 2 were derived from the measurements obtained with the Solar Wind Electron, Alphas, and Protons (SWEAP) instrument (Kasper et al. 2016) on board PSP by combining the data from encounters one through nine. Specifically, we used the hourly averaged data provided in the PSP_COHO1HR_MERGED_MAG_PLASMA data product obtained from the CDAWeb website2 where Np and vp were derived from 1D Maxwellian fits of high-resolution SWEAP data taken by the Solar Probe Cup (SPC), a Faraday-cup instrument that is directly pointed at the Sun and measures both ions and electrons. In this study, we only considered density measurements made by SPC at heliospheric radial distances greater than 20 R⊙ because closer to the Sun, the solar wind beam is not always recorded comprehensively due to the spacecraft motion, and the SPAN-i instrument should then also be considered for ion densities. The electron density Ne (which is discussed in Sect. 5) was derived from the instrument FIELDS (Bale et al. 2016) on board PSP using quasi-thermal noise spectroscopy3 (see Moncuquet et al. 2020) during encounters E1–E10. We used one-hour averages of Ne in order to be consistent with the SWEAP data. The total distance range that is covered by PSP data is 13.3−129.3 R⊙. Measurements at 1 AU were provided by the OMNI database (Papitashvili & King 2020), which combines proton data from the 3DP instrument (Lin et al. 1995) on board Wind and from SWEPAM (Stone et al. 1998) on board ACE. Here, we averaged the daily OMNI data over the period of 2018−2021.
Table 2. 
Mean values and standard derivation of the electron number density Ne, the proton (or solar wind) speed vp, and Cp = Npvpr2 as given by the SWEAP instrument on board PSP at 30, 50, and 70 R⊙ as well as by the OMNI database at 1 AU (= 215 R⊙).

Figure 2 shows the values of Cp measured by PSP in the range 20−130 R⊙ during its orbits E1–E9. The PSP data show that even inside heliospheric radial distances of 40 R⊙, proton densities can vary by nearly an order of magnitude. This is likely the result of the spacecraft passing through a range of solar wind structures that originated in different coronal source regions such as helmet streamers (Rouillard et al. 2020), isolated corona holes (Gritton et al. 2021), and pseudo-streamers (Kasper et al. 2021). The quantity Cp should be a conserved quantity because of the equation of continuity (see the discussion in Sect. 3). Table 2 provides 6.87 × 1034 s−1 for the mean value of Cp, which is drawn as the horizontal line in Fig. 2, revealing that a value like this is justified to be considered as being representative for Cp. Cp varies strongly because the heliosphere is not a homogeneous medium, but is structured spatially and temporally. For instance, there are fast and slow solar wind streams, coronal holes, coronal mass ejections (CMEs), and corotating interaction regions (CIR; see Priest 1982; Aschwanden 2005; Schwenn 1990).
	[image: thumbnail]	Fig. 2. Quantity Cp = Npvpr2 as a function of heliocentric distance r. The crosses show Cp as measured by the SWEAP instrument during PSP encounters E1–E9 (colour-coded as indicated at the right). The full line corresponds to Cp = 6.71 × 1034 s−1.



The heliospheric plasma is assumed to be composed of electrons (e), protons (p), and double-ionized helium (He++) with the particle number densities Ne, Np, and NHe (as considered in Mann et al. 1999a), respectively. Then, the mass density d is given by
[image: thumbnail](1)
(me is the electron mass, mp is the proton mass, and mHe = 4 mp is the helium mass) with the mean molecular weight [image: equation] and the full particle number density N = Ne + Np + NHe. The charge neutrality requires
[image: thumbnail](2)
with ν = NHe/Np. Because of me ≪ mp, we obtain
[image: thumbnail](3)
Equations (1)–(3) lead to the relations
[image: thumbnail](4)
and
[image: thumbnail](5)
with
[image: thumbnail](6)
The ratio ν has typical values of 0.085 (see Tables 2 and 1.2 in Aschwanden 2005) and 0.0316 (see Fig. 3.22 in Schwenn 1990) in the corona and in the heliosphere at 1 AU. Hence, the mean value of 0.058 can be considered as typical for the ratio ν, leading to [image: equation] = 0.57, Ne = 1.12 Np (or Np = 0.9 Ne), Ne = 0.51 N (or N = 1.95 Ne) by means of Eqs. (4)–(6). Furthermore, in situ measurements at 1 AU provide Ne = 1.063 Np = 0.507 N.
Leblanc et al. (1998) derived an electron density model of the region between the corona and the Earth’s orbit in the ecliptic plane. They exploited type III radio bursts recorded in the range 13.8 MHz down to a few kHz with the WAVES instruments (Bougeret et al. 1995) on board the Wind spacecraft. Type III radio bursts (Wild 1950) are considered the radio signatures of beams of energetic electrons (see Reid & Ratcliffe 2014 as a review). These electrons are generated in the solar corona and travel along magnetic field lines from the corona into the interplanetary space. They can be observed in situ by the 3D plasma instrument (Lin et al. 1995) onboard the Wind spacecraft, for instance, when they impact the spacecraft. This method tracks the propagation of electron beams, and as they trigger radio emission at the local plasma frequency, which can be used to infer the local electron density. As a result, Leblanc et al. (1998) found an empirical formula of the radial dependence on the electron number density Ne(r) given in cm−3,
[image: thumbnail](7)
with R = r/R⊙ providing Ne = 7.14 cm−3 at 1 AU. Equation (7) is very consistent with the observations (as shown in Fig. 5 in Leblanc et al. 1998). Ne(r) according to Eq. (7) is indicated as the dashed line in Fig. 3. We compare Leblanc’s model to our model and to the PSP data in Sect. 5.
	[image: thumbnail]	Fig. 3. Dependence of Ce on the temperature T for the mean (full lines), minimum (dashed lines), and maximum (dash-dotted lines) case of the electron number density Ne, and for R = 1 (red), 50 (green), and 215 (blue).



After addressing the plasma densities, we now discuss magnetic field strengths in the heliosphere. In interplanetary space, the radial dependence of the magnetic field was derived by means of Faraday rotation measurements with the so-called coronal sounding experiment (Porsche 1977) on board Helios (see e.g. Bird & Edenhofer 1990 for a review) in the range 1.02 ≤ R ≤ 20 (Pätzold et al. 1987) and by in situ measurements at R ≥ 62 (Mariani & Neubauer 1990). The empirical formula
[image: thumbnail](8)
fits both observations well. Here, Br is given in Gauss (G) (1 G = 10−4 T = 105 nT; 1 nT = 10−5 G). Equation (9) provides a radial magnetic field strength of 2.55 nT at 1 AU.
In situ spacecraft measurements of the magnetic field are summarized in Table 3. We provide mean values for the radial component of the magnetic field Br and the total magnetic field strength Btot. At 30, 50, and 70 R⊙, these parameters were obtained from the instrument FIELDS (Bale et al. 2016) on board PSP by averaging over encounters E1–E9. Again, we used the hourly averaged data provided in the PSP_COHO1HR_MERGED_MAG_PLASMA data product, which include the FIELDS Fluxgate Magnetometer data. At 1 AU, the quantities were derived from the OMNI database (Papitashvili & King 2020), which combines magnetic field data from the instruments WAVES (Bougeret et al. 1995) on board Wind and MAG (Stone et al. 1998) on board ACE. Again, the daily OMNI values were averaged over the period of 2018−2021.
Table 3. 
Mean values and standard derivation of the radial component of the magnetic field Br and of the total magnetic field strength Btot as given by the instrument FIELDS on board PSP at 30, 50, and 70 R⊙ as well as by the OMNI database at 1 AU.

The observational data summarized in this section were used to search for a heliospheric density and magnetic field model that provides a good fit to the observations.
3. Heliospheric density model
Mann et al. (1999a) introduced a heliospheric density model based on a special solution of Parker (1958) wind equation (see Eq. (8) in Mann et al. 1999a),
[image: thumbnail](9)
with v′(r) = v(r)/vc (critical velocity [image: equation]) and r′=r/rc (critical radius [image: equation]) (kB is Boltzmann’s constant, T is the temperature, mp is the proton mass, γG is the gravitational constant, and M⊙ is the mass of the Sun). It was derived from the stationary spherically symmetric magnetohydrodynamic equations supplemented by the isothermal equation of state (see Priest 1982), that is, the temperature T was considered to be constant in the whole heliosphere. The equation of continuity of the particle species i (i = e for electrons and i = p for protons; see Priest 1982) provides
[image: thumbnail](10)
with [image: equation] (see Eq. (7) in Mann et al. 1999a) and [image: equation]. At the critical radius rc, the particle number density Ni of the species i and the solar wind velocity have the values Ni, c and vc, respectively. Thus, Eqs. (9) and (10) provide the radial behaviour of the number density Ni(r) of the particle species i and the solar wind (or proton) velocity v(r). Equations (9) and (10) have two constants that completely determine the solutions, namely the critical velocity vc (or the temperature T) and the constant Ci. Basically, Parker’s wind Eq. (9) results from a one-fluid approach for describing a plasma. The electron number density is derived from the full particle number density by Eq. (4) taking the composition of the heliospheric plasma into account.
In the near-Sun region, that is, at r ≪ rc, the solar wind velocity is low, that is, v ≪ vc. Under this condition, Eqs. (9) and (10) are reduced to
[image: thumbnail](11)
with Ni, ⊙ = Ni, c ⋅ exp([2 rc/R⊙]−3/2) as the particle number density of the species i at the bottom of the corona, that is, r = R⊙.
The aim is to find the radial dependence of the electron number density and the solar wind (or proton) speed in the inner heliosphere, that is, in the range 1 − 250 R⊙. In order to do this, we searched the solutions of Eqs. (9) and (10) that agree best with the observations given in Table 2. This was done in the following manner:

	
Equation (9) was solved for temperatures in the range 0.9 − 1.4 MK. The result was a function of the solar wind (or proton) velocity depending on radial distance R (=r/R⊙) and temperature T.



	
As shown in Table 2, the values of the electron number density and the solar wind speed vary over a wide range. Therefore, we took these variations into account in the further treatment. Then, the minimum, mean, and maximum values of Ce = r2Nev(r) were calculated for each temperature T using the minimum, mean, and maximum values of Ne as given in Table 44. This was done for R = 1, 50, and 215. With this procedure, we found a relation between Ce and T as shown in Fig. 3. The full, dashed, and dashed dotted lines represent the results for the mean, minimum, and maximum values of Ne. The quadrangle A, B, C, D defines the area in the Ce − T plane for which the solutions of the Eqs. (9) and (10) would agree with the observational data.




Table 4. 
Standard variation of the electron number densities Ne at r/R⊙ = 1, 50, and 215 according to Table 2.

Points A, B, C, D, and M are characterized by their coordinates Ce and T in the Ce − T plane. These are presented in Table 5, together with the corresponding values of the critical velocity vc and radius rc. At point M, all three full lines are closest to each other. Hence, the solution of Eqs. (9) and (10) connected with this point M should be considered as the best solution that agrees best with the observations. In the Ce − T plane, point M is given by Ce = 9.127 × 1034 s−1 and T = 1.18 MK. Because of Ne = 1.12 Np (see Sect. 2), Ce is related to Cp by Cp = 0.893Ce = 8.149 × 1034 s−1. This value for Cp agrees with PSP observations (see Fig. 2). The radial behaviours of the electron number density Ne and the proton (or solar wind) velocity vp determined in this way are depicted as full lines in Figs. 4 and 5, respectively, and are listed numerically in Table 8.
	[image: thumbnail]	Fig. 4. As in Fig. 2, but showing the electron number density Ne as a function of heliocentric distance r. Ne was derived from PSP FIELDS data using quasi-thermal noise spectroscopy. The radial behaviour of the electron number density according to the model presented in Sect. 3 (see Table 4) is indicated as the solid line. For comparison, the dotted line represents the empirical model by Leblanc et al. (1998).



	[image: thumbnail]	Fig. 5. As in Fig. 4, but showing the radial proton velocity vp as measured by the SWEAP instrument as a function of heliocentric distance r. The radial behaviour of the proton speed according the model presented in Sect. 3 (see Table 4) is plotted as the solid line.



Table 5. 
Values of T and Ce for points A, B, C, D, and M (see Fig. 3), and the corresponding values of the critical velocity vc and radius rc.

The solution of point B represents the solution of Eqs. (9) and (10) with respect to the minimum of the electron number density, that is, it connects the electron number density Ne = 4.311 × 108 cm−3 at R = 1 with Ne = 4.453 cm−3 at R = 215. It is drawn as the dashed line in Fig. 4. In contradiction to point B, point D corresponds to the solution of Eqs. (9) and (10) for the maximum of the electron number density, that is, it connects the electron number density Ne = 1.044 × 109 cm−3 at R = 1 with Ne = 7.467 cm−3 at R = 215. It is drawn as the dash-dotted line in Fig. 4.
With respect to the solar wind speed, the solution corresponding to point A represents the minimum of the solar wind speed, that is, vp = 0.1301 km s−1 and vp = 484 km s−1 at R = 1 and R = 215, respectively. It is drawn as the dashed line in Fig. 5. The solution corresponding to point C is connected with the maximum of the solar wind speed, that is, vp = 0.5541 km s−1 and vp = 533 km s−1 at R = 1 and R = 215, respectively. It is shown as the dashed-dotted line in Fig. 5.
4. Heliospheric magnetic field model
Banaszkiewisz et al. (1998) presented a global magnetic field model of the quiet heliosphere. It consists of a superposition of the magnetic field of the dipole and quadrupole of the quiet Sun and that of the heliospheric current sheet, which is considered to be azimuthal. It represents an extension of the dipole plus current sheet (DCS) model (Glessen & Axford 1974, 1976) by including the quadrupole moment of the quiet Sun. Therefore, it is called dipole plus quadrupole plus current sheet (DQCS) model. Because this is in cylindrical symmetry, the magnetic field is described in cylindrical coordinates. The radial and vertical components of the magnetic field given in Gauss are expressed by
[image: thumbnail](12)
and
[image: thumbnail](13)
respectively (see Eqs. (1) and (2) in Banaszkiewisz et al. 1998). Here, the coordinates R, ρ, and z are given in solar radii. ρ denotes the radial distance from the centre of the Sun in the ecliptic plane. The z-axis with its coordinate z is directed perpendicular to the ecliptic plane. Hence, the complete distance R from the centre of the Sun in the heliosphere is given by R2 = ρ2 + z2. The constants K, Q, and a are chosen in such a way that the last closed field line intersects the Sun at 60°, leading to K = 1, Q = 1.5, and a = 1.538 (Banaszkiewisz et al. 1998). The parameter M is fixed by the radial magnetic field component at 1 AU. In the ecliptic plane, that is, at z = 0, Eqs. (12) and (13) are reduced to
[image: thumbnail](14)
and
[image: thumbnail](15)
because of R = ρ. In the limit ρ → ∞, Eqs. (14) and (15) provide Br/M = (K/aρ2) and Bz/M = (K − 1)/ρ3 = 0 because K = 1, respectively. Thus, the component Bz vanishes for ρ → ∞, as expected. Hence, the radial component is described by
[image: thumbnail](16)
with B0 = (K ⋅ M)/a.
The parameter B0 is fixed by the in situ measurements of the magnetic field as given in Table 3. The radial component of the magnetic field Br varies over a broad range (see Table 3 and Fig. 6). By means of Eq. (16), the quantities min(B0), mean(B0), and max(B0) were determined independently by the radial magnetic field Br (see footnote 4) at r/R⊙ = 30, 50, 70, and 215 (see Table 6) and were subsequently averaged over these distances (see the bottom line in Table 6). Then, taking the averaged values for B0, the radial component of the magnetic field was varied in the range 0.78−2.51 nT at 1 AU (= 215 R⊙). This agrees with the observations (see Table 3).
	[image: thumbnail]	Fig. 6. As in Fig. 4, but showing the field strength of the radial component of the magnetic field Br as measured by the FIELDS instrument as a function of heliocentric distance r. The radial behaviour of Br according the model presented in Sect. 3 (see Table 4) is plotted as the solid line.



Table 6. 
Minimum, mean, and maximum value of the parameter B0 of Eq. (16) as determined at r/R⊙ = 30, 50, 70, and 215 according to Table 3.

According to Eqs. (14) and (15), the radial component Br and the z-component Bz were calculated in the range 1−5 R⊙ as presented in Table 7. Tables 7 and 8 reveal that the magnetic field of the quiet Sun is predominantly radial beyond a distance of 1.4 R⊙ from the centre of the Sun (see Table 7). The interaction of the solar wind with the magnetic field lines of the rotating Sun leads to the formation of the Parker spiral (Parker 1958) in the heliosphere. Hence, the total magnetic field strength in the ecliptic plane can be expressed by
[image: thumbnail](17)
Table 7. 
Modelled magnetic field parameters as a function of radial distance in the solar corona.

Table 8. 
Radial behaviour of the electron number density Ne (the proton number density can be calculated by Np = 0.9 Ne; see Sect. 2), solar wind (or proton) velocity vp, the radial component of the magnetic field Br, the total magnetic field strength Btot (see Eq. (17)), and the Alfvén speed vA (see Eq. (19)).

(see Eq. (4.6) in Mariani & Neubauer 1990) with v⊙ = Ω⊙ R⊙. The solar rotational period is T⊙ = 24.5 days = 2.117 × 106 s in the equatorial region, leading to Ω⊙ = 2π/T⊙ = 2.968 × 10−6 s−1 and v⊙ = 2.065 km s−1. Equation (17) allows us to calculate the radial dependence of Br, which is shown as the full line in Fig. 6 using B0 = 76 000 nT.
Table 8 summarizes our model results. It lists the radial dependency (r/R⊙) of the electron density, Ne, the solar wind speed, vp, the radial and total magnetic field strength, Br and Btot, and the Alfvén speed, vA, in the radial range of 1−250 R⊙ (2−250 R⊙ for the magnetic parameters). An extended electronic version of the table that lists the model results for all radial steps of 0.1 R⊙ is available at the CDS.
5. Discussion
In Sect. 3, Eqs. (9) and (10) were solved numerically. As a result, a solution was found for a specific choice of the parameters, as described in the last paragraph of Sect. 3. The second and third columns of Table 8 show the electron number densities Ne and solar wind (or proton) velocities vp in the range 1−250 R⊙, respectively. The radial evolution of both quantities is shown as solid lines in Figs. 4 and 5.
In Fig. 4, our modelled electron number densities are compared to the values derived from PSP FIELDS data using quasi-thermal noise spectroscopy (see Moncuquet et al. 2020). Because this method does not work properly for low electron densities because the Debye length exceeds the length of the FIELDS antennas, we considered derived densities inside a heliocentric radial distance of 80 R⊙. For comparison, we also plot the model by Leblanc et al. (1998). The figure reveals that the special solutions of Eqs. (9) and (10) agree well with the observations of PSP and the empirical model by Leblanc et al. (1998) according to Eq. (7). The PSP measurements vary beyond our numerical solutions. This can be explained in the following manner: In our approach, we took the standard deviations of the electron number density into account, leading to three solutions of the mean, minimum, and maximum case. Thus, we did not include the total minimum and total maximum of the electron number density at radial distances of 1 R⊙, 50 R⊙, and 215 R⊙ from the centre of the Sun, that is, we did not consider the whole variations of the electron number density5. In Fig. 5 we compare the model to the proton speeds as measured by SWEAP on board PSP. Here, the deviations of the measured values from the modelled ones are greater than in the case of the electron number density (see Fig. 4).
For the coronal height range, Fig. 1 shows several remote-sensing measurements of the electron number density in quiet equatorial regions. The mean radial evolution of the electron number density Ne(r) (see Table 8) is plotted as the solid line in Fig. 1. In the distance range R = 1 − 2, it is evident that the density model presented in Sect. 3 is consistent with the coronal observations. As discussed in the second paragraph of Sect. 3, Eqs. (9) and (10) can be solved analytically for the corona. For electrons, this gives
[image: thumbnail](18)
with Ne, ⊙ = 7.17 × 108 cm−3 and 2 rc/R⊙ = 11.14, which results from adopting the parameters given in the third paragraph of Sect. 3. It should be emphasized that this analytical formula describes the radial density in the corona and near-Sun interplanetary space well up to a distance of 3 R⊙ from the centre of the Sun. For illustration, Eq. (18) provides Ne = 4.267 × 105 cm−3 at r = 3 R⊙, whereas the exact solution yields Ne = 3.92 × 105 cm−3 (see Table 8) at the same radial distance.
After considering the electron density and solar wind speed, we show in Fig. 6 the radial dependence on the radial magnetic field strength Br according to the values given in Table 8. Again, the comparison to the PSP measurements obtained by FIELDS reveals a good agreement between our model and the measured field strengths.
For the corona, Table 7 lists the radial dependence of Br and Bz according to Eqs. (16) and (17), and the ratio Bz/Br. The radial component Br dominates component Bz beyond a radial distance of 1.4 R⊙. Below 1.4 R⊙, the dipole and quadrupole part of the magnetic field are the dominant parts of the magnetic field.
The Parker spiral is formed by the interaction of the magnetic field with the solar wind and with the rotating Sun. The fifth column of Table 8 presents the values of the total magnetic field Btot as defined by Eq. (17).
The radial dependence of the Alfvén speed vA can now be determined with the knowledge of the radial evolution of the density and magnetic field according to
[image: thumbnail](19)
(mp is the proton mass) with [image: equation] = 0.57 and N = 1.95 Ne (see the third paragraph in Sect. 2). The values of the Alfvén velocity as derived from our model are listed in the Table 8. While the model by Banaszkiewisz et al. (1998) presents a global magnetic field model of the heliosphere, this is not appropriate for describing the magnetic field in the low corona, which is characterized by a mixture of open and closed magnetic field lines (see Aschwanden 2005). The Alfvén velocity was therefore only calculated for radial distances beyond 2.0 R⊙ by means of Eq. (19). This was done for the mean, minimum, and maximum case as defined by
[image: thumbnail](20)
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and
[image: thumbnail](22)
respectively. Their radial behaviour is depicted as the full, dashed, and dash-dotted line for the mean, minimum, and maximum case in Fig. 7, respectively. The local Alfvén velocity increases in the near-Sun interplanetary space and reaches a maximum of 219 km s−1, 92.1 km s−1, and 392 km s−1 at 4 R⊙ in the mean, minimum, and maximum case according to Eqs. (20)–(22), respectively. Mann et al. (1999b); Mann et al. (2003) have already reported a local maximum like this of the Alfvén speed in the near-Sun interplanetary space. Beyond 4 R⊙, it decreases to 15.9 km s−1, 6.79 km s−1, and 27.9 km s−1 at 1 AU for the mean, minimum, and maximum case, respectively. For comparison, the radial behaviours of the solar wind speeds are also presented in Fig. 7. The Alfvénic point (or surface) is defined as the location at which the solar wind speed is equal to the local Alfvén velocity. During the eighth encounter on April 28, 2021, PSP entered regions in which the local Alfvén velocity exceeded the solar wind speed during three intervals (Kasper et al. 2021). This occurred at radial distances in the range of 16.0 − 19.8 R⊙. The ratios vp/vA were in the range 0.49 − 0.88 (see Table 1 in Kasper et al. 2021). Figure 7 reveals that the solar wind speed can exceed the local Alfvén speed in a broad radial range of 3.6 − 13.7 R⊙ according to our model. The Alfvénic points in the range 16.0 − 19.8 R⊙ as measured by PSP are not so far away from the points predicted by our model, however. Kasper et al. (2021) argued that this sub-Alfvénic wind might correspond to solar wind originating in a pseudo-streamer structure. Our model should be understood as a long-term average model of the heliosphere and is not intended to model the full variability of solar wind conditions induced by complex coronal structures.
	[image: thumbnail]	Fig. 7. Radial behaviour of the local Alfvén velocity for the mean (full line), minimum (dashed line), and maximum (dash-dotted line) case. For comparison, the radial behaviour of the solar wind speed is also shown in blue for the mean (full line), minimum (dashed line), and maximum (dash-dotted line) case.



6. Summary
The model presented in this paper agrees well with remote-sensing and in situ measurements of the plasma density and magnetic field strength in the heliosphere. In addition to being consistent with both coronal observations and measurements at 1 AU, it reproduces recent data from the inner heliosphere provided by the PSP mission. In the model, the heliosphere is considered as a stationary and homogeneous medium, which is an approximation. The heliosphere is spatially structured, which includes coronal holes, streamers, or fast and slow wind streams (see Priest 1982; Aschwanden 2005). Furthermore, the heliosphere varies on a long timescale with the 11-year solar cycle, while on shorter timescales, there are propagating features such as travelling CMEs, propagating shocks, and CIRs (see Schwenn 1990). Kinetic plasma processes play an important role in the corona and solar wind (see Marsch 2006). They cause macroscopic phenomena such as the heating of the corona and the acceleration of the solar wind by the Alfvén wave pressure (Hackenberg et al. 2000; Tu & Marsch 2001a,b; Vocks & Marsch 2001; Vocks & Mann 2003; Hofmeister et al. 2022).
Considering these complications, it is still necessary to have a simple but physically justified model of the plasma density and magnetic field in the heliosphere. For instance, a model like this is necessary for evaluating the propagation of CMEs through the heliosphere (which has strong implications for space weather) or for studying the propagation of interplanetary electron beams by inferring their kinematics from the analysis of associated type III radio bursts. The model presented in this paper fulfils these criteria. The predicted radial behaviour of the density, the magnetic field, and the Alfvén speed is consistent with observations from the coronal base up to 1 AU. While the model does not account for spatial and temporal variations of the heliosphere, it should be considered as a long-term average global model. We emphasize that the model we presented has a physical basis in terms of Parker’s wind equation (Parker 1958) and the DQCS-model by Banaszkiewisz et al. (1998).


1 See https://sppgway.jhuapl.edu/encounters


2 See https://cdaweb.gsfc.nasa.gov


3 SQTN L3 data were obtained from https://cdpp-archive.cnes.fr


4 If a quantity X is given by its mean value [image: equation] and its standard deviation σX, here, min(X), mean(X), and max(X) are defined by min(X) = [image: equation], mean(X) = [image: equation], and max(X) = [image: equation], respectively.


5 The same is also the case for all other quantities (e.g. Vp,  Cp,  Ce,  Br, and Btot).
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	[image: thumbnail]	Fig. 1. Radial evolution of the electron number density Ne above quiet equatorial regions in the solar corona. Observational results from different studies are compared to the model developed in this study (black curve).
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	[image: thumbnail]	Fig. 2. Quantity Cp = Npvpr2 as a function of heliocentric distance r. The crosses show Cp as measured by the SWEAP instrument during PSP encounters E1–E9 (colour-coded as indicated at the right). The full line corresponds to Cp = 6.71 × 1034 s−1.
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	[image: thumbnail]	Fig. 3. Dependence of Ce on the temperature T for the mean (full lines), minimum (dashed lines), and maximum (dash-dotted lines) case of the electron number density Ne, and for R = 1 (red), 50 (green), and 215 (blue).
In the text



	[image: thumbnail]	Fig. 4. As in Fig. 2, but showing the electron number density Ne as a function of heliocentric distance r. Ne was derived from PSP FIELDS data using quasi-thermal noise spectroscopy. The radial behaviour of the electron number density according to the model presented in Sect. 3 (see Table 4) is indicated as the solid line. For comparison, the dotted line represents the empirical model by Leblanc et al. (1998).
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	[image: thumbnail]	Fig. 5. As in Fig. 4, but showing the radial proton velocity vp as measured by the SWEAP instrument as a function of heliocentric distance r. The radial behaviour of the proton speed according the model presented in Sect. 3 (see Table 4) is plotted as the solid line.
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	[image: thumbnail]	Fig. 6. As in Fig. 4, but showing the field strength of the radial component of the magnetic field Br as measured by the FIELDS instrument as a function of heliocentric distance r. The radial behaviour of Br according the model presented in Sect. 3 (see Table 4) is plotted as the solid line.
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	[image: thumbnail]	Fig. 7. Radial behaviour of the local Alfvén velocity for the mean (full line), minimum (dashed line), and maximum (dash-dotted line) case. For comparison, the radial behaviour of the solar wind speed is also shown in blue for the mean (full line), minimum (dashed line), and maximum (dash-dotted line) case.
In the text
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        Radial evolution of the electron number density Ne above quiet equatorial regions in the solar corona. Observational results from different studies are compared to the model developed in this study (black curve).

      

    

  
    
      Table 1. 

      Electron number densities Ne(r = R⊙) at the bottom of the corona above quiet equatorial regions.

      
        


	Paper
	Ne



	
	[cm−3]





	Newkirk (1961)
	8.78 × 108



	Koutchmy (1994)
	3.59 × 108



	Brosius et al. (1996)
	1.09 × 109



	Landi & Landini (1998)
	9.75 × 108



	Gallagher et al. (1999)
	6.64 × 108



	Del Zanna & Mason (2003)
	9.75 × 108



	Zucca et al. (2014)
	2.73 × 108



	




	Geometric mean
	7.42 × 108





      

    

  
    
      Table 2. 

      Mean values and standard derivation of the electron number density Ne, the proton (or solar wind) speed vp, and Cp = Npvpr2 as given by the SWEAP instrument on board PSP at 30, 50, and 70 R⊙ as well as by the OMNI database at 1 AU (= 215 R⊙).

      
        


	Parameter
	r/R⊙
	Source
	Value





	Ne [cm−3]
	1
	Table 1
	(7.42 ± 3.18) × 108



	
	30
	PSP
	676 ± 332



	
	50
	PSP
	222 ± 73



	
	70
	PSP
	157 ± 39



	
	215
	OMNI
	7.26 ± 3.71



	




	vp [km s−1]
	30
	PSP
	308 ± 73



	
	50
	PSP
	306 ± 39



	
	70
	PSP
	328 ± 79



	
	215
	OMNI
	390 ± 84



	




	Cp [1034 s−1]
	30
	PSP
	7.18 ± 73



	
	50
	PSP
	8.57 ± 5.63



	
	70
	PSP
	6.69 ± 1.95



	
	215
	OMNI
	5.05 ± 2.4





      

      
Notes. Here, OMNI data are used only during PSP times. The values of the electron number density at the coronal base are determined by means of the data given in Table 1.



    

  
    
      Fig. 2. 
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        Quantity Cp = Npvpr2 as a function of heliocentric distance r. The crosses show Cp as measured by the SWEAP instrument during PSP encounters E1–E9 (colour-coded as indicated at the right). The full line corresponds to Cp = 6.71 × 1034 s−1.

      

    

  
    
      Fig. 3. 
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        Dependence of Ce on the temperature T for the mean (full lines), minimum (dashed lines), and maximum (dash-dotted lines) case of the electron number density Ne, and for R = 1 (red), 50 (green), and 215 (blue).

      

    

  
    
      Table 3. 

      Mean values and standard derivation of the radial component of the magnetic field Br and of the total magnetic field strength Btot as given by the instrument FIELDS on board PSP at 30, 50, and 70 R⊙ as well as by the OMNI database at 1 AU.

      
        


	r/R⊙
	Br
	Btot



	
	[nT]
	[nT]





	30
	86 ± 34.9
	91.9 ± 32.7



	50
	31.8 ± 13.9
	39.6 ± 10.8



	70
	15.2 ± 9.3
	19.4 ± 8.5



	215
	1.56 ± 1.03
	4.42 ± 1.39





      

    

  
    
      Table 4. 

      Standard variation of the electron number densities Ne at r/R⊙ = 1, 50, and 215 according to Table 2.

      
        


	r/R⊙
	Min (Ne)
	Mean (Ne)
	Max (Ne)



	
	[cm−3]
	[cm−3]
	[cm−3]





	1
	4.24 × 108
	7.42 × 108
	10.6 × 108



	50
	149
	222
	295



	215
	3.55
	7.26
	10.97





      

    

  
    
      Fig. 4. 
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        As in Fig. 2, but showing the electron number density Ne as a function of heliocentric distance r. Ne was derived from PSP FIELDS data using quasi-thermal noise spectroscopy. The radial behaviour of the electron number density according to the model presented in Sect. 3 (see Table 4) is indicated as the solid line. For comparison, the dotted line represents the empirical model by Leblanc et al. (1998).

      

    

  
    
      Fig. 5. 
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        As in Fig. 4, but showing the radial proton velocity vp as measured by the SWEAP instrument as a function of heliocentric distance r. The radial behaviour of the proton speed according the model presented in Sect. 3 (see Table 4) is plotted as the solid line.

      

    

  
    
      Table 5. 

      Values of T and Ce for points A, B, C, D, and M (see Fig. 3), and the corresponding values of the critical velocity vc and radius rc.

      
        


	Point
	T
	Ce
	vc
	rc



	
	[MK]
	[1034 s−1]
	[km s−1]
	[Mm]





	A
	1.10
	6.496
	126.2
	4158



	B
	1.21
	6.925
	132.3
	3784



	C
	1.28
	11.82
	131.1
	3575



	D
	1.14
	11.32
	129.6
	3943



	M
	1.18
	9.127
	130.7
	3877





      

    

  
    
      Fig. 6. 
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        As in Fig. 4, but showing the field strength of the radial component of the magnetic field Br as measured by the FIELDS instrument as a function of heliocentric distance r. The radial behaviour of Br according the model presented in Sect. 3 (see Table 4) is plotted as the solid line.

      

    

  
    
      Table 6. 

      Minimum, mean, and maximum value of the parameter B0 of Eq. (16) as determined at r/R⊙ = 30, 50, 70, and 215 according to Table 3.

      
        


	r/R⊙
	Min (Br)
	Mean (Br)
	Max (Br)



	
	[nT]
	[nT]
	[nT]





	30
	46 200
	77 700
	109 200



	50
	44 800
	79 600
	114 400



	70
	28 900
	74 500
	102 000



	215
	24 500
	72 100
	119 700



	




	∅
	36 100
	76 000
	115 900





      

    

  
    
      Table 7. 

      Modelled magnetic field parameters as a function of radial distance in the solar corona.

      
        


	r/R⊙
	Br
	Bz
	|Bz|/Br



	
	[nT]
	[nT]
	





	1.0
	12 310
	99 303
	8.067



	1.2
	12 285
	27 275
	2.228



	1.4
	11 828
	7072
	0.598



	1.6
	11 124
	967
	0.087



	1.8
	10 308
	−797
	0.077



	2.0
	9465
	−1169
	0.124



	3.0
	5950
	−467
	0.078



	4.0
	3.863
	−150
	0.039



	5.0
	2654
	−55
	0.021





      

      
Notes. The table shows the radial component Br and the z-component Bz according to Eqs. (14) and (15), respectively, and the ratio |Bz|/Br.



    

  
    
      Table 8. 

      Radial behaviour of the electron number density Ne (the proton number density can be calculated by Np = 0.9 Ne; see Sect. 2), solar wind (or proton) velocity vp, the radial component of the magnetic field Br, the total magnetic field strength Btot (see Eq. (17)), and the Alfvén speed vA (see Eq. (19)).

      
        


	r/R⊙
	Ne
	vp
	Br
	Btot
	vA



	
	[cm−3]
	[km s−1]
	[nT]
	[nT]
	[km s−1]





	1.0
	7.17 × 108
	0.261
	–
	–
	–



	1.1
	2.60 × 108
	0.594
	–
	–
	–



	1.2
	1.12 × 108
	1.16
	–
	–
	–



	1.3
	5.46 × 107
	2.03
	–
	–
	–



	1.4
	2.96 × 107
	3.22
	–
	–
	–



	1.5
	1.74 × 107
	4.78
	–
	–
	–



	1.6
	1.09 × 107
	6.69
	–
	–
	–



	1.8
	5.02 × 106
	11.5
	–
	–
	–



	2.0
	2.69 × 106
	17.4
	9442
	9704
	122



	2.5
	8.58 × 105
	34.9
	7495
	7577
	169



	3.0
	3.89 × 105
	53.4
	5936
	5976
	198



	4.0
	1.33 × 105
	87.8
	3853
	3870
	219



	5.0
	6.42 × 104
	116
	2648
	2658
	216



	6.0
	3.70 × 104
	140
	1914
	1922
	206



	8.0
	1.65 × 104
	177
	1122
	1127
	181



	10.0
	9.10 × 103
	205
	732
	736
	159



	12.0
	5.70 × 103
	228
	514
	517
	141



	14.0
	3.88 × 103
	246
	380
	383
	127



	16.0
	2.80 × 103
	261
	292
	294
	115



	20.0
	1.63 × 103
	286
	188
	190
	96.9



	25.0
	9.66 × 102
	310
	121
	122
	81.2



	30.0
	6.32 × 102
	329
	83.1
	85.4
	70.0



	40.0
	3.28 × 102
	357
	47.3
	48.5
	55.3



	50.0
	1.98 × 102
	378
	30.3
	31.4
	46.0



	60.0
	1.32 × 102
	394
	21.0
	22.1
	39.6



	70.0
	9.37 × 101
	407
	15.5
	16.4
	35.0



	80.0
	6.98 × 101
	419
	11.8
	12.7
	31.4



	100.0
	4.28 × 101
	437
	7.58
	8.38
	26.4



	120.0
	2.83 × 101
	452
	5.19
	5.92
	23.0



	160.0
	1.54 × 101
	474
	2.96
	3.61
	19.0



	200.0
	9.53
	490
	1.90
	2.48
	16.6



	215.0
	8.16
	496
	1.64
	2.20
	15.9



	250.0
	5.91
	506
	1.21
	1.73
	14.7





      

      
Notes. An extended electronic version of the table is available at the CDS.



    

  
    
      Fig. 7. 

      
        [image: thumbnail]
      

      
        Radial behaviour of the local Alfvén velocity for the mean (full line), minimum (dashed line), and maximum (dash-dotted line) case. For comparison, the radial behaviour of the solar wind speed is also shown in blue for the mean (full line), minimum (dashed line), and maximum (dash-dotted line) case.

      

    

  OEBPS/aa45050-22-eq8.gif





OEBPS/aa45050-22-eq9.gif
33x10° 4.1x10° 8.0x 107
Ne(r) = =—7— + ——— + ———





OEBPS/aa45050-22-eq4.gif
d = (1+4v) -mN,.





OEBPS/aa45050-22-eq27.gif
mean| Lo (r) |

mean[va ()] =






OEBPS/aa45050-22-eq5.gif
g+
(24 3v)

Ne=(1+20) Np=





OEBPS/aa45050-22-eq26.gif





OEBPS/aa45050-22-eq6.gif
Np = SN
2+3)





OEBPS/aa45050-22-eq29.gif





OEBPS/aa45050-22-eq7.gif
p=
2+ 30






OEBPS/aa45050-22-eq28.gif
min| B ()]

min{v()] =






OEBPS/aa45050-22-eq23.gif
Bu(r) = B,y - [1+ (‘E) — B 1+ ("° r )

Vp v Ro





OEBPS/aa45050-22-eq22.gif





OEBPS/aa45050-22-eq25.gif
Bt _ Stot

NP S —
YT JampNm, A LT Nm,





OEBPS/aa45050-22-eq24.gif
Ne(r) = Ne -exp (11.35- [R—O - |D
-





OEBPS/aa45050-22-eq21.gif





OEBPS/aa45050-22-eq20.gif









OEBPS/aa45050-22-fig5_small.jpg





OEBPS/aa45050-22-eq1.gif
d = meNe +mpNy + mye Nye = pump N





OEBPS/aa45050-22-fig2_small.jpg





OEBPS/aa45050-22-eq2.gif





OEBPS/aa45050-22-eq3.gif
Np +2Nge = (1 +20) IV,






OEBPS/aa45050-22-eq33.gif
X +ov





OEBPS/aa45050-22-fig1.jpg
10°

108

N, [cm?]

T T T T

107

T T T

T

108

T T T
Mann et al. 2023 (this study)

Koutchmy 1994
Brosius et al. 1996

Landi & Landini 1998
Gallagher et al. 1999

Del Zanna & Mason 2003
Zucca et al. 2014

T T [

1.0





OEBPS/aa45050-22-eq30.gif





OEBPS/aa45050-22-fig2.jpg
E1
E2
E3
E4
E5
E6
E7
E8
E9

Mann et al. 2023 (this study)

T
e g, L
N
g , + |+
wnl
i
+ 4t Y
4 geLrnm
" v
5 P &Wfﬁff. +4
Z ++
b3 e
o
g Ty +t
e 5
T i
et . o i
+ St }
el sl s
+ s o R 0y
T R
. P + +
+
L I I R 1
© 0 <
) ) @
o o o
~— ~— —

150 200 250
r[R4

100

50






OEBPS/aa45050-22-fig3.jpg
C.ls™

50 Rg (max)

50 Rg (mean)

215 Rg (mean






OEBPS/aa45050-22-eq32.gif





OEBPS/aa45050-22-fig4.jpg
N, [em™]

10°

1041

10°

10?

10'

10°

10°

LA B L) B B L1 I A R 3

Mann et al. 2023 (this study)
——————————— Leblanc et al. 1978

E2
E3
E4
E5
E6
E7
E8
E9
E10

ol vl vl vl

' LIH‘

L1






OEBPS/aa45050-22-eq31.gif
X —ovy





OEBPS/aa45050-22-fig5.jpg
v, [km s™]

A A S B S e

800 T T T T T T T T T T T T T T
Mann et al. 2023 (this study) E1 -

L . E2 i
L E3 1
600 R E4 |
L N + o £ % E5 4
+ ot S -
L ok B jy ) = E6 |

i A e

200 -/ 4

50 100 150 200 250





OEBPS/aa45050-22-fig6.jpg
B, [nT]

— T T T [ T T T T [ T T T T [ T T T T [ T T T T

Mann et al. 2023 (this study) E1

E2
10* E3
E4
E5
E6
E7
E8
E9

10°

T T T

=
=

10°

UL S
— =

=

10?

s

pA:
"
+ 3
1 I+ i R
100 wisiiamsmed
E T €
E E R +++§:++++ R Tt —
F +F "+ & + T + - —
C * g H ff** g*if:,k £l + —
r Do - - —
e byt bt *+++g o~
0 P T + — —
10°L RS A A -
E o T —
E ¥ + —
E - 4+¢++:i¢,j# +
E + Sy g
- o +

+

10" i e

EEETIT RN ERET

ol

Lol

| |||‘|n| |

50 100 150 200
r[Rd





OEBPS/aa45050-22-fig7.jpg
20

L L I L
VA :
. / | 1
L= 4w
—
o)
o
[ I1m
—
/
/
/
L, 4w
/l
—
;_____;_7_k_k____________;_k_k_k_k_k__
o o o o
o o
Al —

o

o o

< (ep]
[[.swy]A





OEBPS/aa45050-22-fig1_small.jpg





OEBPS/dash.png





OEBPS/aa45050-22-fig4_small.jpg





OEBPS/aa45050-22-fig7_small.jpg





OEBPS/aa45050-22-eq19.gif





OEBPS/aa45050-22-fig3_small.jpg





OEBPS/aa45050-22-eq16.gif
Nei-ve = G





OEBPS/aa45050-22-eq15.gif
N:(r)

Ni(r)/Nic





OEBPS/aa45050-22-eq18.gif
B _3pz 15Q pz K P
M RS 8 RT ' a [(z| +a) + p2P~-






OEBPS/aa45050-22-eq17.gif
Ni(r) = Nio - ew(“" [
Ro





OEBPS/aa45050-22-eq12.gif





OEBPS/aa45050-22-eq11.gif
V(r)? = Inn(r)?) = 4 - () + i, -3
.






OEBPS/aa45050-22-eq14.gif





OEBPS/aa45050-22-eq13.gif
Mo/2 v






OEBPS/aa45050-22-eq10.gif
o LIS
Be(r) = 5+~





OEBPS/aa45050-22-fig6_small.jpg





