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Abstract

Context. Asteroseismology provides a unique opportunity to probe the interiors of evolved stars and constrain their internal rotation. The correct reproduction of the core rotation evolution has not yet been achieved, although it is key to understanding the internal processes involved in low-mass stars.

Aims. We explore the efficiency required to reproduce the general behaviour of the transport of angular momentum along the evolution in view of asteroseismic constraints from giant low-mass stars. We analyse the consequences and predictions for lithium and beryllium surface abundances from the main sequence to red giant phase.

Methods. We computed a series of models, which included atomic diffusion, rotation-induced mixing, magnetic braking, and additional processes tailored for main sequence low-mass stars. We extended these models to more evolved phases and investigated an updated angular momentum transport by including a time-dependent extra viscosity related to the azimuthal magneto-rotational instability. We compared our predictions to the asteroseismic measurements of the core and surface rotation of a sample of sub-giant and red giant stars. We compared the model predictions for the lithium and beryllium surface evolution with the available observations.

Results. We confirm that a time-dependent additional viscosity νadd(t) is required to reproduce the general behaviour of the core rotation rate along successive stellar evolutionary phases given the dependence on the differential rotation and the mass. We show that it results in stronger lithium and beryllium depletions for low-mass stars over evolution. We confirm that predicted lithium abundances at the red giant bump by classical models, commonly used as references, cannot reproduce the lithium depletion along the main sequence and evolved phases of stellar evolution. We show that the observed amount of lithium of stars less massive than 1 M⊙ leads to a discrepancy between model predictions and observations at the red giant bump.

Conclusions. We show that a semi-parametric model can reproduce the rotational behaviour along the first phases of evolution well, with the exception of the sharp transition observed during the sub-giant phase. This suggests that two distinct transport processes may be involved. The processes required to transport chemicals during the main sequence phase and angular momentum until the red giant phase impact the lithium depletion all along the evolutionary duration. A good prediction of the lithium abundance at young phases places strong constraints on the predicted one at more evolved phases. It also highlights discrepancies between models and observations for the lowest mass stars and impacts the threshold that defines lithium-rich giant stars, showing that classical models tend to overestimate this threshold.
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1. Introduction
The description and understanding of the internal transport processes along evolution of low-mass stars is at the heart of vast significant progress in stellar astrophysics. Low-mass stars have been observed to show an important rotational and chemical evolution involving different transport processes that still have to be clearly identified and characterised. The exploration of the transport of angular momentum and of the transport of chemicals along evolution is a key in order to constrain these processes, thanks to the numerous observations that have been obtained for low-mass stars along the pre-main sequence (PMS), main sequence (MS), sub-giant branch (SGB), and red giant branch (RGB) phases. In particular, the internal rotation has been inferred by helio- and asteroseismology (e.g. Mosser et al. 2012; Deheuvels et al. 2012, 2014, 2015; Deheuvels et al. 2020; Ceillier et al. 2013; Marques et al. 2013; Benomar et al. 2015; Gehan et al. 2018; García & Ballot 2019). Observations show that a strong coupling takes place during the MS from an important differential rotation in the young ages to an almost uniform rotation when reaching the solar age and the late steps of MS (e.g. Benomar et al. 2015). Efficient transport of angular momentum is then expected to take place along MS until the beginning of the SGB phase. When reaching the SGB phase and beyond, along the RGB, the stellar structure is changing, the envelope is expanding, and the core is contracting on itself. This leads to the acceleration of the core rotation and the slowing-down of the surface rotation, driving an increase in the differential rotation. In non-standard stellar evolution code including rotation, the transport of angular momentum usually comes from the combined action of meridional circulation and turbulence shear (e.g. Zahn 1992). However, these processes drive a strong differential rotation and are not able to reproduce the almost flat rotational profile of the Sun (MS phase) as well as the moderate core rotation rate observed during SGB and RGB phases thanks to helio- and asteroseismology (Deheuvels et al. 2012, 2014, 2020). In addition, the transport of angular momentum have been shown to be varying along evolution with an efficient transport during the MS, then a decreasing phase along SGB, and, finally, a new increase during the RGB phase (e.g. Deheuvels et al. 2014, 2020; Spada et al. 2016; Eggenberger et al. 2019a,b; Moyano et al. 2022, 2023). These observational constraints suggest the action of an additional unknown transport of angular momentum whose identification remains an open question.
The characterisation of the transport of angular momentum along low-mass star evolution is consequently challenging and may potentially involve different processes taking place at different phases with different efficiencies. Since the fact that one (or more) transport processes is lacking has been demonstrated, there have been several dynamical processes proposed, mainly those related to rotation, such as the internal gravity waves (e.g. Schatzman 1993; Charbonnel & Talon 2005; Mathis & Zahn 2005; Charbonnel et al. 2013; Pinçon et al. 2017), magnetic fields and instabilities (e.g. Spruit 2002; Eggenberger et al. 2005, 2010, 2019b,c, 2022; Denissenkov et al. 2010; Fuller et al. 2014, 2019), convective pumping (Kissin & Thompson 2015), transport by mixed-modes (Belkacem et al. 2015), and see a general review by Aerts et al. (2019). However, a clear identification of the involved processes is still debated and requires a better description of the angular momentum transport evolution thanks to the observational data.
In parallel, the transport of angular momentum has an impact on the internal mixing of chemicals in stars as was shown, for instance, by Pinsonneault et al. (1990), Charbonnel et al. (1992), Richard et al. (1996), Do Nascimento et al. (2009), Semenova et al. (2020), Eggenberger et al. (2022), Dumont et al. (2021a,b, hereafter referred to as Papers I and II). The evolution of light elements surface abundances is especially sensitive (directly or indirectly) to the processes involved in angular momentum transport. The evolution of the photospheric lithium (hereafter, Li) has been shown to be sensitive to the rotational evolution, and consequently a good tracer of internal processes (see Paper I and reference therein). Its evolution is well described from the galactic to the stellar evolution scale (e.g. Spite & Spite 1982; Deliyannis et al. 2000; Prantzos 2012; Charbonnel et al. 2021), as well as along the different stellar evolution phases (e.g. Boesgaard 1976; Sestito & Randich 2005; Cummings et al. 2017; Deliyannis et al. 2019; Semenova et al. 2020; Charbonnel et al. 2020; Boesgaard et al. 2020; Chanamé et al. 2022). In addition, the Li depletion was observed to be clearly dependent on stellar masses and metallicities (see for instance Deliyannis et al. 2000). In particular, the so-called Li-dip is observed for F-type stars at about 6600 K in open clusters like the Hyades and older (e.g. Boesgaard & Tripicco 1986; Soderblom et al. 1993; Balachandran 1995; Boesgaard et al. 2016, 2022b; Paper II), witnessing the action of specific transport processes.
Stellar evolution models accounting only for convection as a mixing process (Classical models) predict Li-depletion only during the PMS when the convective envelope is deep enough that Li is burned in the hot layers of the star. However, it does not predict additional variation of surface Li along the MS and until the star reaches the first dredge-up, in contradiction to observations. It has been shown that only models including rotation-induced processes were able to reproduce the correct Li-depletion over evolution (e.g. Palacios et al. 2003; Somers & Pinsonneault 2016; Charbonnel et al. 2020; Eggenberger et al. 2022; Paper I), impacting predictions for the different stellar evolutionary steps, and pointing the inconsistency of classical models.
In this work, we explore the evolution of the angular momentum transport efficiency from MS to SGB and RGB phases, and how it impacts the Li (and beryllium) surface abundance evolution. We extend models, that we already explored and validated for the specific case of the MS solar-type stars in a previous study (Paper I), to evolved low-mass stars at different masses. In Sect. 2, we present the observational data that we used to constrain the processes involved in our models. In Sect. 3, we describe the input physics of the stellar models and the different processes implemented in the evolution code STAREVOL used for this work. In Sect. 4, we estimate the transport efficiency that is required to reproduce the core rotation rate of a sample of nine stars (eight SGB and one RGB) for which we have access to the rotation asteroseismic analysis. We study the effects and the relevance of a time-dependent additional viscosity related to the azimuthal magneto-rotational instability (AMRI) defined by Spada et al. (2016), and successfully used by Moyano et al. (2023), and explore our model predictions. We apply these models for a grid (0.8−1.5 M⊙, step of 0.1 M⊙) at solar metallicity, and explore the Li and beryllium abundance evolution in Sect. 5. In Sect. 6, we summarise our results, discuss model predictions, and present our conclusions.
2. Observational data
To constrain the evolution of the angular momentum transport, we gathered a sample of SGB and RGB stars for which core rotation rates constraints are available from asteroseismic analysis. We have no access to stars for which both a seismic analysis and Li abundance determination have been done. We then completed our analysis with the compilation of another sample of low-mass stars for which we have access to Li and beryllium (hereafter, Be) abundances determinations from the MS phase to the RGB bump.
2.1. Internal rotation
The internal rotation is estimated from an asteroseismic analysis of the gravity-dominated mixed-modes. The gravity g-modes carry the information about the internal layers of the stars and the internal rotation (see for instance: Goupil et al. 2013). Consequently, the determined observational constraints concern the average rotation in the g-mode cavity. In order to compare our model predictions with asteroseismic observations, we define the core rotation Ωc as:
[image: thumbnail](1)
with rN as the top radius of the resonant g-mode cavity determined from the Brunt–Väisäilä frequency, N, and m(rN) as the cumulative mass at the radius, rN. We used a sample of evolved stars for which the internal rotation have been estimated by mean of a seismic analysis. It includes a sample of eight SGB stars from Deheuvels et al. (2014, 2020), one RGB star from Di Mauro et al. (2016), and a large sample of RGB stars from Gehan et al. (2018).
The effective temperature and surface gravity of the eight SGB stars, and of KIC 44487777, are taken from the reference papers and given in Table 1. We used the Mikulski Archive for Space Telescopes (MAST database1) for the sample analysed by Gehan et al. (2018).
Table 1. 
Main properties of the evolved stars considered in this work.

2.2. Lithium and beryllium abundances
In this work, Li surface abundance are coming from spectroscopic data for a sample of two Galactic open clusters including both MS and giant stars. Their names, ages, and metallicities are given in Table 2 along with bibliographical references from which the Li and Be surface abundances were taken. We only take into account non-binary stars with confirmed membership, as mentioned or flagged in the reference papers cited in Table 2. In order to reproduce the mass-range and evolutionary state of stars with seismic determinations, we completed our sample adding two samples of solar twins by Carlos et al. (2019) and Boesgaard et al. (2022a)2 and two samples of evolved stars by Luck & Heiter (2007) and Mallick et al. (2023). We kept only those stars with a metallicity between [Fe/H] = +0.10 and [Fe/H] = −0.10.
Table 2. 
Main properties of the open clusters considered in this work, with the corresponding references for the Li and Be abundances.

We adopted the meteoritic abundance A(Li) = 3.313 (Anders & Grevesse 1989) as the original abundance of lithium4. Lithium abundance is sensitive to non-local thermodynamic equilibrium (NLTE). We computed the 3D NLTE corrections (as described in Paper II) if only 1D local thermodynamic equilibrium values were available in the original papers.
Our analysis is completed considering observations for Be. Be surface abundances were extracted from Boesgaard et al. (2020) for M 67 Galactic open cluster, and from samples of field stars observed by Santos et al. (2004), Gálvez-Ortiz et al. (2011), Delgado Mena et al. (2012), Boesgaard et al. (2022a). We kept only those stars with a metallicity between [Fe/H] = +0.15 and [Fe/H] = −0.15, and with log g ≤ 4.50. We adopted the meteoritic abundance A(Be) = 1.41 by Lodders (2003) as the initial abundance of Be as done by Boesgaard et al. (2020). A more recent value of A(Be) = 1.30 ± 0.03 was inferred by Asplund et al. (2009), we discuss potential consequences on the results in Sect. 5.3.
2.3. Determination of mass
We determined the mass for the sample of eight SGB stars and KIC 4448777 corresponding to our model (see Table 1). We do not aim to find the accurate mass as done in seismic analysis but a relevant value to explore the general evolution behaviour of each star and confirm the relevance of our parametrisation for angular momentum transport. We determined the masses for the sample of RGB stars (Gehan et al. 2018) using the asteroseismic scaling relations, initially proposed by Kjeldsen & Bedding (1995), and updated for RGB stars as proposed by Mosser et al. (2013), and as done by Gehan et al. (2018). We select only stars equal or less massive than 1.55 M⊙.
Concerning the samples for Li and Be observations, we use masses indicated by Boesgaard et al. (2022a), Mallick et al. (2023) for their sample. As we do not have access to asteroseismic parameters for all the samples, we redetermined the masses for each star thanks to a comparison with our models including both atomic diffusion and rotation (models νR1, see details in Sect. 3), and using a grid of eight masses (0.8−1.5 M⊙, step of 0.1 M⊙) at solar metallicity. We note that our models are in agreement with masses by Boesgaard et al. (2022a), Mallick et al. (2023) within the given uncertainty.
3. The stellar evolution code
3.1. General assumptions
The models presented here are build from the conclusions of Paper I on different transport processes of chemicals and angular momentum (namely: rotation, penetrative convection, extra turbulence, extra viscosity, and atomic diffusion) during the PMS and MS.
We applied the prescriptions that were identified to be the most relevant for PMS/MS low-mass stars and explored the predictions at more evolved stages until the RGB bump. First, we computed models for each of the stars described in Table 1, and investigated the required angular momentum transport efficiency. Second, we computed a grid of models in a mass range between 0.8 M⊙ and 1.5 M⊙ (δM = 0.1 M⊙) at solar metallicity. Computations are started on the Hayashi track at the beginning of the deuterium burning phase on the PMS that we consider as the time zero of the evolution. In addition, we defined: (1) the zero-age main sequence (ZAMS) as the point where either the central mass fraction of hydrogen has decreased by 0.02% compared to its surface value or where the central temperature has reached 3 × 107 K; (2) the terminal-age main sequence (TAMS) and beginning of the SGB phase as the point where the central mass fraction of hydrogen is lower than 10−7; and (3) the base of the RGB and end of the SGB as the point where the mass coordinate at the top of the H-burning shell reaches a local minimum.
3.2. Input physics
We used version 4.0 of the stellar evolution code STAREVOL, as described in Paper I (for general information and previous versions, see Siess et al. 2000; Palacios et al. 2006; Decressin et al. 2009; Lagarde et al. 2012; Amard et al. 2019) and we refer to this work for further details and references. The models presented in this work were computed with the same inputs physics (equation of state, opacities, nuclear reactions, model atmosphere, and mass loss) as in Paper I. We used the same constant value for the mixing length parameter (classical model: αMLT = 2.1100, models including rotation: αMLT = 2.2236, assuming the Schwarzschild criteria for convective stability) and the initial abundances that resulted from model calibrations on the Sun (reference abundances from Asplund et al. 2009; Young 2018).
3.3. Chemical mixing
Atomic diffusion was implemented according to Paquette et al. (1986) and Thoul et al. (1994). We did not take radiative accelerations into account. Penetrative convection from convective envelope was treated as an overshoot and computed following the formalism of Augustson & Mathis (2019). It was recently validated by asteroseismic constraints by Aerts et al. (2021). The depth of the overshoot was calibrated in Paper I to reproduce the Li abundance in solar-type stars in very young open clusters. This process, as formalised and calibrated for PMS/MS stars in Paper I, is no longer relevant beyond the TAMS and phases of slow rotation. In particular, the constant mixing length parameter used along evolution is not relevant and it would lead to a non-realistic penetration depth during evolved phases of evolution due to the slowdown of the surface rotation. A complete treatment of the formalism by Augustson & Mathis (2019) in the code ought to include a rotation dependence on the mixing length parameter, as well as taking into account the structural evolution along the giant phases. This approach will be undertaken in a future work. Penetrative convection is consequently stopped when reaching the TAMS. We further discuss the relevance of additional transport of chemicals along the giant phases in Sect. 5.
A core overshoot parameter of dover = 0.05 Hp, with Hp as the pressure scale height, is taken into account for stars presenting a convective core along evolution (masses equal or above 1.2 M⊙ at solar metallicity).
Parametric turbulence is defined according to Richer et al. (2000) and Richard et al. (2005) based on the following prescription for the diffusion coefficient:
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where T0 is a free parameter that sets the depth of the maximum efficiency of the mixing depending on the value of the atomic diffusion coefficient He (DHe). We calibrated the efficiency of turbulence in order to reproduce the surface Li depletion in MS solar twins. We adopted log T0 = 6.42 as in Paper I (solar twins calibration). Beyond TAMS, we stopped the turbulence.
3.4. Angular momentum evolution and rotation-induced mixing
Stellar rotation was implemented in STAREVOL as described by Amard et al. (2016, 2019) and Paper I. We followed the shellular rotation hypothesis developed by Zahn (1992), Maeder & Zahn (1998), and Mathis & Zahn (2004) to describe the transport of angular momentum and chemicals by meridional circulation (as an advective process for angular momentum) and turbulent shear (vertical and horizontal).
The transport of angular momentum obeys the advection-diffusion equation:
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where ρ, r, Ω, U2, and νv are the density, the radius, the angular velocity, the meridional circulation velocity, and the vertical shellular component of the turbulent viscosity, respectively. Also, νadd is an additional parametric viscosity as introduced by Eggenberger et al. (2012, 2019b) and Spada et al. (2016) to simulate the efficiency of a transport of angular momentum along evolution. We assumed νadd to be constant in time or dependent on the radial rotational shear, defined by Spada et al. (2016)5 as:
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where ν0 and α are free parameters; then, [image: equation] is the mean angular velocity in the convective envelope. The envelope is assumed to rotate as a solid body and we have [image: equation]. [image: equation] is the mean angular velocity in the radiative interior, given by:
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with MTCC as the mass coordinate of the top of the convective core and MBCE as the mass coordinate at the base of the convective envelope. As noted in the reference papers, we do not expect that the missing process for angular momentum transport would be constant in time and/or in space, but this approach allows us to simulate the required transport efficiency along evolution and model the correct rotation structure.
We explored models that include prescriptions for turbulence shear, referred to as R1 in Paper I; R1 includes prescriptions from Zahn (1992) and Mathis et al. (2018) for the horizontal diffusivity, Dh, and the vertical diffusivity, Dv, respectively. The detailed expressions of the two turbulent diffusion coefficients can be found in Appendix B of Paper I. We used the same parameters as in Paper I for the extraction of angular momentum at the stellar surface due to magnetised winds (m = 0.22, p = 2.1, χ = 14, K = 7.5 × 1030 erg, unless otherwise indicated) according to the Matt et al. (2015) formalism. Models were computed for a value of the initial rotation period on the PMS of 4.5 days, which are referred as the median rotating model in Amard et al. (2019), and Papers I and II. The disc coupling timescale was set at τdisc = 5 Myr, in agreement with Gallet & Bouvier (2015) and Amard et al. (2019).
4. Angular momentum transport in SGB and RGB phases
In this section, we explore the observational behaviour of the core rotation rate along evolution, and we compare it to the predictions of rotation models νR1 (including a constant additional viscosity) and ν(t)R1 (including a time-dependent additional viscosity). We investigated the required efficiency for the transport of angular momentum in view of the observational constraints from asteroseismology.
4.1. Internal and surface rotation in evolved stars
The evolution of the core rotation rate in evolved stars is observed thanks to the asteroseismic constraints as described in Sect. 2. Figure 1 shows the Kiel diagram on the left panel, where the nine stars of our sample are represented (colour-coded), and the core (filled squares) and surface (open diamonds) rotation rates as a function of surface gravity on the right panel. In addition, the sample of RGB stars from Gehan et al. (2018) is represented in grey squares for the core rotation rate only.
	[image: thumbnail]	Fig. 1. Observational constraints for the sample of SGB and RGB stars. Left panel: Kiel diagram. Individual squares represent the nine stars of Table 1 (colour-coded). Right panel: core rotation rates (filled squared) and surface rotation rates (open diamonds) of the sample of evolved stars Table 1. Parameters for the eight subgiants come from Deheuvels et al. (2014, 2020). Parameters for KIC 4448777 come from Di Mauro et al. (2016).



As the stars evolve on the SGB and RGB, the surface rotation rate is progressively slowing down, while the convective envelope is expanding, eventually resulting in slow surface rotations for each star. In parallel, the contraction of the core drives an acceleration of the core rotation rate, but the observed behaviour is more complex and call for the action of a transport of angular momentum.
There are three observables to consider to understand the transport efficiency from these observations: (a) the mass of the star; (b) the metallicity of the star; and (c) the evolutionary state of the star.
As observed in previous studies, the transport efficiency has been shown to increase with the mass and decrease with the metallicity during post-MS phases – or, in other words, to increase with the temperature (Deheuvels et al. 2014, 2020; Eggenberger et al. 2017, 2019b; Moyano et al. 2022, 2023). As for evolution, the transport of angular momentum is not trivial. We can distinguish three main steps in the angular momentum transport evolution observing the present sample of nine stars:
First, efficient transport is involved during the MS and beginning of SGB. It leads to a coupling between the core and surface rotation as illustrated by the Sun and by the young SGB stars G and H that exhibit an almost uniform rotational profile. This suggests a continuity with respect to the same process from the MS to the beginning of the SGB phase.
Second, along the SGB phase, the transport efficiency is decreasing. The process driving the transport of angular momentum may become inefficient. The evolution along the SGB phase leads to structural changes and a natural increase in the core rotation rate. We observe an increase in the differential rotation that arises for stars A to F, and especially for old SGB stars D, E, and F.
Third, when reaching the RGB phase, the differential rotation tends to stay constant at an intermediate level compared to SGB stars, as observed from the sample by Gehan et al. (2018). A stronger transport efficiency is then required to keep an almost constant core rotation rate, and consequently an increased efficiency compared to the SGB phase. This last step suggests the onset of a new transport process taking place along the RGB phase.
As described in Sect. 1, the identification of the involved transport processes is not trivial. Internal gravity waves (hereafter, IGW) could be a promising candidate in that context (Talon & Charbonnel 2008; Kurtz et al. 2014; Pinçon et al. 2017) as we would expect them to efficiently transport angular momentum along the MS phase before becoming inefficient along the SGB phase (as observed in our second point). However, IGW have been seen to damp before reaching the internal layers along the RGB phase and cannot drive the required transport. Magnetic fields and instabilities (e.g. Fuller et al. 2019) or mixed-modes themselves (Belkacem et al. 2015) have been considered, as well as other promising candidates, to efficiently transport angular momentum along evolution. In particular, Eggenberger et al. (2022) showed the relevance of the Tayler-Spruit instability in reproducing the Sun. However, Eggenberger et al. (2019c), Deheuvels et al. (2020) showed that it is challenging to reproduce both SGB and RGB phases (and MS) with a single process. A combination of several processes taking place at different temperatures and evolutionary steps is consequently supported, especially in the context of the sharp transition observed in the SGB phase.
4.2. Model predictions for internal rotation: constant extra viscosity
We now model the nine stars from Table 1, adjusting the mass for each star in order to reproduce the effective temperature, Teff, and surface gravity log(g) within the errors, as we do not aim to reproduce exactly these stars – but, rather, their overall evolutionary behaviour. The evolutionary tracks for each star are shown in the Kiel diagram of Fig. 26. We modelled the star KIC 4448777 using the same mass and metallicity as star C, since it shares similar values for the metallicity and seismic mass. The track for star A at the same metallicity and a slightly higher mass is also extended in order to explore the predictions from SGB to RGB phases.
	[image: thumbnail]	Fig. 2. Same as left panel of Fig. 1 where the evolutionary tracks of the adjusted stellar models, νR1, for each SGB stars are shown (see Table 1).



In this section, we estimate the required efficiencies for the additional angular momentum transport adjusting a constant value of the extra viscosity, νadd, for each star to reproduce the internal rotation rate inferred by asteroseismology. Also, we adjusted the parameter K for the magnetic braking as defined by Matt et al. (2015) to adjust the surface rotation rate (if needed). We note that here we consider an initial rotation velocity of 4.5 days. Figure 3 shows the predicted core rotation rates obtained for the nine stars of Table 1 and the surface rotation rate for stars A, C, G, H, and KIC 4448777. We divided the plot in three boxes corresponding to the three steps observed and described in Sect. 4.1.
	[image: thumbnail]	Fig. 3. Core (full line) and surface (dashed-line) rotation rates as a function of surface gravity. Comparison to νR1 model predictions with values of extra viscosity νadd adjusted for each star to reproduce the core rotation rate (see Table 3). The three panels discriminate the three evolutionary steps described in Sect. 4.1. (Surface rotation rates are shown only for stars A, C, G, H, and KIC 4448777 in lighter colour shade for sake of clarity).



Table 3 gives the adjusted values of the additional viscosity for each star compared to the ones found in previous studies from Eggenberger et al. (2019b) and Deheuvels et al. (2020). We also indicate in Table 3 the values used for parameter K. In particular, we adjusted parameter K for A, B, and E massive stars of our sample, as well as the young SGB star H, which exhibits an almost solid-body rotation with a relatively high surface rotation rate.
Table 3. 
Additional viscosities adjusted for each stars of Table 1 and values from reference papers.

In the present study, the strongest viscosities are obtained for the young SGB G and H stars (> 5.0 × 105 and > 1.0 × 105 cm s−1, respectively). They correspond to nearly solid rotation models and they confirm that a strong coupling is required along the early part of SGB phase, independently of the mass, the metallicity, and the magnetic braking, in agreement with the hypothesis of a sharp transition during the SGB phase before a decreasing efficiency of the transport. Concerning the older SGB stars, the weakest viscosity is obtained for the 1.15 M⊙ SGB metal-rich C star (7.25  ×  103 cm s−1), and the strongest viscosity is obtained for the metal-poor 1.2 M⊙ B star (5.0  ×  104 cm s−1). Considering stars A and C that share a close metallicity, the more massive and hotter A star requires a higher viscosity than C star (3.0 × 104 cm s−1 and 7.25 × 103 cm s−1, respectively). Considering stars A and B, which have the same mass, the metal-poor B star requires a higher transport efficiency than star A (5.0 × 104 cm s−1 and 3.0 × 104 cm s−1, respectively). In other words, the required viscosity increases with an increasing temperature.
We note that the available sample is composed of stars with a relatively small range of metallicities and masses. A larger sample would help to make a definitive conclusion on the trend. However, the range is already significant for low-mass stars and our results are in good agreement with the trends and results from previous studies by Deheuvels et al. (2014, 2020), Eggenberger et al. (2017, 2019b), and Moyano et al. (2022). It supports the robustness of this observation, especially considering differences on the codes, shear turbulence prescriptions, initial rotation and magnetic braking efficiency. However, we note that the initial rotation velocity should not significantly affect the results as observed by Eggenberger et al. (2019b, particularly visible in their Fig. 9) for late SGB stars and confirmed for RGB stars by Moyano et al. (2022), who computed models with periods between 2 and 50 days and did not observe a different behaviour in the core rotation rate evolution. However, the case of the young SGB stars (G and H) is not clear, the rotational history may be important at this phase close to the TAMS and may lead to some degeneracy. In all our models, we considered a magnetic braking contrary to Eggenberger et al. (2019b) who also considered a slow rotation velocity. In the work by Deheuvels et al. (2020) on stars G and H, it is shown that the values obtained for the viscosity are smaller without magnetic braking (see Table 3). This trend is confirmed by the comparison of our results with Eggenberger et al. (2019b), where we obtained the same order of magnitude despite slightly higher values for each stars.
Interestingly, the efficiency of the extra viscosity we adjusted for each SGB stars (except young SGB stars G and H) is smaller or close to the value of 3.5 × 104 cm s−1 we obtained for the 1.0 M⊙ and solar metallicity MS solar-type evolution in Paper I, with the same input physics. It is only the more massive B and E stars that require stronger efficiencies. We also computed the required efficiency to reproduce the KIC 4448777 RGB star and estimated a value of 8.5 × 103 cm s−1. It is on the same order as the low-mass SGB stars C, D, and F, and supports the notion that the efficiency of the transport should not decrease further after reaching the RGB phase. In addition, we observe a strong increase in the core rotation rate predicted by the models along RGB phase, which is in contradiction to the almost constant evolution observed in the RGB phase as discussed by Gehan et al. (2018), and independently of mass (see for instance their Figs. 11 and 12). A stronger efficiency in the transport of angular momentum is then required when reaching the RGB phase.
These results confirm that a constant efficiency for the extra viscosity is not relevant throughout evolution. It is also evident that the transport of angular momentum transport is required to vary over time, potentially involving different transport processes from the MS/beginning of the SGB to the end of the SGB/RGB phases. In order to simulate the effect of one or several transport processes involved along evolution, we now explore a rotation-dependent additional viscosity as described by Spada et al. (2016) and related to AMRI, recently tested and validated by Moyano et al. (2023), and where we consider a mass dependency as well.
4.3. Model predictions for internal rotation: rotation-dependent extra viscosity
We go on to explore the model predictions considering an additional viscosity dependent on time, following Eq. (4). In the previous section, we focus on a sample of SGB stars in order to confirm the behaviour of the core rotation rate evolution with our models. We now extend our analysis to a grid with a mass range from 0.8 M⊙ to 1.5 M⊙ (0.1 M⊙ step) at solar metallicity, as defined previously (see Sect. 3.1).
We explored the relevance of the time-dependent viscosity and its mass dependence at solar metallicity. Figure 4 shows the core rotation rate in light grey, medium grey, and dark grey, for models of 1.0, 1.1, and 1.2 M⊙, respectively. The models were computed for four different sets of coefficients ν0 and α with the same magnetic braking K parameter (adjusted for the Sun).
	[image: thumbnail]	Fig. 4. Core (full line) and surface (dashed-line) rotation rates for 1.0 (light grey), 1.1 (medium grey), and 1.2 (dark grey) M⊙ models. Different sets of coefficients for the extra-viscosity νadd(t) are explored in each panel: top-left panel: ν0 = 2.5 × 104/α = 0.5, top-right panel: ν0 = 2/α = 3.0, bottom-left panel: ν0 = 2.5 × 102/α = 1.5, and bottom-right panel: ν0 = 7.5 × 102/α = 1.5. A, C, and H SGB stars, and KIC 4448777 are indicated with the same colour code as in previous figures. RGB stars from Gehan et al. (2018) are colour-coded as the models predictions according to their determined seismic mass.



The top-left panel shows the result with the set adjusted in Paper I for MS solar-type stars (ν0 = 2.5 × 104 and α = 0.5) and similar to the results obtained with a constant νadd = 3.5 × 104 cm2 s−1 (not shown). As expected from the smaller values obtained in Table 3, the transport is overly efficient, leading to slow core rotation during the SGB and RGB phases. The general behaviour is the same as that seen with a constant viscosity. On the other hand, in top right-panel of Fig. 4, we show the set (ν0 = 2 and α = 3) adjusted by Spada et al. (2016) for a 1.25 M⊙ for the SGB and RGB phases with solid rotation imposed either until TAMS or until 1 Gyr after the TAMS. We note that in our case, we considered the extra viscosity all along evolution as well as a magnetic braking adjusted on the Sun. As shown by Spada et al. (2016), it is possible to reproduce the trend of a decreasing core rotation rate fixing a strong dependence on the differential rotation with α = 3. In this case, the high dependency on the differential rotation leads to a decreasing core rotation rate in both the SGB and RGB phases. The transport efficiency is weaker than the first case, and because we did not impose solid rotation during the MS, the core rotation rate remained too swift, compared to the observations. In order to adjust the transport along all the whole evolution and to reproduce the almost flat core rotation rate along RGB phase, intermediate values of coefficients are required. In the bottom panels of Fig. 4, we show predictions obtained from models with two different values of ν0 and with α = 1.5, following the results of Spada et al. (2016). As the star evolves from the SGB phase to the RGB phase, the expansion of the star in parallel to the core contraction drives an increasing efficiency of the additional viscosity by the way of the ratio [image: equation]. An almost uniform evolution of the core rotation rate is corresponding to a value of α ≈ 1.5. This value is in good agreement with the value of α = 2 obtained by Spada et al. (2016) and Moyano et al. (2023) for a uniform core rotation rate in the RGB phase and is retained in the following models.
The value of ν0 that determines the order of efficiency of the transport is not trivial and ought to depend on the temperature as seen previously. The bottom panels of Fig. 4 show model predictions for values of ν0 = 2.5 × 102 (left) and ν0 = 7.5 × 102 (right). In both cases, the decreasing core rotation rate along SGB phase and uniform evolution along RGB phase are predicted. In addition, a mass dependence is shown. As in Moyano et al. (2022), we determined an average value of ν0 for each mass of our grid, where the models predict a core rotation rate (Ωc/2Π) between 500 and 800 nHz in order to reproduce the bulk of RGB stars from Gehan et al. (2018). Adjusted values for each mass are reported in Table 4 (we note that we did not consider solid rotation in our models and that we include magnetic braking). Value of ν0 should increase with increasing mass to reproduce the bulk of RGB stars. In the same figure (Fig. 4), we indicated SGB stars A, C, H, and KIC 4448777 as references.
Table 4. 
Adjusted values of ν0 for our grid and for each stars of Table 1.

We carried out the same exercise with dedicated models for the sample of eight SGB stars and KIC 4448777 at different masses and metallicities, and we report corresponding values of ν0 in Table 4. We ordered the stars first by function of their mass and then by function of their metallicity [Fe/H]. Figure 5 shows the core rotation rate for models of stars A, C, and H, including the time-dependent extra viscosity. We obtained the same trend as observed when including a constant value νadd. In other words, for a higher temperature (higher mass and/or a smaller metallicity), stars are more compact and a higher value of ν0 is required to achieve the same coupling.
	[image: thumbnail]	Fig. 5. Same as Fig. 3 but for models ν(t)R1 of stars A (black), C (green), and H (purple), including a time-dependent extra viscosity with ν0.A = 5 × 103, ν0.C = 7.5 × 102, ν0.H = 105, and α = 1.5 (see Eq. (4)).



The modified model predicts a better agreement with the core rotation rate behaviour from the SGB to the RGB phase. For each star, our models predict a relevant behaviour from the SGB to the RGB phase, both for the surface and the core rotation rates. However, in order to reproduce the almost-solid body rotation of star G and H with the same formalism, we need to impose a strong transport that results in a low core rotation velocity along the RGB that is not observed. Our formalism is consequently not adapted to these transition as seen before. It implies a sharp change of transport efficiency that cannot be reproduced by a continuous transport as done in our models, or only if imposing almost solid body rotation before to release it at a point of the SGB phase. This was done, for instance, by Spada et al. (2016).
To summarise, the approach we used allows to simply simulate a varying transport of angular momentum along evolution reproducing well the evolution behaviour of stars along SGB and RGB phases as well as the mass trend. However, the same formalism cannot reproduce the sharp transition during the SGB phase. This suggests that two different processes are involved before and beyond this point or the need for the activation or deactivation of a single process along the evolution. In the first case, IGW could play a role but not in the second case as IGW are inefficient to transport angular momentum beyond MS/young SGB phases. On the other hand, magnetic instabilities are a promising explanation in both cases, as already discussed by Deheuvels et al. (2020), and shown by Spada et al. (2016), Eggenberger et al. (2022) for instance. Nevertheless, the present formalism allows us to reproduce the general rotational evolution profile from MS to SGB and RGB stars, as already done by Moyano et al. (2022, 2023), but based on a different stellar evolution code with different initial parameters.
5. Model predictions for chemical evolution: Lithium and beryllium
In the previous section, we describe the construction of models that reproduce the rotation evolution from the MS to the SGB and RGB phases. We go on to explore, under this structural constraints, the transport of chemicals and especially of lithium along evolution. As observed for the case of the MS phase (see for instance Papers I and II), the efficiency of the angular momentum transport can lead to important variations in the case of light elements and ought to be taken into account.
5.1. Surface Li abundance along SGB and RGB phases
We used the same grid as described in Sect. 4.3 to explore the consequences on evolution of Li surface abundance, focusing on the SGB and RGB phases in particular.
Figure 6 shows the surface Li evolution predictions as a function of effective temperature, for 1.0 M⊙ (green) and 1.2 M⊙ (cyan) stars at solar metallicity. Models predictions are given for four cases: (1) classical model: only convective transport; (2) rotation model: convection, atomic diffusion, meridional circulation, turbulence shear; (3) νR1: rotation model + penetrative convection + parametric turbulence + constant extra viscosity of νadd = 3.5 × 104 cm2 s−1, as defined in Paper I; and (4) ν(t)R1: rotation model + penetrative convection + parametric turbulence + modified time-dependent extra viscosity with α = 1.5 and the ν0 values given in Table 4.
	[image: thumbnail]	Fig. 6. Evolution of Li surface abundance as a function of effective temperature for 1.0 and 1.2 M⊙ models (colour-coded) and solar metallicity. Classical model, rotation model, νR1 model, and ν(t)R1 model are represented in dotted, dashed-dotted, full, and dashed-line, respectively (see details in text).



The behaviour of the different models for the Li-depletion along PMS/MS phases was largely described in Papers I and II. Mainly, our models predict a smaller amount of Li reaching the TAMS (≈5700 K for the 1.0 M⊙) due to the effect of the rotational mixing and also due to the effect of penetrative convection (mainly effective along PMS), parametric turbulence (mainly effective along MS), and the indirect effect of the additional viscosity. We recall that when reaching the SGB phase, we stopped these two processes (as explained in Sect. 3.3) and the predicted depletion beyond this point is due to the first dredge-up dilution and rotational mixing only. For the 1.0 M⊙, with the classical model as a reference, we predict at the TAMS a difference of about −0.5 dex for the rotational model, and −2.3 dex for the νR1 model including the additional transports. The update of the time-mass dependent viscosity impacts indirectly the chemical transport and results in a stronger depletion for each model at the TAMS (at about −2.6 dex for the 1.0 M⊙). This difference remains until the RGB bump as each model depletes Li along SGB and RGB phases with the same efficiency.
Figure 6 can be compared to Fig. 10 in Palacios et al. (2003), where the authors compared the model predictions from classical and rotational models and obtained similar results. We also confirm that the Li-depletion predicted by Classical models starts at a low effective temperature of ≈5700 K, leading to high Li abundances compared to observations and models including rotation. We stress again here the necessity to include rotation to predict consistent Li abundances of low-mass stars. The additional transports of chemicals that we consider for νR1 model, and ν(t)R1 model enforce the Li-depletion compared to a rotation model without additional mixing, especially for the lowest-mass stars. It should also be taken into account as the amount of Li along the SGB and beginning of RGB is strongly dependent on the one reached at the TAMS.
Figures 7 and 8 show the surface Li evolution as a function of effective temperature, and as a function of surface gravity, respectively, with masses from 0.8 M⊙ to 1.5 M⊙. Only models νR1 and ν(t)R1 are represented in these figures.
	[image: thumbnail]	Fig. 7. Evolution of Li surface abundance as a function of effective temperature for models at different masses (0.8 − 1.5 M⊙, colour-coded) and solar metallicity. Models including a constant viscosity (νadd = 3.5 × 104 cm2 s−1) and a time-dependent viscosity (as defined in Sect. 4.3) are represented in full line and dashed-line, respectively. Top panel: main sequence. Bottom panel: SGB and RGB phases. The standard Li-rich giant threshold of A(Li) = 1.5 dex is indicated by the grey dashed-line. Observational data are from Luck & Heiter (2007), Pace et al. (2012), Carlos & Meléndez (2020), Semenova et al. (2020), Mallick et al. (2023) and represented by colour-coded squares. The Sun is represented in yellow with its usual symbol (Asplund et al. 2021).



	[image: thumbnail]	Fig. 8. Evolution of Li surface abundance as a function of surface gravity for the same models as in Fig. 7. The standard Li-rich giant threshold of A(Li) = 1.5 dex is indicated by the grey dashed-line. Observational data are from Luck & Heiter (2007), Pace et al. (2012), Carlos & Meléndez (2020), Semenova et al. (2020), Mallick et al. (2023) and represented by colour-coded squares. The Sun is represented in yellow with its usual symbol (Asplund et al. 2021). TAMS and base of RGB are indicated for νR1 models by black circles and diamonds, respectively.



As observed for the 1.0 M⊙ and 1.2 M⊙ stars, predictions from the updated model result in a stronger Li depletion, mainly along the MS as a consequence of a smaller viscosity at this phase (see Table 5). The difference is especially visible for the 1.0, 1.1, and 1.2 M⊙ stars, for which the angular momentum extraction is high at solar metallicity. The situation is slightly different for the less massive and more massive stars. We recall that the constant value for νadd, as well as the additional chemical transports, was adjusted for the case of the Sun and solar-type stars. It results in a strong Li-depletion for the 0.8 and 0.9 M⊙, with almost no Li reaching the SGB with or without the new formalism for the extra viscosity. Predictions for stars more massive than 1.3 M⊙ are close in each case all along the evolution as a result of the weak effect of the additional viscosity for such stars that exhibit a vanishing convective envelope.
Table 5. 
Predictions of ν(t)R1 model at different masses for surface Li abundances at the TAMS and RGB bump (Cols. 2 and 3).

In the same figures (Figs. 7 and 8), observational constraints from two open clusters (NGC 2420 and M 67) and of the Sun are represented. Additional observational constraints from Luck & Heiter (2007) and Mallick et al. (2023) are also indicated for giant phases. Each star is colour-coded depending on the corresponding mass determined thanks to our rotation models or from seismic determinations. The uncertainty is small along MS but there is a typical error of 0.2 M⊙ for giant stars. The models provide a good fit to Li observations along the MS for stars of 1.0 M⊙ or more massive stars confirming the results obtained in Papers I and II, but a few discrepancies remain along SGB/RGB phases. For the massive stars of our sample, this can mainly be explained by an uncertainty on the determined mass (which is model-dependent) and the different initial rotation velocities of these stars. However, this cannot explain the large difference between the predicted amount of Li and the observed one for the lowest mass stars (≤1.0 M⊙). On the one hand, predictions for the 0.8 and 0.9 M⊙ are strongly Li-depleted along the MS in contradiction with observational data that show a depletion of the order of the solar mass star when reaching the RGB phase. The parametric turbulence is not relevant for these stars and should be decreased along the MS. On the other hand, the amount of Li predicted and observed for the 1.0 M⊙ is in good agreement with observations along the MS but not anymore when reaching the RGB phase. From the MS to RGB bump (≈log g = 2.9), almost no Li-depletion is observed for these stars whereas models predict a depletion of 2.3 dex due to the first dredge-up dilution. The discrepancy is mainly due to the fact that we included additional chemical transport to reproduce the Li abundances of solar-type stars in the MS resulting of a small amount of Li when reaching the TAMS (≈0.5 dex). Beyond the TAMS, rotation-induced mixing results of a large Li-free region (Palacios et al. 2003; Charbonnel et al. 2020) and a strong Li-depletion that is not observed. Consequently, current models cannot explain both the observed MS Li abundance and the RGB Li abundance and call for a process decreasing the Li-depletion along giant phases. However, it has to be mentioned that the RGB stars identified at a stellar mass of 1.0 M⊙ or less could be more metal-poor than measured. Additional data would be then required to confirm this discrepancy.
The significant Li-depletion and potential discrepancy observed for the 1.0 M⊙ brings an important constraint on the processes involved along the giant phases of evolution. The effect of varying the efficiency of the transport of angular momentum plays a role as well in the chemical evolution. During the MS, due to a strong efficiency for the transport of the angular momentum, additional transport processes were required to reproduce the MS Li-depletion. The involved processes at this phase should then transport efficiently both angular momentum and chemicals before to vanish during the SGB phase. When reaching the sharp transition described in Sect. 4.1, another process should then transport the angular momentum efficiently but not the chemicals in order to reproduce both observational constraints. This observation supports that two distinct processes are required on each side of the sharp transition. The additional turbulence we considered along MS is confirmed not to be relevant anymore beyond the core rotation rate transition and should be adjusted for the two lowest mass stars of our grid. The penetrative convection should be adapted to the structure of RGB stars, but we dix not expect any additional transport of chemicals to be significant regarding the observations.
5.2. Li-rich giants threshold
The correct prediction of the surface Li abundance is especially important for the definition of the so-called Li-rich giant stars, usually defined (from classical model predictions; see also the dotted lines in Fig. 6) when A(Li) > 1.5 dex from an initial cosmic abundance of 3.3 dex (e.g. Charbonnel et al. 2020). This threshold is indicated in grey dashed-line in Fig. 7. With respect to a dependence on the mass, Deepak & Lambert (2021) indicate similar values of A(Li) > 1.9 for a 1.0 M⊙ and A(Li) > 1.6 for 1.6 M⊙ (in their introduction). Stars over this limit when reaching the RGB bump are defined as Li-rich giant stars and involve a process of Li enhancement. From that definition, only a few percents of the observed stars are concerned. On the other hand, our results show that we may redefine this threshold from non-standard models and as a function of mass and metallicity as already proposed by Charbonnel et al. (2020). Our results support smaller thresholds than the classical A(Li) > 1.5 dex (see Table 5) and give an estimation of the mass dependence. It is expected as the classical models do not reproduce the correct amount of Li in young open clusters and for the Sun (see e.g. Paper I). We notice however that the effects of the initial rotation velocity, as well as the correct determination of the stellar masses may impact our results if not the general observation (see also Sect. 6). The values for the 0.8, 0.9, and 1.0 M⊙ have to be taken carefully as well as the Li evolution from TAMS to the RGB bump is uncertain for these low-mass stars as showed in Sect. 5.1. Additional data for the lowest mass stars as well as a dedicated chemical transport analysis along evolution would be required to confirm and specify these results. For the most massive stars of our sample, our results are more robust and show that the classical threshold is overestimated, as already observed by Kumar et al. (2020). The number of Li-rich giant stars may be higher than commonly found (see also Charbonnel et al. 2020).
5.3. Beryllium
As shown for instance by Boesgaard et al. (2020), an interesting additional constraint in complement to Li is the surface Be abundance evolution. The observation of surface Be in stars is challenging and there is limited data available, Be is destroyed deeper in the stars, at a higher temperature (≈3.5 MK) than Li (≈2.5 MK) and is expected to be less depleted than Li at a same age. During the PMS and the MS, Be is observed to be only slightly depleted at solar metallicity (see for instance Boesgaard et al. 2003a,b, 2004, 2022a; Paper I).
Figure 9 shows the Be surface abundance as a function of gravity for the same models as for Li in Fig. 8. Observations of Be are from nine SGB stars from Boesgaard et al. (2020) for the M 67 open cluster and from a compilation of field stars given by Santos et al. (2004), Gálvez-Ortiz et al. (2011), Delgado Mena et al. (2012), Boesgaard et al. (2022a). Models including the modified additional viscosity result for each mass ≤1.3 M⊙ of a stronger Be-depletion, as for Li, with a maximum for the 1.0 M⊙ of −0.15 dex. The depletion is on the same level for the 1.4 − 1.5 M⊙ stars.
	[image: thumbnail]	Fig. 9. Evolution of Be surface abundance as function of gravity for 0.8 to 1.5 M⊙ models. Optimal model predictions are in full line, model without additional transport processes are in dashed-line. Observational data are from Santos et al. (2004), Gálvez-Ortiz et al. (2011), Delgado Mena et al. (2012), Boesgaard et al. (2020, 2022a). The Sun is represented in yellow with its usual symbol (Asplund et al. 2021).



As for the case of Li, a good agreement is obtained between observations and models predictions along the MS. On the other hand, the observed Be-depletion appears to be stronger and to take place earlier than predicted in the SGB phase, and especially when reaching the base of the RGB phase (even considering the error and mass uncertainty). The interpretation of this behaviour is very challenging as it goes in contradiction with the results obtained for Li in Fig. 8, where observational constraints support an equal or weaker depletion than the predicted one along the SGB and RGB phases. Also, we used as an initial Be abundance the same value of A(Be) = 1.41 as used by Boesgaard et al. (2020). A more recent value of A(Be) = 1.30 has been obtained by Asplund et al. (2009), and would improve the agreement with our results, but the corresponding decrease of 0.1 dex is not sufficient to reconcile observations with our predictions. Additional data for evolved low-mass stars would be required to conclude on Be evolution, but this analysis supports a more efficient transport of Be between the end of the SGB phase and the beginning of the RGB phase in contradiction to Li.
6. Summary and discussion
We computed models of low-mass stars including additional transport processes for the transport of angular momentum and for chemicals as previously used for PMS/MS stars in Papers I and II. Thanks to the asteroseismic analysis of evolved stars, we have access to the internal rotation of an important sample of SGB and RGB stars that constrain the evolution of the core and surface rotation rates. Exploring the predictions for the models developed in Paper I, and including a constant additional viscosity, we confirmed the issue of a constant transport efficiency for the transport of angular momentum as observed from the MS to the SGB and the RGB phases, and described in Sect. 4 and for instance by Eggenberger et al. (2019b). This behaviour is consistent with the effect of one or more possibly of two processes that would be involved at two different phases of evolution. Overall, IGW have been shown to efficiently drive the transport during the MS and beginning of the SGB before to vanish reaching the base of the RGB (Charbonnel & Talon 2005; Talon & Charbonnel 2008; Kurtz et al. 2014; Pinçon et al. 2017). The observed transport is also consistent with the effect of magnetohydrodynamic instabilities such as the Tayler-Spruit instability (Spruit 2002; Fuller et al. 2019) or the AMRI (Rüdiger et al. 2007, 2015). They have been shown to be relevant along the MS and SGB phases as demonstrated recently by Eggenberger et al. (2022) for the Sun, and they can also drive transport when reaching the base of the RGB phase. Nevertheless, it remains difficult to conclude on the exact nature of the involved process(es) all along evolution.
To simulate the variation over time of the transport of angular momentum, we explored a time-dependent additional viscosity, as described by Spada et al. (2016), already tested for the solar case in Paper I, and successfully tested by Moyano et al. (2023) more recently for evolved stars. We modified and re-adjusted the free parameters and confirmed the results obtained by Moyano et al. (2023) with our evolution code using different prescriptions for the turbulence shear and including a magnetic braking. We showed that such a formalism allows us to aptly reproduce the behaviour of core and surface rotation rates along course of evolution; first, with a dependence on the differential rotation that allows an almost uniform evolution of the core rotation rates along the RGB phase, while keeping a decreasing core rotation rate along SGB; and, secondly, with a transport efficiency increasing with the mass as observed in previous studies. A first direct update of our formalism would be to add a direct dependence on the metallicity in addition to the mass or, otherwise, directly to the effective temperature. However, such a formalism cannot reproduce the localise sharp transition that takes place while in the SGB phase.
Nevertheless, this formalism allows us to obtain the correct structure corresponding to the general rotational evolution profile of SGB and RGB stars. Building on our updated model, in agreement with previous studies (e.g. Deheuvels et al. 2020; Moyano et al. 2023), we went to the next step and explored the consequences for the predictions of the surface Li and Be evolution. We compared predictions from a classical model, a rotational model, and rotational models including additional transport processes (νR1 and ν(t)R1). As already shown by Palacios et al. (2006), classical models are not relevant to study surface Li evolution predicting an overly weak depletion along PMS/MS that impacts the amount of Li reaching the TAMS (especially for the lowest mass stars). The updated models, ν(t)R1, including the time-mass dependent viscosity lead to an even stronger depletion during the MS phase, compared to a model with a constant extra viscosity, resulting in smaller abundances from the TAMS to the RGB bump for 1.0 to 1.3 M⊙. The new model predictions show that the Li-depletion is strongly dependent on the mass all along evolution. We determined new predictions for Li for the mass-range considered at solar metallicity (see Table 5). Our model reproduces the Li-depletion from the MS to the SGB phase well, thanks to the additional transport processes involved along PMS/MS phases (described in Paper I). However, it excepts the 0.8 and 0.9 M⊙ that are abnormally depleted and would require a new adjustment of the chemical transport along the MS.
When reaching the base of the RGB phase, model predictions are in good agreement with observations for the most massive stars (> 1.1 M⊙) and no other chemical transport than first dredge-up dilution and rotational mixing is expected. It highlights that the process that takes place after the sharp transition of the core rotation rate should not drive additional transport of chemicals. The additional turbulence we considered for the MS is not relevant anymore when reaching this transition, nor is a strong transport by penetrative convection. The uncertainty on the mass determination as well as the initial rotation velocity can explain the spread of the observed abundances for these stars. However, it is not the case for the 1.0 M⊙ for which we predict a weak amount of Li at the RGB bump, in contradiction to the observations (−2.2 dex in place of ≈0 dex). In other words, no Li-depletion is observed between the TAMS and the RGB bump for this mass. Additional data, with an accurate and robust determination of the metallicity for the lowest mass stars, would be required to confirm this observation but it seems difficult to reconcile MS Li abundance with RGB-bump Li abundance with the present data.
Our results on Li abundance evolution are also useful in the context of the so-called Li-rich giant stars (hereafter Li-rich giants, Casey et al. 2016, 2019; Charbonnel et al. 2020; Magrini et al. 2021; Yan et al. 2021; Deepak & Lambert 2021). They are commonly defined when a value of A(Li) > 1.5 dex is observed at evolved phase (from a cosmological value of A(Li) = 3.3 dex). This threshold corresponds to the mean value predicted by a classical stellar evolution models (including only transport by convection) after the first dredge-up. Classical models predict almost no surface Li for RGB stars (Lagarde et al. 2012, and see Fig. 6), mainly due to a severe depletion during the first dredge-up when Li is destroyed in the deep hot layers of the star. However, the threshold of A(Li) > 1.5 dex has to be taken carefully as it usually does not take into account the constraints on the chemicals along the MS. An unknown process is invoked in order to explain the enhancement of Li observed at this phase for a few stars. We stress out that our results support that this threshold is overestimated and should be dependent on the mass and the metallicity as already observed by Kirby et al. (2016), Charbonnel et al. (2020), Kochukhov et al. (2020). The robust determination of the evolutionary phase (RGB or red clump stars) of the Li-rich giant stars is an issue as well (see e.g. Yan et al. 2021), as it may involve different transport processes. It also impacts the definition of the threshold, as it is not expected to be the same depending on the phase (e.g. Kumar et al. 2020, who proposed a new threshold of A(Li) = −0.9 dex for red clump stars). A better discrimination among the Li-rich stars and “Li-normal” stars at different masses and different metallicities is a step forward to the identification of the process at the origin of the Li-enhancement. A key to bring important additional constraints would be the availability of asteroseismic targets for which Li abundances would be determined. On the other hand, the amount of Li expected along stellar evolution is highly dependent on the physics included in the stellar models from the PMS to the evolved phases. We highlight the importance of reproducing the MS Li abundances to get the correct SGB/RGB Li abundance, especially for the solar-mass stars. Then, the combination with predictions from non-standard stellar models is necessary in order to obtain a correct understanding.
Observational constraints on Be also bring additional information on the nature of the processes involved along the SGB/RGB phases. Our results show that Be-depletion is correctly predicted by our models, compared to the observations along the MS and SGB phases. This stands in contradiction to the results on Li, but we need additional observations to conclude on Be, especially along the RGB phase.


1 http://archive.stsci.edu/kepler/stellar17/search.php


2 We exclude star HIP 32673 from our sample as this star may have lived a mass-exchange or a merger with a stellar companion as described by Boesgaard et al. (2022a).


3 A(X) = log10(NX/NH)+12, where NX is the number density of element X.


4 New determinations have been done in the past years: A(Li) = 3.28 ± 0.06 (Lodders 2003), A(Li) = 3.26 ± 0.05 (Asplund et al. 2009), however A(Li) = 3.31 is still commonly used as an initial reference for open clusters (e.g. Boesgaard et al. 2020) and when not focusing on the Sun.


5 This scaling has been shown to be consistent with the hypothesis of a transport by the azimuthal magneto-rotational instability (AMRI; Rüdiger et al. 2018).


6 Little steps appear on the tracks of Fig. 2 due to the surface gravity model outputs accuracy. They are too small to expect any impact on the result of the paper.
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	[image: thumbnail]	Fig. 1. Observational constraints for the sample of SGB and RGB stars. Left panel: Kiel diagram. Individual squares represent the nine stars of Table 1 (colour-coded). Right panel: core rotation rates (filled squared) and surface rotation rates (open diamonds) of the sample of evolved stars Table 1. Parameters for the eight subgiants come from Deheuvels et al. (2014, 2020). Parameters for KIC 4448777 come from Di Mauro et al. (2016).
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	[image: thumbnail]	Fig. 3. Core (full line) and surface (dashed-line) rotation rates as a function of surface gravity. Comparison to νR1 model predictions with values of extra viscosity νadd adjusted for each star to reproduce the core rotation rate (see Table 3). The three panels discriminate the three evolutionary steps described in Sect. 4.1. (Surface rotation rates are shown only for stars A, C, G, H, and KIC 4448777 in lighter colour shade for sake of clarity).
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	[image: thumbnail]	Fig. 4. Core (full line) and surface (dashed-line) rotation rates for 1.0 (light grey), 1.1 (medium grey), and 1.2 (dark grey) M⊙ models. Different sets of coefficients for the extra-viscosity νadd(t) are explored in each panel: top-left panel: ν0 = 2.5 × 104/α = 0.5, top-right panel: ν0 = 2/α = 3.0, bottom-left panel: ν0 = 2.5 × 102/α = 1.5, and bottom-right panel: ν0 = 7.5 × 102/α = 1.5. A, C, and H SGB stars, and KIC 4448777 are indicated with the same colour code as in previous figures. RGB stars from Gehan et al. (2018) are colour-coded as the models predictions according to their determined seismic mass.
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	[image: thumbnail]	Fig. 5. Same as Fig. 3 but for models ν(t)R1 of stars A (black), C (green), and H (purple), including a time-dependent extra viscosity with ν0.A = 5 × 103, ν0.C = 7.5 × 102, ν0.H = 105, and α = 1.5 (see Eq. (4)).
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	[image: thumbnail]	Fig. 6. Evolution of Li surface abundance as a function of effective temperature for 1.0 and 1.2 M⊙ models (colour-coded) and solar metallicity. Classical model, rotation model, νR1 model, and ν(t)R1 model are represented in dotted, dashed-dotted, full, and dashed-line, respectively (see details in text).
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	[image: thumbnail]	Fig. 7. Evolution of Li surface abundance as a function of effective temperature for models at different masses (0.8 − 1.5 M⊙, colour-coded) and solar metallicity. Models including a constant viscosity (νadd = 3.5 × 104 cm2 s−1) and a time-dependent viscosity (as defined in Sect. 4.3) are represented in full line and dashed-line, respectively. Top panel: main sequence. Bottom panel: SGB and RGB phases. The standard Li-rich giant threshold of A(Li) = 1.5 dex is indicated by the grey dashed-line. Observational data are from Luck & Heiter (2007), Pace et al. (2012), Carlos & Meléndez (2020), Semenova et al. (2020), Mallick et al. (2023) and represented by colour-coded squares. The Sun is represented in yellow with its usual symbol (Asplund et al. 2021).
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	[image: thumbnail]	Fig. 8. Evolution of Li surface abundance as a function of surface gravity for the same models as in Fig. 7. The standard Li-rich giant threshold of A(Li) = 1.5 dex is indicated by the grey dashed-line. Observational data are from Luck & Heiter (2007), Pace et al. (2012), Carlos & Meléndez (2020), Semenova et al. (2020), Mallick et al. (2023) and represented by colour-coded squares. The Sun is represented in yellow with its usual symbol (Asplund et al. 2021). TAMS and base of RGB are indicated for νR1 models by black circles and diamonds, respectively.
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	[image: thumbnail]	Fig. 9. Evolution of Be surface abundance as function of gravity for 0.8 to 1.5 M⊙ models. Optimal model predictions are in full line, model without additional transport processes are in dashed-line. Observational data are from Santos et al. (2004), Gálvez-Ortiz et al. (2011), Delgado Mena et al. (2012), Boesgaard et al. (2020, 2022a). The Sun is represented in yellow with its usual symbol (Asplund et al. 2021).
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      Table 1. 

      Main properties of the evolved stars considered in this work.

      
        


	Star
	Mass – reference papers
	Mass
	[Fe/H]
	[Fe/H]
	log(g)
	Teff



	
	M⊙ (seismic mass/best model)
	M⊙ (this work)
	
	(this work)
	
	K





	KIC 5955122 – G
	1.11 ± 0.07/1.218
	1.12
	−0.17±0.06
	−0.17
	3.88±0.02
	5865±70



	KIC 8524425 – H
	1.07 ± 0.05/1.113
	1.10
	+0.14±0.06
	+0.14
	3.98±0.03
	5620±70



	A
	1.20 ± 0.16/1.22
	1.20
	+0.25±0.23
	+0.25
	3.83±0.04
	5248±130



	B
	1.27 ± 0.15/1.27
	1.20
	−0.09±0.06
	−0.09
	3.77±0.02
	5139±55



	C
	1.11 ± 0.16/1.14
	1.15
	+0.24±0.16
	+0.25
	3.76±0.04
	4978±167



	D
	1.50 ± 0.20/1.26
	1.15
	−0.15±0.06
	−0.15
	3.71±0.03
	5264±60



	E
	1.33 ± 0.14/1.39
	1.50
	+0.41±0.06
	+0.41
	3.68±0.02
	5115±60



	F
	1.24 ± 0.17/1.07
	1.10
	−0.40±0.08
	−0.40
	3.60±0.02
	5120±55



	KIC 4448777
	1.02 ± 0.05/1.13
	1.15
	+0.23±0.12
	+0.25
	3.25±0.03
	4750±250





      

      
References. SGB stars: Deheuvels et al. (2014, 2020); RGB KIC 4448777: Di Mauro et al. (2016).



    

  
    
      Table 2. 

      Main properties of the open clusters considered in this work, with the corresponding references for the Li and Be abundances.

      
        


	Name
	Age (Myr)
	Ref. age
	[Fe/H]
	Ref. Li
	Ref. Be





	NGC 2420
	2500
	I
	−0.05±0.02
	I
	–



	M 67 (NGC 2682)
	3640
	II
	−0.01±0.04
	III
	IV





      

      
References. I: Semenova et al. (2020); II: Bossini et al. (2019); III: Pace et al. (2012); IV: Boesgaard et al. (2020).



    

  
    
      Fig. 1. 

      
        [image: thumbnail]
      

      
        Observational constraints for the sample of SGB and RGB stars. Left panel: Kiel diagram. Individual squares represent the nine stars of Table 1 (colour-coded). Right panel: core rotation rates (filled squared) and surface rotation rates (open diamonds) of the sample of evolved stars Table 1. Parameters for the eight subgiants come from Deheuvels et al. (2014, 2020). Parameters for KIC 4448777 come from Di Mauro et al. (2016).

      

    

  
    
      Fig. 2. 

      
        [image: thumbnail]
      

      
        Same as left panel of Fig. 1 where the evolutionary tracks of the adjusted stellar models, νR1, for each SGB stars are shown (see Table 1).

      

    

  
    
      Fig. 3. 

      
        [image: thumbnail]
      

      
        Core (full line) and surface (dashed-line) rotation rates as a function of surface gravity. Comparison to νR1 model predictions with values of extra viscosity νadd adjusted for each star to reproduce the core rotation rate (see Table 3). The three panels discriminate the three evolutionary steps described in Sect. 4.1. (Surface rotation rates are shown only for stars A, C, G, H, and KIC 4448777 in lighter colour shade for sake of clarity).

      

    

  
    
      Fig. 4. 

      
        [image: thumbnail]
      

      
        Core (full line) and surface (dashed-line) rotation rates for 1.0 (light grey), 1.1 (medium grey), and 1.2 (dark grey) M⊙ models. Different sets of coefficients for the extra-viscosity νadd(t) are explored in each panel: top-left panel: ν0 = 2.5 × 104/α = 0.5, top-right panel: ν0 = 2/α = 3.0, bottom-left panel: ν0 = 2.5 × 102/α = 1.5, and bottom-right panel: ν0 = 7.5 × 102/α = 1.5. A, C, and H SGB stars, and KIC 4448777 are indicated with the same colour code as in previous figures. RGB stars from Gehan et al. (2018) are colour-coded as the models predictions according to their determined seismic mass.

      

    

  
    
      Table 4. 

      Adjusted values of ν0 for our grid and for each stars of Table 1.

      
        


	Model-star
	Mass, M⊙
	[Fe/H]
	ν0





	ν(t)R1
	0.80
	0.00
	5.0 × 101



	ν(t)R1
	0.90
	0.00
	1.0 × 102



	ν(t)R1
	1.00
	0.00
	2.5 × 102



	ν(t)R1
	1.10
	0.00
	5.0 × 102



	ν(t)R1
	1.20
	0.00
	7.5 × 102



	ν(t)R1
	1.30
	0.00
	1.2 × 103



	ν(t)R1
	1.40
	0.00
	5.0 × 103



	ν(t)R1
	1.50
	0.00
	1.0 × 104



	




	H
	1.10
	+0.14
	1.0 × 105( * )



	G
	1.12
	−0.17
	5.0 × 105



	




	F
	1.10
	−0.40
	3.0 × 102( * )



	C
	1.15
	+0.25
	7.5 × 102



	D
	1.15
	−0.15
	2.0 × 103



	A
	1.20
	+0.25
	5.0 × 103



	B
	1.20
	−0.09
	1.0 × 104( * )



	E
	1.50
	+0.41
	1.0 × 104( * )



	




	KIC 4448777
	1.15
	+0.25
	3.5 × 102





      

      
Notes. Stars are ordered by evolutionary state: Early SGB stars G and H, SGB stars A to F and RGB star KIC 4448777, then by increasing mass, and, finally, by decreasing metallicity. ( * )K ≠ K⊙.



    

  
    
      Fig. 5. 

      
        [image: thumbnail]
      

      
        Same as Fig. 3 but for models ν(t)R1 of stars A (black), C (green), and H (purple), including a time-dependent extra viscosity with ν0.A = 5 × 103, ν0.C = 7.5 × 102, ν0.H = 105, and α = 1.5 (see Eq. (4)).

      

    

  
    
      Fig. 6. 

      
        [image: thumbnail]
      

      
        Evolution of Li surface abundance as a function of effective temperature for 1.0 and 1.2 M⊙ models (colour-coded) and solar metallicity. Classical model, rotation model, νR1 model, and ν(t)R1 model are represented in dotted, dashed-dotted, full, and dashed-line, respectively (see details in text).

      

    

  
    
      Fig. 7. 

      
        [image: thumbnail]
      

      
        Evolution of Li surface abundance as a function of effective temperature for models at different masses (0.8 − 1.5 M⊙, colour-coded) and solar metallicity. Models including a constant viscosity (νadd = 3.5 × 104 cm2 s−1) and a time-dependent viscosity (as defined in Sect. 4.3) are represented in full line and dashed-line, respectively. Top panel: main sequence. Bottom panel: SGB and RGB phases. The standard Li-rich giant threshold of A(Li) = 1.5 dex is indicated by the grey dashed-line. Observational data are from Luck & Heiter (2007), Pace et al. (2012), Carlos & Meléndez (2020), Semenova et al. (2020), Mallick et al. (2023) and represented by colour-coded squares. The Sun is represented in yellow with its usual symbol (Asplund et al. 2021).

      

    

  
    
      Fig. 8. 

      
        [image: thumbnail]
      

      
        Evolution of Li surface abundance as a function of surface gravity for the same models as in Fig. 7. The standard Li-rich giant threshold of A(Li) = 1.5 dex is indicated by the grey dashed-line. Observational data are from Luck & Heiter (2007), Pace et al. (2012), Carlos & Meléndez (2020), Semenova et al. (2020), Mallick et al. (2023) and represented by colour-coded squares. The Sun is represented in yellow with its usual symbol (Asplund et al. 2021). TAMS and base of RGB are indicated for νR1 models by black circles and diamonds, respectively.

      

    

  
    
      Table 5. 

      Predictions of ν(t)R1 model at different masses for surface Li abundances at the TAMS and RGB bump (Cols. 2 and 3).

      
        


	Mass (M⊙)
	A(Li) TAMS
	A(Li) Bump RGB





	0.8
	−3.95
	−3.80



	0.9
	−3.90
	−3.95



	1.0
	0.00
	−2.35



	1.1
	1.20
	−0.70



	1.2
	1.55
	−0.05



	1.3
	1.95
	0.45



	1.4
	2.25
	0.90



	1.5
	2.50
	1.15
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