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        Squared buoyancy frequency of the different target models. The peaks around 0.16 R* show where the transition from the envelope of the star to the core takes place and is the dominant factor in determining the period-spacing pattern.

      

    

  
    
      Fig. 5. 
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        Evolution of the horizontal displacement of the n = 10 g mode of the evolutionary track containing the reference model. The colors and intensity indicate the sign and amplitude of the displacement. Since the oscillation equations are linear and homogeneous, the absolute magnitude and overall sign are not relevant. Around Xc = 0.56 the mode undergoes avoided crossings with the n = 11 and n = 9 modes, causing strong changes in the structure of the mode.

      

    

  
    
      Fig. 7. 
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        Evolution of the location of the nodes closest to the surface of the n = 9, 10, 11 and 12 modes. In order to increase visual clarity, the nodes of the n = 9, 11 and 12 modes have been shifted by values of 0.034, −0.030 and −0.060 in core hydrogen fraction. This aligns the modes before and after the avoided crossing, as in Fig. 6. Immediately after the first cascade of avoided crossings, the n = 12 mode has settled in at the position of the n = 11 mode just before the cascade, the n = 11 mode at the position of the n = 10 mode and finally the n = 10 mode at the position of the n = 9 mode.

      

    

  
    
      Fig. 10. 
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        Contributions of the individual variables to the predicted frequency differences in Fig. 9. Only the variable pairs (N2, c) and (N2, ρ) are shown here. Adding the contributions for the two variables in a variable pair does not result in the values shown in Fig. 9 as the δq/q term needs to be added as well (see Eq. (3)).

      

    

  
    
      Fig. 11. 
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        Error of the predicted frequency differences using the (N2, c) variable pair, scaled by the average absolute frequency difference between the reference and target models after removing the effect of the scale change δq. An error larger than 1 therefore means that the error is larger than the overall difference between the models. For target model #1, this is essentially Fig. 9 divided by the average difference between the models.

      

    

  
    
      Fig. 12. 
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        Structure inversions of the four target models using RLS. The left column shows the inferred buoyancy frequency difference (orange full line) and the difference between the models (blue dashed line) for target models #1 to #4 in order. The observational uncertainty is indicated by the light blue regions around the inferred profile. For most of these inferred profiles, the regions are approximately the size of the line width. The right column shows the period-spacing pattern of the reference model (blue circles), the target models (orange plus symbols) and the fitted modes (gray crosses; [image: equation] defined in Eq. (4)). The inferred profile is discretized in 70 grid points, of which 50 are located in regions of the largest difference in buoyancy frequency, indicated by the red lines. The regularization parameter varies between 10−4.8 and 10−4.2 between the different target models. Except for the closest target model, the inferred profiles show significant deviation from the actual difference between the models. The period-spacing patterns show that the overall quality of the fit is limited, especially at higher radial orders.

      

    

  
    
      Fig. 13. 
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        Inversion of the same target models as in Fig. 12, but with the difference in oscillation frequencies calculated from the difference in structure and the oscillation kernels. This essentially performs the inversion as if there were no nonlinear dependencies on the structure. All inversion parameters were kept the same. The quality of the fit is significantly better and the inferred profiles match the actual difference between the models much better. The corrected period-spacing patterns show how strong the nonlinear dependency on the structure is, deviating significantly from the actual period-spacing patterns of the target models shown in Fig. 12. In the case of target model #2 this even causes the oscillation modes to cross in frequency.

      

    

  
    
      Fig. 14. 
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        Target and averaging kernel for the reference model, localized in the near-core region, based on dipole oscillation modes with radial orders n = 1–60. The averaging kernels shows a double peak, which is located at the edges of the peak in the buoyancy frequency. The target kernel used is a modified Gaussian located at r = 0.17 and a width of 0.01.

      

    

  
    
      Fig. 15. 
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        Target and averaging kernel for the reference model, localized just above the near-core region, based on dipole oscillation modes with radial orders n = 1–60. The averaging kernels shows a single peak at the location of the target kernel. Some residual amplitude remains in the envelope of the star. The target kernel used is a modified Gaussian located at r = 0.18 and a width of 0.01.

      

    

  
    
      Fig. 16. 
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        Comparison of the actual difference in structure to the inferred difference for the averaging kernel in Fig. 15. The values on the x- and y-axis are differences in squared buoyancy frequency. The x-axis shows the integral of the structure difference multiplied by the averaging kernel (the integral in Eq. (10)), while the y-axis shows the inversion result (the left hand side of Eq. (10)). Each blue dot is one of the 2880 stellar models. The orange diagonal line is given by x = y. All deviations from this line are caused by the nonlinear dependency on the structure. The numbers indicate the different target models. The orange error bar in the lower right corner of the plot indicates the observational uncertainty on the inferred difference, given an uncertainty of 10−3 μHz on the observed frequencies.

      

    

  
    
      Fig. C.3. 
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        Target and averaging kernel for the reference model localized just above the near-core region, for multiple sets of oscillation modes. The target kernel used is a modified Gaussian located at r = 0.18 and a width of 0.01. The inversion parameters have been tuned to obtain an uncertainty of ∼0.1 μHz2 as in Figs. 14 and 15.

      

    

  
    
      Fig. C.4. 
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        Quality of the averaging kernel for the n = 1 − 60 averaging kernel from Fig. C.3. The x axis shows the difference between the reference model and the 2880 target models averaged by the averaging kernel, while the y axis shows the same difference averaged by the target kernel. The closer the points lie to the y = x line (in orange), the better the averaging kernel matches the target kernel. The numbers indicate the different target models.

      

    

  
    
      Fig. C.7. 
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        Same as Fig. C.4, but with the n = 10 − 30 mode set.

      

    

  
    
      Fig. C.10. 
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        Same as Fig. C.1, but with oscillation modes around the avoided crossings removed, leaving 24 modes for the inversions and using the frequencies as computed by GYRE.

      

    

  
    
      Fig. C.13. 
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        Same as Fig. C.12, but with the 24 mode averaging kernel instead.
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