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Asteroseismology of evolved stars to constrain the internal transport of angular momentum
VI. Testing a parametric formulation for the azimuthal magneto-rotational instability
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Abstract

Context. Asteroseismic measurements of the internal rotation rate in evolved stars pointed to a lack of angular momentum (AM) transport in stellar evolution models. Several physical processes in addition to hydrodynamical ones were proposed as candidates for the missing mechanism. Nonetheless, no current candidate can satisfy all the constraints provided by asteroseismology.

Aims. We revisit the role of a candidate process whose efficiency scales with the contrast between the rotation rate of the core and the surface. This process was proposed in previous works to be related to the azimuthal magneto-rotational instability.

Methods. We computed stellar evolution models of low- and intermediate-mass stars with the parametric formulation of AM transport proposed in previous works for this instability until the end of the core-helium burning for low- and intermediate-mass stars, and compare our results to the latest asteroseismic constraints available in the post-main sequence phase.

Results. Both hydrogen-shell-burning stars in the red-giant branch and core-helium-burning stars of low- and intermediate-mass in the mass range 1 M⊙ ≲ M ≲ 2.5 M⊙ can be simultaneously reproduced by this kind of parametrisation.

Conclusions. Given the current constraints from asteroseismology, the core rotation rate of post-main sequence stars seems to be well explained by a process whose efficiency is regulated by the internal degree of differential rotation in radiative zones.
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1. Introduction
The detection of splittings of mixed modes in post-main sequence stars enabled the measurement of the internal rotation rate of stars at different evolutionary phases, particularly in subgiants (Deheuvels et al. 2014, 2020), red-giant-branch (RGB) stars in the hydrogen-shell-burning phase (Beck et al. 2012; Deheuvels et al. 2012; Mosser et al. 2012; Di Mauro et al. 2016, 2018; Gehan et al. 2018), and red giants in the core-helium-burning phase (Mosser et al. 2012; Deheuvels et al. 2015; Tayar et al. 2019), among others. This information combined with precise constraints on their structure and fundamental parameters, such as the stellar mass and effective temperature, give us information on how the physical processes redistributing angular momentum (AM) in stellar interiors must act through evolution. In particular, the first constraints on the internal rotation rate of red giants (Beck et al. 2012) led to the conclusion that hydrodynamical processes usually adopted in stellar evolution computations, such as meridional currents and shear instabilities (Zahn 1992), cannot account for the core rotation rate of evolved low-mass stars (Eggenberger et al. 2012; Marques et al. 2013; Ceillier et al. 2013), pointing to a missing physical process in stellar models. Different processes have been proposed as candidates to explain the lack of AM transport in stellar interiors, such as internal magnetic fields (Spruit 2002; Cantiello et al. 2014; Fuller et al. 2019; Takahashi & Langer 2021; Eggenberger et al. 2022b); wave-like perturbations, such as internal gravity waves (Talon & Charbonnel 2005; Pinçon et al. 2017), or mixed modes (Belkacem et al. 2015); and inward pumping of AM from convective envelopes (Kissin & Thompson 2015), among others. However, to date none of them have given a definite answer to the problem of the AM transport in stellar interiors. Particularly troublesome is the subgiant–red giant connection, given the difficulty for a given transport process to reproduce the core rotation rate in both phases simultaneously (Eggenberger et al. 2019b). In the same way, the high efficiency of AM transport needed to provide a good overall agreement on the RGB can lead to discrepancies with core rotation rates observed during the core-helium-burning phase of intermediate-mass stars (den Hartogh et al. 2020).
The increasing amount of results by extensive studies by the asteroseismology community on internal rotation (Mosser et al. 2012; Deheuvels et al. 2014, 2015, 2020; Van Reeth et al. 2016; Gehan et al. 2018; Tayar et al. 2019; Li et al. 2020) and detailed studies on individual stars (Di Mauro et al. 2016; Fellay et al. 2021; Salmon et al. 2022; Tayar et al. 2022) enables us to explore new alternatives to the physical processes responsible for the internal AM transport at different evolutionary phases and different mass ranges. In a series of recent papers, the efficiency of the additional AM transport process that would be needed in stellar evolution models to fit the core rotation rate of evolved stars has been quantified (den Hartogh et al. 2019; Eggenberger et al. 2019a; Deheuvels et al. 2020; Moyano et al. 2022), leading to the conclusion that the physical process needed should decrease its efficiency just after the end of the main sequence, and gradually become more efficient through the early RGB and core-helium-burning phase, as well as being more efficient in more massive stars in general. This kind of exploratory work enables us to gain information about the nature of the physical process across different stellar conditions.
In a recent work Spada et al. (2016) showed that a physical process whose efficiency increases with the ratio of core-to-surface rotation rate can account for the internal rotation of RGB stars and is in mild agreement with that of subgiants. This kind of parametrisation for the AM transport efficiency was proposed to be related to the azimuthal magneto-rotational instability (AMRI; Rüdiger et al. 2015), a different version of the standard magneto-rotational instability (MRI; Balbus & Hawley 1991) in which the background magnetic field is mainly azimuthal and current-free (i.e. Bϕ ∝ 1/r with r, the radial distance) and the instability arises from non-axisymmetric modes, as opposed to the MRI where the instability arises from axisymmetric perturbations in a medium with a poloidal field. The AMRI was explored in numerical simulations (Rüdiger et al. 2014, 2015; Gellert et al. 2016; Guseva et al. 2017) and its existence was verified in laboratory experiments (Seilmayer et al. 2014); this instability thus represents a possible candidate for the AM transport problem. Spada et al. (2016) argued that the transport efficiency of the AMRI increases as the contrast between the core and the surface increases. They thus parametrised the diffusion coefficient as a power law of the core-to-surface rotation rate and presented stellar evolution models of low-mass stars with a single mass value of M = 1.25 M⊙ in the subgiant and early red-giant phase, and found a good agreement with the core rotation rate of RGB stars by fitting an exponent to the power law that is consistent with the scaling of the eddy viscosity of the AMRI. In this paper we further explore this scenario for both low- and intermediate-mass stars until the end of the core-helium-burning phase, and explore the role of the molecular viscosity. We benefit from a larger dataset of red giants in the hydrogen-shell-burning phase with revised trends in the core rotation evolution (Gehan et al. 2018), as well as two early subgiants close the end of the main sequence (Deheuvels et al. 2020).
The paper is organised as follows. In Sect. 2.1 we describe the physical ingredients of our models and the data used. In Sect. 3 we present the models obtained and the comparison with the data. We discuss the implications in Sect. 4. We conclude in Sect. 5.
2. Physical ingredients
2.1. Stellar evolution code and initial conditions
We computed stellar evolution models with the Geneva stellar evolution code (qcrGENEC; Eggenberger et al. 2008) taking into account the transport of angular momentum in radiative regions in the shellular rotation approximation (Zahn 1992). We include the advection of angular momentum by meridional circulation as well as diffusion by the shear instability. Convective zones are assumed to rotate rigidly. The equation that describes the AM transport in radiative regions is given by
[image: thumbnail](1)
with Ω the horizontally averaged angular velocity, ρ the density, r the radial coordinate, U the vertical component of the meridional circulation velocity, and D the total diffusion coefficient. The coefficient D takes into account the action of diffusive processes, which in our case are the shear instability (Dshear) and the parametric diffusion coefficients that we explore (Dadd), so D = Dshear + Dadd. The solar metallicity is adopted for all the models with a solar chemical mixture as given by Asplund et al. (2009), and the initial period is Pini = 10 days (see Sect. 4.1 in Moyano et al. 2022 for a discussion on this choice). We do not include braking by magnetic winds. The rest of the parameters (e.g. overshooting, mass loss, mixing length) were chosen in a similar way to that performed in Ekström et al. (2012). The models are computed from the zero age main sequence (ZAMS) until the tip of the RGB for low-mass stars (M ≲ 2 M⊙), and until the end of the core-helium-burning phase for models that do not go through the helium flash (M ≳ 2 M⊙).
In addition to qcrGENEC, we use the qcrMESA stellar evolution code version 15140 (Paxton et al. 2011, 2013, 2015, 2019) to compute low-mass models (M ≲ 2 M⊙) until the end of the core-helium-burning phase1. We do this because qcrGENEC is not prepared to routinely follow the angular momentum transport during the helium flash. In qcrMESA the AM transport is treated as a purely diffusive process (Paxton et al. 2013); its evolution is given by the equation
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where i is the specific moment of inertia of a shell at a mass coordinate m, D is the associated diffusion coefficient, and the rest of the variables keep their usual meanings.
We also include the additional diffusion coefficient that we explore (Dadd) in Eq. (2) as part of the diffusion coefficient D for our red-clump models computed with qcrMESA in addition to the meridional circulation in the Eddington-Sweet (ES) approach and the secular shear instability (SSI; see Heger et al. 2000), thus D = DES + DSSI + Dadd. Solid-body rotation is also assumed in convective regions. We recall that the main difference on the treatment of the AM transport between the two stellar codes lies on the advective character of Eq. (1), which can lead to both inward and outward AM transport depending on the (non-trivial) sense of the circulation of each circulation cell (e.g. Decressin et al. 2009). This can increase the shear rather than decreasing it as diffusive processes. However, for the initial masses and velocities that we adopt, the meridional currents are not expected to act efficiently, and thus their effects remain limited.
Although different approaches are used we verified that a good agreement concerning the rotational evolution is obtained with both codes, especially in the upper RGB where the additional diffusion coefficient (Dadd) that we explore dominates.
2.2. Angular momentum redistribution regulated by core-envelope coupling
In line with previous efforts by Spada et al. (2016), we explore the effect of a physical process whose efficiency scales with the contrast of rotation rate between the core and the surface. We implement this as an additional diffusion coefficient in the equation of AM transport (Eq. (1)) following the prescription
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where Ωcore is the mean core rotation rate in the inner radiative layers, Ωsurf is the surface rotation rate, and D0 and α are free parameters. In our models we take Ωcore as the mean rotation rate in the region close to the core as sensed by gravity modes and whose expression is given by (Goupil et al. 2013)
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with NBV the Brunt–Väisälä frequency, r the radial coordinate, and rg the upper boundary of the gravity-mode cavity.
As mentioned in Sect. 1, such a dependence on the core-envelope coupling was thought to be related to the AMRI. According to direct numerical simulations of Taylor-Couette flows, the eddy viscosity resulting from the onset of this instability can be fit with a relation that depends on adimensional numbers whose values are determined by the properties of the fluid. In particular, the turbulent eddy viscosity (νT) derived from direct numerical simulations was shown to scale as [image: equation] (Rüdiger et al. 2018), where Pm = ν/η is the magnetic Prandtl number, Rm = Re Pm is the magnetic Reynolds number, with η the magnetic diffusivity, and ν the molecular viscosity of the gas. Spada et al. (2016) argue that the eddy viscosity in such experiments not only scales with Rm and Pm, but also with the degree of shear between the two cylinders; they give the relation
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where Ra is the Rayleigh number and the subindexes i and o refer to the values of the inner and outer cylinders in the Taylor-Couette simulations, respectively. Taking into account only the dependence on the angular velocities, we can approximate Ωi ∼ Ωcore and Ωo ∼ Ωsurf, leading to the functional dependence proposed for the diffusion coefficient given by Eq. (3).
Since Ra ≡ Qg(To − Ti)(Ro − Ri)3/νχ with Q the coefficient of thermal expansion of the gas, χ the thermal conductivity, g the local gravity, and Ti, o and Ri, o the radius and temperature of the inner or outer boundaries, the right-hand side of Eq. (5) does not depend on the molecular viscosity. Hence, the turbulent viscosity alone is proportional to the molecular viscosity (i.e. νT ∝ ν).
Motivated by these findings we further explore the idea that the turbulent viscosity that regulates the transport of AM scales not only with the rotation contrast between core and surface, but also with the intrinsic molecular viscosity of the gas. This is a simple way to test the AMRI efficiency at different conditions in the stellar interior, such as temperature and density, that occur in stars of different initial mass. We consider the most extreme case in which the diffusion coefficient Dadd is enhanced by the maximum value of the molecular viscosity in the radiative interior, and thus we employ the following prescription
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where D1 is a constant adimensional free parameter, and νmol is the kinematic molecular viscosity, whose expression for a mixture of hydrogen and helium is given by (Schatzman 1977)
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where lnΛ is the Coulomb logarithm and X is the mass fraction of hydrogen. The maximum of the kinematic molecular viscosity is usually located in the radiative layers near the hydrogen-burning shell. The behaviour of the rotation contrast between core and surface and of the maximum value of the molecular viscosity in the radiative interior for three representative models are shown in Fig. 1. These models are computed taking into account only meridional circulation and shear instabilities. This shows that the molecular viscosity is expected to be higher in more massive stars, and grows as the star climbs the RGB.
	[image: thumbnail]	Fig. 1. Ratio of core-to-surface rotation rate (solid lines) and maximum value of the molecular viscosity in the stellar interior (dashed lines) through evolution from the ZAMS until the tip of the red-giant branch, for different initial masses. In this set of models the transport of angular momentum is driven only by hydrodynamical processes.



3. Stellar models
3.1. Red-giant-branch stars
We computed rotating models with initial masses in the range M = 1 − 2.5 M⊙ from the ZAMS until the end of the core-helium-burning phase using either the prescription given by Eqs. (3) or (6), in addition to the shear instability and meridional circulation. An example of the evolutionary track in the Ωcore − log g diagram for a 1.3 M⊙ model computed from the ZAMS until the end of the core-helium-burning phase is shown in Fig. 2. This model was computed with an initial period of P = 10 days employing Eq. (3) with D0 = 50 cm2 s−1 and α = 2. In Fig. 3 we show the evolution of the core rotation rate for different initial masses using a diffusion coefficient given by Eq. (3) and a calibrated value of D0 = 50 cm2 s−1 and α = 2. The models with initial masses of M = 1.1, 1.3, and 1.5 M⊙ can reproduce simultaneously the core rotation rate of the three subgiants with the fastest spinning cores around log g ∼ 3.7, and the core rotation rate of the bulk of RGB stars, which is in the range Ωc/2π ∼ 600 − 800 nHz.
	[image: thumbnail]	Fig. 2. Core rotation rate as a function of the surface gravity for a 1.3 M⊙ model with an initial period of P = 10 days employing Eq. (3) with D0 = 50 cm2 s−1 and α = 2, computed from the zero age main sequence until the end of the core-helium-burning phase. The different evolutionary phases are indicated in different colours, as labelled.



We chose a value of α = 2 to fit the mean flat trend in the evolution of the core rotation rate for RGB stars (Gehan et al. 2018). While D0 regulates the maximum core rotation rate that can be achieved during the subgiant and early red-giant phase, α regulates the speed at which the core is decelerated, and thus sets the slope of the rotational evolution in the RGB phase; the higher the value of α, the steeper the slope of the core rotation rate during the RGB. Thus, the large sample of RGB stars given by Gehan et al. (2018) constrains this value to α ∼ 2 for low-mass stars. These are not completely new results since they were already presented by Spada et al. (2016) for a 1.25 M⊙ model, but we confirm in this work that this scenario is valid in the mass range M ∼ 1 − 1.5 M⊙. However, for more massive stars (M ≳ 1.7 M⊙), the core rotation rate decreases too steeply and is thus not able to reproduce the apparently flat trend seen for RGB stars. This occurs in part because the radius of these stars is larger on the RGB compared to lower-mass stars, and hence the surface rotation rate is lower, which increases the value of the diffusion coefficient and hence the deceleration rate of the core.
3.2. Low-mass core-helium-burning stars
We computed models until the end of the core-helium-burning phase for our low-mass models with M = 1.3, 1.5, and 1.7 M⊙ for which constraints on the core rotation rate are available (Mosser et al. 2012). In Fig. 4 we show the evolution of the core rotation rate with an additional diffusion coefficient following Eq. (3), with D0 = 50 cm2 s−1 and α = 2, from the ZAMS until the end of the core-helium-burning phase. This is a continuation of the evolutionary scenario presented in Fig. 3 for RGB stars since we adopt the same diffusion coefficient. Our models with M = 1.3, 1.5, and 1.7 M⊙ can reproduce the core rotation rate of the three fastest subgiants and their surface rotation rates, shown by the dotted line (only for the 1.3 M⊙ model). They can also reproduce the apparently flat trend of red giants in the hydrogen-shell-burning phase (at log g ∼ 3.3 − 2.9) and the core rotation rate of core-helium-burning stars for different masses (see red, green, and blue lines in Fig. 4). The models spend ∼85% of their core-helium burning time with their core spinning at Ωcore/2π ∼ 40 − 200 nHz (denoted by grey lines), in agreement with the asteroseismic constraints given by Mosser et al. (2012) shown as magenta circles at log g ∼ 2.5. This is achieved without changing any parameters during the evolution until the end of the core-helium-burning phase. We also verify, as proposed by Spada et al. (2016), that if solid-body rotation is enforced until a given time during the subgiant branch, it is possible to reproduce the increase in the core rotation rate seen for the subgiants. We show this for a 1.3 M⊙ model for which we enforced solid-body rotation until roughly the location of the second subgiant seen in Fig. 4 whose internal rotation is consistent with that of a solid body (Deheuvels et al. 2020). Afterwards, the core rotation rate converges towards the RGB bump, reproducing in a similar way the constraints for RGB stars and red clump stars.
	[image: thumbnail]	Fig. 3. Core rotation rate as a function of the surface gravity for models with different initial masses, as indicated in the figure. The models were computed using Eq. (3) with D0 = 50 cm2 s−1 and α = 2. The black squares correspond to subgiants (Deheuvels et al. 2014, 2020) and the grey triangles to RGB stars (Gehan et al. 2018).



	[image: thumbnail]	Fig. 4. Evolution of the core rotation rate for models with an additional diffusion coefficient of the form Dadd = D0(Ωcore/Ωsurf)2, with D0 = 50 cm2 s−1. The black filled (empty) symbols show the surface (core) rotation rate of the eight subgiants presented by Deheuvels et al. (2014, 2020). The grey symbols show the core rotation rate of stars in the lower RGB (Gehan et al. 2018). The magenta circles correspond to red giants presented by Mosser et al. (2012) with those grouped around log g ∼ 2.5 in the core-helium-burning phase (only those with an estimated mass M ≲ 2 M⊙ are shown). The red and black dashed lines show the surface rotation rate of the 1.3 M⊙ model. The black line shows a 1.3 M⊙ model, for which we enforced rigid rotation until the location of the second subgiant at log g ∼ 3.9. The grey lines at log g ∼ 2.5 show the region where the central abundance of helium is in the range Y = 0.9 − 0.1 (i.e. the long and stable core-helium-burning phase).



In this series of models the core rotation rate decreases by roughly one order of magnitude from the RGB base until the tip. This happens because, as the star ascends the RGB, the core contracts and the envelope expands until the tip, which in turn increases the rotation contrast between core and surface, and thus increases the value of the diffusion coefficient, slowing down the core progressively. This is even more pronounced if higher values of α are chosen, which lead to lower core rotation rates towards the RGB tip. Once the models reach the tip, the helium is ignited off-center in degenerate conditions, leading to the helium flash, which produces enough energy to expand the central layers, and thus allows the core to expand and slow down due to its increased moment of inertia. This is why the core rotation rate decreases abruptly at log g ∼ 0.5 − 0.2 for the three models presented in Fig. 4. This behaviour is typical for any rotating model, and does not depend on the physical process adopted, because the timescale in this phase is too short (∼2 − 3 Myr) to allow for AM transport. Afterwards, the star contracts, increasing its surface gravity, and goes through a series of helium sub-flashes, which are seen as small loops around log g ∼ 2 − 2.5, until the core becomes non-degenerate and the stable core-helium-burning phase can begin. As mentioned before, once the star settles into the stable core-helium-burning phase, it spends ∼85% of its core-helium burning time with core rotation rates Ωcore/2π ∼ 40 − 200 nHz in agreement with asteroseismic constraints. Towards the end of the core-helium-burning phase the core shifts to He- and H-shell burning, and the subsequent CO core contracts while the envelope expands, leading to a spin-up of the core and a decrease in surface gravity, which occurs at log g ∼ 2.5 and Ωc/2π ∼ 200 nHz.
In these models the core is found to spin-up during the core-helium-burning phase. This behaviour seems a priori to be counter-intuitive since under local conservation arguments, the core should spin at a rather constant rate since its size (in radius) does not change enough to alter significantly its moment of inertia. Furthermore, if the core rotates faster than the surface and we assume that the angular velocity is distributed smoothly, then the diffusion of AM from the core to the outer layers should spin down the core. However, this counter-intuitive behaviour occurs because of the particularly low core rotation rate at the RGB tip and the dynamics of the He flash. It can be explained by analysing the rotation profile, which in turn is essentially explained by the contraction and expansion (hence increase or decrease in the density) of the layers since the timescales are too short for AM transport to take place2.
The evolution of the rotation profile during the first He flash is shown in Fig. 5. During the first He flash, the peak of nuclear energy is located at the base of the convective He-shell, around Mr/M ∼ 0.12 in Fig. 5, and most of the energy released produces an expansion of the inner layers, but causes the layers at the base of this convective shell to spin down faster than the surrounding layers. This explains why (see Fig. 5) the model at roughly the middle of the He flash exhibits a rotation profile with a dip close to the base of the helium convective shell, where the uniform rotation rate is due to convection (dotted lines) and the rotation rate is higher in the neighbouring hydrogen-rich layers located at Mr/M ∼ 0.32(Mr ∼ 0.465 M⊙). As the core expands and the regions above move outwards, the hydrogen-burning shell cools down and its nuclear energy generation rate decreases, forcing the star to contract and to release gravitational energy, decreasing the luminosity on its way to the horizontal branch. This contraction occurs outside the He-convective shell and across the whole convective envelope, which leads to faster rotating layers near the hydrogen-rich layers and leads to the rotation profile shown by the black line in Fig. 5. At this stage the star has already contracted, which can be deduced from its much higher surface rotation rate. During the subsequent helium sub-flashes, a similar scenario occurs regarding the rotation rate of the layers above the convective helium shell. These layers continue to rotate faster than the core until the beginning of the core-helium-burning phase. Given the high degree of shear in those rapidly rotating layers, AM is easily diffused to the core, for example by the shear instability or even viscous effects, which spins it up during the long and stable core-helium-burning phase. This is the reason why the core rotation rate increases during the core-helium-burning phase in these models.
	[image: thumbnail]	Fig. 5. Angular velocity as a function of mass coordinate at different moments during the first helium flash of the 1.5 M⊙ model presented in Fig. 4. Radiative regions are shown as solid lines, while convective regions are shown as dotted lines. The inset around Mr/M ∼ 0.32 shows a zoomed-in image of the location of the H-burning shell.



3.3. Intermediate-mass core-helium-burning stars
We also follow the evolution of our intermediate-mass models of 2.5 M⊙ until the end of the core-helium-burning phase with different prescriptions for the transport of AM (see Fig. 6). Most of the stable core-helium-burning phase (0.1 ≲ Y ≲ 0.9) occurs once the star already descended from the RGB tip (located at log g ∼ 1.8) and starts expanding as it becomes more luminous. This spans a range of surface gravities log g ∼ 2.9 − 2.6 in our models. In all three models the core spins down during this phase.
	[image: thumbnail]	Fig. 6. Core rotation rate as a function of surface gravity for 2.5 M⊙ models until the end of the core-helium-burning phase. The models are computed with Eq. (3) with α = 2 and D0 = 50 and 2000 cm2 s−1 for the red and green lines, respectively. The blue and black line models are computed with Eq. (6) (including the enhancement by the molecular viscosity) using α = 2, D1 = 50 and α = 1, D1 = 300, respectively. The grey triangles correspond to red giants in the lower red-giant branch (Gehan et al. 2018) and the black circles and orange squares to intermediate-mass core-helium-burning stars in the secondary clump (Deheuvels et al. 2015; Tayar et al. 2019).



In Fig. 6 we compare our different models with the data from secondary-clump stars from Deheuvels et al. (2015) and Tayar et al. (2019). The red line model corresponds to our 2.5 M⊙ model presented in Fig. 3 computed with Eq. (3) using α = 2 and D0 = 50 cm2 s−1 extended until the end of the core-helium-burning phase. It does not reproduce the core rotation rate of RGB stars, and we show here that it also does not reproduce the constraints for stars in the core-helium-burning phase. If we re-calibrate the constant variable to D0 = 2000 cm2 s−1 (without changing the power α) to reproduce the RGB stars, then we can automatically reproduce the rotation rate of secondary-clump stars; this is shown by the green line model. As mentioned in Sect. 3.1, the core rotation of our most massive models is not in agreement with the data of RGB stars. Regarding this point, we note that the molecular kinematic viscosity is higher in general for more massive stars, mainly because of higher internal temperatures, and increases monotonically through evolution on the RGB (see Fig. 1). To test whether the AM transport efficiency including an enhancement by the molecular viscosity can bring the models into agreement with the data for the massive stars in our sample, we computed models following Eq. (6). When we include this additional factor and consider α = 2 and D1 = 50, the core rotation rate of the 2.5 M⊙ model close to the RGB base is Ωcore/2π ∼ 600 nHz, in agreement with the data of RGB stars, but decreases too steeply with evolution, in contradiction with the apparently flat trend (see blue line in Fig. 6). Interestingly, once we take this enhancement into account, the core rotation rate of secondary clump stars can be reproduced. We find that a good fit able to reproduce both the apparent flat trend in core rotation rate of RGB stars and the core rotation rate of secondary clump stars can be obtained if we include the enhancement by the molecular viscosity, as in Eq. (6) with α = 1 and D1 = 300, shown by the black line model in Fig. 6. This provides evidence that if the AM transport efficiency is regulated by the core-envelope coupling, once the core rotation rate of RGB stars is reproduced then secondary clump stars can also be well reproduced. A value of α = 1 is different from the values of α ≃ 2 − 3 previously suggested by Spada et al. (2016). This could point to a mass-dependence for the efficiency on the AM transport by this parametrisation; the efficiency of AM transport may have a weaker dependence on the degree of differential rotation for higher-mass stars.
3.4. Comparison with additional viscosities
In previous works we estimated the efficiency of the additional AM transport process needed to reproduce the core rotation rate of red giants via a parametric approach (Moyano et al. 2022), in particular to reproduce the apparently flat trend of core rotation rates of RGB stars. In addition to the direct comparison between predicted and observed core rotation rates presented in Fig. 3, we can then also compare the values of the diffusion coefficients predicted by Eq. (3) with the mean values along this phase determined from our previous estimates to compare its behaviour with mass and evolution. Since the diffusion coefficient (Eq. (3)) employed in the present models changes through the evolution, while the mean additional viscosities presented by Moyano et al. (2022) are defined as being constant, a direct comparison between the two quantities would not be accurate since the former are instantaneous values at a given time and the latter represent mean values through the evolution until a given constraint is satisfied. To reconcile these two aspects and make a fairer comparison between the two approaches, we take the time average value of the diffusion coefficient Dadd as
[image: thumbnail](8)
where t is the current age and tTAMS the age at the terminal age main sequence (TAMS). This approach can give us an estimate of the additional viscosity that would have been needed through the evolution until a certain time t to obtain the core rotation rate of a given model. The comparison is shown in Fig. 7 for the models in the whole mass range studied as a function of the mixed mode density. The mixed mode density, defined as [image: equation] with Δν the large frequency separation, νmax the frequency of the maximum oscillation signal, and ΔΠ1 the asymptotic period spacing of dipole modes, was proposed as an asteroseismic indicator of the evolution through the lower RGB with the advantage of showing no strong correlation with the stellar mass (Gehan et al. 2018), allowing us to study the evolutionary trends for different masses. The absolute values are within the ranges expected, where the disagreements for the 1.1 and 1.3 M⊙ models may arise, because in Fig. 3 the models with masses M = 1.1 − 1.3 M⊙ evolve at core rotation rates slightly higher than Ωcore/2π ∼ 700 nHz, whereas Moyano et al. (2022) estimated the additional viscosity needed for the models to achieve that core rotation rate through the range of mixed mode densities presented. Interestingly, the trends with mass are roughly satisfied with the parametrisation given by Eq. (3) (i.e. the efficiency increases by roughly two orders of magnitude in this mass range for early RGB stars).
	[image: thumbnail]	Fig. 7. Time-averaged diffusion coefficient as a function of the mixed mode density for different masses computed with Eq. (3) using α = 2 and D0 = 50 cm2 s−1. The points correspond to the additional viscosities estimated by Moyano et al. (2022) to reproduce the core-rotation rate of RGB stars at different mixed-mode densities. The red dashed line corresponds to a model where a constant value of D = 2 × 104 cm2 s−1 was used until log g ≃ 3.9.



Moyano et al. (2022) also studied how the efficiency should increase as evolution proceeds to keep the core rotating at the expected rate (Ωcore/2π ∼ 700 nHz) during the early RGB, and found that the additional viscosity for low-mass stars should increase by roughly a factor of two. Here we find that the behaviour of the normalised values is similar for the low-mass stars (i.e. the time-averaged diffusion coefficient increases by roughly a factor two in the early RGB in the range of mixed mode densities 𝒩 ∼ 4 − 14). However, in the case of more massive stars the increase is much higher than expected, which can be directly understood from Fig. 3, where the values of the core rotation rate of the massive models (M = 2.0, 2.5 M⊙) are found to decrease during the RGB, in contradiction with the data. To take the time average of the additional diffusion coefficients we choose as a starting point the TAMS, since the evolution of the core rotation is dominated by what happens during the subgiant phase (see e.g. Eggenberger et al. 2017, 2019a). However if we enforce solid-body rotation during the main sequence (as was done by Spada et al. 2016), the time-averaged diffusion coefficients would have lower values because the core rotation rate in this case reaches lower values at the TAMS, and thus remains lower during the subgiant and early RGB until it converges during the RGB. The effect mentioned on the core rotation rate can be seen comparing the black and red lines in Fig. 4, where we enforced solid-body rotation (black line) until the location of the second subgiant of the sample of Deheuvels et al. (2020) in the 1.3 M⊙ model. In this case, once the models reach the RGB bump (seen at log g ∼ 2.5), the two models converge to the same core rotation rate and evolve identically, erasing any previous rotational history. The behaviour for the normalised values remains similar, while the time-averaged diffusion coefficient increases by roughly a factor two. We also note that considering a constant diffusion coefficient of D = 2 × 104 cm2 s−1 from the TAMS until the location of the second subgiant would make our average diffusion coefficient slightly larger, and would then be in agreement with the values inferred for red giants. This is shown by the red dashed line in Fig. 7. This diffusion coefficient used until the location of the second subgiant predicts a slightly decoupled envelope, with a contrast of core-to-surface rotation rate of Ωc/Ωs ≃ 1.4.
4. Discussion
Considering only hydrodynamical processes in stellar evolution computations, the rotation contrast between the core and the surface increases with evolution as a result of the surface expansion and the contraction of the core. Assuming that the rotation profile is smooth (i.e. it does not have sharp discontinuities), the core–envelope coupling is a global measure of the shear in the radiative regions, where we expect instabilities to redistribute AM. In previous works (Eggenberger et al. 2017; Moyano et al. 2022), we showed that the efficiency of the AM transport should increase both with mass and evolution along the RGB to satisfy the constraints from asteroseismology. Since the properties mentioned above go in this direction, we revisited the computations presented by Spada et al. (2016), which they argue could be related with the AMRI.
Spada et al. (2016) showed that employing a diffusion coefficient that scales with the inverse of the core-envelope coupling (see Eq. (3)) and enforcing rigid rotation until approximately the middle of the subgiant phase would reproduce simultaneously the core rotation rate of subgiants and red giants (see the upper panel of their Fig. 4). Adopting the same approach and following the evolution until the end of the core-helium burning, we find that all three evolutionary phases can be well reproduced. Moreover, recent results by Deheuvels et al. (2020) show that two young subgiants close to the TAMS are rotating roughly as solid bodies, consistent with the hypothesis mentioned above. Regarding the main sequence, there is some evidence from γ Dor stars that the core is strongly coupled to the envelope, with a core that spins not faster than ∼5% than its surface (Li et al. 2020; Saio et al. 2021), while models with only hydrodynamical processes attain a contrast of Ωcore/Ωsurf ∼ 2 by the middle of the MS. In addition, recent theoretical works on AM transport in γ Dor stars combining AM constraints on both surface and core, favour highly efficient transport of AM during the MS, such that solid-body rotation in radiative zones is a good approximation (Moyano et al., in prep.). This group of stars represents the MS counterpart of the subgiants and red giants studied in this work since their mass range is M ∼ 1.4 − 2.0 M⊙. However, for our low-mass models, the core rotation rate during the RGB onwards is roughly independent on the rotational history during the main sequence.
We note that the diffusion coefficient explored in this work cannot efficiently couple the core with the envelope during the main sequence, so that a more efficient process, possibly scaling with other properties of the star (e.g. transport by the Tayler instability; see Eggenberger et al. 2022a), would be needed during the MS and early subgiant branch. Concerning later evolutionary phases, and in particular evolution along the asymptotic giant branch, we found that the envelope expands and leads to very low surface rotation rates, which in turn leads to a very high rotation contrast between core and surface. This means that the diffusion coefficient we adopted reaches very high values (log Dadd ∼ 8 − 10 cm2 s−1), which slows down the core to periods that are in strong disagreement with those of white dwarfs. Specifically, our models with initial masses of 1.3, 1.5, and 1.7 M⊙ (see Fig. 4) reach core rotation periods of Pcore ∼ 30 − 300 days, while those of observed white dwarfs in the corresponding mass range (M ∼ 0.5 − 0.6 M⊙) are of Pcore ∼ 10 − 100 h (Hermes et al. 2017). This, along with the whole evolutionary path towards the white dwarf phase, is shown in Fig. 8. For clarity we show only the evolutionary track of a single mass and we do not show the data of subgiants or red giants. The evolution for our two models of 1.5 and 1.7 M⊙ is similar. The evolution until the end of the core-helium-burning phase corresponds to the same 1.3 M⊙ model presented in Fig. 4. The later evolution corresponds to the early asymptotic giant branch (AGB), followed by the thermal pulses. The small hook seen at log g ≃ 2 corresponds to the AGB bump, which is associated with the ignition of the He shell. Afterwards, the progressive expansion of the convective envelope leads to strong transport of AM, slowing down the core as the star goes through thermal pulses. These pulses are seen as small loops at log g ≃ 0 until the star finally leaves the AGB phase, contracts towards the white dwarf phase, and enters into the cooling branch. The track ends when the stellar luminosity drops below log L/L⊙ = −3.
	[image: thumbnail]	Fig. 8. Core rotation rate as a function of the surface gravity for a 1.3 M⊙ model with initial period of P = 10 days. Angular momentum transport is driven by meridional circulation, shear instabilities, and the parametric diffusion coefficient of the AMRI (Eq. (3)). Evolutionary phases are indicated in the figure. The data points correspond to the rotation periods of white dwarfs (Hermes et al. 2017).



Another relevant point is that, in the evolutionary scenario studied here, the core of a low-mass star spins up during the core-helium-burning phase with evolution. This is contrary to what is obtained with AM transport by the Tayler instability (e.g. Fuller et al. 2019; Eggenberger et al. 2022b), and offers an interesting way to distinguish between the scenario of AM transport by the parametric formulation of the AMRI presented here and AM transport by the Tayler instability. A possible way to do this is to study the evolution of the core rotation rate as a function of the period spacing since during the core-helium-burning phase the asymptotic period spacing of g-modes in stellar models increases during ∼80% of the core-helium burning time. As the convective core grows, the layers contributing the most to the integral (see Eq. (9)) move out in radius, and thus decrease the value of the integral (i.e. it essentially traces the size of the convective core; see Fig. 3 of Bossini et al. 2015). The asymptotic period spacing of dipole g-modes can be computed ass
[image: thumbnail](9)
The evolution of the core rotation rate as a function of ΔΠ1 is shown in Fig. 9 for models with masses M = 1.3, 1.5, and 1.7 M⊙ during the core-helium-burning phase. The data points correspond to red-clump stars analysed by Mosser et al. (2012). The noisy behaviour seen at period spacings higher than ΔΠ1 ≳ 260 s occurs because of the oscillatory nature of the mass of the convective core during this phase. This occurs because in our models during the core-helium-burning phase the convective core grows until the radiative gradient starts developing a minimum inside and close to the edge of the convective core, which becomes lower than the adiabatic gradient and splits the convective region in two. Afterwards, the convective core grows until it can merge with the convective shell and the core enlarges again, repeating the cycle again until the helium is depleted (see Salaris & Cassisi 2005). With a large enough sample of stars in this phase, one could then probe the trend predicted by this scenario.
	[image: thumbnail]	Fig. 9. Evolution of the core rotation rate during the core-helium-burning phase as a function of the asymptotic period spacing for different initial masses. The models correspond to those presented in Fig. 4. The solid lines show the region where the central helium decreases from Y = 0.9 to Y = 0.1. The evolution proceeds from left to right during most of the core-helium-burning phase (solid lines). The data points correspond to the red-clump stars presented by Mosser et al. (2012). The magenta line shows a model where we assumed strong penetrative convection.



We do a first comparison with the dataset of Mosser et al. (2012). Although our models can roughly reproduce the range of asymptotic spacings and core rotation rates expected, the trends in the data are not strong enough to either discard or support the scenario studied (see Fig. 9). However, we note that there is an accumulation of stars at high period spacings and low core-rotation rates, which would hint at a rather constant to decreasing core rotation rate during the core-helium-burning phase. This is further supported by the lack of fast rotators at high period spacings, which are instead seen at low period spacings, but would probably correspond to stars that have just finished burning helium in their cores, and are thus climbing the asymptotic giant branch.
We also note that our standard models with an exponential overshooting extended over 0.1 Hp (red, green, and blue line models in Fig. 9) cannot reproduce the highest period spacings at ΔΠ1 ≳ 315 s. In this phase the value of ΔΠ1 is proportional to the size of the convective core (Montalbán et al. 2013). Thus, a possible way to reproduce the highest ΔΠ1 values is to increase the degree of overshooting. We do this by adopting a step overshooting scheme in the convective penetration approach, where the core is extended a distance dictated by the free parameter αOV and the region is assumed to be adiabatic (i.e. ∇ = ∇AD). To reproduce the highest ΔΠ1 we need to extend the core overshooting to αOV = 1.0 HP, which is a rather high value (for comparison on the main sequence αOV ≃ 0.1 − 0.2 HP; see Claret & Torres 2016, 2018). The result is shown in Fig. 9 (magenta lines) for our 1.3 M⊙ model and is similar for different masses. This test shows that in our model of AM transport the discrepancy seen with the period spacing is not a product of an incorrect treatment of the overshooting during the core-helium-burning phase. We also note that a proper treatment of convective boundary mixing to reproduce the asymptotic period spacing remains challenging (Bossini et al. 2015), but is beyond the main scope of this work. Regarding the empirical data, it is still difficult to detect gravity-dominated mixed modes of stars in the upper RGB at high luminosities since the non-radial modes trapped in the core are expected to vanish due to the strong radiative damping (Dupret et al. 2009; Grosjean et al. 2014), and hence the core rotation rate in this phase remains unknown. It is then still possible to propose a scenario where the core actually spins down during the advanced RGB since it does not pose any contradictions.
The effect of the prescription studied in this work on the efficiency of the chemical mixing remains to be explored since in some cases, such as media with low Pm and Rm numbers, the kinetic energy is non-negligible compared to the magnetic energy (Gellert et al. 2016). We finally note that the role of chemical gradients in reducing the efficiency of AM transport by the AMRI remains to be explored. This is of course a key point recalling the strong inhibiting effects of chemical gradients in the case of the standard magneto-rotational instability (see e.g. Wheeler et al. 2015; Griffiths et al. 2022) and AM transport by the Tayler instability. Moreover, preliminary detailed asteroseismic studies of the internal rotation of red giants suggest a possible link between the location of chemical and rotation gradients (Di Mauro et al. 2018; Fellay et al. 2021). In this context we found that the standard MRI does not have any impact on the core rotation rate of low-mass evolved stars because both the thermal and chemical stratification strongly inhibits the instability, especially in regions close to the core where chemical gradients can develop (see Appendix A). Since it is the region where layers tends to contract, the core then does not slow down due to this instability.
5. Conclusions
We built upon the work of Spada et al. (2016) by exploring the possible effects of a parametric formulation for the azimuthal magneto-rotational instability on the internal redistribution of AM for stars in different evolutionary phases. We demonstrated that an AM transport process whose efficiency scales with the global degree of internal shear in radiative regions can reproduce simultaneously the evolutionary trends in core rotation rate of low-mass stars in the hydrogen-shell-burning phase and in the core-helium-burning phase, as given by asteroseismic constraints (e.g. Mosser et al. 2012; Gehan et al. 2018). Remarkably, in our models the core spins up during the core-helium-burning phase, which is typical of this kind of parametrisation, where the core spins down considerably in the upper part of the RGB; even so, it remains a possible scenario which remains to be confirmed.
Using the same parametrisation for the AM transport in intermediate-mass stars, the efficiency with respect to low-mass stars needs to be enhanced in order to correctly reproduce the rotational constraints of red giants in the H-shell-burning phase. In this direction, we explored a prescription that takes into account the enhancement of the AM transport by the molecular viscosity, considering its maximum value in the radiative regions, and find that in our intermediate-mass models the core rotation rate of both hydrogen-shell-burning and core-helium-burning stars can be better reproduced.
Since a process that acts more strongly as the core decouples from the envelope can possibly reproduce the core rotation rate of red giants in the hydrogen-shell-burning and core-helium-burning phases simultaneously, we suggest this process should be further explored with direct numerical simulations under different rotational configurations. In particular, the critical role of chemical gradients on the inhibition of the AMRI should be studied. If this instability is not strongly inhibited by chemical gradients, it could constitute a missing piece of the AM transport puzzle in both low- and intermediate-mass stars.


1 All the initial parameters and extensions necessary to reproduce our models are available at https://zenodo.org/record/7305068


2 See Iben (2013) for a detailed discussion.
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Appendix A:  Standard magneto-rotational instability
In our models the standard magneto-rotational instability (MRI) does not transport angular momentum because both thermal and chemical stratification stop the instability from triggering. The criterion to trigger the instability is set by the minimum local shear needed, defined as qmin = −2(Neff/Ω)2 (e.g. Wheeler et al. 2015), where q ≡ ∂lnΩ/∂lnr is the shear, Neff is the effective Brunt-Väisälä frequency, and Ω the angular velocity. As long as q < qmin, the MRI does not trigger, which is the case in our low-mass models. This is illustrated in Fig. A.1 for a model computed only with hydrodynamical processes. The minimum shear qmin remains orders of magnitude higher than the actual shear q, showing in this way that the standard MRI is not able to transport angular momentum through evolution in low-mass stars.
	[image: thumbnail]	Fig. A.1. Local shear as a function of the mass coordinate for a 1.7 M⊙ during the main sequence when the central hydrogen mass fraction is X = 0.35 (solid lines), at the end of the main sequence (dashed lines), and at the RGB base (dot-dashed lines). The black lines correspond to the minimum shear required to trigger the standard MRI, while the blue line is the actual shear of the model. The regions where the line is missing correspond to either the convective core or the convective envelope.





All Figures
	[image: thumbnail]	Fig. 1. Ratio of core-to-surface rotation rate (solid lines) and maximum value of the molecular viscosity in the stellar interior (dashed lines) through evolution from the ZAMS until the tip of the red-giant branch, for different initial masses. In this set of models the transport of angular momentum is driven only by hydrodynamical processes.
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	[image: thumbnail]	Fig. 2. Core rotation rate as a function of the surface gravity for a 1.3 M⊙ model with an initial period of P = 10 days employing Eq. (3) with D0 = 50 cm2 s−1 and α = 2, computed from the zero age main sequence until the end of the core-helium-burning phase. The different evolutionary phases are indicated in different colours, as labelled.
In the text



	[image: thumbnail]	Fig. 3. Core rotation rate as a function of the surface gravity for models with different initial masses, as indicated in the figure. The models were computed using Eq. (3) with D0 = 50 cm2 s−1 and α = 2. The black squares correspond to subgiants (Deheuvels et al. 2014, 2020) and the grey triangles to RGB stars (Gehan et al. 2018).
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	[image: thumbnail]	Fig. 4. Evolution of the core rotation rate for models with an additional diffusion coefficient of the form Dadd = D0(Ωcore/Ωsurf)2, with D0 = 50 cm2 s−1. The black filled (empty) symbols show the surface (core) rotation rate of the eight subgiants presented by Deheuvels et al. (2014, 2020). The grey symbols show the core rotation rate of stars in the lower RGB (Gehan et al. 2018). The magenta circles correspond to red giants presented by Mosser et al. (2012) with those grouped around log g ∼ 2.5 in the core-helium-burning phase (only those with an estimated mass M ≲ 2 M⊙ are shown). The red and black dashed lines show the surface rotation rate of the 1.3 M⊙ model. The black line shows a 1.3 M⊙ model, for which we enforced rigid rotation until the location of the second subgiant at log g ∼ 3.9. The grey lines at log g ∼ 2.5 show the region where the central abundance of helium is in the range Y = 0.9 − 0.1 (i.e. the long and stable core-helium-burning phase).
In the text



	[image: thumbnail]	Fig. 5. Angular velocity as a function of mass coordinate at different moments during the first helium flash of the 1.5 M⊙ model presented in Fig. 4. Radiative regions are shown as solid lines, while convective regions are shown as dotted lines. The inset around Mr/M ∼ 0.32 shows a zoomed-in image of the location of the H-burning shell.
In the text



	[image: thumbnail]	Fig. 6. Core rotation rate as a function of surface gravity for 2.5 M⊙ models until the end of the core-helium-burning phase. The models are computed with Eq. (3) with α = 2 and D0 = 50 and 2000 cm2 s−1 for the red and green lines, respectively. The blue and black line models are computed with Eq. (6) (including the enhancement by the molecular viscosity) using α = 2, D1 = 50 and α = 1, D1 = 300, respectively. The grey triangles correspond to red giants in the lower red-giant branch (Gehan et al. 2018) and the black circles and orange squares to intermediate-mass core-helium-burning stars in the secondary clump (Deheuvels et al. 2015; Tayar et al. 2019).
In the text



	[image: thumbnail]	Fig. 7. Time-averaged diffusion coefficient as a function of the mixed mode density for different masses computed with Eq. (3) using α = 2 and D0 = 50 cm2 s−1. The points correspond to the additional viscosities estimated by Moyano et al. (2022) to reproduce the core-rotation rate of RGB stars at different mixed-mode densities. The red dashed line corresponds to a model where a constant value of D = 2 × 104 cm2 s−1 was used until log g ≃ 3.9.
In the text



	[image: thumbnail]	Fig. 8. Core rotation rate as a function of the surface gravity for a 1.3 M⊙ model with initial period of P = 10 days. Angular momentum transport is driven by meridional circulation, shear instabilities, and the parametric diffusion coefficient of the AMRI (Eq. (3)). Evolutionary phases are indicated in the figure. The data points correspond to the rotation periods of white dwarfs (Hermes et al. 2017).
In the text



	[image: thumbnail]	Fig. 9. Evolution of the core rotation rate during the core-helium-burning phase as a function of the asymptotic period spacing for different initial masses. The models correspond to those presented in Fig. 4. The solid lines show the region where the central helium decreases from Y = 0.9 to Y = 0.1. The evolution proceeds from left to right during most of the core-helium-burning phase (solid lines). The data points correspond to the red-clump stars presented by Mosser et al. (2012). The magenta line shows a model where we assumed strong penetrative convection.
In the text



	[image: thumbnail]	Fig. A.1. Local shear as a function of the mass coordinate for a 1.7 M⊙ during the main sequence when the central hydrogen mass fraction is X = 0.35 (solid lines), at the end of the main sequence (dashed lines), and at the RGB base (dot-dashed lines). The black lines correspond to the minimum shear required to trigger the standard MRI, while the blue line is the actual shear of the model. The regions where the line is missing correspond to either the convective core or the convective envelope.
In the text





    
      Fig. 1. 
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        Ratio of core-to-surface rotation rate (solid lines) and maximum value of the molecular viscosity in the stellar interior (dashed lines) through evolution from the ZAMS until the tip of the red-giant branch, for different initial masses. In this set of models the transport of angular momentum is driven only by hydrodynamical processes.

      

    

  
    
      Fig. 2. 
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        Core rotation rate as a function of the surface gravity for a 1.3 M⊙ model with an initial period of P = 10 days employing Eq. (3) with D0 = 50 cm2 s−1 and α = 2, computed from the zero age main sequence until the end of the core-helium-burning phase. The different evolutionary phases are indicated in different colours, as labelled.

      

    

  
    
      Fig. 3. 
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        Core rotation rate as a function of the surface gravity for models with different initial masses, as indicated in the figure. The models were computed using Eq. (3) with D0 = 50 cm2 s−1 and α = 2. The black squares correspond to subgiants (Deheuvels et al. 2014, 2020) and the grey triangles to RGB stars (Gehan et al. 2018).

      

    

  
    
      Fig. 4. 
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        Evolution of the core rotation rate for models with an additional diffusion coefficient of the form Dadd = D0(Ωcore/Ωsurf)2, with D0 = 50 cm2 s−1. The black filled (empty) symbols show the surface (core) rotation rate of the eight subgiants presented by Deheuvels et al. (2014, 2020). The grey symbols show the core rotation rate of stars in the lower RGB (Gehan et al. 2018). The magenta circles correspond to red giants presented by Mosser et al. (2012) with those grouped around log g ∼ 2.5 in the core-helium-burning phase (only those with an estimated mass M ≲ 2 M⊙ are shown). The red and black dashed lines show the surface rotation rate of the 1.3 M⊙ model. The black line shows a 1.3 M⊙ model, for which we enforced rigid rotation until the location of the second subgiant at log g ∼ 3.9. The grey lines at log g ∼ 2.5 show the region where the central abundance of helium is in the range Y = 0.9 − 0.1 (i.e. the long and stable core-helium-burning phase).

      

    

  
    
      Fig. 5. 
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        Angular velocity as a function of mass coordinate at different moments during the first helium flash of the 1.5 M⊙ model presented in Fig. 4. Radiative regions are shown as solid lines, while convective regions are shown as dotted lines. The inset around Mr/M ∼ 0.32 shows a zoomed-in image of the location of the H-burning shell.

      

    

  
    
      Fig. 6. 
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        Core rotation rate as a function of surface gravity for 2.5 M⊙ models until the end of the core-helium-burning phase. The models are computed with Eq. (3) with α = 2 and D0 = 50 and 2000 cm2 s−1 for the red and green lines, respectively. The blue and black line models are computed with Eq. (6) (including the enhancement by the molecular viscosity) using α = 2, D1 = 50 and α = 1, D1 = 300, respectively. The grey triangles correspond to red giants in the lower red-giant branch (Gehan et al. 2018) and the black circles and orange squares to intermediate-mass core-helium-burning stars in the secondary clump (Deheuvels et al. 2015; Tayar et al. 2019).

      

    

  
    
      Fig. 7. 
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        Time-averaged diffusion coefficient as a function of the mixed mode density for different masses computed with Eq. (3) using α = 2 and D0 = 50 cm2 s−1. The points correspond to the additional viscosities estimated by Moyano et al. (2022) to reproduce the core-rotation rate of RGB stars at different mixed-mode densities. The red dashed line corresponds to a model where a constant value of D = 2 × 104 cm2 s−1 was used until log g ≃ 3.9.

      

    

  
    
      Fig. 8. 

      
        [image: thumbnail]
      

      
        Core rotation rate as a function of the surface gravity for a 1.3 M⊙ model with initial period of P = 10 days. Angular momentum transport is driven by meridional circulation, shear instabilities, and the parametric diffusion coefficient of the AMRI (Eq. (3)). Evolutionary phases are indicated in the figure. The data points correspond to the rotation periods of white dwarfs (Hermes et al. 2017).

      

    

  
    
      Fig. 9. 
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        Evolution of the core rotation rate during the core-helium-burning phase as a function of the asymptotic period spacing for different initial masses. The models correspond to those presented in Fig. 4. The solid lines show the region where the central helium decreases from Y = 0.9 to Y = 0.1. The evolution proceeds from left to right during most of the core-helium-burning phase (solid lines). The data points correspond to the red-clump stars presented by Mosser et al. (2012). The magenta line shows a model where we assumed strong penetrative convection.

      

    

  
    
      Fig. A.1. 
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        Local shear as a function of the mass coordinate for a 1.7 M⊙ during the main sequence when the central hydrogen mass fraction is X = 0.35 (solid lines), at the end of the main sequence (dashed lines), and at the RGB base (dot-dashed lines). The black lines correspond to the minimum shear required to trigger the standard MRI, while the blue line is the actual shear of the model. The regions where the line is missing correspond to either the convective core or the convective envelope.
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