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Abstract

Context. Estimating the metallicity of classical Cepheids is of prime importance for studying metallicity effects on stellar evolution and the chemical evolution of galaxies, as well as on the period–luminosity relation used on the extragalactic distance scale.

Aims. Our first aim is to establish new empirical relations for estimating the iron content of classical Cepheids for short and long periods based on Fourier parameters from the V- and I-band light curves. We go on to apply these relations to Cepheids from data on the Milky Way (MW) as well as the Small and Large Magellanic Clouds (SMC and LMC) from the literature.

Methods. We retrieved the metallicities of 586 fundamental-mode Cepheids from spectroscopic determinations in the literature and we found well-sampled light curves for 545 of them in different V-band catalogs. We then described the shape of these light curves by applying a Fourier decomposition and we fit the empirical relations between the Fourier parameters and the spectroscopic metallicities individually, for short-period (2.5 < P < 6.3 days) and long-period Cepheids (12 < P < 40 days). We verified the accuracy of these relations by applying them to V-band light curves of Cepheids from the Small and Large Magellanic Clouds and comparing these derived metallicities to literature values. We calibrated new interrelations of Fourier parameters to convert these empirical relations into the I band. We then used these I-band relations to derive the metallicity of fundamental-mode Cepheids from OGLE-IV for MW, SMC, and LMC (486, 695, and 1697 stars, respectively). Finally, we mapped the metallicity distribution in these galaxies for the purpose of investigating potential applications in galactic archeology.

Results. For short-period Cepheids, our best fit is given for a relation based on explicit amplitude terms A1 and A2 of the first and second harmonic, respectively. In the V and I bands, these empirical relations are found with an intrinsic scatter (rms) of 0.12 dex. This relation performs well for estimations of [Fe/H] between about −0.5 and 0.1 dex, but it remains uncertain outside this range because of the lack of a spectroscopic metallicity required for the calibration. For long-period Cepheids, we found a metallicity dependence on the Fourier parameters A1, ϕ21, and R41. We found an intrinsic scatter of 0.25 dex when using this relation. The empirical relations in the V and I bands allow us to derive the mean metallicity of a sample of MW, SMC, and LMC Cepheids that is in agreement with literature values within 1σ. We also show that these relations are precise enough to reconstruct the radial metallicity gradients within the MW from OGLE data.

Conclusions. The empirical relations in the V and I bands that are calibrated in this work for short- and long-period Cepheids provide a useful new tool for estimating the metallicity of Cepheids that are not accessible via spectroscopy. The calibration can be improved with further high-resolution spectroscopic observations of metal-poor Cepheids and homogeneous photometries in the V and I bands.
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1. Introduction
Cepheids are yellow supergiant variable stars that are essential for distance-scale determinations as a result of the correlation between their pulsation period and their luminosity (hereafter, the PL relation; Leavitt 1908; Leavitt & Pickering 1912). However, the PL relation is still affected by uncertainties on both the zero point and slope, which represents one of the main error contribution to the extragalactic distance scale (Riess et al. 2022).
Chemical composition plays an important role in terms of the evolution and the brightness of Cepheids. As a result, metallicity introduces a bias on the zero point when the PL relation is calibrated in different galaxies. The sign of the metallicity term in the period–luminosity–metallicity (PLZ) relation, which also depends on the given passband, is still under debate from theoretical and observational standpoints, as, for example, in Caputo et al. (2000), Bono et al. (2008), Fiorentino et al. (2013), Gieren et al. (2018), Ripepi et al. (2021), Breuval et al. (2021, 2022), Wielgórski et al. (2022), De Somma et al. (2022).
Determining the metallicity for a large number of Cepheids is also crucial for constraining pulsation and evolution models. Accurate predictions of Cepheid evolution as well as its pulsation properties are necessary to answer questions related to the mass discrepancy among Cepheids (see, e.g., Neilson et al. 2011). The derived stellar mass can be up to 20% lower in pulsation models as compared to stellar evolution models; this discrepancy is still unresolved after 50 years of research (see, e.g., Stobie 1969; Bono et al. 2006; Keller 2008).
Until now, high-resolution spectroscopic observations have led to determinations of the iron-to-hydrogen ratio [Fe/H] for several hundreds of Cepheids, which are mostly in the vicinity of the Sun (within about 5 kpc). Indeed, these observations are difficult to apply to faint stars that are distant or that are located in the line of sight of a significantly reddened environment such as the Galactic Center. However, this limitation can be overcome thanks to medium- and high-resolution near-infrared (NIR) spectroscopy (Inno et al. 2019; Kovtyukh et al. 2019, 2022a). An interesting alternative to spectroscopy is to carry out estimations of the metallicity of the Cepheids using the shape of the light curve, since it contains information on its physical properties such as the pulsation period, temperature, and chemical composition. Thus, it is possible to infer these parameters using photometry. In the case of RR Lyrae stars, Jurcsik & Kovacs (1996) demonstrated the possibility of estimating [Fe/H] from the shape of the V-band light curve described by Fourier parameters. Several authors have thus extended their work to various other photometric wavelengths, such as the Ic-band (Smolec 2005; Dékány et al. 2021) or the optical and infrared (Mullen et al. 2021). Other recent approaches have made use of learning machine algorithms to infer the physical parameters of Cepheids and RR Lyrae stars from the shape of the light curve (Miller et al. 2015; Hajdu et al. 2018; Bellinger et al. 2020). Among the available photometric methods used to estimate the metallicity, we also note the possibility of inverting the PLZ relation (when the metallicity term is characterized). In addition, Bono et al. (2010) suggested that differences in distance moduli inferred by different Period-Wesenheit relation can also be used to estimate individual metallicities.
In the case of Cepheids, several studies have shown the impact of the chemical abundance on the amplitudes (Klagyivik & Szabados 2007; Bono et al. 2000; Szabados & Klagyivik 2012; Majaess et al. 2013). An attempt was made by Zsoldos (1995) to calibrate a relation with Fourier parameters. The first reliable empirical relation for short-period Cepheids (P < 6.3 days) based on the Fourier parameters R21 and R31 was proposed by Klagyivik et al. (2013). However these relations are based on a small sample of stars and do not cover the more metal-poor regime typical of Magellanic Cloud Cepheids. These relations were used by Clementini et al. (2019) to estimate the metallicity of Cepheids of Gaia DR2. These authors found metallicity distributions for Cepheids residing in the Small and Large Magellanic Clouds (SMC and LMC) and the Milky Way (MW) that are shifted by about +0.2 dex compared to the literature values, which might hint at a calibration issue. On the other hand, there is still no empirical relation available for estimating the chemical abundance of intermediate (6 < P < 10 days) Cepheids. This is due to the resonance between the fundamental and the second-overtone mode, which strongly affects the shape of the light-curve (Simon & Schmidt 1976; Buchler et al. 1990). In the case of long-period (P > 10 days) Cepheids, Scowcroft et al. (2016) established a relation based on Spitzer infrared colors at 3.6 and 4.5 μm. A complementary relation based on Fourier decomposition of the light curve in common photometric bands would be, however, useful and convenient for directly measuring the metallicity of extragalactic Cepheids. Thus, there is a need for a new photometric metallicity formula that offers a proper calibration and that is applicable over a wide range of pulsation periods. The estimation of [Fe/H] for a large number of Galactic and extragalactic Cepheids will be valuable in the context of carrying out thorough comparisons with evolution and pulsation theoretical models. Combining these estimations with the accurate trigonometric parallaxes of these stars provided by Gaia can also help to recalibrate the metallicity dependence of the PL relationship and to refine the cosmic distance scale.
In this paper, we first present a set of new empirical relations for estimating the metallicity of Cepheids, based on the Fourier parameters of the V-band light curve. We improve (qualitatively and quantitatively) the calibration for the short-period Cepheids (2.5 < P < 6.3 days) and we provide for the first time an empirical relation for estimating [Fe/H] of the long-period Cepheids (12 < P < 40 days). Then, we convert these relations to the I-band and use them to estimate the metallicities of Cepheids in the MW, SMC, and LMC. In Sect. 2, we present the data set used for spectroscopic metallicities and for the V-band light curves. In Sect. 3, we apply a Fourier decomposition of the light curves and we then establish empirical relations for short- and long-period Cepheids in Sects. 4 and 5, respectively. In Sect. 6, we calibrate the interrelations of Fourier parameters and use it to convert V-band relations into the I band. Finally, we apply these results to estimate the metallicity of Cepheids in the MW, SMC, and LMC. We then discuss our conclusions in Sects. 7 and 8.
2. Metallicity and V-band light-curve data sets
In this section, we first gather the spectroscopic metallicities of Cepheids from the literature, then we cross-match these stars with existing photometric catalogs in the V band.
2.1. Metallicity
2.1.1. Milky Way Cepheids
The two largest data sets of metallicities for Galactic Cepheids are given by Luck (2018) and Groenewegen (2018), with 435 and 452 Cepheids, respectively (and with all pulsation modes included). While Luck (2018) homogeneously determined the metallicities, Groenewegen (2018) compiled different data from the literature (mostly from Genovali et al. 2014, 2015) and translated them into the same scale.
In this work, we first re-scaled the [Fe/H] abundance of Luck (2018) to solar abundance value of A(Fe)⊙ = 7.50, given by Asplund et al. (2009). The iron-to-hydrogen ratio is given as:
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where A(Fe) = log(NFe/NH) + 12 is the logarithmic iron abundance with respect to hydrogen. In the following, all the metallicity data sets discussed in this paper will be consistently re-scaled to this solar reference if needed. Then we cross-matched these two data sets to obtain a sample of 478 Milky Way Cepheids. There are 409 stars in common between these two catalogs and we derived a mean offset of −0.07 dex ± 0.06, which is used to correct the iron abundance of Groenewegen (2018). We rejected 17 stars out of our final sample because they are discrepant at more than 2σ between these two data sets and, thus, the measurements may not be reliable. When possible, metallicity values from Luck (2018) are preferred, since they have been determined from a single homogeneous approach. When abundances are not available (from this same source), we then drew abundance values from Groenewegen (2018). We also followed the preference order among the different references as defined by this author. This merge data set constitutes our main metallicity sample. Additional spectroscopic determination were found in Trentin et al. (2023; 44 fundamental-mode Cepheids), Kovtyukh et al. (2022b; 54 fundamental-mode Cepheids), and Ripepi et al. (2021; 19 fundamental-mode Cepheids). From Kovtyukh et al. (2022b), we found 13 stars in common with our main metallicity sample. We derived a mean offset of −0.06 ± 0.11 that is used to correct the iron abundance of Kovtyukh et al. (2022b). Finally, the fundamental-mode classification is verified directly from a Fourier decomposition of the V-band light curves presented in the next section. To this end, stars that are discrepant with respect to the Hertzsprung progression of fundamental-mode Cepheids are discarded since they can belong to other pulsation modes (Antonello & Poretti 1986; Antonello et al. 1990).
The final metallicity sample consists of 472 fundamental-mode MW Cepheids with spectroscopic metallicities. An overview of the calibration sample construction is given in Table 1. Although our sample might be inhomogeneous because of the different sources for the metallicity, we emphasize that about 90% of metallicities for the MW Cepheids of this sample are taken from a single source (specifically, from Luck 2018, Table A.1).
Table 1. 
Summary of the data sets used to compose the calibration sample for empirical metallicity relation from the V band (see Sects. 2 and 3).

2.1.2. LMC and SMC Cepheids
We retrieved the iron abundances of 89 stars in the recent work of Romaniello et al. (2022). However, we note that Romaniello et al. (2022) re-analyzed 21 LMC Cepheids from Romaniello et al. (2008) and found systematic errors in this latter study, yielding an additional offset of −0.11 dex to obtain the new values. Therefore, we assumed that the 14 SMC Cepheids from Romaniello et al. (2008) are affected by the same error, so we retrieved these stars and we corrected by applying this offset. We also found 4 additional Cepheids from the SMC and 5 stars from the LMC cluster NGC 1866 given by Lemasle et al. (2017). From NGC 1866, 2 more Cepheids were retrieved from Molinaro et al. (2012).
The final metallicity sample combining MW, LMC, and SMC Cepheids consists of 586 Cepheids which span a [Fe/H] range from about −1.0 to +0.4 dex. It is, however, difficult to attribute consistent uncertainties for each measurement. Indeed, a range of observations and methods have been used to measure the iron abundance and the uncertainties may not be homogeneous between studies. For example, da Silva et al. (2022) studied the impact of different systematics on metallicity measurements. In addition, we cannot derive any systematic difference of [Fe/H] between the two largest data sets, namely, the MW sample of Luck (2018) and the LMC sample of Romaniello et al. (2022), since they have no stars in common. Therefore, we associated a conservative uncertainty of ±0.15 dex with every abundance in our sample. This value represents an upper limit for most of the uncertainties and is also consistent with the mean uncertainty from the sample of Luck (2018).
2.2. V-band light curves
The first objective of this work is to increase the sample of Cepheids with both spectroscopic metallicity and well-sampled V-band light curves. Thus, we did not limit our sample to a single catalog, as done by Klagyivik et al. (2013) in using the catalog from Berdnikov (2008); however, we chose to cross-match the metallicity sample with different catalogs in the V-band. For MW Cepheids, we retrieved 169 stars from the All-Sky Automated Survey (ASAS) catalog (Pojmanski 2002) and 438 stars from the All-Sky Automated Survey for Supernovae (ASAS-SN) catalog (Jayasinghe et al. 2018). We also extracted 349 stars from Berdnikov (2008). Among the 472 fundamental-mode Cepheids with spectroscopic metallicities, we found 438 stars that also have a light curve in the V band.
For SMC and LMC stars, we first collected the light curves from Optical Gravitational Lensing Experiment (OGLE) publicly available1 data (Soszyński et al. 2008, 2010). The SMC and LMC light curves were retrieved from OGLE III and OGLE IV. For 35 stars, the pulsation cycle is poorly covered or light curves are not available. For 29 of them, we retrieved the light curves from ASAS-SN. For the remaining 6 stars, we could not find any V-band light curves in the literature. Our LMC and SMC sample thus consists of 107 fundamental Cepheids from LMC and SMC with both spectroscopic metallicities and V-band light curves and an excellent phase coverage. In the next section, we apply Fourier decomposition to every V-band light curves from the different catalog and we select the best fit for MW Cepheids among the different V-band catalogs.
3. Fourier decomposition of the V-band light-curve
Fourier decomposition is a very useful technique for studying the structure of light curves. In particular, the Fourier parameters efficiently describe the bump progression (Hertzsprung 1926). The favored hypothesis to explain the bump progression is a resonance between the fundamental and the second-overtone pulsation modes (Simon & Schmidt 1976) that are characterized by pulsation periods of P0 and P2, respectively. This resonance model is qualitatively reproduced by hydrodynamical models (Buchler et al. 1990) and quantitatively using the amplitude equation (Kovacs & Buchler 1989). Alternatively, the echo model proposes that a wave pressure travels inward from He ionization zone and echoes on the stellar core, then travels back to reach the surface, and produces the observed bump on the light curves (Whitney 1956; Christy 1968, 1975). For arguments against the echo hypothesis, we refer to Klapp et al. (1985).
For each light curve, we applied a Fourier series of the form:
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where m(t) is the magnitude observed at the time t and ω = 2π/P, Ak, and ϕk are the amplitude and the phase of the k harmonic. We used the dimensionless Fourier parameters introduced by Simon & Lee (1981):
[image: thumbnail](3)
[image: thumbnail](4)
where ϕi1 are then adjusted to lie between 0 and 2π. For each curve, the order of the fit, n, is iterated until An/σAn > 4. The uncertainty of the fit is given by:
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where N is the number of data points, n is the order of the fit, and χ2 is the sum of the squared residuals. This uncertainty is used to apply an iterative 3-σ clipping during the fitting process. For each light curve, the period is estimated using Lomb-Scargle method (Lomb 1976; Scargle 1982). The uncertainty on the Fourier parameters were derived following Petersen (1986). For every light curve of the different catalogs in the V-band, we selected the fit having the smallest uncertainty for Fourier parameter ϕ21. This criterion also ensures Fourier parameters are accurate enough for establishing empirical relations. A selection based on the fit uncertainty as defined by Eq. (5) is also possible, but this criterion is less accurate when selecting the best fits. We also inspected visually the light curves to ensure the overall quality of the fits in particular for the period ranges studied in this paper in Sects. 4 and 5. The final sample of Cepheids with well sampled V-band light curves and spectroscopic metallicities consists of 545 stars, presented in Table A.1. The metallicity distribution of this sample is presented in Fig. 1, the distribution of the fit uncertainty in our sample is shown in Fig. 2, and Fourier parameters are presented in Fig. 3.
	[image: thumbnail]	Fig. 1. Histogram of the iron abundance of the calibration sample (545 fundamental-mode Cepheids with V-band light-curve) gathered and re-scaled from the literature.



	[image: thumbnail]	Fig. 2. Histogram of the uncertainty from the Fourier fitting of the 545 Cepheids (see Eq. (5)).



	[image: thumbnail]	Fig. 3. Fourier parameters of the final sample of the 545 fundamental-mode Cepheids in the V band with spectroscopic metallicities. The different colors refer to metallicity above and below the median of the sample, as indicated in panel (a). The peculiar appearance of ϕ41 with a break around seven days was noted by Simon & Moffett (1985), Kovacs et al. (1990). The latter proposed an unknown atmospherical effect since these authors did not observe this break in the radial velocity curves. (a) ϕ21, (b) R21, (c) ϕ31, (d) R31, (e) ϕ41, (f) R41.



We note that a significant fraction of Cepheids are binary or multiple systems (Szabados 2003; Kervella et al. 2019). Following Klagyivik et al. (2013), we also included binary stars in our final sample since in most cases, the companions do not affect the amplitude ratios and phases. However, the presence of a companion typically leads to smaller peak-to-peak amplitudes and Fourier amplitudes on a magnitude scale. Although most of the companions are main-sequence stars with a negligible contribution to the total luminosity (Karczmarek et al. 2022), some Cepheids can have red giant companion that can affect significantly the luminosity and, thus, the amplitudes (Pilecki et al. 2021; Karczmarek et al. 2022). Similarly, several studies have shown the occurrence of circumstellar envelopes (CSE) around Cepheids (Kervella et al. 2006; Mérand et al. 2006; Gallenne et al. 2013, 2021; Nardetto et al. 2016). Thus, these envelopes could decrease the amplitude in case of constant emission in the infrared (Hocdé et al. 2020a,b, 2021; Kovtyukh et al. 2022c). In the following, we also work with Fourier amplitudes, therefore, we must keep in mind that binarity and CSE can be a source of scattering in our results.
4. Empirical metallicity relation for short-period Cepheids (2.5 < P < 6.3 days)
4.1. Choice of period range and Fourier parameters
In this section, we extend (quantitatively and qualitatively) the metallicity relation for short-periods Cepheids in the V-band, following the work of Klagyivik et al. (2013). In their study, the authors calibrated linear metallicity relations depending on the amplitude ratios R21 and R31 between 2.5 and 6.3 days. The lower boundary of these relations, defined as log P = 0.4 (≈2.5 days), corresponds to a local maxima on the amplitude ratio R21. This can be observed for SMC and LMC Cepheids in the I band in Soszyński et al. (2008, 2010). On the other hand, above P = 6.3 days, the amplitude ratios are increasingly affected by the pulsation period when they approach the P2/P0 = 0.5 resonance at 10 days. Thus Klagyivik et al. (2013) focused on Cepheids with pulsation period between 2.5 and 6.3 days where the effect of the period is mitigated in particular for R21. This influence of the period can be better observed by displaying Cepheids of the SMC, LMC and our star sample on Figs. 4a and b. The Fourier parameters for the SMC and LMC were derived by applying our Fourier decomposition in Sect. 3 to the V-band light curves of classical Cepheids from SMC and LMC from OGLE-IV (Udalski et al. 2015, 2018; Soszyński et al. 2017). From these figures, we observe that R21 and R31 have a smooth linear dependence with the pulsation period.
	[image: thumbnail]	Fig. 4. Amplitude ratios R21 and R31 against the pulsation periods for the OGLE SMC and LMC as (a) and (b), and with our star sample shown for consistency. The dashed vertical line shows the cut at a period of P = 2.5 days.



In the following, we choose to fit linear relations based on an unique period interval between 2.5 and 6.3 days. We re-analyze relations based on R21 and R31 but we also explore others possible linear combinations between the different Fourier coefficients and the pulsation period.
4.2. Fit of the empirical relation with an orthogonal distance regression
In this part, we fit the linear relations based on R21 and R31 and we also test all possible combinations of Fourier parameters on a two-by-two basis. We considered the following set of Fourier parameters: R21, R31, R41, ϕ21, ϕ31, ϕ41. In addition we also take into account the amplitudes A1 and A2 and the pulsation period, P. We selected the stars where σϕ21 < 0.05 to ensure the overall accuracy of the Fourier parameters. We employed an orthogonal distance regression (ODR) to take into account both the errors on the Fourier parameters and those on the metallicity. We adopted the ODR routine of the SciPy package2. To summarize, we fit linear relations of the following form:
[image: thumbnail](6)
for R21 and R31, and then the following:
[image: thumbnail](7)
for all possible combinations. In order to compare the performance of the different fits to predict accurately and precisely the metallicity, we used a Monte Carlo cross-validation analysis (Xu & Liang 2001). This technique consists of randomly selecting 80% of the data set to fit a relation, then testing its ability to estimate the metallicity on the remaining 20% of the sample. This is done by deriving the average difference with the expected [Fe/H] values to evaluate the bias and the precision is estimated by deriving the rms. This procedure is repeated 1000 times and the final fitted coefficients, rms, and bias are given by the average of all the results (see Table 2).
Table 2. 
Results of the ODR fitting and Monte Carlo analysis. Only the best results with a final rms below 0.145 dex are presented.

From these results, the best fit is achieved by the combination of parameters A1 − A2: (see Fig. 5a):
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	[image: thumbnail]	Fig. 5. Comparison of [Fe/H] from the literature and from the fitted empirical relations based on (a) A1A2 and (b) R21 for short-period Cepheids. The number of points used in the fit is indicated (Ndat) as well as the rms of the fit. Dashed lines represent the rms deviation to guide the eye. (a) [Fe/H] = 6.27 A1 − 11.73 A2 − 0.59. (b) [Fe/H] = −2.42 R21 + 0.84.



with rms = 0.12 dex. In Fig. 5, we compare this result with a linear relation based on R21 only, as in Klagyivik et al. (2013). The relation based on A1A2 presents a lower rms than the one based on R21 and is in better agreement for lower and higher metallicity range. Thus, the A1A2 relation performs better to recognize the light curves features sensitive to metallicity. In order to further assess the capability of the A1A2 relation to estimate the metallicity, we test it in the next section on the SMC and LMC sample and compare the results to the literature.
4.3. Testing the empirical relations to the SMC and LMC sample
We retrieved V-band light curves of classical Cepheids from SMC and LMC from OGLE-IV (Udalski et al. 2015, 2018; Soszyński et al. 2017). We first removed the stars that overlap with our calibration sample. We then consistently applied the same Fourier decomposition algorithm as established in Sect. 3. We also considered only the stars having more than 30 photometric measurements and with an uncertainty of σϕ21 < 0.05. We used the Fourier parameters obtained for the Cepheids with a pulsation period between 2.5 and 6.3 days to estimate the metallicity of these stars using the empirical relation previously determined.
The final sample consists of 52 stars from the SMC and 1206 stars from the LMC in the period range of 2.5 − 6.3 days. As noted by Soszyński et al. (2008, 2010), there are fewer Cepheids in this period range in the SMC since the distribution of the pulsation periods is dependent on metallicity (Becker et al. 1977; Bono et al. 2000). Indeed, metal-poor Cepheids in the SMC have a lower mass cut-off to cross the instability strip than the more metal-rich Cepheids from the LMC. As a result, the majority of short-period Cepheids in the SMC have pulsation period below 2.5 days. The estimated [Fe/H] for SMC and LMC Cepheids of our sample are presented in Fig. 6a.
	[image: thumbnail]	Fig. 6. Normalized histograms (unit area) of the metallicity estimation of the SMC (blue, 52 stars) and LMC (black, 1206 stars) short-period Cepheids from the relations established in Sect. 4.2. The mean metallicity of these distributions and the standard deviation around the mean are indicated in the legend. (a) Without cuts. (b) Cut applied: A1 > 0.20 mag.



From this histogram, we can see that the relation is able to distinguish the populations of the SMC and the LMC. The mean metallicity of the LMC objects is −0.19 ± 0.11 dex, which is within the uncertainties and in agreement with values found in the literature based on supergiant measurements, such as −0.30 ± 0.20 dex (Russell & Bessell 1989); −0.27 ± 0.15 dex (Hill et al. 1995); −0.40 ± 0.15 dex (Andrievsky et al. 2001); −0.34 ± 0.11 dex (Urbaneja et al. 2017), and −0.409 ± 0.076 (stat.) ± 0.10 (syst.) dex (Romaniello et al. 2022). Moreover, based on 1206 Cepheids from the LMC, we found a narrow metallicity distribution of the LMC of σ = 0.11 dex (see Fig. 7a). This is in agreement with the findings of Romaniello et al. (2022) who found a dispersion of σ = 0.076 dex from a sample of 89 Cepheids, and the dispersion of 0.069 mag observed in the near-infrared Hubble Space Telescope LMC period–luminosity relation (Riess et al. 2019).
	[image: thumbnail]	Fig. 7. Comparison of mean [Fe/H] derived from the literature (grey bars) and from [Fe/H] estimations presented in this paper (black bars). For each reference, the number of stars used to derive the mean is indicated. LMC metallicity from Romaniello et al. (2022) is presented taking account systematics. For details, see Sect. 4.3 for short-period Cepheids in the V band, Sect. 5.2 for long-period Cepheids in the V band, and Sect. 6.2 for the I-band relation. (a) LMC. (b) SMC.



However, this relation seems to overestimate the metallicity for the SMC with a mean [Fe/H] of −0.30 ± 0.14 dex. In the case of the SMC, the overestimation is significantly higher than for spectroscopic measurements of 14 long-period SMC Cepheids, giving [Fe/H] = −0.75 ± 0.08 dex (Romaniello et al. 2008), while it is in marginal agreement within about 1σ with other mean metallicity estimations based on giant and supergiant stars (see Fig. 7b): −0.65 ± 0.20 dex (Russell & Bessell 1989); −0.62 ± 0.14 dex, (Trundle et al. 2007); and B stars with −0.70 ± 0.20 dex (Korn et al. 2000). We note however that these studies are based on few stars only, whereas we derived the metallicity from a larger sample of 52 Cepheids.
This overestimation of [Fe/H] could be attributed to the poor coverage of the low metallicity regime in our calibration sample (only four stars lower than −0.6 dex). Moreover, a linear relation might not be valid at low metallicity, as has been noted by Klagyivik et al. (2013). It is also possible that the SMC testing sample is (statistically) not large enough to properly determine the mean and the dispersion of the metallicity distribution. A more significant result for the mean metallicity of the SMC Cepheids can be obtained from I-band OGLE-IV light curves (explained in Sect. 6), which are available for a much larger sample of stars.
Finally, part of the spread observed in these distributions may be caused by the influence of other physical effects than metallicity such as the location in the instability strip. Indeed the amplitude of Cepheids, as well as their amplitude ratios, depend on the location in the instability strip (Sandage & Tammann 1971; Sandage et al. 2004). The amplitudes are higher close to the blue edge and decrease toward the red edge as the damping from convection increases.
In order to illustrate this effect, we display the LMC Cepheids with pulsation period between 2.5 and 6.3 days in the instability strip in Fig. 8. We used the Wesenheit index, WI, VI, as a function of the color mV − mI corrected by extinction (Skowron et al. 2021). From this figure we clearly see that lower amplitude stars, with A1 < 0.25 mag, are concentrated at the red edge of the strip. Hence, the stars which are closer to the blue or the red edge have different amplitudes, thus potentially affecting the empirical metallicity estimation based on A1A2. The relation between A1 and A2 can be seen in Fig. 9. From this figure, we can observe that the relation between A1 and A2 is not linear anymore below about A1 = 0.20−0.25 mag. On the contrary, above A1 = 0.20−0.25 mag, the amplitude ratio, R21, is saturated to about 0.45 and most of the dispersion is attributed to a metallicity effect.
	[image: thumbnail]	Fig. 8. Luminosity-color diagram of LMC Cepheids between 2.5 and 6.3 days, using V- and I-band magnitudes.



	[image: thumbnail]	Fig. 9. Relations between the first and second harmonic A1 and A2 used in the empirical relation for short-period Cepheids between 2.5 and 6.3 days shown in (a) and (b). The vertical strip represents the values of A1 where a cut can be applied (for A1 between 0.20 and 0.25 mag) to remove the stars of low amplitudes to mitigate the effect of location inside the instability strip.



Thus, we propose to cut all stars with A1 < 0.20 mag from the sample in order to mitigate the effect due to the location inside the instability strip. This limit is defined only approximately in order to show the influence on the derived metallicity. A more restrictive cut at A1 = 0.25 mag can be applied if the objective favors the precision of individual measurement over the statistical size of the sample. By removing stars for which A1 < 0.20 mag, we can obtain a slightly better distinction between the SMC and LMC, as we see in Fig. 6b. However, the mean metallicity and the deviation from the mean are not significantly affected because the majority of the stars are above this threshold. Although the mean of the distribution remains unchanged, applying this cut to the empirical relation based on A1 and A2 prevents contaminations from stars with intrinsically low pulsation amplitudes and stars that would be significantly blended by a companion in the visible. Therefore, we recommend that this cut be applied when using the empirical relations based on A1, A2. We also note that some stars of our calibrating sample are slightly below this threshold. However, removing them does not change the result of the fit and we decided to keep them in the calibration set. We discuss the use of these cuts in Sect. 7. Finally, we applied the relation obtained by Klagyivik et al. (2013) in the V-band for the same period range (see Fig. 10). As discussed in the previous section, relation based on R21 and R31 result in an overfitting of the metallicity around 0 dex; thus, we are not able to generalize for low and metal-rich stars. For that reason, the distributions observed in Fig. 10 are shifted by about +0.2 dex compared to our results, in agreement with verifications carried out by Clementini et al. (2019).
	[image: thumbnail]	Fig. 10. V-band metallicity estimation using (Klagyivik et al. 2013).



5. Empirical metallicity relation for long-period Cepheids (12 < P < 40 days)
5.1. Fit of the empirical relation with ODR technique
Finding a correlation between the Fourier parameters and the metallicity for long-period Cepheids is a challenge mainly because there are fewer spectroscopic observations of metal-poor long-period Cepheids. Moreover these stars are colder, on average, and thus the convection affects the photosphere and the resulting light curves. However, the recent spectroscopic metallicities obtained by Romaniello et al. (2022) for 89 metal-poor Cepheids from the LMC allow us to compare with metal-rich Cepheids from the Milky Way for the first time. In the case of long-period Cepheids between 10 and 40 days, a visual inspection of Fig. 3a shows that there is a concentration of metal-poor Cepheids at the top of the ϕ21 branch, while metal-rich Cepheids seem to have lower values. Some evidence in the literature supports this observation. Observationally, this effect was noticed by Pont et al. (2001), who studied metal-poor Cepheids in the outer part of the MW. Theoretically, this phenomenon was reproduced by Buchler (1997, 1998), who used radiative pulsation models. However, it could not be compared to observations at that time. The amplitudes of long-period Cepheids may also be affected by the metallicity. The models computed by Bono et al. (2000) indicate that metal-rich Cepheids with a pulsation period of 10−30 days pulsate with higher peak-to-peak amplitudes than metal-poor ones. This estimation was observationally supported by Majaess et al. (2013), who found that metal-rich, long-period Cepheids display larger V-band amplitudes than their counterparts in very metal-poor galaxies.
In order to quantitatively assess whether or not the shape of the V-band light curves depends on the metallicity, we followed the method of the previous section by fitting several possible combinations of Fourier parameters. We considered the following set of Fourier parameters: A1, R21, R31, R41, ϕ21, ϕ31, and ϕ41, as well as the pulsation period P, and [Fe/H]. We selected the Cepheids with pulsation periods from 12 days and no longer than 40 days. Indeed, our data set contains too few stars above P = 40 days, and longer periods could behave differently, as we can guess from Fig. 3, or be affected by possible resonance effects (Antonello 1998). We also selected Cepheids with ϕ21 between 2.5 and 3.3 to remove the stars which could be affected by the resonance around 10 days and with σϕ21 < 0.05. Our final data set consists of 120 long-period Cepheids.
As in the case of short-period Cepheids, we employed ODR technique to take into account errors on both Fourier parameters and metallicity. We tested all combinations of parameters, two by two, and we also tested all possible combinations, three by three. We estimated the rms and the bias of this relation following the method used in the previous section. We randomly selected 80% of the sample to fit a relation and tested it on the 20% remaining objects; then we repeated the procedure 1000 times. We found a significantly better result in the case of the triplet A1 − R41 − ϕ21. The histograms of their distribution are presented in Fig. 11. From these figures, we can see that R41 and ϕ21 decrease with larger metallicity, while the amplitude of the harmonic A1 seems to increase with metallicity. The [Fe/H] from the literature and [Fe/H] obtained from the fit is presented in Fig. 12. We obtained the following equation:
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	[image: thumbnail]	Fig. 11. Histogram of A1, ϕ21 and R41 for Cepheids with pulsation period between 12 and 40 days for metal-rich ([Fe/H] > −0.19) and metal-poor ([Fe/H] < −0.19) stars. [Fe/H] = −0.19 dex represents the median of the metallicity sample of long-period Cepheids. (a) A1. (b) ϕ21. (c) R41.



	[image: thumbnail]	Fig. 12. Comparison of the fitted [Fe/H] with [Fe/H] from literature for long-period Cepheids between 12 and 40 days.



We find rms = 0.25 dex for estimating individual metallicity and the relation is accurate with a bias of 0.001 dex.
5.2. Testing the empirical relations within the SMC and LMC samples
We followed the method employed in Sect. 4.3 to check the validity of this empirical relation on a sample of SMC and LMC stars. The Cepheids of the LMC were retrieved from OGLE-IV. However, the long-period Cepheids of the SMC are poorly sampled in OGLE-IV overall. Thus, we compiled the light curves from OGLE III for Cepheids in the SMC instead. We applied a Fourier decomposition (see Sect. 3) and we removed the stars with σϕ21 > 0.05 as well as those that were already used for the calibration. We selected Cepheids with ϕ21 between 2.5 and 3.3, consistently with the calibration sample. The final sample consists of 44 stars from the SMC and 32 stars from the LMC. The result is presented in Fig. 13. As it can be seen from this figure, the empirical relations for long-period Cepheids are able to aptly distinguish between SMC and LMC populations of Cepheids. The mean of the distributions is −0.19 ± 0.16 and −0.47 ± 0.21 dex for the LMC and SMC, respectively. While the tested sample is relatively small, the mean distributions are in agreement within 1σ with the mean values from the literature (presented in Sect. 4.3 and Fig. 7). In conclusion, the empirical relation based on Fourier parameters A1 − R41 − ϕ21 is found to perform well in deriving accurate results for the mean metallicity for a sample of long-period Cepheids between 12 and 40 days. The estimation of individual metallicity, however, has to be associated with an uncertainty of ±0.25 dex.
	[image: thumbnail]	Fig. 13. Normalized histogram (unit area) for estimated metallicity of SMC and LMC long-period Cepheids (44 and 32 stars, respectively) based on an empirical relation in the V band.



In the next section, we establish empirical relations in the I-band and we further test them thanks to a larger sample of stars with well-sampled light curves in the I band (from OGLE-IV).
6. Empirical relations in the I-band using Fourier interrelations
6.1. Conversion using interrelations
The near-infrared I-band is particularly interesting for observing obscured galactic or extragalactic Cepheids since it is less affected by extinction than in the visible. Therefore empirical calibrations in the I-band could be useful for studying the effect on the metallicity on the PL relation and also for galactic archeology. However, it is more difficult to calibrate this relation in the I band because there are fewer I-band light curves available with a good sampling in the MW for short- and long-period Cepheids. Although the empirical relations are yet to be calibrated for the I band, we can use interrelations between Fourier parameters in the V and I bands to transform V-band relations into the I-band. Interrelations consist of linear relations that exist between the same Fourier parameters in different bands and they can be used to convert the V-band Fourier parameters into the I-band and vice versa (Hendry et al. 1999; Kanbur et al. 2000; Ngeow et al. 2003). Moreover, Ngeow et al. (2003) emphasized that the change in metallicity does not affect significantly the interrelations between the Fourier coefficient in different bands. Hence, applying these interrelations is shown to be convenient in the case of Cepheids, however, it is less so in the case of RR Lyrae stars, where the interrelations are affected by metallicity (Skowron et al. 2016). Thus, our empirical relations (Eqs. (8) and (9)) can be converted to the I band. We chose to re-calibrate interrelations in the V and I bands using the sample of SMC and LMC OGLE data. In particular, we focus on the relevant Fourier parameters needed for the conversion, within the specific period ranges adopted by the empirical relations. For the short-period Cepheids between 2.5 and 6.3 days, we crossed-matched the stars in common between OGLE LMC for the V and I bands (1342 stars) and we fit the linear (ODR) relations between A1(V) and A1(I) as well as A2(V) and A2(I) amplitudes (see Fig. B.1). We obtain the following interrelations:
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For the long-period Cepheids between 12 and 40 days, we used both SMC and LMC OGLE data to maximize the number of stars for the calibration (giving 120 stars in total; see Fig. B.1) to obtain the following interrelations:
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Then, there are two equivalent strategies for converting the V-band metallicity relations into the I-band using interrelations. One possibility is to convert the Fourier parameters of our calibrating sample and then to re-process the fit as done in the V-band in the last sections. The other idea is to directly convert the empirical V-band relations. We applied the latter possibility in the following, by substituting the precedent relation into V-band empirical relations. For the short-period Cepheids we obtain:
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This relation is valid for P between 2.5 and 6.3 days. The cuts that can be applied for A1(I) are between 0.12 and 0.16 mag (corresponding to A1(V) between 0.20 and 0.25 mag) to mitigate the effect of location of the star inside the instability strip. For the long-period Cepheids, we obtain:
[image: thumbnail](16)
with ϕ21(I) between 2.9 and 3.85 (corresponding to ϕ21(V) between 2.5 and 3.3).
As a first check, it is important to assess whether these relations in the I band are consistent within the uncertainties with empirical relation in the V-band. In order to compare these relations, we consistently applied the empirical relations for the stars in common. The result is shown in Fig. 14a. Applying a linear fit to the data, we found that the [Fe/H] estimations in the V and I band are colinear with no offset: [Fe/H]V = 1.01(±0.01)[Fe/H]I + 0.005(±0.002). The resulting [Fe/H] estimation in the I band is also consistent with the V band within 0 ± 0.04 dex, namely, this is below the rms of 0.12 dex for V-band empirical relation.
	[image: thumbnail]	Fig. 14. Comparison of metallicities derived with both the V-band and I-band empirical relations. Black line indicates a one-to-one correspondence and thick red line is the fit between the two bands. Blue dashed lines represent the rms of the empirical relation in the V band. (a) Short-period Cepheids. (b) Long-period Cepheids.



We repeated the procedure for the long-period Cepheids in our sample (see Fig. 14b). After applying a linear fit, we obtained [Fe/H]V = 1.02(±0.03)[Fe/H]I + 0.001(±0.014), which is also consistent with colinearity and no offset. The resulting estimation in the I band is in agreement in the V band within 0 ± 0.10 dex, namely, below the V-band rms of 0.25 dex.
6.2. Testing the empirical relations to MW, SMC, and LMC OGLE-IV sample
In order to further test the performance of the I-band relation, we first verified the metallicity distribution obtained for the MW, SMC, and LMC. Similarly to previous sections, we applied these empirical relations to OGLE-IV light curves in the I band to derive the metallicity of SMC, LMC, and MW Cepheids. For the MW Cepheids, we gathered the light curves from the Galactic Disk and the Bulge.
In case of short-period Cepheids, we cut all stars with A1 < 0.12 mag (corresponding to A1 < 0.20 mag in V-band) from the sample. This was done to mitigate the effect of the location within the instability strip. The testing sample is thus composed of 394 stars from the MW, 635 stars in the SMC and 1649 stars in the LMC. The results are presented in Fig. 15a. We can see that the I-band relation is able to distinguish the three populations of stars. For each distribution, we derived a mean metallicity for the SMC: −0.38 ± 0.17 dex, LMC: −0.20 ± 0.11 dex, and MW: −0.13 ± 0.18 dex – these results are in agreement with the mean values from the literature. As a comparison, we also applied the empirical relation from Klagyivik et al. (2013) based on R21 in the I band in the same period range (see Fig. 15b). As noticed by Clementini et al. (2019), this relation overestimates the metallicities by about +0.2 dex. This problem is mitigated when using the relation calibrated in this paper.
	[image: thumbnail]	Fig. 15. Normalized histograms (unit area) of the metallicity estimation of the SMC (blue) and LMC (black) fundamental Cepheids and the MW (red) fundamental Cepheids (GD+BULGE) from the shape of the I-band light curves. For short periods, SMC, LMC, and MW(GD+BULGE): 635, 1649, and 394 stars, respectively. For long periods, SMC, LMC and MW(GD+BULGE): 60, 48 and 92 stars, respectively. (a) I-band metallicity estimation for short-period Cepheids. (b) I-band metallicity estimation (Klagyivik et al. 2013). (c) I-band metallicity estimation for long-period Cepheids.



For long-period Cepheids, the testing sample is composed of 92 stars from the MW, 60 stars in the SMC, and 48 stars in the LMC. The empirical relation performs well to obtain the distribution of the expected metallicity for these galaxies (see Fig. 15c), although the sample of star is much smaller than the short-periods. For each distribution, we derived a mean metallicity for the SMC: −0.40 ± 0.27 dex and LMC: −0.22 ± 0.19 dex; these results are in agreement within 1σ with both the mean values from the literature and our previous results for short-period Cepheids. For the MW sample, we derived a mean [Fe/H] of +0.22 ± 0.30 dex, which offers a large spread, in agreement to what is observed for short-period Cepheids. We show in the next section that this effect is due to the metallicity gradient in the Galaxy.
6.3. Mapping the metallicity distribution in the MW, SMC, and the LMC
In this part we use our metallicity estimations for the fundamental-mode Cepheids in the MW, SMC, and LMC and we retrieved their coordinates from 3D maps available in the literature. Then, we tested whether our relations are precise enough to obtain information on the metallicity gradient in these galaxies for potential applications in galactic archeology.
For stars with a metallicity estimation of the MW Cepheids, we cross-matched the OGLE-IV sample in the I-band with the stars from the Galactic 3D map from Skowron et al. (2019). For the literature sample, we cross-matched the 472 fundamental Cepheids of our metallicity sample (see Table 1) with the map from Skowron et al. (2019) and Kovtyukh et al. (2022b). As a result, we obtained 868 stars in the MW, with 460 having metallicity from the literature and 408 others estimated by our relations. The galactic coordinates and the distance measurements of these stars (when available) allow us to plot the metallicity distribution in the MW (see Fig. 16a). By adopting a Sun galactocentric distance of 8.1 ± 0.1 kpc (Bobylev & Bajkova 2021), we can also display the metallicity as a function of the galactocentric radius RG (see Fig. 16b). From these distributions we observe that spectroscopic observations are mostly given in the vicinity of the Sun while the OGLE sample covers farther distances. This is possible thanks to the sensitivity of the spectroscopy, which limits the observation to the closest (bright) stars, while saturating the OGLE detectors. We also note that for galactocentric distances below about 7 kpc, it is nearly entirely long-periods Cepheids that are observed. The higher level of interstellar extinction at these distances toward the galactic center likely limits the observation of faint short-period Cepheids. We fit a straight line for three different samples, taking into account the uncertainty on the galactocentric distance and the metallicity. For the sample of the spectroscopic metallicity that we gathered from the literature (460 stars), we obtain:
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	[image: thumbnail]	Fig. 16. Metallicity distribution of the Milky Way (868 stars), LMC (1561 stars), and SMC (674 stars) from empirical metallicity relations in the I band: (a) small points represent stars with metallicity from the literature while bigger points are new metallicity estimation. Dashed circle encloses the solar neighbour region which concentrates most of the spectroscopic measurements; (b), (d), and (f): Estimated Cepheid metallicities versus the galactocentric distance for MW, LMC, and SMC. Red dashed lines are the 1σ deviation in each bin of 1 kpc around the median value of each bin. MW and LMC maps are plotted in a larger size in Figs. C.1 and C.2. (a) MW on-view. (c) LMC. (e) SMC.



For the metallicity estimations from I-band light curves only (408 stars):
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and the sample with both literature and estimations (868 stars):
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The relation obtained only from the literature sample is in agreement with previous results for the near- and far-side of the disk (Genovali et al. 2014; Luck 2018; Minniti et al. 2020), which provide a gradient between −0.05 and −0.06 dex kpc−1. The empirical relation in the I band performs well to reconstruct a metallicity gradient in the galaxy that is on the same order of magnitude as reported in the literature, with −0.056 dex kpc−1. It is difficult to adequately compare the slope obtained from the empirical relations with the results from the literature. Indeed, the OGLE-IV MW sample encompasses regions that are different from the spectroscopic observations, in terms of both the radial and azimuthal angle (see small vs. big points in Fig. 16a; also, a larger figure is presented in the annex for visualization Fig. C.1). Our result suggests that empirical relations in the V and I bands are useful tools for obtaining information on the metallicity distribution in the Galaxy, particularly in regions that are not accessible by spectroscopy up to 20 kpc from the Sun.
We also mapped the SMC and the LMC with our metallicity estimation by using the distances and coordinates of Cepheids for the SMC and the LMC (Jacyszyn-Dobrzeniecka et al. 2016) (see Figs. 16c and e). After cross-matching, we obtained 1561 LMC Cepheids and 674 SMC Cepheids with estimated metallicities. Interestingly, we observe higher metallicities in the LMC bar in the LMC map. We display the metallicity as a function of the galactocentric radius in Figs. 16d and f. Since the distribution of the relatively young population of Cepheids is highly non-uniform, in contrast to older RR Lyrae, for example, displaying the metallicity as a function of the galactocentric radius has the sole purpose of showing non-correlations. In order to observe the metallicity gradient for the SMC and the LMC, we followed the method described in Skowron et al. (2016) for the case of RR Lyrae stars. For each bin of 1 kpc, we derived the median of the metallicity and we derived the standard deviation (see red crosses and dashed lines in Figs. 16d and f). We find similar results to those obtained from Skowron et al. (2016), with an apparent decrease of the median metallicity within 4 kpc from the center in the case of the LMC, while no slope is visible in the SMC. Because of the large scatter of the metallicity gradient observed in these galaxies, as observed in a similar was for RR Lyrae metallicities (Skowron et al. 2016), our findings on the slope are only qualitative in scope.
In conclusion, our metallicity estimates are able to not only reproduce the peak of metallicity distributions of galaxies (as shown in the previous sections), but they can also reproduce the trends of the metallicity gradient in MW. Therefore, the empirical relations calibrated in this paper can be applied to further studies in galactic archeology.
6.4. Quantitative test: Investigation of systematics using Cepheid-cluster pairs
A relevant quantitative test can be performed by comparing Cepheid metallicity with open-cluster metallicity in order to investigate possible systematics. A recent paper investigated the open-cluster (OC) housing MW classical Cepheids (Hao et al. 2022) from the Gaia DR3 release. They identified 39 probable open cluster-and-Cepheid pairs. Most of these Cepheid-OC pairs are in the Sun’s vicinity and thus are already part of our calibrating sample. For that reason, this MW sample cannot be independently used to check systematics in our relations.
Alternatively, we can use OC-Cepheid pairs in the LMC or SMC to perform those tests at a lower metallicity. This is also interesting since we expect systematics at the more metal-poor regime of our empirical relations. The two massive LMC clusters NGC 1866 and NGC 2031 have the largest known Cepheid population (Welch & Stetson 1993; Testa et al. 2007; Musella et al. 2016). In NGC 1866 we found light-curves for five Cepheids from OGLE. Among these stars three are already part of our calibration sample (Lemasle et al. 2017) and one has a low amplitude (LMC-CEP-3731, A1(I) < 0.12 mag). Thus, we only have an estimation for LMC-CEP-3721, with [Fe/H] = −0.14 ± 0.12 dex. Although one photometric estimation is not enough to make a comparison, this measurement seems to be biased by at least +0.2 dex compared to various NGC 1866 spectroscopic measurements (see Lemasle et al. 2017). We note, however, that the light curves for other Cepheids in NGC 1866 might be obtained by combining photometry from different instruments (see Musella et al. 2016).
In NGC 2031, we found five others Cepheids that have their light curves available from OGLE and we determined the following metallicities using our empirical relations: OGLE LMC-CEP-2377 (−0.08 dex); LMC-CEP-2371 (0.03 dex); LMC-CEP-2391 (−0.17 dex); LMC-CEP-2385 (−0.18 dex); and LMC-CEP-2375 (−0.27 dex), which yields the average [Fe/H] of −0.13 ± 0.10 dex. To our knowledge, the only available spectroscopic metallicity value for NGC 2031 is −0.52 ± 0.21 dex (Dirsch et al. 2000). On the other hand, Chilingarian & Asa’d (2018) obtained [Fe/H] = −0.14 ± 0.02 dex from a fitting of integrated optical spectra. They also found that the metallicity of NGC 2031 is in excellent agreement with age-metallicity relation and models of the LMC’s chemical enrichment history. Our empirical value is discrepant with respect to the spectroscopic measurement, but it is in agreement with the latter. Hence, it is unclear whether or not our estimations are affected by systematics with regard to this cluster.
In the case of the SMC, the cluster NGC 330 is the brightest young cluster that also is host to several Cepheids (Sebo & Wood 1994). Among the classical Cepheids in NGC 330, our empirical relation is valid (period and amplitude ranges, light-curve quality, etc.) only for OGLE-SMC-CEP-2634 and we derived [Fe/H] = −0.61 ± 0.12 dex. Several metallicity estimates obtained from different methods are available for NGC 330, which also complicates the comparison. Using high-resolution spectroscopy Hill (1999) found that NGC 330 is metal-deficient compared to the field stars (−0.82 ± 0.11 dex vs −0.69 ± 0.10 dex). More recently, Narloch et al. (2021) found −0.98 ± 0.08 (stat.) ± 0.10 (syst.) dex from stromgren photometry. Based on these values, our empirical estimation might by biased by about +0.2 dex or more at low metallicity. However we cannot firmly conclude since we have based our comparison on only one empirical estimation.
In conclusion, it is difficult at this stage to check the potential systematics in empirical relations by comparison with cluster metallicity. Clusters generally host one Cepheid (see Dinnbier et al. 2022 and references therein), thus, identifications of a significant number of OC-Cepheid pair in MW and beyond, together with reliable metallicities measurements, are necessary for further investigations of these systematics.
7. Discussion
In this paper, we provide new empirical relations for estimating the metallicity for short and long-period Cepheids in the V-band, and we used interrelation from the literature between V and I bands to convert these relations into the I-band. For individual metallicity determination, uncertainties of σ = 0.12 dex and σ = 0.25 dex have to be attributed for short- and long-period Cepheids respectively. As noted by Cacciari et al. (2005) in the case of RR Lyrae stars, photometric formulae are good tools to study mean metallicities in a population, but are less precise when determining the metallicity of individual stars. Hence our empirical relations can be more adapted to characterise large population of Cepheids. Finally, we also tested the relations in the I-band to map the metallicity distribution of MW, SMC and LMC and we were able to recover the metallicity gradient consistent with the literature. However, our calibration sample lacks spectroscopic measurements of metal-poor Cepheids below about −0.5 dex especially for the short-periods. Thus our relation has to be used with caution when measuring metallicity of metal-poor galaxies or at the outer most region of the Milky Way. On the other hand, the calibration of such empirical relations can be still improved in the future. A way to improve the calibration would be to obtain an homogeneous data set for spectroscopic metallicity, determined with a single method which mitigates the systematics measurements (da Silva et al. 2022). Homogeneous sample of light curves in both V and I-bands will be also helpful. In this paper we also assumed simple linear relation between the Fourier coefficients. Klagyivik et al. (2013) suggested this relation might not be linear at low metallicity in the case of R21 and this is also likely the case for the relation based on A1A2. Further investigations are needed to find a unique relation between the Fourier coefficients that would be able to generalize from poor to rich metallic Cepheids.
Apart from the assumption of a linear relation, several physical source of scattering can affect the estimation of the metallicity. As discussed in the introduction, the presence of a companion or constant CSE emission would blend the amplitudes of the harmonics used in our relations and thus can be a source of scattering for empirical metallicity relations. Another significant source of scattering in these relations comes from physical effect such as the location in the instability strip that we were not able to correct for. As an alternative, we proposed to use selection threshold on A1 in the case of short-period Cepheids. Although this cut was defined approximately, we think it is however necessary to mitigate the dependence of the amplitude on the location within the instability strip. It is thus important to better understand the influence of the location within the instability strip on the Fourier parameters to correct for this effect.
Theoretically, the impact of the metallicity on the Fourier parameters remains to be explained, just as it is for RR Lyrae. The metallicity dependence of the Fourier parameters can help to constraint hydrodynamical models of pulsation (Paxton et al. 2019). In this paper we also did not analyze the possibility of metallicity dependence between 6 and 10 days because of the strong sensitivity of the Fourier parameters to the P2/P0 = 0.5 resonance. A thorough understanding of the influence of the resonance on the Cepheid light curves is a prerequisite for the calibration of metallicity relation in this period range.
Using these relations for Cepheids in MW, SMC and LMC we have shown their capabilities for galactic archeology applications. Another possible application is to determine the metallicity term in PL relation. In order to study the metallicity term authors attribute in general the average metallicity of the host galaxy (measured from a restricted sample of stars) to the sample of Cepheids used in PL relation (see, e.g., Breuval et al. 2022). Our empirical relations offer the possibility to either derive the mean [Fe/H] of the studied sample used in PL relation, or to correct individually the stars. Although the associated uncertainties for these photometric [Fe/H] are of the order of 0.12−0.25 dex, our relations offer the advantage to be applicable to a significant number of stars.
This relation can be difficult to apply for galaxies beyond our local group as observed with HST or JWST. Indeed our empirical relations are limited to stars for which the photometry provides a good coverage of the pulsation cycle for applying a Fourier decomposition. This is not the case for Cepheids observed by space telescopes, which typically contain only a few epochs and make use of templates to reconstruct the light-curve. A second limitation comes from the blending, which affects the extragalactic Cepheids (D > 10 Mpc) more significantly, since the resolution of telescopes is not able to separate Cepheids from the stellar background (see, e.g., Mochejska et al. 2000; Riess et al. 2020). Although Fourier parameters (Ri1 and ϕi1) are only slightly affected by the blending (Antonello 2002), this is not the case of the amplitudes and the harmonics on a magnitude scale. Thus an estimation of the blending for correcting the amplitudes would be necessary when applying empirical relations.
8. Conclusion
In this work, we gathered 586 [Fe/H] abundances for fundamental Cepheids from the literature and we transformed them into a unified scale. We then retrieved well-sampled light curves for 545 of these stars from different V-band catalogs. Using this data set, we performed a Fourier decomposition of the light curves. Then we fit the linear relations with all possible combinations of Fourier parameters (up to four at the same time) to provide the best empirical relations for estimating the metallicity of short-period (2.5 < P < 6.3 days) and long-period Cepheids (12 < P < 40 days).
In the case of short-period Cepheids, we opted to use relations based on explicit amplitudes A1 and A2. Testing these relations on a sample of SMC and LMC Cepheids show that the relations are able to distinguish the populations. In the case of long-period Cepheids, we found that the metallicity can be estimated from the Fourier parameters A1, ϕ21, and R41. We also found that this empirical relation can accurately derive the mean metallicity of a sample of SMC and LMC Cepheids. For individual metallicity determinations, precisions of σ = 0.12 dex and σ = 0.25 dex have to be attributed for short- and long-period Cepheids respectively. These relations can be more efficient for estimating the average metallicity of a group of Cepheids rather than isolated stars. We then established new interrelations between V and I bands using OGLE data to convert these relations into the I band. We have shown that our empirical relations are able to derive the mean metallicity of OGLE sample of the MW, SMC, and LMC with a proper agreement with spectroscopic mean estimates found in the literature. We also tested the relations in the I band to map the metallicity distributions of the MW, SMC, and LMC and we were able to derive a metallicity gradient that is consistent with the literature. Finally, we find that the calibration of empirical relations can be still improved on the basis of further spectroscopic observations and homogeneous photometries in the V and I band.


1 https://ogledb.astrouw.edu.pl/~ogle/OCVS/ceph_query.php


2 https://docs.scipy.org/doc/scipy/reference/odr.html
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Appendix A:  Calibration data set
Table A.1. 
Final data set of Fourier parameters of V-band light-curves with spectroscopic metallicities.


Appendix B:  Interrelations
	[image: thumbnail]	Fig. B.1. (a) and (b): Interrelations for A1 and A2 between V and I-bands for short short-period Cepheids between 2.5 and 6.3 days. (c), (d) and (e): Interrelations for A1, R41, and ϕ21 between V and I-bands for long-period Cepheids between 12 and 40 days.




Appendix C:  MW and LMC maps
	[image: thumbnail]	Fig. C.1. MW on-view map of the metallicity distribution (868 stars) from empirical metallicity relations in the I band and values from the literature. Symbols have same meanings as in Fig. 16.



	[image: thumbnail]	Fig. C.2. LMC sky map of the metallicity distribution (1561 stars) from empirical metallicity relations in the I band.
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Table 2. 
Results of the ODR fitting and Monte Carlo analysis. Only the best results with a final rms below 0.145 dex are presented.
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	[image: thumbnail]	Fig. 3. Fourier parameters of the final sample of the 545 fundamental-mode Cepheids in the V band with spectroscopic metallicities. The different colors refer to metallicity above and below the median of the sample, as indicated in panel (a). The peculiar appearance of ϕ41 with a break around seven days was noted by Simon & Moffett (1985), Kovacs et al. (1990). The latter proposed an unknown atmospherical effect since these authors did not observe this break in the radial velocity curves. (a) ϕ21, (b) R21, (c) ϕ31, (d) R31, (e) ϕ41, (f) R41.
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	[image: thumbnail]	Fig. 5. Comparison of [Fe/H] from the literature and from the fitted empirical relations based on (a) A1A2 and (b) R21 for short-period Cepheids. The number of points used in the fit is indicated (Ndat) as well as the rms of the fit. Dashed lines represent the rms deviation to guide the eye. (a) [Fe/H] = 6.27 A1 − 11.73 A2 − 0.59. (b) [Fe/H] = −2.42 R21 + 0.84.
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	[image: thumbnail]	Fig. 6. Normalized histograms (unit area) of the metallicity estimation of the SMC (blue, 52 stars) and LMC (black, 1206 stars) short-period Cepheids from the relations established in Sect. 4.2. The mean metallicity of these distributions and the standard deviation around the mean are indicated in the legend. (a) Without cuts. (b) Cut applied: A1 > 0.20 mag.
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	[image: thumbnail]	Fig. 7. Comparison of mean [Fe/H] derived from the literature (grey bars) and from [Fe/H] estimations presented in this paper (black bars). For each reference, the number of stars used to derive the mean is indicated. LMC metallicity from Romaniello et al. (2022) is presented taking account systematics. For details, see Sect. 4.3 for short-period Cepheids in the V band, Sect. 5.2 for long-period Cepheids in the V band, and Sect. 6.2 for the I-band relation. (a) LMC. (b) SMC.
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	[image: thumbnail]	Fig. 8. Luminosity-color diagram of LMC Cepheids between 2.5 and 6.3 days, using V- and I-band magnitudes.
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	[image: thumbnail]	Fig. 9. Relations between the first and second harmonic A1 and A2 used in the empirical relation for short-period Cepheids between 2.5 and 6.3 days shown in (a) and (b). The vertical strip represents the values of A1 where a cut can be applied (for A1 between 0.20 and 0.25 mag) to remove the stars of low amplitudes to mitigate the effect of location inside the instability strip.
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	[image: thumbnail]	Fig. 10. V-band metallicity estimation using (Klagyivik et al. 2013).
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	[image: thumbnail]	Fig. 11. Histogram of A1, ϕ21 and R41 for Cepheids with pulsation period between 12 and 40 days for metal-rich ([Fe/H] > −0.19) and metal-poor ([Fe/H] < −0.19) stars. [Fe/H] = −0.19 dex represents the median of the metallicity sample of long-period Cepheids. (a) A1. (b) ϕ21. (c) R41.
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	[image: thumbnail]	Fig. 12. Comparison of the fitted [Fe/H] with [Fe/H] from literature for long-period Cepheids between 12 and 40 days.
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	[image: thumbnail]	Fig. 13. Normalized histogram (unit area) for estimated metallicity of SMC and LMC long-period Cepheids (44 and 32 stars, respectively) based on an empirical relation in the V band.
In the text



	[image: thumbnail]	Fig. 14. Comparison of metallicities derived with both the V-band and I-band empirical relations. Black line indicates a one-to-one correspondence and thick red line is the fit between the two bands. Blue dashed lines represent the rms of the empirical relation in the V band. (a) Short-period Cepheids. (b) Long-period Cepheids.
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	[image: thumbnail]	Fig. 15. Normalized histograms (unit area) of the metallicity estimation of the SMC (blue) and LMC (black) fundamental Cepheids and the MW (red) fundamental Cepheids (GD+BULGE) from the shape of the I-band light curves. For short periods, SMC, LMC, and MW(GD+BULGE): 635, 1649, and 394 stars, respectively. For long periods, SMC, LMC and MW(GD+BULGE): 60, 48 and 92 stars, respectively. (a) I-band metallicity estimation for short-period Cepheids. (b) I-band metallicity estimation (Klagyivik et al. 2013). (c) I-band metallicity estimation for long-period Cepheids.
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	[image: thumbnail]	Fig. 16. Metallicity distribution of the Milky Way (868 stars), LMC (1561 stars), and SMC (674 stars) from empirical metallicity relations in the I band: (a) small points represent stars with metallicity from the literature while bigger points are new metallicity estimation. Dashed circle encloses the solar neighbour region which concentrates most of the spectroscopic measurements; (b), (d), and (f): Estimated Cepheid metallicities versus the galactocentric distance for MW, LMC, and SMC. Red dashed lines are the 1σ deviation in each bin of 1 kpc around the median value of each bin. MW and LMC maps are plotted in a larger size in Figs. C.1 and C.2. (a) MW on-view. (c) LMC. (e) SMC.
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	[image: thumbnail]	Fig. B.1. (a) and (b): Interrelations for A1 and A2 between V and I-bands for short short-period Cepheids between 2.5 and 6.3 days. (c), (d) and (e): Interrelations for A1, R41, and ϕ21 between V and I-bands for long-period Cepheids between 12 and 40 days.
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	[image: thumbnail]	Fig. C.1. MW on-view map of the metallicity distribution (868 stars) from empirical metallicity relations in the I band and values from the literature. Symbols have same meanings as in Fig. 16.
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	[image: thumbnail]	Fig. C.2. LMC sky map of the metallicity distribution (1561 stars) from empirical metallicity relations in the I band.
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        Comparison of the fitted [Fe/H] with [Fe/H] from literature for long-period Cepheids between 12 and 40 days.

      

    

  
    
      Fig. 13. 
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        Normalized histogram (unit area) for estimated metallicity of SMC and LMC long-period Cepheids (44 and 32 stars, respectively) based on an empirical relation in the V band.

      

    

  
    
      Fig. 14. 
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        Comparison of metallicities derived with both the V-band and I-band empirical relations. Black line indicates a one-to-one correspondence and thick red line is the fit between the two bands. Blue dashed lines represent the rms of the empirical relation in the V band. (a) Short-period Cepheids. (b) Long-period Cepheids.

      

    

  
    
      Fig. 15. 
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        Normalized histograms (unit area) of the metallicity estimation of the SMC (blue) and LMC (black) fundamental Cepheids and the MW (red) fundamental Cepheids (GD+BULGE) from the shape of the I-band light curves. For short periods, SMC, LMC, and MW(GD+BULGE): 635, 1649, and 394 stars, respectively. For long periods, SMC, LMC and MW(GD+BULGE): 60, 48 and 92 stars, respectively. (a) I-band metallicity estimation for short-period Cepheids. (b) I-band metallicity estimation (Klagyivik et al. 2013). (c) I-band metallicity estimation for long-period Cepheids.

      

    

  
    
      Fig. 16. 
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        Metallicity distribution of the Milky Way (868 stars), LMC (1561 stars), and SMC (674 stars) from empirical metallicity relations in the I band: (a) small points represent stars with metallicity from the literature while bigger points are new metallicity estimation. Dashed circle encloses the solar neighbour region which concentrates most of the spectroscopic measurements; (b), (d), and (f): Estimated Cepheid metallicities versus the galactocentric distance for MW, LMC, and SMC. Red dashed lines are the 1σ deviation in each bin of 1 kpc around the median value of each bin. MW and LMC maps are plotted in a larger size in Figs. C.1 and C.2. (a) MW on-view. (c) LMC. (e) SMC.
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