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Abstract

Aims. It is well known that N-body simulations of ultralight bosons display the formation of a solitonic dark matter core in the innermost part of the halo. The scale-length of such a soliton depends on the inverse of the mass of the boson. On the other hand, the orbital motion of stars in the Galactic Center depends on the distribution of matter, no matter whether it is baryonic or dark, providing an excellent probe for the gravitational field of the region. In this Letter, we propose the S-stars in the Galactic Center as a new observational tool, complementary to other astrophysical systems, to narrow down the range of allowed values for an ultralight dark matter candidate boson mass.

Methods. We built mock catalogs mirroring the forthcoming astrometric and spectroscopic observations of S2 and we used a MCMC analysis to predict the accuracy down to which the mass of an ultralight boson may be bounded. We show that once complementary constraints are considered, this analysis will help to restrict the allowed range of the boson mass.

Results. Our analysis forecasts the boundary limit on the mass of an ultralight boson to be < 10−19 eV at a 95% confidence level.
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1. Introduction
Dark matter is undoubtedly one of the most intriguing mysteries of modern astrophysics. Prior research aimed at revealing its fundamental nature has not yet supplied the desired answers to key questions in the field (Bertone & Hooper 2018; De Martino et al. 2020b; Salucci et al. 2021). The solution to this puzzling mystery seems to reside in physics beyond the standard model of elementary particles. However, the most promising candidate continues to escape detection, de facto opening up the debate in light of the “no-weakly interacting massive particles” (no-WIMPs) era. In this scenario, ultralight bosons whose existence is motivated by string theory (Arvanitaki et al. 2010) stand among the most promising alternatives.
Ultralight boson dark matter, also known as fuzzy dark matter (FDM), suppresses the galaxy formation below the de Broglie scale k ∼ 1/λ (corresponding to a mass of ∼108 M⊙; Kawai et al. 2022) and easily explains the large dark cores of dwarf galaxies and ultra-diffuse galaxies as solitons on the same scale. These properties offer a viable solution to two of the most crucial problems of the standard cold dark matter paradigm, namely the cusp-core problem and the missing satellite problem, that would otherwise require a still not fully known feedback from baryon physics or new physics beyond the standard model (De Martino et al. 2020b). However, the value of the mass of the boson, ma, is still not unanimously known and statistical tensions have recently arisen in the estimation of ma from the kinematics of dwarf galaxies and from the Lyman-α forest.
On one hand, a boson mass of ∼10−22 eV is favored by the Jeans analysis of dwarf spheroidal galaxies (Chen et al. 2017) and of the ultra-diffuse galaxies (Broadhurst et al. 2020; Pozo et al. 2021), and explains the central motion of bulge stars in the Milky Way (De Martino et al. 2020a). On the other hand, using observations of the Lyman-α forest (Ly-α), the suppression of the cosmic structure growth favors a boson mass larger than 2 × 10−20 eV (Kobayashi et al. 2017; Rogers & Peiris 2021). Recently, an analysis based on the kinematic data of a sample of ultra-diffuse galaxies provides the first estimation of the boson mass that reconciles the galactic and cosmological probes (Hayashi et al. 2021). Evidently, the picture is not yet complete and self-consistent. Nevertheless, there is not yet agreement between the astrophysical and cosmological evidence and there is not yet detection of a signature of such an ultralight boson. To this purpose, complementary observations and tests are required. For instance, the detection of the characteristic scalar field oscillation using pulsar timing array experiments may provide a smoking gun for such an ultralight boson (De Martino et al. 2017; Nataliya et al. 2018).
Alternatively, we have focused on studying the orbits of the S2 star around the supermassive black hole (SMBH) in the center of the Milky Way. The study of the orbit of this star has been going on undaunted for three decades (Genzel et al. 2010). In recent years it has led to the measurement of relativistic effects such as Doppler and gravitational redshift and orbital precession (GRAVITY Collaboration 2018, 2020, 2022; Do et al. 2019). All measurements confirm the predictions of general relativity (GR) at more than ∼7σ (GRAVITY Collaboration 2022). In addition, the recent image of the shadow of the SMBH processed by the Event Horizon Collaboration confirms the existence of a black hole in the center of the Milky Way (The Event Horizon Telescope Collaboration 2022a,b). Clearly, the existing margin to find departures from GR is extremely narrow and all the tests done so far continue to prove favorable to the predictions of GR rather than to a change in the theory of underlying gravity (De Martino 2021; Della Monica & de Martino 2022; Della Monica et al. 2022). Still, one may wonder what information can be extracted about the distribution of dark matter at these scales.
Ultralight bosons form a solitonic core in the innermost part of each virialized halo (Schive et al. 2014a). Depending on the inverse mass of the bosons, the core may be compact enough to add a non-negligible amount of dark matter mass around the SMBH. On one hand, increasing the boson mass would make the soliton more compact, thereby adding more mass in the innermost part of the Galaxy. On the other hand, increasing the boson mass would reduce the size of the soliton, thereby allowing the S2 star to go in and out of the solitonic core along its eccentric orbit. While a more complete approach would involve constructing a rotating black hole metric embedded in a dark matter distribution coupled to the black hole metric, S2 allows us to work in the weak field limit where these effects can be linearized and added together. In what follows, we have considered the acceleration of a test particle around a Schwarzschild black hole at the first post-Newtonian (1PN) order with an additional contribution due to the distribution of dark matter. Under these assumptions, we then used a mock catalog mimicking the accuracy of the GRAVITY instrument to forecast the allowed boson mass ranges.
2. Ultralight dark matter halo around a supermassive black hole
The dynamics of dark matter composed of ultralight bosons (with mass ma ∼ 10−23 ÷ −17 eV) can be described in terms of a scalar field, ϕ, minimally coupled to the space-time metric, gμν, for which, on galactic scales, the self-interaction of ultralight bosons (or axion-like particles) and its coupling to ordinary matter can be neglected (Hui et al. 2017). In this case, the scalar field action is expressed as:
[image: thumbnail](1)
A large collection of such particles, sharing the same quantum state, can be described as a classical scalar field. As such, it is possible to express ϕ in terms of a complex scalar ψ, corresponding to the coherent wave function associated with the ultralight bosons in the non-relativistic regime (in which they fall due to their inherently high density). On turn, the dynamics of ψ is regulated by the Schrödinger equation:
[image: thumbnail](2)
where V(r, t) is the gravitational potential. For a self-gravitating system of ultralight bosons, the gravitational potential, V, can be computed from the density field associated to the wave function (ρ = ma|ψ|2) via the Poisson equation
[image: thumbnail](3)
Equations (2) and (3) form the so-called Schrödinger–Poisson (SP) system of equations (Schive et al. 2014a). It describes the dynamics of a self-gravitating halo of FDM supported by an additional internal quantum pressure arising from Heisenberg’s uncertainty principle. Numerical simulations of FDM halos regulated by the SP equations have extensively studied the properties of the stable configurations of the system (Schive et al. 2014a,b), for example, the generation of coherent standing waves of dark matter in the center of gravitationally bound systems. These prominent dark matter solitonic cores are surrounded by wave interference patterns whose azimuthal average follows a Navarro–Frenk–White (NFW) profile, while the radial profile of the solitonic core is well approximated by (Schive et al. 2014a; Mocz et al. 2017):
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where A is related to the core radius rc via [image: equation], and ρ0 corresponds to the central density of the halo:
[image: thumbnail](5)
Thus, the solitonic profile depends on two parameters: the boson mass ma and the core radius rc, corresponding to the radial coordinate at which the density has dropped to ∼50% of the central value ρ0. The core radius, in turn, can be related to the virial mass of the entire halo via a scaling relation (Schive et al. 2014b):
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In our analysis, we set the Milky Way halo mass to Mhalo = 1.08 × 1012 M⊙ from the Gaia satellite (Cautun et al. 2020) and thus reduce the distribution in Eq. (4) to a uni-parametric family of profiles, only depending on the boson mass, ma, by making use of the scaling relation in Eq. (6). Since we are concerned with the motion of test particles around the Galactic Center’s SMBH taking place on a scale of ∼103 AU, we can safely assume that the only contribution of the dark matter distribution to the orbital dynamics of stars is given by the innermost region described by the solitonic profile. This contribution results in an additional acceleration term, aDM, provided by the dark matter mass enclosed in the orbit of a test particle. Since we are working in the weak field limit of GR, this acceleration term can be linearly added to the 1PN acceleration term experienced by the particle due to the gravitational field of a Schwarzschild black hole given by (Will 2008; GRAVITY Collaboration 2020):
[image: thumbnail](7)
where M• is the mass of the central SMBH and r and v are the position and the velocity of the test particle, respectively. The total acceleration is thus given by:
[image: thumbnail](8)
where [image: equation] is the radial component of the additional acceleration given in Eq. (A.4). Here, we have assumed that the mass centroid of the dark matter distribution coincides with the SMBH, hence, the acceleration due to halo aDM is directed along the radial direction r/r, parallel to the first term in Eq. (7). Moreover, we assume that the dark matter density profile is unperturbed by the presence of the point mass M•. While the dark matter dynamics in the innermost regions of the halo can be modified by the presence of the SMBH, resulting in a more peaked profile (smaller core radius, greater central density; Davies & Mocz 2020), this effect is negligible for a halo mass of Mhalo ∼ 1012 M⊙ and the density profile in Eq. (4) is still valid.
3. Data for the S2 star
The S2 star is a bright B-type star in the nuclear star cluster of the Milky Way that orbits the compact radio and X-ray source SgrA*. Thanks to its high near-infrared (NIR) K-band (2.2 μm) magnitude of mK ∼ 14, its orbital period of T ∼ 16 yr, and its nearly face-on orbital inclination, it has been possible to accurately measure the orbital motion of S2 probing the gravitational field of the central SMBH (Gillessen et al. 2009, 2017; Do et al. 2019). The most advanced instrument employed for observing the S2 star is GRAVITY, operated by combining all four 8.2 m telescopes at VLT into one big interferometer (GRAVITY Collaboration 2017). GRAVITY provides exquisite astrometry for S2, whose nominal rms uncertainty in optimal conditions is expected to be as low as ∼10 μas. This instrument has been indeed used from ∼2016 on, allowing to detect relativistic effects such as Doppler and gravitational redshift, and the orbital precession with unprecedented precision (GRAVITY Collaboration 2018, 2020, 2022). Unfortunately, astrometric data for the S2 star derived by the GRAVITY Collaboration (GRAVITY Collaboration 2020) from GRAVITY interferometric observations are not publicly available. Therefore, we rely on a mock catalog (spanning two entire orbital periods of the S2 star) that contains synthetic astrometric observations of S2, mirroring the accuracy and observational strategy of GRAVITY, as well as mock spectroscopic measurements of radial velocities as could be measured by the integral field spectrograph SINFONI at VLT (Eisenhauer et al. 2003; Bonnet et al. 2004). Further details on how the catalog is built can be found in Della Monica & de Martino (2022) and in the Appendix C.
4. Orbital model for S2
A unique orbit for the S2 star can be determined by integrating the equations of motion given by the acceleration in Eq. (8). Initial conditions are assigned by means of the orbital elements of the osculating keplerian orbit at the initial time. In particular, the orbital period, T, the time of pericenter passage, tP, the semi-major axis, a, the eccentricity, e, the inclination, i, the longitude of the ascending node, Ω, and the argument of the pericenter, ω, altogether fix a unique value for the time of the apocenter passage as t0 = tP − T/2 and for the initial state vector of the star (x0, y0, z0, vx, 0, vy, 0, vz, 0) at that time. Once integrated numerically, we need to convert the star’s trajectory in the BH reference frame into observable quantities. In particular, the near-infrared (NIR) observations of the GC (Gillessen et al. 2017; GRAVITY Collaboration 2020) provide the sky-projected astrometric positions of S2, while spectroscopic observations allow us to determine its line-of-sight velocity. First, we performed a geometrical projection of the star trajectory into the observer reference frame by means of the Thiele–Innes elements (Taff & Szebehely 1986). Then, by diving the physical positions of the star into this reference frame by the distance D• of the observer from the GC, we computed the angular separations (relative right ascension and declination) between SgrA* and the star, as observed from Earth. Since the star is not always at the same distance from the observer (due to the inclination of its orbit), the time delay due to the different propagation time of the light emitted by the star, namely, the Rømer delay, has to be taken into account (higher-order effects of time delay, such as the Shapiro and Einstein time delay, can be neglected for our purposes; Do et al. 2019; Della Monica & de Martino 2022). In what concerns the spectroscopic observable, we need to take into account: (i) the kinematical line-of-sight velocity of the star which produces the frequency shift of the emitted light by the star; (ii) the 3D kinematical velocity of the star that (especially at pericenter where v ∼ 7700 km s−1) causes a special relativistic time dilation and thus an additional redshift contribution; (iii) the gravitational time dilation which occurs very close to the supermassive compact central object and reflects into an additional redshift component. Upon considering all the mentioned observational effects, our orbital model depends on nine parameters: our distance (D•) from the GC: the seven Keplerian elements (T, tP, a, e, i, ω, Ω) and the boson mass ma (additional details on our orbital model are given in Appendix B).
In order to assess the impact of the extended dark matter mass component, in Fig. 1, we report the astrometric and spectroscopic observable for the orbit of S2 around the last pericenter passage in ∼2018, for different values of ma, relative to the case without the dark matter contribution to the acceleration. In particular, we fixed the values of the orbital parameters to the ones derived in GRAVITY Collaboration (2020; in which only the 1PN acceleration in Eq. (7) is taken into account) and changed the value of ma over multiple orders of magnitude. As can be seen from the figure, for ma ≲ 5×−19 eV no deviation is observable on the orbit of S2. However, for greater values of the boson mass, the orbit starts to depart, with the greatest discrepancy from the case without dark matter at around ma ∼ 5 × 10−18 eV. This departure is detectable in all three observable quantities and its magnitude is related to both the density profile and the amount of enclosed mass within the orbit of S2.
	[image: thumbnail]	Fig. 1. Deviation from a PPN orbit (no dark matter – dashed horizontal line) of the observable right ascension (left panel), declination (central panel), and line-of-sight velocity (right panel) of the S2 star for different values of the boson mass, ma.



5. Results
We explored the 9D parameter space of the orbital model by applying a Markov chain Monte Carlo (MCMC) algorithm implemented in emcee (Foreman-Mackey et al. 2013). We adopted the uniform priors reported in Table D.1 that cover the range [μ − 15σ, μ + 15σ], where μ and σ are the best fit values and uncertainties on each parameter, resulting from the analysis in GRAVITY Collaboration (2020). Finally, we set a large flat prior on our parameter of interest, ma, spanning over multiple orders of magnitude (10−23 eV ≤ ma ≤ 10−17 eV), which we sampled logarithmically in our analysis.
We report the median value and the corresponding 68% confidence intervals for all the parameters in Table 1. All the parameters in our orbital model will result by future observations of the S2 star to be bounded, except for ma, upon which it will only be possible to set an upper limit: ma ≲ 1 × 10−19 eV at a 95% confidence interval. Finally, Fig. 2 reports the allowed ranges of the boson mass from the literature. As soon as our prediction is confirmed, we could be able to set an allowed range of the boson mass, 10−20 eV ≤ ma ≤ 10−19  eV, that would agree with most of the astrophysical and cosmological probes except for the dwarf spheroidals, as shown by the vertical shaded strip.
	[image: thumbnail]	Fig. 2. Comparison of the allowed range for the mass, ma, of ultra-light DM from our analysis with other constraints in literature coming from analysis at different scales. In blue, we report the constraints from cosmological observation (cosmic microwave background and large-scale structures) from Hlozek et al. (2015), Hložek et al. (2018). In green, we report the constraints from analysis in dwarf spheroidal galaxies (dSph; Chen et al. 2017). Purple boxes report constraints from the analysis of the Lyman-α forest from Rogers & Peiris (2021). In orange, we report the allowed range for ma resulting from the analysis of SMBH superradiance in Davoudiasl & Denton (2019). In aqua, we give the constraints from ultra-faint dwarf galaxies (UFD) taken from Safarzadeh & Spergel (2020). Finally, the lilac box reports the results of the analysis on subhalos from Schutz (2020). The vertical shaded strip corresponds to the intersection of the allowed intervals for ma from most of the astrophysical and cosmological probes, with the exception of the ones coming from dSph.



Table 1. 
Full set of median and 1σ credible interval for the nine parameters of our model comes from our posterior analysis.

6. Discussion and conclusions
Nowadays, the cold dark matter model is in a bind. On one hand, there are tensions between observations and numerical simulations that would require precise baryon feedback to be resolved (De Martino et al. 2020b). On the other hand, the particle that serves as the best candidate continues to elude the efforts made for its revelation. Consequently, the possibility opens up that the dark matter paradigm has to be changed. And, in that regard, the ultralight bosons arising from a string theory landscape turn out to be an intriguing possibility (Arvanitaki et al. 2010). Such particles can resolve some of the long-standing tensions in the cold dark matter model (De Martino et al. 2020b), and have a clear and unmistakable imprint that may soon be detected through future observations of pulsars at the Galactic center (De Martino et al. 2017; Nataliya et al. 2018). However, the mass of the boson favored by the kinematics of dwarf galaxies is in strong tension with that favored by Lyman-α (Broadhurst et al. 2020; Pozo et al. 2021; Kobayashi et al. 2017). In order to resolve this tension, a more accurate analysis of the kinematics of dwarf galaxies is necessary. In addition, complementary observations capable of probing the boson mass could provide key arguments for defining and narrowing the range allowed for the boson mass.
The orbital motion of stars at the Galactic center explores completely different astrophysical scales from those of dwarf galaxies or cosmological ones, providing a complementary way to test the distribution of dark matter in the innermost part of the halo. For instance, a boson mass of ∼10−18 eV would correspond to a solitonic core of ∼0.016 pc, which would be only about three times the semi-major axis of S2 with an enclosed mass of ∼0.8 × 103 M⊙, about the ∼0.2% of the mass of the SMBH. A higher boson mass would imply a smaller soliton and, therefore, S2 would cross in and out of the solitonic core and its motion would result in a large departure from GR as shown in Fig. 1. This is why this path is effective for the purpose of restricting the range allowed to the mass of the boson. Although we have shown that future observations will only allow us to set an upper limit on its mass, this will be enough to unprecedentedly narrow the existence range of ultralight bosons once complementary probes are taken into account.
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Appendix A:  Equations of motion
We assume that the dynamics of the S2 star around the Galactic Center can be described in the weak field limit of GR. In this regime, the effects on the acceleration of S2 (assumed as a point particle) arising from the central SMBH and those coming from the halo of FDM can be linearly added. In particular, the 1PN order acceleration term experienced by the particle due to the field of a Schwarzschild black hole is given by (GRAVITY Collaboration 2020; Will 2008):
[image: thumbnail](A.1)
where M• is the mass of the central SMBH and r and v are the position and the velocity of the test particle, respectively. On the other hand, we consider the acceleration due to the FDM halo being directed radially (under the assumption that the mass centroid of the dark matter distribution coincides with the SMBH) and thus [image: equation], where this acceleration is related to the gravitational potential produced by this mass distribution obtained from the density profile via the Poisson equation, namely:
[image: thumbnail](A.2)
which we can express in spherical coordinates (assuming that the potential only depends on r), yielding to:
[image: thumbnail](A.3)
where the constants ρ0 and A are related to the mass ma of the FDM boson, as reported in the main text. This equation can be integrated analytically obtaining directly the radial component of the acceleration experienced by test particles due to the presence of the bosonic dark matter halo as follows:
[image: thumbnail](A.4)
The total acceleration term is thus given by:
[image: thumbnail](A.5)
The orbit of S2, hence, can be obtained by integrating the equations of motion (Newton’s second law):
[image: thumbnail](A.6)

Appendix B:  Initial conditions
These equations can be integrated upon assigning initial conditions at a given time, t0, for the position and velocity of the star. It can be seen that due to the spherical symmetry of the gravitational field, if we assign, as the initial conditions in spherical coordinates θ(t0) = π/2 and [image: equation], we obtain [image: equation], identically. This implies that we can always define the reference frame so that the motion of the test particle occurs in the equatorial plane. For the sake of convenience, we start our integration at the last apocenter passage t0 = tp − T/2 ∼ J2010.35 and fix initial conditions at that time by means of the Keplerian orbital elements of the star. In more detail, the orbital period, T, the time of pericenter passage, tP, the semi-major axis a and the eccentricity, e, serve the purpose of fixing the in-orbital-plane motion of the star, by identifying a unique Keplerian ellipse on the orbital plane. Due to the 1PN term in the acceleration and to the presence of the extended mass component around the central point-mass, however, the orbit is not a closed ellipse, but experiences an orbital precession. This means that the orbital elements correspond to the ones that identify the ellipse that osculates the true trajectory at a given time. We use the classical relations between the orbital elements and the position and velocity of the star at a given time (see appendices in Grould et al. (2017) and references therein) to fix the initial position and velocity of S2 on the equatorial plane. Once the appropriate initial conditions have been established, we can integrate Eqs. (A.6) numerically by means of first-order Euler symplectic (semi-implicit) scheme (Vesely 2001). This results in a parametric array that describes the motion of S2 in a reference frame centered on the central source of the gravitational field. Since the equations of motion that we integrate contain both the post-Newtonian term in (A.1) and the extended mass contribution (A.4), all the relativistic effects on the orbital trajectory related to the central compact mass (e.g., its general relativistic pericenter advance) and perturbations introduced by the DM halo are naturally taken into account in our synthetic orbit. However, in order to be able to compare the integrated orbit with the observational data, a projection is required in the reference frame of a distant observer, by means of the following relations (Taff & Szebehely 1986):
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where (xorb, yorb) are the coordinates of the star on its orbital plane, while (x, y) and z are the sky-projected position of the star and its distance from the observer, respectively (here, D• represents the galactocentric distance of the observer, that we leave as a free parameter). The constants 𝒜, ℬ, 𝒞, ℱ, 𝒢 and ℋ are obtained from the inclination, i, of the orbit, the angle of the line of nodes Ω and the argument of the pericenter, ω, via (Taff & Szebehely 1986)
[image: thumbnail](B.4)
[image: thumbnail](B.5)
[image: thumbnail](B.6)
[image: thumbnail](B.7)
[image: thumbnail](B.8)
[image: thumbnail](B.9)
A similar expression can convert the velocities on the orbital plane (vx, orb, vy, orb) to the sky-projected ones (vx, vy) and the line-of-sight velocity vz (Taff & Szebehely 1986):
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Here, we put a minus sign in front of (B.12), as we adopt the convention that the line-of-sight velocity is positive when the celestial body approaches the observer, and negative during the receding phase (Grould et al. 2017). Additionally, in order to properly reconstruct synthetic orbits for S2, we have to take into account the classical Rømer delay experienced by light rays transiting over the orbit, which affects both the sky-projected positions and the line-of-sight velocity (we refer to expression reported in Grould et al. (2017) to quantify such delay). Furthermore, the line-of-sight velocity, observable through spectroscopic observations, is affected by additional redshift contributions coming from special relativistic transverse Doppler effect and the general relativistic gravitational time dilation (we refer to De Martino (2021) and Della Monica et al. (2022), for a detailed analysis on how these effects can be quantified on our predicted orbits). Finally, higher order relativistic effects produced by the central mass (e.g., Shapiro time delay or gravitational lensing) are not considered as their contribution to the S2 star astrometric observation is expected to be below the current instrumental sensitivity (see, e.g., Grould et al. (2017) and Della Monica & de Martino (2022)) and the extremely diluted (with respect to the central mass) FDM field is expected to give a negligible contribution to such effects.

Appendix C:  Mock data for S2
In order to constrain our orbital model, we used a mock catalog of observations of the S2 star mirroring the observational limitations of the VLT instruments GRAVITY (for the astrometry) and SINFONI (for the spectroscopic measurements leading to radial velocity estimates). This mock catalog was first presented in Della Monica & de Martino (2022) and we report its main features here. Firstly, we consider the motion of S2 around a Schwarzschild BH by integrating numerically the relativistic (geodesic) equations of motion. This is done by considering the orbital parameters resulting from the analysis by the Gravity Collaboration (GRAVITY Collaboration 2020) as our fiducial ones. Finally, we assume that the GRAVITY instruments perform observations as follows:

	
one observation per day in the two weeks centered on the pericenter passage;



	
one observation every two nights in a month centered on the pericenter passage;



	
one observation per week in the two months centered on the pericenter;



	
two observations per year in the rest of the years.




Moreover, we assume that spectroscopic and astrometric measurements are always performed on the same nights and we extend the integration over two entire periods of the S2. It is furthermore assumed that both instruments are always with their nominal uncertainty of σA= 10 μas for the GRAVITY astrometry and σRV = 10 km/s for the SINFONI radial velocities. For more details, we refer to Section 4.1 of Della Monica & de Martino (2022).

Appendix D:  Data analysis
The methodology we have employed to place constraints on the 9D parameter space of our model is based on the Bayesian sampling of the posterior probability distribution of such parameters. More specifically, we made use of a Markov chain Monte Carlo (MCMC) algorithm, implemented in emcee (Foreman-Mackey et al. 2013). Prior probability distributions for each parameter are assigned (see Table D.1) and the sampler draws random values within these priors. An orbit for S2, corresponding to the parameter sample extracted from the prior distributions, is computed and compared to our mock catalog by computing the log-likelihood, given by:
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Table D.1. 
Sets of priors used in our analysis. The orbital parameters priors come from GRAVITY Collaboration (2020). In particular, for each parameter, we adopted a uniform prior over an interval that is 15 times larger than the corresponding 1σ confidence interval reported in the table (corresponding to the range [μ − 15σ, μ + 15σ] for each parameter). Finally, for the parameter of interest, ma, we have adopted a uniform prior over the interval 10−23 ÷ 10−17 eV that we have sampled logarithmically.

Here, (xmock, ymock, vz,mock) are the positions and radial velocities for S2 from our mock catalog, while (x, y, vz) are the ones from our orbital model. We assess the convergence of the posterior sampling with the estimation of the autocorrelation time of the Markov chains (Goodman & Weare 2010).

Appendix E:  Results of the posterior analysis
The results of our posterior analysis on the 9D parameter space of our orbital model for S2 are reported in Figure E.1 and in Table 1 of the main paper. In particular, the contour plots report the 68 − 95 − 99.7% confidence regions for each pair of parameters. The orbital elements of S2 result to be bounded and compatible with the prior values of our mock catalogue, as shown by the black dashed lines and filled circles depicted in Figure E.1. Additionally, the MCMC analysis allows us to place an upper limit on the boson mass which, at 95% confidence level results to be ma ≲ 1 × 10−19 eV. The marginalized posterior probability density function of the parameter, ma, is reported in logarithmic scale in the inset of Figure E.1 for the sake of completeness.
	[image: thumbnail]	Fig. E.1. 9D posterior distribution resulting from the MCMC analysis. Contours report the 68%, 95%, and 99.7% regions on each pair of parameters, while the density plot on top of each column report the single-parameter marginalized distribution. All the parameters of our orbital model are bound and show closed contours, with the exception of ma for which we can only set an upper limit from our analysis. The black dashed lines and filled circles show the input parameters used to build the mock catalog. The inset reports the marginalized posterior distribution of the parameter, ma, in the logarithmic scale. The red vertical line corresponds to the 95% upper limit of the parameter resulting from our posterior analysis.
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	Parameter
	Units
	1σ – Credible interval





	D•
	(kpc)
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	T
	(yr)
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	tP − J2018.38
	(yr)
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	a
	(as)
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	e
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	i
	(°)
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	Ω
	(°)
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	ω
	(°)
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	ma
	(eV)
	≲1 × 10−19 (95% c.i.)





      

      
Notes. For the parameter ma, we report an upper limit at a 95% confidence level.
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	Parameter
	μ
	σ





	D• (kpc)
	8.2467
	0.093



	T (yr)
	16.0455
	0.013



	tp (yr)
	J2018.37800
	0.00017



	a (mas)
	125.058
	0.044



	e
	0.884649
	0.000079



	i (°)
	134.567
	0.033



	ω (°)
	66.263
	0.030



	Ω (°)
	228.171
	0.031



	




	
	Uniform interval



	log10[ma(eV)]
	[−23, −17]
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        9D posterior distribution resulting from the MCMC analysis. Contours report the 68%, 95%, and 99.7% regions on each pair of parameters, while the density plot on top of each column report the single-parameter marginalized distribution. All the parameters of our orbital model are bound and show closed contours, with the exception of ma for which we can only set an upper limit from our analysis. The black dashed lines and filled circles show the input parameters used to build the mock catalog. The inset reports the marginalized posterior distribution of the parameter, ma, in the logarithmic scale. The red vertical line corresponds to the 95% upper limit of the parameter resulting from our posterior analysis.
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