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Abstract

Context. About 0.2−2% of giant stars are Li rich, that is to say their lithium abundance (A(Li)) is higher than 1.5 dex. Nearly 6% of these Li-rich giant stars are super Li rich, with an A(Li) exceeding 3.2 dex. Meanwhile, the formation mechanism of these Li-rich and super Li-rich giants is still under debate.

Aims. Considering the compact He core of red giants, attention is paid to the effect of element diffusion on A(Li). In particular, when the He-core flash occurs, element diffusion makes the thermohaline mixing zone extend inward and connect to the inner convection region of stars. Then, a large amount of 7Be produced by the He flash can be transferred to the stellar surface, finally turning into 7Li. Thus, the goal of this work is to propose the mechanism of A(Li) enrichment and achieve consistency between the theoretical and observation data.

Methods. Using the Modules for Experiments in Stellar Astrophysics (MESA) stellar evolution code, we simulated the evolution of low-mass stars, considering the effects of element diffusion on the Li abundances. The timescale ratio of Li-rich giants to normal giants was estimated using the population synthesis method. Then we obtained the theoretical value of A(Li) and made a comparison with observations.

Results. Considering the influence of element diffusion in the model results in the increase of the lithium abundance up to about 1.8 dex, which can reveal Li-rich giants. Simultaneously, introducing high constant diffusive mixing coefficients (Dmix) with the values from 1011 to 1015 cm2 s−1 in the model allows the A(Li) to increase from 2.4 to 4.5 dex, which can explain most of the Li-rich and super Li-rich giant stars. The population synthesis method reveals that the amount of Li-rich giants is about 0.2−2% of all giants, which is consistent with observation estimated levels.

Conclusions. In our models the element diffusion, mainly triggered by the gravity field, changes the mean molecular weight at the junction zone between the stellar envelope and the He core, which makes the thermohaline mixing region expand to the inner convection region of stars. A transport channel, efficiently transporting 7Be in the hydrogen-burning region of the star to the convective envelope where 7Be decays into 7Li, is formed. Combining high constant diffusive mixing coefficients, the transport channel can explain the origin of Li-rich and super Li-rich giants, even the most super Li-rich giants.
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1. Introduction
Lithium is one of the most important elements for studying the origin of the universe. In the evolution of low-mass stars, Li begins to deplete in the main-sequence (MS) stage. This process experiences the first dredge-up and some deep mixing, and most of the Li is consumed. The phenomenon has been predicted by a standard stellar evolution model (Deepak & Reddy 2019), and confirmed by numerous observations (Brown et al. 1989; Lind et al. 2009; Liu et al. 2014; Kirby et al. 2016).
Since the first giant star with a high Li abundance was discovered by Wallerstein & Sneden (1982), the development of the related research field has challenged the traditional stellar evolution mechanism. These stars were called Li-rich giants, with a classic definition of lithium abundance (A(Li)) ≥ 1.5 dex (Iben 1967a,b)1. It is noteworthy that Li-rich giants are extremely rare, accounting for about 1%−2%, or even less, of all normal giants (Brown et al. 1989; Kumar et al. 2011; Liu et al. 2014; Casey et al. 2016, 2019; Kirby et al. 2016; Monaco et al. 2011; Li et al. 2018; Gao et al. 2019). In particular, the ratios estimated from some large survey programs are: ∼0.9% from the Gaia-ESO survey (Casey et al. 2016; Smiljanic et al. 2018), ∼0.8% from RAVE (Ruchti et al. 2011), and ∼0.2%−0.3% from SDSS and GALAH data (Martell & Shetrone 2013; Deepak & Reddy 2019).
In the past 40 years, various Li-rich giant stars have been successively identified. Based on the Large Sky Area Multi-Object Fiber Spectroscopic Telescope (LAMOST) low-resolution spectra acquired in China, in 2018 a star with the highest Li abundance was found, with an A(Li) of ∼4.5 dex (Yan et al. 2018). The Li-rich giants with an A(Li) higher than 3.2 dex are called super Li-rich giants, which account for about 6% of all Li-rich giants (Singh et al. 2021). In the period from October 2011 to June 2019, a total of 10 535 Li-rich giants with an A(Li) ≥ 1.5 dex were screened from the LAMOST low-resolution spectra, which allowed one to expand the existing observation sample database by about five times, greatly enriching research samples.
There are two main hypotheses about the origin of Li-rich giant stars: one is that Li comes from outside of stars, such as through planetary engulfment or from pollution of binary companion stars (Stephan et al. 2018; Lodders 2019; Holanda et al. 2020). The other is through 3He(α,γ)7Be(e,ν)7Li, also known as the Cameron-Fowler (CF) mechanism (Cameron 1955; Cameron & Fowler 1971). In the latter process, 7Be produced at a high-temperature region of H burning has to be quickly carried away to a low-temperature region, such as the convective envelope, where it will decay into 7Li, and this fresh 7Li will survive.
Combining Kepler and spectroscopic information, Yan et al. (2021) confirmed that most Li-rich stars are red clumps (RCs) stars, while a few of them are red-giant branch (RGB) stars. In order to explain the Li enhancement in RC stars, Mori et al. (2021) introduced a neutrino magnetic moment (NMM), which shows that 7Be production becomes more active owing to the fact that the delay of the He flash makes themohaline mixing more effective when the NMM is excited. Thus, Li was produced at the tip of the red-giant branch (TRGB). However, they did not attempt to explain the origin of super Li-rich giants. At the same time, Kumar (Kumar et al. 2020) also used the GALAH DR2 (Buder et al. 2018) and Gaia DR2 (Gaia Collaboration 2018) data to confirm that the Li abundance of RC stars is 40 times higher than those at the TRGB. It could be that this abnormality of Li abundance is due to a complex interaction between the TRGB and RC phases. The most significant event between these two stages is the occurrence of a He flash, especially the first, strongest He subflash.
Recently, Schwab (2020) has reported that the He flash induced mixing links the H-burning shell and the convective zone, and plenty of 7Be circulates toward the cooler convective zone to turn into 7Li through the CF mechanism. The model proposed by Schwab (2020) implies there is the possibility of very high Li abundances (see Fig. 4), although the author notes that these high Li abundances are quickly depleted in their model. Therefore, searching for a physical mechanism of Li enrichment (including super Li-rich giant stars) to obtain consistency between observation and theory is of great significance for fundamental and applied research. It is well known that the surface chemical abundance of a star can be affected by many factors, such as convection, thermohaline mixing, or element diffusion (e.g., Kippenhahn et al. 1980; Dupuis et al. 1992; Zhu et al. 2021). The effects of convection and thermohaline mixing on Li abundances of RGB stars have been investigated by Yan et al. (2018) and Martell et al. (2021). However, element diffusion is seldom considered. Element diffusion is a dynamic process that changes the distribution of chemical elements in stars. It is mainly the result of the joint action of pressure, temperature, material concentration, and other factors. Element diffusion plays a very important role in stellar evolution, especially in the chemical element distribution on the stellar surface (Semenova et al. 2020).
In this paper, we consider the effects of element diffusion on the Li abundance for stars in the RC phase. In particular, Sect. 2 describes the details of the stellar model and element diffusion. Section 3 presents the Li abundances predicted by our models and the comparative analysis of the observation and theoretical results. The summary is given in Sect. 4.
2. Models
We used the Modules for Experiments in Stellar Astrophysics (MESA, [rev. 12778]; Paxton et al. 2011, 2013, 2015; Paxton et al. 2018, 2019) stellar evolution code to construct one-dimensional low-mass stellar models. The MESA code adopts the equation of state of Rogers & Nayfonov (2002) and Timmes & Swesty (2000), and the opacity of Iglesias & Rogers (1996, 1993) and Ferguson et al. (2005).
Our models use the standard MESA pp_and_cno_extras nuclear network, which includes 25 species, and the reactions covering the pp-chains and CNO-cycles. We adopted nuclear reaction rates compiled by JINA REACLIB (Cyburt et al. 2010). The treatment of electron screening is based on Alastuey & Jancovici (1978) and Itoh et al. (1979). The mass-loss formula in Reimers (1975) was adopted. We used the electron-capture rate on 7Be from Simonucci et al. (2013), as made available in machine-readable form by Vescovi et al. (2019). Models were initialized on the pre-main sequence with the Asplund et al. (2009) solar abundance pattern and Z = 0.014. This initialized Li to the meteoritic abundance A(Li) = 3.26 dex.
The size of convective zone depends on the mixing length parameter. We adopted a mixing length of 1.8 times the pressure scale height. These models include thermohaline mixing (αth) using the Kippenhahn et al. (1980) prescription with an efficiency of αth = 100. This gives the deep mixing necessary to destroy 7Li on the first ascent giant branch.
Elemental diffusion in stars is mainly driven by a combination of pressure gradients (or gravity), temperature gradients, compositional gradients, and radiation pressures. The main driving factor of element diffusion is gravity sedimentation (Paxton et al. 2015, 2018). In the models, we input a mixing diffusive coefficient Dmix ∼ (ΔR)2/(Δt) to show the efficiency of element diffusion in different regions. Standard stellar evolution theory suggests that the H-burning core in the MS stage continuously generates helium elements, which are deposited into the stellar interior, so as to form a helium core. If the He core reaches a certain mass, it will begin to burn. We speculate that the influence of element diffusion will affect the element abundance on the star surface, which will affect the formation process of the helium core, the occurrence time of the first He flash, and then stimulate the thermohline mixing to make the mixing process more sufficient.
By solving the Burgers equation (Burgers 1969), Thoul et al. (1994) proposed a general method to arrange the whole set of equations into a single matrix equation, which is to input the Burgers equation into the matrix structure without readjusting any number. There is no approximation of the relative concentrations of various species, nor is there any limitation on the number of elements to be considered. Therefore, this method is suitable for a wide variety of astrophysical problems. Using the method of Thoul et al. (1994), MESA can calculate the diffusion of chemical elements in the stellar interior (Paxton et al. 2015, 2018).
The inputs provided by the MESA model are the number densities ns, the temperature T, the gradients of these quantities, d ln ns/dr and d ln T/dr, the species mass in atomic units As, the species mean charge as an average ionization state [image: equation], and the resistance coefficients Kst, zst, [image: equation] and [image: equation], as defined by Eq. (86) in Paxton et al. (2015). In our models, diffusion coefficients Dmix are derived from Paquette et al. (1986) and updated by Stanton & Murillo (2016). By calculating the characteristic duration of the first He flash and the characteristic length scale of the mixing region, our model suggests that an effective mixing diffusion coefficient requires Dmix > 1010 cm2 s−1 (Schwab 2020). Together with the mean ionization states, these are key parts of the input physics that determine the diffusion of all ions. The additional acceleration terms grad, s of radiation suspension is set to zero by default.
3. Result
According to Yan et al. (2021), the Li-rich RGB and RC stars have different mass distributions with peaks at about 1.7 M⊙ and 1.2 M⊙, respectively. In general, when the stellar mass at a zero age main sequence (ZAMS) is lower than 0.9 M⊙, the star hardly evolves into a giant phase. Simultaneously, when the stellar mass is larger than 1.8 M⊙, the temperature in the envelope of the star in the giant phase is sufficiently high. As a result, beryllium elements produced by the H-burning shell are quickly destroyed and cannot be brought to the surface of the star. Therefore, we calculated the evolution of Li abundance for the models with masses of 0.9, 1.0, 1.2, 1.4, 1.6, and 1.8 M⊙. For simplicity, a 1.0 M⊙ model was taken as a sample.
3.1. Effect of element diffusion
The solid line in Fig. 1 shows the standard evolutionary track. It shows that low-mass star samples usually start from the MS turnoff with an A(Li) of ∼3.2 dex and suffer depletion through the first dredge-up. Then the star reaches the RGB bump with a luminosity of 101.6 L⊙, where it begins to consume Li rapidly again (Iben 1967a; Charbonnel & Zahn 2007; Lattanzio et al. 2015). The solid black line represents the stellar evolution without element diffusion at Stage II. It shows the luminosity drops sharply to the level of RC stars, whilst maintaining the TRGB A(Li) (Kumar et al. 2020). The dotted black line denotes the model with element diffusion. The A(Li) successfully increases from −1 to 1.8 dex in Stage II. As a result, the element diffusion improves the efficiency of thermohaline mixing, and its activity range gets connected with the convective zone of the stellar interior. Also, the 7Be in the H-burning shell gets transferred to the convective envelope, where it decays into 7Li through the CF mechanism. This figure reveals that the increase in the Li abundance up to 1.8 dex can be realized by considering element diffusion.
	[image: thumbnail]	Fig. 1. Evolution of Li on the stellar surface for the 1 M⊙ model. The x-axis is the Li abundance. The y-axis represents the logarithm of luminosity. The lines indicate the evolution process of Li abundance.



Almost all explanations proposed for Li-rich giants involve the He flash (Kumar et al. 2020; Mori et al. 2021; Schwab 2020). Based on the standard model of stellar structure and evolution, the He-core burning occurs when the mass of the He core increases to MHe ≈ 0.45 M⊙ (Thomas 1967; Bildsten et al. 2012). Therefore, the stellar evolution in this work was divided into two stages: Stage I is from the MS stage to MHe = 0.45 M⊙. The next range until the RC stage is called Stage II.
Figure 1 displays the evolution trajectory of the Li abundance on the surface of a 1 M⊙ star without and with element diffusion. As shown by the solid dark-blue line, the evolution of the Li abundance in both models was similar during Stage I. In the MS phase, the Li abundance is kept constant. When a low-mass star evolves into a red giant, it undergoes the first dredge-up. After the first dredge-up, Li starts to rapidly decrease because the Li elements are mixed up with the stellar interior material by the envelope deepening process and then are diluted. This depletion is due to dilution as the envelope deepens and mixes up interior material heavily depleted in Li. Before the TRGB, the Li abundance continued to drop due to the thermohaline mixing. From the ZAMS to the TRGB, the Li abundance on the stellar surface decreased by about four orders of magnitudes, which is consistent with the results of Kumar et al. (2020).
The He flash emerges on the TRGB. The Li abundance in the model without element diffusion was falling during Stage II. However, the A(Li) in the case of element diffusion increased from −1 to 1.8 dex. This indicates that element diffusion can enhance the Li abundance on the stellar surface. The main reason for this phenomenon is depicted in Fig. 2. In particular, a compact He core is formed at the TRGB, whose strong gravity can produce efficient element diffusion, resulting in the expansion of the thermohaline mixing zone. As shown in the top right panel of Fig. 2, for the model with element diffusion, the thermohaline mixing zone connected to the convection zone in the stellar interior in which the He flash occurred, that is, it extended to the deeper interior of the hydrogen-burning region. Therefore, the large amounts of 7Be, produced by the H-burning shell, could be transferred to the stellar surface, finally turning into 7Li. On the other hand, for the model without element diffusion, 7Be could not or rarely be brought to the stellar envelope due to the disconnection of the stellar interior convection zone and the thermohaline mixing zone.
	[image: thumbnail]	Fig. 2. Profiles of element abundances (top left corner) and diffusion coefficients (top right corner) (Dmix) at the first He flash. The solid lines are for the model with element diffusion, and the dashed lines are for model without element diffusion. The left and right panels at the bottom show the relative changes between the mean molecular weights (μdiff and μ) with and without element diffusion, and between the mean molecular weight gradients (∇μdiff and ∇μ) with and without element diffusion, respectively.



Thermohaline convection is a turbulent mixing process that can occur in stellar radiative regions whenever the mean molecular weight increases with radius. In some cases, it can have a significant observable impact on stellar structure and evolution (Ulrich 1972; Kippenhahn et al. 1980; Brown et al. 2013; Garaud 2018). The left and right panels at the bottom of Fig. 2 show the relative changes in mean molecular weights (μdiff and μ) and mean molecular weight gradients (∇μdiff and ∇μ), respectively, at the junction zone between the stellar envelope and the He core. It can be seen that due to the influence of element diffusion, the μdiff and ∇μdiff have decreased significantly. The local decrease in the mean molecular weight can drive a more efficient thermohaline mixing. It expands to the inner convection region of stars, which is shown by pink lines in the top right panel. These indicate that element diffusion can greatly affect the mean molecular weight and the mean molecular weight gradient, which leads to the expansion of the mixing region of thermohaline convection.
The essence of this phenomenon is that the element diffusion mainly triggered by the gravity field suppresses the mean molecular weight and changes the element concentration gradient at the junction zone between the stellar envelope and the He core. It is one of the most important factors that affect the thermohaline mixing. It is well known that the mean molecular weight greatly affects the efficiency and range of thermohaline mixing, and makes the thermohaline mixing region expand to the inner convection region of stars; the thermohaline mixing can occur in the internal area of hydrogen burning, and bring products and by-products of nuclear reactions to the surface. Thus, a transport channel, efficiently transporting 7Be in the hydrogen-burning region of the star to the convective envelope where 7Be decays into 7Li, is formed. Although A(Li) on the surface of the star predicted by the model with element diffusion can increase to about 1.8 dex, it cannot explain the formation of the super Li-rich giants.
3.2. Effect of element diffusion with constant diffusive coefficients
According to Fig. 2, the diffusive coefficient is a very important factor for the formation of the Li-rich giant. Very recently, in order to produce the Li-rich giant, Schwab (2020) considered that turbulent convective motions can excite internal gravity waves, and a chemical mixing occurs when the luminosity of the He flash (LHe) is higher than 104 L⊙. In particular, the effective diffusive mixing coefficient was estimated to be about 1011 cm2 s−1. Given the constant diffusive mixing coefficients Dmix of 1010, 1012, and 1014 cm2 s−1 from different models, the maximum value of A(Li) calculated by Schwab (2020) was about 3.6 dex. Meanwhile, the model proposed by Schwab (2020) fails to explain the origin of super Li-rich giants.
In this section, combining the element diffusion and constant diffusive mixing coefficients, we calculate the evolution of A(Li) on the stellar surface. Following Schwab (2020), we assumed a constant diffusive mixing coefficient for the mixing when LHe > 104 L⊙. According to Fig. 2, Dmix during the He flash could reach 1015 cm2 s−1. Therefore, in this work, Dmix = 1011, 1012, 1013, and 1015 cm2 s−1 were adopted in different models.
Figure 3 displays the A(Li) evolution on the surface of a star with the mass of 1 M⊙. Using the model with a constant diffusive mixing coefficient of 1012 cm2 s−1 but without element diffusion could enhance the Li abundance up to about 1.0 dex, which agrees with the result of Schwab (2020). In the model with element diffusion, the Li abundance could be increased to 1.8 dex. At this time, the inner convection region was connected with the thermohaline mixing zone to form a channel for transporting 7Be elements, which greatly increased the 7Li on the stellar surface. Surprisingly, the model combining element diffusion and the constant diffusive mixing coefficient exhibited an increase in the A(Li) to 3.4 dex. The reason for this is that the diffusive mixing coefficient improves the mixing efficiency of the channel excited by the element diffusion. Therefore, A(Li) in the model with element diffusion and the constant diffusive mixing coefficient can keep a constant value above 3.0 dex.
	[image: thumbnail]	Fig. 3. Similar to Fig. 1, but for the evolutional tracks of Li abundances of four models.



3.3. Li-rich giants and super Li-rich giants
In recent years, many large survey programs have revealed the existence of numerous Li-rich giants. Combining the astrometric data from the Gaia satellite (Gaia Collaboration 2016) with spectroscopic abundance surveys (such as the GALAH survey and the LAMOST survey), twenty Li-rich abundances could be identified. Based on the GALAH DR2 and DR3 surveys, Deepak & Reddy (2019), Deepak et al. (2020), Kumar et al. (2020), and Martell et al. (2021) measured the Li abundances of 1872 giant stars. Using the LAMOST survey, Casey et al. (2019), Singh et al. (2019), and Yan et al. (2021) explored the Li abundances of more than 2000 giant stars. In order to compare the theoretical results with observation samples in this work, we selected 351 published Li-rich giants with precise values of luminosity, temperature, and Li abundance as our samples (see Table 1).
Table 1. 
From about 11 000 observational samples, the 351 Li-rich giant stars whose luminosities are measured were selected in this work.

Figure 4 depicts the observed data on Li-rich giants and the theoretical results for the models with different values of Dmix and different masses. In this study, an increase in Dmix from 1011 to 1015 cm2 s−1 led to a rise in the A(Li) from 2.4 to 4.5 dex. For the models with element diffusion and Dmix >  1012 cm2 s−1, the evolutionary tracks passed through most of the observed samples of super Li-rich giants (A(Li) ≥ 3.2 dex) and Li-rich giants (A(Li ≥ 1.5 dex) to the normal giants. In particular, the value of A(Li) calculated in the model with element diffusion and Dmix = 1015 cm2 s−1 reached 4.5 dex, which could explain the Li abundance of the most super Li-rich giants.
	[image: thumbnail]	Fig. 4. Similar to Fig. 1, but for the models with different masses and constant diffusive mixing coefficients of Dmix to 1011 cm2 s−1, 1012 cm2 s−1, 1013 cm2 s−1, and 1015 cm2 s−1. Different values are displayed in the upper left corner of each subgraph. The solid and dashed lines show the evolutional tracks at Stages I and II, respectively. The red and blue circles are the Li-rich giant stars and the RC stars listed in Table 1, respectively. The star represents the most Li-rich giant star, TYC 429-2097-1, observed by Yan et al. (2018).



3.4. Population synthesis for Li-rich giants
As mentioned in the Introduction, the Li-rich giants among giants are scarce (about 0.2−2%). Based on the models in this work, we estimated the theoretical ratio using the population synthesis method, which has been used in previous investigations by our group (Lü et al. 2006, 2009, 2013; Lü et al. 2020; Yu et al. 2019, 2021; Zhu et al. 2021).
In the population synthesis method for single-star systems, the initial mass function (IMF) is the most important input parameter. The IMF used in the present research was derived from the stellar distribution toward both Galactic poles, as well as that within 5.2 pc of the Sun by Kroupa et al. (1993). Based on this IMF, 106 stars were produced by a Monte Carlo calculation. In order to estimate their percentage, the lifetimes of Li-rich giants and giants were estimated afterward.
Figure 5 displays the evolution of the A(Li) in all models. After the first He flash, the element diffusion firstly initiates and enhances the Li abundance. According to Schwab (2020), the constant diffusive mixing coefficient can work when LHe >  104 L⊙. The Li abundance greatly increases after about 0.2 Myr from the first He flash, and remains constant within several Myr due to a constant Dmix. This result is proportional to the lithium depletion timescale in Casey et al. (2019). Of course, the A(Li) decreases when the stellar luminosity is lower than 104 L⊙. When the mass is greater than about 1.9 M⊙, the element diffusion and constant diffusive mixing coefficient are not excited because the temperature within the stellar envelope is too high. Simultaneously, the lifetimes of the Li-rich giants decrease with the increase in Dmix. The main reason for this is that the high diffusive coefficient accelerates the circulation process of elements, so that Be or Li elements can be quickly carried to a high-temperature zone and destroyed.
	[image: thumbnail]	Fig. 5. Evolution of A(Li) after the first He flash with time. The solid lines represent the increase produced with element diffusion and different constant diffusive coefficients (Dmix). The dotted lines indicate the A(Li) of ∼1.5 dex and the A(Li) of ∼3.2 dex.



In this study, MESA was applied to calculate the evolution of stars with initial masses of 0.9 M⊙, 1.0 M⊙, 1.2 M⊙, 1.4 M⊙, 1.6 M⊙, and 1.8 M⊙. Through a linear interpolation method, the lifetimes of Li-rich giants and giants for these 106 stars were estimated. Then, the percentage of Li-rich giants among giants was assessed. In particular, the ratio values of models with Dmix = 1011, 1012, 1013, and 1015 cm2 s−1 were 0.5, 1.2, 1.1, and 0.2%, respectively, which is consistent with the observational estimates.
Very recently, Zhang et al. (2021) has shown that the deterioration of Li in the RC stage is not so obvious and the low ratio (e.g. 0.2%) may be an anomaly. If it is true, the high diffusive coefficient (e.g. 1015 cm2 s−1) may be undesirable. It means that the model proposed in this study fails to produce all super Li-rich giants, especially the most Li-rich giant star TYC 429-2097-1. Thus, the binary merging model proposed by Zhang et al. (2020) may be competitive.
4. Conclusions
Considering the element diffusion, we used MESA to calculate the evolution of Li abundance. The element diffusion mainly triggered by the gravity field suppresses the mean molecular weight and changes the element concentration gradient at the junction zone between the stellar envelope and the He core. The local decrease in the mean molecular weight greatly affects the efficiency and range of thermohaline mixing, and makes the thermohaline mixing region expand to the inner convection region of stars. A transport channel, efficiently transporting 7Be in the hydrogen-burning region of the star to the convective envelope where 7Be decays into 7Li, is formed. Therefore, a large amount of 7Be, produced by the He flash, could be transferred to the stellar surface, finally turning into 7Li. However, the value of A(Li) could only be increased to 1.8 dex at maximum, which was insufficient to produce super Li-rich giant stars.
In turn, combining the element diffusion and constant diffusive mixing coefficients enabled us to increase the theoretical A(Li) values from 2.4 to 4.5 dex by increasing Dmix from 1011 to 1015 cm2 s−1. This means that the element diffusion in the proposed model can result in the extension of the thermohaline mixing zone and its connection with the stellar interior convection zone. Then, 7Be produced by He burning can be mixed in the stellar envelope. The high diffusive mixing coefficient can improve the efficiency of 7Be transfer to the stellar surface. Therefore, our model can produce the Li-rich giants, and even the most of super Li-rich giants. The results provided using the population synthesis method were also consistent with the observations, which confirmed the feasibility of this mechanism. However, the accuracy of the results in the model under consideration may be affected by the uncertain input parameter, Dmix. Since calculating an accurate Dmix is beyond the scope of this work, attention is rather paid to the diffusive mixing coefficients.


1 Here, A(Li) is the Li abundance expressed as A(Li) = log [n (Li)/n (H)] + 12, where n (Li) and n (H) are the number densities of Li and hydrogen, respectively.
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Table 1. 
From about 11 000 observational samples, the 351 Li-rich giant stars whose luminosities are measured were selected in this work.
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	[image: thumbnail]	Fig. 1. Evolution of Li on the stellar surface for the 1 M⊙ model. The x-axis is the Li abundance. The y-axis represents the logarithm of luminosity. The lines indicate the evolution process of Li abundance.
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	[image: thumbnail]	Fig. 2. Profiles of element abundances (top left corner) and diffusion coefficients (top right corner) (Dmix) at the first He flash. The solid lines are for the model with element diffusion, and the dashed lines are for model without element diffusion. The left and right panels at the bottom show the relative changes between the mean molecular weights (μdiff and μ) with and without element diffusion, and between the mean molecular weight gradients (∇μdiff and ∇μ) with and without element diffusion, respectively.
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	[image: thumbnail]	Fig. 4. Similar to Fig. 1, but for the models with different masses and constant diffusive mixing coefficients of Dmix to 1011 cm2 s−1, 1012 cm2 s−1, 1013 cm2 s−1, and 1015 cm2 s−1. Different values are displayed in the upper left corner of each subgraph. The solid and dashed lines show the evolutional tracks at Stages I and II, respectively. The red and blue circles are the Li-rich giant stars and the RC stars listed in Table 1, respectively. The star represents the most Li-rich giant star, TYC 429-2097-1, observed by Yan et al. (2018).
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	[image: thumbnail]	Fig. 5. Evolution of A(Li) after the first He flash with time. The solid lines represent the increase produced with element diffusion and different constant diffusive coefficients (Dmix). The dotted lines indicate the A(Li) of ∼1.5 dex and the A(Li) of ∼3.2 dex.
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        Profiles of element abundances (top left corner) and diffusion coefficients (top right corner) (Dmix) at the first He flash. The solid lines are for the model with element diffusion, and the dashed lines are for model without element diffusion. The left and right panels at the bottom show the relative changes between the mean molecular weights (μdiff and μ) with and without element diffusion, and between the mean molecular weight gradients (∇μdiff and ∇μ) with and without element diffusion, respectively.
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        Similar to Fig. 1, but for the evolutional tracks of Li abundances of four models.

      

    

  
    
      Table 1. 

      From about 11 000 observational samples, the 351 Li-rich giant stars whose luminosities are measured were selected in this work.

      
        


	Object ID
	Teff (K)
	log g (dex)
	[Fe/H] (dex)
	log(L/L⊙)
	A(Li)
	Reference





	HD 8676
	4860
	2.95
	0.02
	1.68
	3.55
	Kumar et al. (2011)



	HD 10437
	4830
	2.85
	0.1
	1.77
	3.48
	Kumar et al. (2011)



	HD 12203
	4870
	2.65
	−0.27
	1.69
	2.08
	Kumar et al. (2011)



	HD 37719
	4650
	2.4
	0.09
	1.76
	2.71
	Kumar et al. (2011)



	HD 40168
	4800
	2.5
	0.1
	2.1
	1.7
	Kumar et al. (2011)



	HD 51367
	4650
	2.55
	0.2
	1.59
	2.6
	Kumar et al. (2011)



	HD 77361
	4580
	2.35
	−0.02
	1.66
	3.8
	Kumar et al. (2011)



	HD 88476
	5100
	3.1
	−0.01
	1.87
	2.21
	Kumar et al. (2011)



	HD 107484
	4640
	2.5
	0.18
	1.78
	2.14
	Kumar et al. (2011)



	HD 118319
	4700
	2.2
	−0.25
	1.68
	2.02
	Kumar et al. (2011)



	HD 133086
	4940
	2.98
	0.02
	1.7
	2.14
	Kumar et al. (2011)



	HD 145457
	4850
	2.75
	−0.08
	1.61
	2.49
	Kumar et al. (2011)



	HD 150902
	4690
	2.55
	0.09
	1.83
	2.65
	Kumar et al. (2011)



	HD 167304
	4860
	2.95
	0.18
	1.93
	2.85
	Kumar et al. (2011)



	HD 170527
	4810
	2.85
	−0.1
	1.69
	3.12
	Kumar et al. (2011)



	TYC 429-2097-1
	4696
	2.25
	−0.36
	1.95
	4.51
	Yan et al. (2018)



	Gaia DR2 6423511482552457344
	4828.68
	2.84
	0.18
	1.56
	3.54
	Deepak & Reddy (2019)



	Gaia DR2 6216747182780840576
	4773.08
	2.69
	0.12
	1.54
	3.41
	Deepak & Reddy (2019)



	Gaia DR2 3080569351805501824
	4995.53
	2.6
	0.03
	1.71
	3.41
	Deepak & Reddy (2019)



	Gaia DR2 5920543908525756800
	4815.52
	2.68
	0.14
	1.54
	3.39
	Deepak & Reddy (2019)



	Gaia DR2 5676420200792553600
	4854.1
	2.31
	−0.11
	1.83
	3.38
	Deepak & Reddy (2019)



	Gaia DR2 6721793108675117440
	4911.04
	2.45
	−0.04
	1.64
	3.33
	Deepak & Reddy (2019)



	Gaia DR2 4488063566731544960
	4778.94
	2.37
	−0.02
	1.52
	3.27
	Deepak & Reddy (2019)



	Gaia DR2 2939800046333110272
	4985.2
	2.56
	−0.13
	1.55
	3.26
	Deepak & Reddy (2019)



	Gaia DR2 4168437628181576192
	4749.88
	2.71
	0.19
	1.21
	3.26
	Deepak & Reddy (2019)



	Gaia DR2 5229729170925959552
	5038.38
	2.79
	−0.15
	1.65
	3.24
	Deepak & Reddy (2019)



	Gaia DR2 5293680581122445184
	4832.25
	2.5
	−0.01
	1.65
	3.23
	Deepak & Reddy (2019)



	Gaia DR2 5242382659974594688
	4786.39
	2.8
	0.28
	1.6
	3.23
	Deepak & Reddy (2019)



	Gaia DR2 5628302754467688576
	4868.94
	2.37
	−0.2
	1.57
	3.21
	Deepak & Reddy (2019)



	Gaia DR2 3202012502737830784
	4906.32
	2.42
	−0.14
	1.77
	3.21
	Deepak & Reddy (2019)



	Gaia DR2 5460011229840058880
	4813.14
	2.63
	0.16
	1.7
	3.21
	Deepak & Reddy (2019)



	Gaia DR2 5452473905831060480
	4711.6
	2.17
	−0.3
	1.84
	3.2
	Deepak & Reddy (2019)



	Gaia DR2 6162898261508964992
	4835.99
	2.58
	0.01
	1.7
	3.2
	Deepak & Reddy (2019)



	Gaia DR2 6779302244026689920
	4541.3
	2.17
	−0.48
	1.99
	3.2
	Deepak & Reddy (2019)



	Gaia DR2 3496188144418768640
	4776.14
	2.59
	0.04
	1.63
	3.2
	Deepak & Reddy (2019)



	...
	...
	...
	...
	...
	...
	...





      

      
Notes. The observational data come from the references listed in the last column. The full version of this table is available at the CDS.



    

  
    
      Fig. 4. 
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        Similar to Fig. 1, but for the models with different masses and constant diffusive mixing coefficients of Dmix to 1011 cm2 s−1, 1012 cm2 s−1, 1013 cm2 s−1, and 1015 cm2 s−1. Different values are displayed in the upper left corner of each subgraph. The solid and dashed lines show the evolutional tracks at Stages I and II, respectively. The red and blue circles are the Li-rich giant stars and the RC stars listed in Table 1, respectively. The star represents the most Li-rich giant star, TYC 429-2097-1, observed by Yan et al. (2018).

      

    

  
    
      Fig. 5. 

      
        [image: thumbnail]
      

      
        Evolution of A(Li) after the first He flash with time. The solid lines represent the increase produced with element diffusion and different constant diffusive coefficients (Dmix). The dotted lines indicate the A(Li) of ∼1.5 dex and the A(Li) of ∼3.2 dex.
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