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Abstract

Context. Brown dwarfs and exoplanets provide unique atmospheric regimes that hold information about their formation routes and evolutionary states. Cloud particles form through nucleation, condensation, evaporation, and collisions, which affect the distribution of cloud particles in size and throughout these atmospheres. Cloud modelling plays a decisive role in understanding these regimes.

Aims. Modelling mineral cloud particle formation in the atmospheres of brown dwarfs and exoplanets is a key element in preparing for missions and instruments like CRIRES+, JWST, and ARIEL, as well as possible polarimetry missions like PolStar. The aim is to support the increasingly detailed observations that demand greater understanding of the microphysical cloud processes.

Methods. We extend our kinetic cloud formation model that treats nucleation, condensation, evaporation, and settling of mixed material cloud particles to consistently model cloud particle-particle collisions. The new hybrid code Hybrid moments (Ls) and Size (HyLandS) is then applied to a grid of Drift-Phoenix (Tgas, pgas) profiles. Effective medium theory and Mie theory are used to investigate the optical properties.

Results. Turbulence proves to be the main driving process of particle-particle collisions, with collisions becoming the dominant process in the lower atmosphere (p > 10−4 bar) at the cloud base. Particle-particle collisions produce one of three outcomes for brown dwarf and gas-giant atmospheres: fragmenting atmospheres (log10(g[cms−2])=3.0) coagulating atmospheres (log10(g)=5.0), Teff ≤1800K) or condensational growth dominated atmospheres (log10(g) = 5.0, Teff > 1800 K). Cloud particle opacity slope at optical wavelengths (Hubble) is increased with fragmentation, as are the silicate features at JWST NIRSpec, JWST MIRI, and ARIEL AIRS wavelengths.

Conclusions. The hybrid moment-bin method HyLandS demonstrates the feasibility of combining a moment and a bin method for cloud modelling, whilst assuring element conservation. It provides a powerful and fast tool for capturing general trends of particle collisions, consistently with other microphysical growth processes. Collisions are an important process in exoplanet and brown dwarf atmospheres, but cannot be assumed to be hit-and-stick only. The spectral effects of cloud particle collisions in both optical and mid-infrared wavelengths complicate inferences of cloud particle size and material composition from observational data.
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1 Introduction
Clouds in a planet outside the Solar System were first observed in HD209458b (Charbonneau et al. 2002) and since then clouds have remained important in almost all observed exoplanet atmo-spheres types. As the next generation of missions and instruments come online, such as the CRyogenic high-resolution InfraRed Echelle Spectrograph+ (CRIRES+; Follert et al. 2014), the James Webb Space Telescope (JWST; Greene et al. 2016), and the Atmospheric Remote-sensing Infrared Exoplanet Large- survey (ARIEL; Tinetti et al. 2018; Venot et al. 2018), the range of wavelengths at which atmospheres are observed will allow the investigation of cloud particle properties such as particle size and composition (Helling et al. 2006; Wakeford & Sing 2015; Burningham et al. 2021; Luna & Morley 2021).
Most of the known exoplanets are orbiting their star very closely, but recent efforts with the Spectro-Polarimetric High-contrast Exoplanet REsearch instrument at the Very Large Telescope (VLT-SPHERE; Beuzit et al. 2019), for example, have increased the number of gas giants orbiting their host star at large distances (Desidera et al. 2021; Langlois et al. 2021). Such large-orbit exoplanets hold a particular place in the ensemble of known exoplanets as they may allow comparisons with brown dwarfs. It is difficult to study exoplanets of similar types and different ages; however, it is possible for brown dwarfs (e.g. Scholz et al. 2018; Vos et al. 2020). Brown dwarf atmospheres have also been studied for their vertical cloud structures (Lew et al. 2020; Manjavacas et al. 2021), which are virtually impossible to obtain for exoplanets unless modelled.
Cloud formation modelling for brown dwarfs was naturally inspired by Solar System works to begin with (Rossow 1978; Lunine et al. 1986; Ackerman & Marley 2001), but also by dust formation modelling in AGB stars (Helling et al. 2001). The microphysical modelling approaches for cloud formation range from balancing process timescales (Cooper et al. 2003) to parametrising all processes into a settling rate (Ackerman & Marley 2001). The most complete cloud models treat cloud formation kinetically, with rates for key processes such as nucleation, condensation and evaporation, settling, collisions, and mixing (e.g. Helling et al. 2008a; Ohno & Okuzumi 2017; Lavvas & Koskinen 2017; Gao et al. 2018; Min et al. 2020). A timescale approach for coagulation as particle-particle growth process is applied by Rossow (1978); numerical solutions to the coagulation equation have been used in the context of planetesimal formation in protoplanetary discs (e.g. Dullemond & Dominik 2005; Birnstiel et al. 2010, 2012); and molecular clouds (Ormel et al. 2009, 2011; Ossenkopf 1993).
There are also recent models including coagulation for exoplanet atmospheres. Ohno & Okuzumi (2017) consider collisions of cloud particles for terrestrial water clouds and for ammonia clouds on Jupiter, using constructive constant density collisions and coagulation rates based on Brownian motion. The same model with porosity evolution due to collisions is applied to the atmosphere of mini-Neptune GJ 1214b in Ohno & Okuzumi (2018) and Ohno et al. (2020), where porous cloud particles formed by particle-particle collisions are found to be lofted into the upper atmosphere due to updraughts. Coagulation of cloud particles has also been applied for GJ 1214b and a hot-Jupiter atmosphere using a ‘characteristic particle size’ by Ormel & Min 2019 using the ARtful modelling Code for exoplanet Science (ARCiS) framework. Gao & Benneke (2018) and Powell et al. (2018) adapt the Community Aerosol and Radiation Model for Atmospheres (CARMA), a kinetic cloud formation code for Earth, to exoplanets including hit-and-stick coagulation. A bin model discretises the cloud particle size distribution in mass space, and the resulting particle distributions for gas-giant exoplanets are often broad and multi-modal (e.g. Powell et al. 2018). Samra et al. (2020) investigated the effect of porous and irregularly shaped cloud particles on gas-giant exoplanets and brown dwarfs, finding that highly porous cloud particles are required to have a significant impact on cloud particle properties throughout an atmosphere. Coagulation can be expected to produce large porosities if particles grow by hit and stick collisions (Dominik & Tielens 1997; Blum & Wurm 2000; Wada et al. 2008; Kataoka et al. 2013). However, experiments demonstrate that a range of collisional outcomes (e.g. compaction, fragmentation, sputtering, bouncing) are possible from particle–particle collisions (Blum & Wurm 2008; Güttler et al. 2010).
This paper presents a cloud formation model that combines a kinetic growth description capable of predicting cloud particle sizes and material compositions (amongst others) with a description for coagulation, which is the processing of existing cloud particles through collisions and the resulting growth to agglomerates. The coagulation description has been inspired by extensive works on particle–particle processes for dust grains in the disc modelling community. Birnstiel et al. (2012) demonstrated the capacity of a simplified approach to reproduce the major characteristics of the full solution based on solving the Smoluchowski equation. However, a 1:1 adaption of the resulting code TwoPop-Py (applied, for example, in Klarmann et al. 2018; Greenwood et al. 2019) falls short of the requirements for an atmospheric environment (friction, turbulence, density) since the routine TwoPop-Py is tuned to modelling discs. The principle idea of TwoPop-Py, however, allows the combination of the kinetic growth moment method with the bin method for coagulation enabling us to preserve the power of both for the first time, in particular the element conservation. Even so, assumptions will be required (outline in Sect. 3.1) compared to an in-depth modelling of the involved physical processes (Dominik & Tielens 1997; Endres et al. 2021).
Section 2 introduces the underlying theory of cloud formation, and the moment method for kinetic non-equilibrium cloud formation consistently linked with equilibrium gas-phase chemistry. Subsequently, Sect. 3 describes a two representative size population model for collisional evolution of a particle population, and deals with the approach specifically for exoplanet and brown dwarf atmospheres. Section 4 evaluates the timescales of processes affecting cloud particle formation and particle–particle collisions. Section 5 presents the results of the hybrid moment-bin method called Hybrid moments (Ls) and Size (HyLandS) for a grid of exoplanet and brown dwarf atmospheres. The effects of coagulation and fragmentation on the optical properties of the clouds are explored in Sect. 6. Finally, Sect. 7 discusses the sensitivity of the results on key collision model parameters, and possible implications for porous cloud particles.
2 Theoretical background
Cloud formation in brown dwarf and exoplanet atmospheres proceeds through a number of microphysical process. Initially, nucleation produces solid cloud particle seeds by gas–gas reactions; reactions with these surfaces allow further bulk growth through thermally stable material condensation. The formed cloud particles fall in the atmosphere through gravitational settling, until the previously condensed materials in a cloud particle become thermally unstable and the materials undergo evaporation. This transports the condensable materials downwards; therefore, to enable stable clouds to form an additional term for turbulent mixing is required to bring condensable materials back to the upper atmosphere. Collisions between cloud particles also alter the growth, structure, and number density of cloud particles.
2.1 Cloud formation modelling approaches
The master equation (Eq. (55) in Woitke & Helling 2003) captures these processes acting on the distribution function of cloud particles in volume space f (V) [cm−6], for cloud particles in the volume interval [V, V + dV]:
[image: equation](1)
Here υgas is the hydrodynamic gas velocity and υdr(V) is the gas-particle relative velocity of the cloud particles of volume V, calculated as the velocity for a spherical grain where drag and gravity are in force balance (see Sect. 2.4 in Woitke & Helling 2003). The terms on the left-hand side express the time and spatial evolution of (cloud) particles of volume V moving with the (cloud) particle velocity expressed as υgas + υdr(V). The righthand side is composed of the net rates of processes (Rk) causing cloud particles to grow or evaporate into or out of the volume interval [V, V + dV].
Two approaches have been developed to solve Eq. (1): the binning method and the moment method. The binning method is used to model particle-particle process by solving the Smolu- chowski equation, which has mass (not volume as in Eq. (1)) as an independent variable (e.g. Dullemond & Dominik 2005; Birnstiel et al. 2010). The binning method has been applied to exoplanet atmospheres for cloud modelling through adaptation (see Gao et al. 2018; Gao & Benneke 2018) of the initially Earth- focused model CARMA (Toon et al. 1979; Turco et al. 1979). Lavvas & Koskinen (2017), Kawashima & Ikoma (2018), Gao & Zhang (2020), and Ohno & Tanaka (2021) have applied the binning method to model photochemical haze formation through coagulation in exoplanet atmospheres. The advantage of such models is the ability to resolve the cloud and/or haze particle size distribution without an assumed functional form of the distribution (Powell et al. 2018). A sufficient number of bins is required (Krueger et al. 1995), which typically must span many orders of magnitude in mass space. We note that mass does not uniquely relate to the size (radius) of cloud particles in exoplanet and brown dwarf atmospheres as it is reasonable to expect that various mixes of materials may result in the same value of mass density. The smallest bin size may have an assumed number density as in protoplanetary disc modelling or be calculated from nucleation theory. For example, Gao et al. (2018) use 65 particle mass bins, starting at a radius of 10−8 cm and doubling in mass for each subsequent bin. The largest bin contains the particles of ~2 × 10−2 cm. Particles are assumed to have constant material densities and compositions within each bin, otherwise, element conservation would present a huge challenge to this method.
The moment method (see Sect. 2.2) uses moments (i.e. integrals) over the cloud particle distribution function. Each moment is represented by one conservation equation (Eq. (2)). The advantage of this method is that it requires only a small number of moments to be used to represent the particle size distribution ƒ(V). The number of moment equations required to be solved scales with the number of materials considered (≈20) regardless of the range of particle sizes covered by the distribution. The lower integration boundary requires a model for which, for example, a kinetic nucleation approach may be chosen (e.g. Lee et al. 2015; Köhn et al. 2021).
In what follows a hybrid approach will be developed that represents the microphysical growth regime by moments, including the formation of cloud condensation nuclei, and the coagulation regime by a fast semi-binning method. Section 2.2 presents the key ideas and formulae of the moment method for mixed-material particle formation in planetary environments and Sect. 3 presents how the two methods are combined and developed into the next generation of our cloud formation modelling to include particle–particle processes.
2.2 Moment method
The moment method was initially developed by Gail & Sedlmayr (1988) and was expanded to include mixed material cloud particles (‘dirty grains’) by Dominik & Tielens (1997). Woitke & Helling (2003) and Helling & Woitke (2006) expanded it to enable the modelling of gravitational settling of mixed-material cloud particles forming in exoplanet and brown dwarf atmospheres. A set of moment equations is derived by multiplying Eq. (1) by Vj/3 (j = 0, 1, 2, 3, …) and integrating over the volume space of cloud particles resulting in
[image: equation](2)
The moments are defined by an integral over volume space,
[image: equation](3)
and p is the local gas density. For the j-th moment, the units of pLj is cm(j–3).
2.2.1 Cloud particle formation model in a subsonic free molecular flow
In a subsonic free molecular flow (large Knudsen numbers, IKn), and 1D plane-parallel geometry (z direction only), Eq. (2) becomes (Woitke & Helling 2003)
[image: equation](4)
The terms on the right-hand side describe nucleation (seed formation), growth and/or evaporation of existing cloud particles ([image: equation], net growth velocity; see Eq. (66) in Woitke & Helling 2003) and gravitational settling (ξlKn, the drag force density).
2.2.2 Inclusion of mixing to form static clouds
Assuming a quasi-static atmosphere (υgas = 0) with a stationary cloud particle population ([image: equation]), the left-hand side of Eq. (4) is zero (Woitke & Helling 2004). As all terms on the right-hand side are positive, this leads to the trivial solution that no stable cloud can form in a static atmosphere (see Appendix A in Woitke & Helling 2004). However, since clouds do form and atmospheres are seldom truly static, a parametrisation for hydrodynamic mixing processes is introduced using a mixing timescale τmix (Eq. (9) in Woitke & Helling 2004),
[image: equation](5)
Re-arranging we arrive at (Eq. (7) in Woitke & Helling 2004)
[image: equation](6)
2.2.3 Closure condition
A closure condition for L0 is required for the set of Eq. (6) to be solvable (Sect. 2.4.1 Woitke & Helling 2004). The shape of the distribution function of particle sizes is not known in the moment method, but by assuming certain analytic forms the particle size distribution can be derived from the moments. For example a double Dirac cloud particle size distribution function ƒ(a) = n0δ(a – a0) + n1δ(a – a1). Applying V = (4π/3)a3 and using the definition of the moment in particle space (as in Dominik et al. 1989; Gauger et al. 1990) we obtain the following:
[image: equation](7)
Integrating Eq. (7) results in [image: equation] for the double-Dirac ƒ(a) function. Therefore,
[image: equation](8)
The four parameters of the distribution function ƒ (a), a0, a1, n0, n1, can now be expressible in terms of the Kj-moments: a0 is the positive root of [image: equation], and from this n0, n1 follow as (Appendix A of Helling et al. 2008b)
[image: equation](9)
[image: equation](10)
This condition is used in this work, as in Helling et al. (2008b), where Eqs. (8), (9), and (10) provide the closure condition for L0.
2.2.4 Heterogeneous cloud particles
Within an atmosphere, the thermodynamic conditions are not homogeneous and may, for example, change with height. Consequently, the chemical composition of the atmosphere changes. Both the locally changing temperature and the changing chemical composition cause a changing material composition of cloud particles throughout the exoplanet and brown dwarf atmosphere. Each cloud particle is composed of condensate species s where each has the volume fraction Vs/V (Helling & Woitke 2006) defined as
[image: equation](11)
Here Vs is the volume of material species s in an individual cloud particle of volume V. It is assumed that all cloud particles have the same material composition in a given atmospheric layer (i.e. thermodynamic environment) such that
[image: equation](12)
The cloud particle mass density is defined as [image: equation]1. Thus, in addition to the set of Eq. (6) for L1, L2, L3,… and the closure condition, an additional moment equation for each species s is solved:
[image: equation](13)
A closed set of equation that describes the formation of cloud particles in an atmospheric environment is therefore composed of Eq. (8) for L0; Eq. (38) for L1, L2, L3; and Eq. (13) for the [image: equation] for each material ‘s’
2.2.5 Element conservation
There is one last condition dependent on the moments, which is element conservation, from Eq. (8) (Woitke & Helling 2004), for each element i:
[image: equation](14)
Here ∊i is the hydrogen normalised abundance of element i; [image: equation] are the undepleted element abundances; and [image: equation] is the growth velocity but with additions for each element i and reaction species s (cf. Eqs. (2) and (8) in Woitke & Helling 2004 with Eq. (10) in Helling et al. 2008b).
3 Approach
In order to solve the long-standing methodological separation between the cloud (or dust) particle formation processes and particle-particle processes, like fragmentation and coagulation, within astrophysical modelling approaches, a combined modelling approach is presented here. This hybrid moment–bin cloud formation model combines a kinetic description capable of predicting cloud particle number densities and sizes as well as material compositions with a description for coagulation (i.e. the processing of existing cloud particles through collisions and the resulting growth to agglomerates). The coagulation approach follows an idea that has been introduced to efficiently model coagulation processes within planet-forming discs. The challenge is to identify those processes that limit or allow the particle–particle processes to occur, and the large differences between timescales for particle formation and particle– particle processes. Section 3.1 introduces the principle idea utilised to model coagulation and fragmentation of cloud particles through particle-particle collisions, and Sect. 3.2 defines the involved timescales. Section 3.7 presents the interface between the moment and the bin method. The method is summarised in Fig 1.
3.1 Coagulation modelling
The HyLandS hybrid moment-bin method discussed in this paper benefits from the moment method to describe particle formation and the idea of resolving the particle size distribution in order to describe particle–particle processes. It utilizes the key idea applied in TwoPop-Py (Birnstiel et al. 2012).
TwoPop-Py is a time dependant simple parametrisation of coagulation developed for protoplanetary discs (Birnstiel et al. 2012); it seeks to capture the complexity of a full bin model and has been calibrated to such a model, as described in Birnstiel et al. (2010). It is substantially quicker than the solution of the full coagulation problem.
A double Dirac delta distribution of two characteristic sizes is utilised: a collision monomer size a0 and a second collisional product size (aggregates and/or fragments) a1, where this second peak starts at the collision monomer size and increases exponentially up to some limiting maximum size alim and thus a1 at a time t is given by
[image: equation](15)
The timescale τcoag is the volume growth rate of cloud particles due to particle-particle collisions; it is calculated for differential settling and turbulence (Eqs. (18) and (27)), and is set to the fastest timescale considered:
[image: equation](16)
The limiting size alim is determined by either fragmentation or settling processes, as these are the two processes by which cloud particles are removed from an atmospheric layer or destroyed. The local thermodynamic and kinetic gas conditions determine the lowest aggregate size, a0, which may differ from typical dust in protoplanetary discs, where a0 may be fixed.
3.2 Timescales
A timescale analysis is utilised in order to see where particle-particle collisions are a significant process in the atmosphere of gas-giant exoplanets and brown dwarfs. Collision timescales are calculated by assuming a monodisperse distribution of cloud particle sizes, which for protoplanetary discs provides a good approximation to the numerical binned distribution model (Birnstiel et al. 2010). For each atmospheric layer with particle
[image: equation](17)
where ρs is the cloud particle material density, which is assumed constant throughout the collisional process, ρd is the mass density of cloud particles in the atmosphere, and Δvcoag is the relative velocity between two cloud particles of size a. The factor of 1/3 in Eq. (17) results from the collision timescale being based on the growth timescale of cloud particle radius a/a, whereas the growth timescale used for the other microphysical processes (e.g. nucleation, bulk growth, evaporation) in Woitke & Helling (2003) use the volume growth timescale V/V. However, using V = 4πα3/3 for compact spherical particles it can be shown that V/V = α/3a, thus a factor of three is applied to Eq. (17). This definition also aligns the collision growth timescale with the collision timescale τcoag = τcoll = (4πα2Δvcoagnd)_1. For a monodisperse distribution undergoing hit-and-stick collisions, each collision doubles the mass (and therefore the volume when considering constant cloud particle material density ρs) of the cloud particle.
	[image: thumbnail]	Fig. 1 Flow chart for modelling particle-particle collisions in combination with cloud formation processes.



3.3 Collisional processes between cloud particles
From the moments (Eq. (3)) it is possible to derive particle sizes, either through assuming some functional form of the size distribution, or by a direct ratio of the moments (see e.g. Samra et al. 2020). Thus, if both particle size and gas density are known, only the relative velocity between cloud particles remains to be determined. The collisional processes between particles that are considered in the model are the following:

	(i) Differential settling, the slightly different velocities of falling cloud particles with small variations in size;


	(ii) Brownian motion, the bumping of cloud particles due to the thermal velocity of gas molecules;


	(iii) Turbulence, turbulent eddies in the gas phase to which cloud particles frictionally couple depending on size resulting in different velocities.




The first process produces ordered motion (all particles settle in the same direction, radially inwards), while the second and third produce randomly directed velocities.
3.3.1 Differential settling
Woitke & Helling (2003) showed that cloud particles in a brown dwarf or exoplanet atmosphere quickly accelerate to their equilibrium drift velocity (vdr), and for subsonic, free molecular flow, gravitationally settling cloud particles this is
[image: equation](18)
The drift velocity depends on the local properties of the atmospheric layer, the sound speed (cT), the gravitational acceleration (g) and the gas density (ρ), and the cloud particle properties of size and material density. Consequently, for a given atmospheric layer, a monodisperse, materially homogeneous population of cloud particles will all gravitationally settle at the same speed, thus having no relative velocity between each other. However, it is reasonable to assume a small variation in cloud particle size, such that gravitational settling induces a differential velocity between cloud particles. Ohno & Okuzumi (2017) model collisions from differential settling for an approximately monodisperse distribution, by reducing the velocity of collisions by a
[image: equation](19)
Sato et al. (2016) fitted a simplified model for coagulation due to radial drift for icy pebbles in a protoplanetary disc to the full bin calculation of Okuzumi et al. (2012) and found a value of e = 0.5 fits well for compact particle coagulation. This value was subsequently used by Ohno & Okuzumi (2017, 2018) and Krijt et al. (2016), and in this paper. Equation (19) therefore results in a lower limit for the differential gravitational settling-induced coagulation timescale [image: equation]
3.3.2 Brownian motion
For Brownian motion the average relative velocity from the Maxwell-Boltzmann distribution for monodisperse compact spherical particles of size a, for a gas temperature T is
[image: equation](20)
By assuming the thermal velocity here requires that the Brownian motion collision timescale is very much smaller than that for which the cloud particles exist to collide with one another. In an atmosphere this is the settling timescale of a cloud particle, thus, from Eq. (20), it follows for Eq. (17) that [image: equation] (see also Sect. 4). In addition, using Eq. (20) to calculate the collision timescale assumes that the cloud particle mean free path is much larger than the average distance between cloud particles (i.e. a large particle Knudsen number), otherwise the cloud particles make multiple diffusive steps before colliding with one another, thus the collision timescale is not controlled by Eq. (20), but rather by the diffusion coefficient.
3.3.3 Turbulence
Turbulent fluctuations (or turbulence) are driven by large hydrodynamic, systematic motions which create a spectrum of fluctuations of different scales in time and space (also called eddies). These fluctuations can couple non-linearly and result in a nonzero vorticity of the respective fluid (e.g. Helling et al. 2004). Prominent examples are the Kelvin-Helmholtz interface instabilities seen in the atmosphere of Jupiter, the convective Hadley cells on Earth, and atmospheric boundary layers. However, little is known for exoplanet and brown dwarfs beyond mere analogies or the observation of small-scale photometric variability (see Vos et al. 2020; Bailer-Jones 2002). Hence, hydrodynamic fluid models (e.g. Helling et al. 2001; Freytag et al. 2010) may provide some guidance regarding the local large-scale fluid field, despite their limited suitability for turbulence consideration due to the small-scale closure problem, which affects the efficiency of chemical processes (e.g. Schmidt et al. 2006; Fistler et al. 2020). Alternative approaches utilise the Reynolds decomposition ansatz where a unperturbed large-scale background flow carries the small-scale perturbations (e.g. Sect. 2.2. in Helling et al. 2004). For the turbulence calculation, here we follow Helling et al. (2011), where the relative velocity between two cloud particles of sizes ai, aj is
[image: equation](21)
where τf,i and τf,j are the frictional timescales for cloud particles of sizes aj and aj, respectively, and τt is the turnover timescale of a turbulent eddy. From Woitke & Helling (2003) (Sect. 2.5), using Eqs. (21) and (13) for subsonic free molecular flow, the cloud particle frictional timescale is2
[image: equation](22)
The turnover timescale of a turbulent eddy is defined as
[image: equation](23)
where l is the length scale of the eddy, and v is the velocity of the eddy. For homogeneous and isotropic turbulence, energy may transfer at a constant rate from some largest eddy size, where it is driven by some external process (e.g. convection or large-scale HD flows, as on Jupiter), down to ever smaller eddy sizes, until it dissipates as heat at some smallest eddy size (Kolmogorov 1941). The energy dissipation rate ϵdsp [cm2 s−3] can be written as the scaling relation
[image: equation](24)
where Cj = 0.7 (Jiménez et al. 1993), and ϵdsp is constant within the inertial range of the turbulence size spectrum (Kolmogorov range). The energy dissipation rate can therefore be calculated from some eddy size and the related characteristic velocity. Here we chose an eddy size lmax = Hp/10 and velocity υmax given by
[image: equation](25)
where [image: equation] is suggested by Freytag et al. (2010) to be modelled by the root mean square velocity of a mixing-length theory (MLT) ansatz in terms of the MLT maximum velocity occurring within a 1D model. We therefore use the maximum convective velocity in the atmosphere, and pmax is the pressure level at which this velocity occurs, taken from the DRIFT-PHOENIX models. The ratio Hv/Hp is the wave amplitude velocity scale height, and log10(rv) is the ratio of maximum convection energy to wave amplitude. Both values are calculated according to parametrisations chosen to fit the 2D substellar atmospheric models in Freytag et al. (2010), where they are constant for a given set of substellar parameters (Eqs. (3) and (4) in Freytag et al. 2010).
The turnover timescale of an eddy of size l is given by
[image: equation](26)
and thus for monodisperse particle ensembles (τf,1 = τf,2), Eq. (21) simplifies to
[image: equation](27)
The quantity [image: equation] is a systematic velocity component of the gas, following Helling et al. (2011) and from Morfill (1985), here [image: equation] from Eq. (25). The eddy size ledd, for which the exchange of momentum between the gas phase and the cloud particles is most efficient, is left a free parameter. In this work a typical eddy size of ledd = 1 cm is assumed as in Helling et al. (2011). This assumption is discussed in Sect. 7.1. The choice here of a representative eddy size differs from the standard approach of choosing the maximum eddy size: the fraction τf /τt is not the same as the conventional Stokes number St = τf/τtL, where τt,L is the turnover time of the largest eddy of the system of length lmax. Writing Eq. (27) in terms of the Stokes number, and rearranging we obtain
[image: equation](28)
In the limits of small and large Stokes numbers, we retrieve [image: equation] and [image: equation], respectively The proportionality to the Stokes number is the same as in (Ormel & Cuzzi 2007, their Eq. (28) and Eq. (29)), the additional term relating eddy turnover timescales acts similarly to a 'variable alpha’, either decreasing or increasing relative velocities for turbulence in the atmosphere. Thus, τt should not be thought of as the turnover time of the eddy with which the cloud particle is coupled. Instead, τt/τt,L is a parameter that tunes the strength of turbulence and the efficiency of the coupling of turbulence and cloud particles, and therefore the relative velocities, in a similar manner to the commonly used alpha parametrisation (Shakura & Sunyaev 1976). A preliminary comparison of the typical eddy length scale l and α, in terms of a relative velocity comparison is conducted in Sect. 7.1.
The turbulence modelling approach used here is based on the Reynolds decomposition ansatz applied in Völk et al. (1980) and Morfill (1985) and applied in combination with the Kol-mogorov energy cascade. The Reynolds decomposition and the Kolmogorov cascade both have severe limitations in modelling a turbulent medium. Both models only represent the local interaction of neighbouring scales (neighbouring eddy sizes), but do not describe the inherent non-linearity and non-locality of a turbulent medium that lead to non-linear interactions between different scales (e.g. Warhaft 2000). Furthermore, none of the linear models will be able to capture subsequent accelerations of cloud particles as the result of coupling to other fluctuations. This impasse in describing the effect of non-local scale interaction become critical, for example, in chemically reactive media, for example in atmospheres. One simple way to represent this effect is to overemphasise the effects of linear turbulence on the chemistry. The reasonable justification is that turbulent media enable a gas to undergo chemical transformations considerably more efficiently than a laminar medium, due to a larger chemically active surface as result of vorticity shaping (Schmidt et al. 2006; Fistler et al. 2020). We demonstrated this for exoplanet and brown dwarfs (Helling et al. 2001, 2004). Much work is still needed to fully understand the appropriate selections for these parameters, and for the parametrisations in general, for exoplanet and brown dwarf atmospheres.
3.4 Limiting cloud particle sizes for exoplanet and brown dwarf atmospheres
In protoplanetary discs, the primary processes limiting particle growth through collisions are radial drift, settling, and fragmentation (Brauer et al. 2008; Birnstiel et al. 2016). Radial drift occurs when particles orbit faster than the Keplerian velocity of the gas and thus experience a ‘headwind’ that leads to orbit decay and the particles drifting towards the centre of the disc. Fragmentation is the result of collisions between particles being sufficiently energetic to break the colliding particles apart, rather than constructing larger particles. For an exoplanet atmosphere the process of fragmentation (Sect. 3.4.2) is naturally still important to consider, and the process of gravitational settling also provides a limit to the size that cloud particles can grow (Sect. 3.4.1).
The collisional process of Brownian motion, however, is not included in the hybrid moment-binning method calculations. As seen in Eq. (20), Brownian motion is inversely proportional to particle size, and thus provides a lower limit to fragmenting particle sizes and hence does not fit into the limiting size scheme.
3.4.1 Settling limit
The process of gravitational settling still provides an analogous limit to radial drift in a protoplanetary disc, one where the cloud particles rain out from an atmospheric layer before they can be significantly affected by collisions. The timescale of this process is the time taken for cloud particles to gravitationally settle (at the equilibrium drift velocity) across a pressure scale height (Woitke & Helling 2003):
[image: equation](29)
This process limits the size to which cloud particles can grow when the collisional growth timescale is shorter than the settling timescale. If differential settling is the dominant collisional process [image: equation], the settling limit [image: equation] is reached when these two timescales are equal (Eqs. (29) and (19)):
[image: equation](30)
For [image: equation] (turbulence is the driving timescale) the situation is more complex, resulting in a polynomial of fifth order which can be written as
[image: equation](31)
Polynomials of fifth order are not generally solvable algebraically but Eq. (31) can be proven to always have only one positive root, less than the right-hand side of Eq. (31), thus the solution can simply be found using a bisection search between the right-hand side and zero (see Appendix A).
3.4.2 Fragmentation limit
The second limit to the growth of cloud particles by collisions is through fragmentation, where the energy of collision between two cloud particles is sufficient to destroy the cloud particles rather than constructively building up aggregates. Collisional experiments (see Blum & Wurm 2000, 2008 and Güttler et al. 2010) identify three main modes of collisional outcomes: sticking, bouncing, and fragmentation. The specific outcome of a collision depends on the collisional velocity, material composition, structural rigidity, and size of colliding particles.
For collisions between compact, monodisperse particles there is generally a 'bouncing barrier' (Fig. 11 in Güttler et al. 2010, Fig. 2 in Birnstiel et al. 2016), where cloud particles collide but do not transfer mass (neither coagulation nor fragmentation). However, this barrier can be bypassed by collisions between differently sized particles and by considering porosity evolution through collisions (see also Kataoka et al. 2013).
The effect of neglecting bouncing in compact particle collisions can be estimated using the results of Güttler et al. (2010). The average cloud particle reference sizes for exoplanet and brown dwarf atmospheres (Table 2 Woitke & Helling 2003) are in the range ~10−6–10−3 cm. Consequently, compact cloud particles made purely of Mg2SiO4 (ρs = 3.25 g cm−3) have masses in the range ~10−17–10−8g. Figure 11 in Güttler et al. (2010) shows that for silicate particles for cloud particles with masses ≲10−11 g (radii of ~1 µm) there is a direct transition from a regime of hit-and-stick collisions to a fragmentation regime. For heavier cloud particles (radii between 1–10 µm), there is an increasing range of collisional boundary. Thus, for larger cloud particles the efficiency of fragmentation may in fact be lower, as bouncing collisions occur instead. When considering collisional experiments for particle sizes in the range ~10−3–100 µm (their Fig. 13) Blum & Wurm (2008), propose a maximum velocity for sticking of dust particles in a collision dependent on size such that
[image: equation](32)
where x is largely unconstrained with x > 1 for particles > 1 µm and potentially x < 1 for particles < 1 µm. As exoplanet atmospheres contain cloud particles spanning a significant proportion of this size range, Eq. (32) is adopted as the limiting velocity between the coagulating and fragmenting regimes, with x = 1, giving the inversely proportional fragmentation limit as
[image: equation](33)
(in cgs units). This provides that for submicron-sized particles, where there are no collisional experiments, the fragmentation limit is higher than the typically assumed value of vfrag = 100cms−1 (e.g. Güttler et al. 2010; Kataoka et al. 2013). The fragmentation limit afгag is then defined as the particle size for which this velocity equals the relative velocity of cloud particle sizes: [image: equation], where i indicates whether differential settling (i = sett) or turbulence (i = turb) is the driving velocity of collisions.
Applying this fragmentation velocity limit to the relative velocities for differential settling and turbulence, using Eqs. (19) and (27), gives if [image: equation]
[image: equation](34)
For [image: equation] the cubic equation
[image: equation](35)
is solved for real roots.
3.5 Large collision monomers
The use of limiting maximum sizes (Sect. 3.4) is a challenge for any two representative size collision models. In a hybrid moment–bin method, other microphysical processes encapsulated in the moment equation (e.g. bulk growth) affect the average cloud particle size. Therefore, rather than having a fixed small collision monomer size, it is possible for the collision monomer size to be larger than the cloud particle size limits of the collision model
As other microphysical processes affect the size of the colliding cloud particles, it is possible for the cloud particle collision monomer size to be larger than the limiting cloud particle size of the model. If the limiting size is due to settling, then this indicates that the monomers will rain out of that atmospheric layer without experiencing significant collisions, either fragmenting or coagulating. If [image: equation], then the cloud particle population is unchanged, and so a1 = a0 is set. Thus, the adjusted moments are the same as the input moments L′j ≡ Lj (as shown in Fig. 1; see Sect. 3.7 for details). If fragmentation is the size limiting process [image: equation], then the cloud particles may experience a significant number of collisions, but they are overall destructive and result in a reduction in particle size. To represent this process the second population exponentially decays from the monomer size towards the fragmentation limit:
[image: equation](36)
Consequently, sufficiently fast collisional timescales lead to the second cloud particle population size reaching this limit. Conceptually, however, this is incomplete as the fragmentation limit represents the maximum size of cloud particles that are stable to fragmentation for a particular atmospheric layer. In other words, monodisperse collisions of cloud particles of this size and smaller do not result in fragmentation. Thus, the stable cloud particle population for such an atmospheric layer could include cloud particles of this limiting size down to the minimum particle size. This results in the second cloud particle population now representing only the very largest cloud particles possible resultant from collisions3.
3.6 Timestep selection
The cloud formation model used (see Sect. 2) is not time dependent, but is stationary. We only consider the case that the collision monomers are small enough that they stay in an atmospheric layer and experience significant collisions (i.e. [image: equation]). In this case, incorporating the effect of particle-particle collisions requires the modelling of some effective timestep to represent the amount of collisions occurring. In order to not over-represent the coagulation or fragmentation with respect to the other processes, a limiting timescales for condensation growth and settling is applied such that
[image: equation](37)
where τgгow is the condensational growth timescale defined by Eqs. (22), (32), and (37) in Woitke & Helling (2003), and ft is an efficiency factor that can be used to represent effects that slow down the evolution of a cloud particle distribution from collisions, such as bouncing which preserves the mass of the colliding cloud particles. For this work, ft is set to 1. The gravitational settling timescale τsett is used when the monomer is of a size that collisions are constructive (coagulation regime) as this is the other physical process that counteracts growth, whilst in the fragmentation regime it is growth by condensation that counteracts reduction in the particle size due to destructive collisions.
3.7 Interface
The interface between the moments and the particle-particle collision calculation and vice versa is a critical component of the model. Therefore, combining the two approaches of kinetic cloud formation through solving moment equations with a two-bin approach for particle-particle collision modelling is the core of our work. The effect of particle-particle processes on cloud formation is introduced by an additional source term in the master equation, similar to the introduction of the mixing parametrisation in Eq. (5). The resulting changes of the moments, Lj, due to nucleation, growth or evaporation, mixing and particle-particle collision are now calculated from
[image: equation](38)
The collision monomer size for any atmospheric layer must be selected to be representative of the size of cloud particles in that layer. For a given layer the monomer size is therefore set to a0 = 〈a〉A, surface-averaged mean particle size, and correspondingly the number density to nd,0 = nd,A, which are defined as
[image: equation](39)
The surface-averaged quantities are selected as the collision monomer size, because this is the size used to calculate the timescale of collisions, which is the inverse of the colli-sional rate. This means that the calculations are proportional to the cross-sectional area of the cloud particles, which for compact spherical particles is proportional to the surface area of the cloud particle, and the distribution of cloud particles is better represented by this average size derived from the moments. For porous particles the relationship between surface area and cross-sectional area is more complicated.
The resultant double Dirac delta distribution (a0, nd‚), (a1, nd,1) is converted into the particle-particle collision affected moments [image: equation], according to Helling et al. (2008b), and is the inverse of the process described in Sect. 2.2.3:
[image: equation](40)
3.8 Mass conservation
Throughout the collision calculations, the mass of the cloud particles in the atmosphere (Mtot) is constant. The collision monomer size calculations assume all cloud particles to be of a single size (a0 = aA), with corresponding number density [image: equation]. Thus, the total cloud mass is expressed as
[image: equation](41)
Thus, once the collisional product size has been calculated, the cloud particle mass can then be divided between the two populations utilising a factor fmass:
[image: equation](42)
[image: equation](43)
Here fmass, like other parameters is based on protoplanetary disc numerical simulations, and the partition values used are the same as in Birnstiel et al. (2012):
[image: equation](44)
3.9 Model set-up and input
The atmospheric profiles used in this work are 1D DRIFT-PHOENIX profiles (Dehn 2007; Helling et al. 2008b; Witte et al. 2009, 2011) for local gas temperature, pressure and vertical mixing velocity (Tgas, Pgas, uz), where cloud feedback on the temperature pressure profiles was consistently included. Global atmospheric parameters of Teff = 1400, 1600, 1800, 2000, 2400 K and log10(ɡ [cm s−2]) = 3.0, 5.0 were used. These global parameters are applicable to a range of substellar atmospheres, with log10(ɡ[cms−2]) = 3.0 representing gas-giant exoplanets and young brown dwarfs, and log10(ɡ[cms−2]) = 5.0 representing old brown dwarfs.
The kinetic non-equilibrium cloud formation model used is the same as in Samra et al. (2020). It uses modified classical nucleation theory for three nucleation species (Tio2, SiO, C). A total of 15 cloud condensation species are considered (s =TiO2[s], Mg2SiO4[s], MgSiO3[s], MgO[s], SiO[s], SiO2[s], Fe[s], FeO[s], FeS[s], Fe2O3[s], Fe2SiO4[s], Al2O3[s], CaTiO3[s], CaSiO3[s], C[s]), which can condense through 126 gas-surface reactions. The refractive indices for cloud condensate materials are the same as in Samra et al. (2020) and Helling et al. (2019a), with the same extrapolation treatments for incomplete data as in Lee et al. (2016).
For the gas phase, for over 180 molecules, atomic and ionic species, chemical equilibrium is assumed and consistently linked with cloud formation through element depletion. The undepleted element abundances are assumed to be solar (Grevesse et al. 1993). The local turbulent gas-mixing timescale is parametrised by the convective overshooting approach, where the mixing timescale τmix in Eq. (38) is calculated as in Eq. (9) of Woitke & Helling (2004).
4 Analysis of collision timescales
This section compares the effectiveness of the different micro–physical processes involved in cloud particle formation and particle-particle processes, as well as the likely collisional outcomes of such collisions. This is done by calculating where the particle-particle collisions timescale dominates (i.e. is shorter than) the processes of nucleation, settling, and growth or evaporation. For exoplanet and brown dwarf atmospheres, Woitke & Helling (2004) showed that static clouds are made of five typical regions: extremely cloud particle-poor and element depleted gas; efficient nucleation; cloud particle growth; drift dominated; and evaporating cloud particles. These regions are shown in Fig. B.1 with the full set of timescales.
	[image: thumbnail]	Fig. 2 Atmosphere regions where particle–particle collisions are faster than the gas-solid surface growth process. Shown are results for three particle collision processes for different atmosphere structures: gravitational settling (green bar), Brownian motion (red bar), turbulence (blue bar). The black line shows the cloud particle mass load (ρd/ρ) at the different pressures for all DRIFT-PHOENIX atmospheric profiles used: Teff = 1400, 1600, 1800, 2000, 2400 K, for log10(ɡ [cm s−2]) = 3.0, 5.0 (left and right, respectively). The focus is only on the cloud base (10−4 < p bar < 100). The x-axis is zoomed in to show the cloud base.



4.1 Atmospheric regions of efficient coagulation or fragmentation
For the upper region of the atmosphere, efficient nucleation occurs (i.e. on a short timescale) leading to the formation of small cloud particles that gravitationally settle inwards, and the number density of cloud particles rapidly increases towards higher pressures. Next, bulk growth also becomes efficient (>10−8 bar for log10(ɡ[cms−2]) = 3.0 and >10−6 bar for log10(ɡ [cm s−2]) = 5.0), which increases the cloud particle size, and thus also increases the cloud particle settling velocity. For the lowest pressure part of this region, nucleation remains an efficient process, which leads to a dramatic increase in the cloud particle mass load as cloud particles continue to be efficiently produced and grown. At pressures of around >10−2 bar for log10(ɡ[cms−2]) = 3.0 and >1 bar for log10(ɡ[cms−2]) = 5.0, the gravitationally settling cloud particles are in a region where they are thermally unstable and thus evaporate, which creates the sudden transition of the cloud base. Mixing is a much slower process throughout the atmosphere than the other microphysi-cal processes (see Fig. B.1). Mixing only becoming faster than the peak (fastest) collisional timescales in the lowest (cloud-free) part of the atmosphere). Alternative mixing approaches for cloud formation are investigated in Woitke et al. (2020).
Throughout the atmosphere gravitational settling timescale closely matches the timescale of the dominant growth process, excluding collisions that are calculated inconsistently. For the deepest part of the cloud structure the collisional timescales rapidly decrease, and for the lowest effective temperature profiles, at pressures just less than that of the cloud base, turbulent collision timescales becomes the dominant process.
Figure 2 summarises the regions where particle–particle collisions becomes dominant (i.e. shorter timescale than the settling and growth timescales). For all atmospheric models considered particle-particle collisions only dominate in the lower atmosphere, near the cloud base because the collision timescale is inversely proportional to the cloud particle mass load in the atmosphere (Eq. (17)). Figure 2 shows that differential settling and Brownian motion both induce lower relative velocities between cloud particles, and thus fewer collisions and longer coagulation and fragmentation timescales. The col-lisional timescale due to Brownian motion is slower than the settling timescale (Fig. B.1). This invalidates a key assumption of Eq. (20) (large Knudsen numbers) and suggests that particles make multiple diffusive steps between collisions. Thus, a diffusive timescale for Brownian motion-induced collisions would have to be used. However, as the diffusive case is generally slower than the ballistic case, Eq. (20) serves to provide a lower limit on[image: equation].
Figure 2 demonst ates that paticle–paticle collisions become an efficient and dominant process across a broader pressure range for lower effective temperatures. Figure 2 also shows that turbulence-induced collision is the most efficient process for causing coagulation or fragmentation.
4.2 Relative velocity of collisional processes and fragmentation limit
Near the cloud base, where particle-particle collisions are efficient Fig. 3 shows that of the three considered collisional processes, turbulence-induced particle-particle collisions occur on the shortest timescales. Thus, it follows that turbulence also induces the highest relative velocities between cloud particles in these regions. Gravitational settling and Brownian motion-induced collisions do occur at higher relative velocities in the upper parts of the atmospheres (at low pressures). However, as cloud particle density is low in these regions, processing through particle-particle collisions in this region is very slow. Thus, the outcome of any collisions that occur will not have a substantial impact on the overall cloud particle population.
An important distinction in the outcomes of collisions is whether they are constructive (i.e. coagulation) or destructive (i.e. fragmentation, sputtering). The collisional outcome of fragmentation is often modelled by a constant velocity limit, Güttler et al. (2010) and others (e.g. Birnstiel et al. 2011) note that generally for silicates this limit is above 102cms−1. Even for non-compact, irregularly shaped particles of different compositions Blum & Wurm (2000) find that fragmentation velocities are still consistently around 102 cms−1. However, for icy particles this velocity limit may increase to 103cms−1 (Wada et al. 2009). Figure 3 shows where the cloud particle relative velocities induced by turbulence, gravitational settling, and Brownian motion exceed these fragment velocity limits, and the inversely proportional velocity limit: vfarg = 100 (a × 104)−x [cm s−1] (Sect. 3.4.2).
Inside the atmospheric regions where particle-particle collisions are efficient, for log10(ɡ[cms−2]) = 3.0, turbulent collisions are almost always above the fragmentation limit for all three velocity limits. However, the turbulent velocities quickly fall below the fragmentation limit inversely proportional to particle size, and at very low pressures also fall below the icy fragmentation limit. Differential settling and Brownian motion are both much lower velocities at high pressures and are below all limits for p > 10−5 bar, but do rise above the silicate limit at this pressure, and above the icy limit between 10−6−10−8 bar. At very high altitudes the Brownian motion velocity flattens off because the size distribution flattens off at nucleation cluster size so it never exceeds the inversely proportional velocity limit for particle fragmentation.
In the atmospheres of old brown dwarfs, log10(ɡ [cms−2]) = 5.0, the cloud particle relative velocities, induced by all processes considered never rise above the inversely proportional limit, but follow trends similar to those for the log10(ɡ[cms−2]) = 3.0 case for the silicate and icy limits. Thus, considering the inversely proportional limit in regions where collisions are efficient at affecting particle size, for log10(ɡ[cms−2]) = 3.0 fragmentation will limit growth of aggregates, but for log10(ɡ[cms−2]) = 5.0 collisions should always be constructive.
Overall, this analysis shows that particle-particle collisions become important and dominant towards the base of the cloud deck, due largely to the cloud particle number densities increasing and that these collisions will be largely induced by turbulence. However, cloud particle-particle collisional velocities are high throughout the atmosphere so that fragmentation is likely to limit aggregate sizes. Brownian motion and differential settling could produce enough collisions, and thus dominate the cloud particle sizes at higher altitudes, if a sufficient number density of cloud particle were present. This might occur due to the formation of photo-chemical hazes (Barth et al. 2021; Kawashima & Ikoma 2018; Helling et al. 2020; Adams et al. 2019) or due to efficient hydrodynamic transport from deeper atmospheric regions (Ohno & Okuzumi 2017).
	[image: thumbnail]	Fig. 3 Differential velocity generated by the three methods considered: gravitational settling (green), Brownian motion (red), turbulence (blue). The black lines show the fragmentation velocity limits for silicates (1 ms−1, solid) and for ice-coated particles (10 ms−1, dashed). Also shown is the fragmentation limit vfrag = 10−2 /〈a〉A cm s−1 (dotted). From top to bottom are the model effective temperatures Teff = 2400, 2000, 1800, 1600, 1400 K. Two surface gravities are also shown: log10(ɡ [cm s−2]) = 3.0 (left), and log10(ɡ [cms−2]) = 5.0 (right).



	[image: thumbnail]	Fig. 4 Derived Gaussian standard deviation to the average Gaussian particle size, σa/ā. For all DRIFT-PHOENIX atmospheric profiles used: Teff = 2400, 2000, 1800, 1600, 1400 K (top to bottom), for log10(ɡ [cm s−2]) = 3.0,5.0 (left and right respectively). The full depth of the atmospheres (~10−12−102 bar) is shown.



4.3 Validity of monodisperse timescale calculations
For these timescale analyses a monodisperse cloud particle distribution is assumed. From the cloud moments a Gaussian cloud particle size distribution is derived (as done in Samra et al. 2020), to assess whether cloud particles of various sizes alter the collisional outcomes or the dominant processes for inducing particle-particle collisions. Figure 4 shows the relative fraction of the standard deviation of the Gaussian distribution (σa) to the mean particle size (ā). The figure illustrates that the distribution of cloud particles is only broad at low pressure (high altitude) levels, where nucleation is still an efficient process. This occurs because without nucleation generating small cloud particles, bulk growth through condensation efficiently grows all cloud particles to the gravitational settling limiting size. This creates a tightly peaked Gaussian cloud particle size distribution.
As seen, the particle-particle collision timescales are shortest near the cloud base; where the nucleation timescale is long, for all but Teff = 1400 K, log10(ɡ = 3.0[cms−2]), the cloud particle size distribution is already narrow at these pressure levels. Nonetheless, the impact of adding additional particle sizes as a consequence of this size distribution for Teff = 1400 K, log10 (ɡ[cms−2]) = 3.0, 5.0 is briefly considered here. Figure 5 reveals that the overall change to the relative velocities for monodisperse collisions with cloud particle sizes of [image: equation] for k = 1 and 2 is not that dramatic. Turbulence still remains the most significant collisional process for all atmospheres. When considering the inversely proportional fragmentation limit υfrag = 100(a× 104)−x [cms−1] (Sect. 3.4.2), the collisional outcomes are unchanged qualitatively. At the cloud base for exoplanet atmospheres (log10(g[cms−2]) = 3.0) turbulence-induced relative velocities are still sufficiently high to cause fragmentation. For old brown dwarfs (log10(g [cms−2]) = 5.0) all collisional processes induce cloud particle relative velocities below the fragmentation limit. However, the same cannot always be said for lower boundary values for cloud particle sizes of [image: equation] for k = 1 and 2. Unsurprisingly, Brownian motion becomes more significant for smaller particles and differential gravitational settling becomes less important.
The inverse relation to cloud particle size of the fragmentation limit causes turbulence-driven fragmentation to remain the dominating particle–particle process near the cloud base.
	[image: thumbnail]	Fig. 5 Monodisperse differential particle velocities for Teff = 1400 K for log10(g = 3.0, 5.0 [cms−2]) (left and right, respectively) as in Fig. 3 as well as υfaag (black). Line styles represent the monodisperse velocities for particles of size [image: equation] for n = 0, 1 and 2 as described in the legend.



5 Effect of Particle-Particle Collisions on Cloud Particle Properties
Cloud formation results including particle–particle collisions processes in atmosphere of giant gas planets and brown dwarfs broadly split into three categories:

	(i) fragmenting atmospheres for log10(g[cms−2]) = 3.0 (Sect. 5.1);


	(ii) coagulating atmospheres for log10(g[cms−2]) = 5.0 and Teff < 1800 K (Sect. 5.2);


	(iii) growth dominated atmospheres for log10(g[cms−2]) = 5.0 and Teff ≥ 1800 K (Sect. 5.3).



These categories are best seen in the average cloud particle size and number density throughout the atmospheres of the model exoplanet and brown dwarfs. These properties are shown in Figs. 6 and 7, where Fig. 7 also shows the fragmentation and settling limits of the collisional process.
5.1 Cloud particle fragmentation dominated atmospheres
For exoplanet and young brown dwarf atmospheres (log10(g [cms−2]) = 3.0) of all temperatures, collisions between cloud particles result in a reduction in average particle size. For all these atmospheres the fragmentation limit is set by the differential settling velocity in the upper atmosphere and by the turbulent velocities in the lower atmosphere, as at this point turbulence begins to generate higher relative velocities. For the upper atmosphere the fragmentation limit is small; however, as the timescale for particle–particle collisions in the upper atmosphere is much longer than all other processes, this does not affect the cloud particle size and number density.
At around a pressure of ~ 10−6 bar there is generally an inflection point, where the fragmentation limit begins to decrease. This reduction, in combination with increasing average particle size due to bulk growth eventually leads to the fragmentation limit in particle size, [image: equation], becoming smaller than the average particle size 〈a〉A. Between 10−4 and 10−3bar, the fragmentation limit due to gravitational settling exceeds the average particle size (and therefore collision monomer size); below this there is sufficient time before settling out for the cloud particles to collide. This results in a very sudden drop in the average cloud particle size 〈a〉A as the fast collisions rapidly fragment the cloud particle population. From here until the cloud base, the average particle size is controlled by the fragmentation limit, afrag. Any growth above this limit produces cloud particles that are rapidly broken down to below this limit. Figure 6 shows that in this region above the cloud base there is correspondingly an increase in cloud particle number density, nd,A, due to mass conservation.
However, the cloud particle mass load, ρd/ρ, in Fig. B.2 shows a substantial increase in the mass density of the cloud particles (ρd) in an atmospheric layer. This increase is up to six times the enhancement of the peak density ratio for atmosphere Teff = 1600K, and log10(g [cms−2]) = 3.0 at most, with similarly large increases for Teff = 1400 and 1800 K. As particle-particle collisions conserve cloud particle mass, this additional increase in cloud particle material must come from increased condensation due to increased surface area of the smaller cloud particles resulting from the fragmentation.
5.2 Coagulation growth affected atmospheres
For cool young exoplanets and old brown dwarfs (Teff < 1800K,log10(g[cms−2]) = 5.0), the settling limit for coagulation continues to increase with decreasing temperature, thus there is sufficient time for the cloud particles to increase in size due to collisions. For this atmosphere there is a minor increase in average particle size; however, compared to the effect from fragmenting atmospheres it is much less stark. This occurs because the relative velocities between cloud particles are slower than for fragmenting atmospheres, and thus the collisional growth timescale is also lower. Furthermore, any resultant coagulation reduces the cloud particle number density because of mass conservation, and thus reduces the collision rate further. Figure 6 shows that the reduction in number density can be between one and two orders of magnitude from the collision-free case at the cloud base.
For these models the fragmentation limit also still remains quite small and quickly becomes the smaller of the two limits below 10-2 bar. Thus, even in the case of substantial growth, the fragmentation limit prevents significant growth, approximately an order of magnitude larger than the collision monomer size at most. Coagulation also affects the cloud particle mass load for these atmospheres, reducing it slightly compared with the collision-free case. This is due to the increase in particle size and reduction in number density, which reduces the surface area available for surface growth (Fig. B.2).
	[image: thumbnail]	Fig. 6 Surface-averaged number densities [image: equation] without particle–particle collisions (blue) and with particle–particle collisions (black) for Teff = 1400,1600,1800,2000, 2400 K for giant gas planets and young brown dwarfs (log10(g) = 3.0), and for old brown dwarfs (log10(g) = 5.0).



	[image: thumbnail]	Fig. 7 Surface-averaged particle size 〈a〉A without particle–particle collisions (blue) and with particle–particle collisions (black) for Teff = 1400,1600,1800,2000, 2400 K for giant gas planets and young brown dwarfs (log10(g) = 3.0), and for old brown dwarfs (log10(g) = 5.0). The settling size limit [image: equation] is shown in red and the fragmentation size limit [image: equation] in green.



5.3 Surface growth dominated atmospheres
For hot young exoplanets and old brown dwarfs (Teff ≥ 1800K,log10(g[cms−2]) = 5.0), the cloud particle distribution at the cloud base is dominated by bulk growth. Figure 7 shows that this occurs when the average cloud particle size remains below the fragmentation limit, but above the settling limit for particle–particle collisions. Physically, this represents that the average cloud particles will settle out of a given atmospheric layer before collisions significantly affect the average particle size. Even for the case of Teff = 1800 K, where the settling limit is only marginally higher than the average particle size at its peak, any collisional growth is severely limited and the cloud particle distribution is largely unchanged.
5.4 Limited impact of cloud particle collisions on nucleation rates and material composition
In Sect. 4, we show that nucleation is efficient in the low-pressure upper atmosphere and that particle-particle collisions are efficient deeper in the atmosphere near the cloud base. However, the two processes do still occur in overlapping regions of the atmosphere. Furthermore, collisions alter the total surface area of cloud particles, and therefore the bulk growth rate. This could in turn affect the nucleation rate by reducing the element abundances in the gas phase. In particular, fragmentation dramatically increases the mass of cloud particle material (Sect. 5.1), possibly amplifying element depletion and causing reduced nucleation rates.
The nucleation rates of the high-altitude nucleation species SiO is unaffected as collisional rates for pressures < 10−5 bar are negligible; however for TiO2 this is not the case. Figure B.3 shows that for cooler exoplanet and brown dwarf atmospheres (Teff ≤ 1400 K), there may be atmospheric regions where nucle-ation and particle-particle collisions occur simultaneously. In a fragmenting atmosphere the TiO2 nucleation rate begins to decrease at lower pressures, and for the coagulating brown dwarf profile Teff = 1400K, log10(g[cms−2]) = 5.0 profile there is actually a slight increase in the TiO2 nucleation rate before the total nucleation rate drops off at a slightly higher pressure than the no collision case. However, for all warmer brown dwarf (Teff ≥ 1600 K) profiles there is no discernible effect. The reason for these two cases is similar to the situation that occurred for increased porosity in Samra et al. (2020), where increased surface area from fragmentation of cloud particles (reducing average particle size) leads to more efficient bulk growth of the cloud particles which depletes the gas phase of the relevant nucleating species, and vice versa for the coagulating case.
In summary, nucleation rates in exoplanet and brown dwarf atmospheres are unaffected by particle–particle collisions unless: the cloud particle number density is sufficient for efficient collisions (short collision timescale); the outcome of coagulation or fragmentation substantially changes the cloud particle average size, and hence the available surface area to affect bulk growth; and some species have a high nucleation rate at the high pressures where collisions between cloud particle-particle collisions are efficient.
Particle-particle collisions do not change the cloud particle material composition throughout the atmospheres in our hybridmodel because only the nucleation and the surface growth or evaporation processes are considered to interact with the gas phase. Instead, particle–particle processes indirectly affect the material composition of the cloud particles due to an increased or decreased surface of cloud particles that allows for greater or lesser condensation of the same cloud species as thermal stability is unchanged.
6 Observable outcomes of particle–particle collisions
The optical properties of the clouds are now examined for the atmospheres with the most significant changes to the cloud distributions due to the effect of particle–particle collisions: the fragmenting type (Teff = 1400K and log10(g[cms−2]) = 3.0) and the coagulating type (Teff = 1400K and log10(g [cms−2]) = 5.0). Clouds are important for transmission and emission spectra (Barstow & Heng 2020) and for directly imaged exoplanets. In transmission the slant geometry observed allows clouds to have an even larger impact on the observed spectra (Fortney 2005). For emission geometry, the depth of atmosphere visible above the clouds impacts the effective temperature of the atmosphere observed, and thus the luminosity in a given infrared waveband (Baxter et al. 2020; Gao & Powell 2021). The optical depth vertically from the top of the atmosphere (TOA) to some height z is
[image: equation](45)
with [image: equation] the quantum extinction efficiency of the cloud particles, using effective medium theory with the Brüggemann mixing rule (Bruggeman 1935) and determined using Mie theory and assuming spherical particles of the surface-averaged cloud particle size (Bohren & Huffman 1983). This is integrated from the top of the atmosphere until the level at which the clouds become optically thick (optical depth τv = 1).
6.1 Cloud optical depth
The atmosphere below the pressure level where τv = 1 is hidden from observations, thus any results from observations are only indicative of the atmosphere above this level. Thus, it is equivalent to the cloud deck level in grey cloud models often used in parametrised models, valid for nadir geometry emission and reflection spectra, but without the inclusion of slant geometry for other phase angles, such as transmission spectroscopy. For these geometries, the optically thick pressure level is expected to be higher in the atmosphere (Fortney 2005), and the impact of clouds is biased towards the properties of high-altitude clouds and hazes, and three dimensional effects becoming important (MacDonald & Madhusudhan 2017).
Figure 8 (top panels) shows the gas pressure at which the clouds become optically thick and the pressure level for τv = 0.1 for the coolest gas-giant and brown dwarf atmosphere profiles (Teff = 1400K, log10(ɡ[cms−2]) = 3.0 and 5.0). The optical depth τv = 0.1 shows the differences in the cloud silicate features around 10µm. In the near- and mid-infrared, there are dramatic jumps in the optically thick pressure level for the collisional case for the exoplanet shown (top right plot), which result from the enhancement of the opacity of the clouds, particularly in the silicate features. The overall enhancement of the total cloud optical depth is a factor of ~3 for this case (see Figs. B.6 and B.7). As illustrated by these figures the overall optical depth of these clouds is increased to the point where the peaks of the features in this region are optically thick, this leads to the severe jumps seen here. Outside of these features the clouds do not become optically thick even at the cloud base, hence the bottom of the atmosphere is returned. A similar effect in slant geometry is called the cloud base signature (Vahidinia et al. 2014).
Without the inclusions of cloud particle-particle collisions, the atmospheres exhibit relatively flat grey cloud decks around 0.01 and 1 bar for log10(ɡ [cm s−2]) = 3.0 and 5.0 respectively, up to wavelengths of 1 µm, at which point there is a slight decrease in the optical thickness. For wavelengths >10 µm the clouds are no longer optically thick. With collisions included, there is relatively little change for the Teff = 1400 K old brown dwarf because the change in the cloud particle number and size density distribution is small, and affects pressure levels >1 bar (Sect. 5). The τv = 0.1 pressure level is not affected by inclusion of cloud particle-particle collisions as coagulation only becomes important at pressure levels deeper than these results. For wavelengths ≲1.8 µm the optically thick pressure level of clouds with collisions is marginally lower, due to a reduced cloud material density in the atmosphere.
For the fragmentation dominated, cold (Teff = 1400 K) exoplanet and young brown dwarf (log10(ɡ[cms−2]) = 3.0) atmosphere, it is easiest to split the effect into two parts: silicate features and optical regime. For the optical regime ≲ 1.25 µm the clouds are significantly more optically thick and show a trend of increasing optical thickness with decreasing wavelength until ≲ 0.15 µm. This is because fragmentation produces a large number of smaller cloud particles, compared with the collision-free case for below 10−4 bar for this atmosphere. Fragmentation increases the total surface area of the cloud particles and decreases particle sizes, but increases total cloud mass density, which leads to clouds that overall are far more absorptive in the optical wavelength regime. Such differences between the flat optical depth of collision-free clouds compared with the sloped optical depth of the fragmenting case could impact observations of cool exoplanets in Hubble observations. The short wavelength end of the Space Telescope Imaging Spectrograph (STIS) and of Wide Field Camera UVIS Channel (WFC3 UVIS), the latter of which is suggested as a viable tool for exoplanet transit spectra in Wakeford et al. (2020), would observe the largest impact of collisions in the optical regime.
Inferences of material compositions in exoplanet atmospheres is something that has been proposed recently (Taylor et al. 2020; Luna & Morley 2021). However, the material composition of clouds changes throughout the atmosphere (Fig. B.5) as the optically thick layer is quite near the cloud base for exoplanet and for brown dwarf atmospheres, the majority of these changing material compositions will be observable. Thus, a wide variety of materials are present in the observable cloud population. For comparison, materials in the brown dwarf atmosphere (Teff = 1800, 2400K log(ɡ [cms−2]) = 5.0)include forserite and enstatite (Mg2SiO4,MgSiO3). In addition there are regions with large volume contributions of fayalite (Fe2SiO4) in combination with forsterite (Mg2 SiO4), which could confound retrievals of specific olivine (MgxFe1–xSiO4) Fe/Mg mixing ratios. For both of the cool atmospheres shown above, for wavelengths approximately < 1 µm the optically thick pressure levels are above the level where high temperature condensates form, thus they would not be expected to be observable.
	[image: thumbnail]	Fig. 8 Results for Teff = 1400 K, log10(ɡ [cms−2]) = 3.0 (left), Teff = 1400 K, log10(ɡ [cms−2]) = 5.0 (right), without particle-particle collisions (blue) and with particle-particle collisions (black). Top: pressure level at which the cloud vertical optical depth reaches certain thresholds: p(τv = 1) in solid lines and p(τv = 0.1). Bottom: number density-weighted surface-averaged radius of the cloud particle population above the pressure level at which cloud optical depth reaches unity (〈〈a〉 A〉 , solid) and the average observable particle size (〈〈a〉A〉τ, dashed). The Hubble instrument wavelength ranges (from Wakeford et al. 2020) are shown as the coloured bars at the top left; the wavelengths for the Transiting Exoplanet Survey Satellite (TESS; Ricker et al. 2015), the CHaracterising ExOPlanets Satellite (CHEOPS; Broeg et al. 2013), and the PLAnetary Transits and Oscillations of stars mission (PLATO Rauer et al. 2014) are below. Shown as the ‘ARIEL SW’ bar are the VISPhot (0.5–0.6 µm), FGS1 (0.6–0.8 µm), and FGS2 (0.8–1 µm) photometers and the NIRSpec (1.1–1.95 µm) spectrometer wavelengths (Mugnai et al. 2020). The ARIEL Infrared Spectrometer (AIRS) is shown as the bar to the right of this. The JWST wavelength ranges are shown in the group of bars at the bottom.



6.2 Average observable cloud particle size
The average cloud particle size is also a property of interest for observations of clouds as Mie scattering is an important consideration of cloud particles (aerosols) for exoplanet atmospheres. Mie theory is frequently used in forward models of exoplanet spectra (Wakeford et al. 2017; Morley et al. 2017; Lavvas & Koskinen 2017; Gao & Benneke 2018; Lacy & Burrows 2020a, b; Min et al. 2020) for calculations of aerosol properties (Kitzmann & Heng 2018; Mollière et al. 2019; Budaj et al. 2015), and is particularly widely used in retrieval frameworks (Pinhas & Madhusudhan 2017; Zhang et al. 2019; Welbanks & Madhusudhan 2021). The average particle size retrieved is dictated by the cloud particles above the optically thick level of the clouds, as below this level it is obscured, and hence the retrieval contains no information on this. We introduce two average particle sizes to investigate both the observable particle size likely derived by retrieval models and the size of particles governing the microphysical processes of clouds in the observable atmosphere. The average observable particle size is calculated by weighting the surface-averaged particle size by the transmittance (exp(–τv)) from Helling et al. (2019b). The transmittance is the fraction of initial light intensity remaining at a height z into the atmosphere, thus the transmittance starts at 1 and decreases further into the atmosphere:
[image: equation](46)
This is integrated downwards from the TOA to the bottom of the atmosphere (BOA), thus the numerator gives the average particle size contributing to the extinction of light in the atmosphere. However, this is not representative of the particle size actually present in the optically thin atmosphere. For this we introduce the particle size above the optically thick level weighted by cloud particle number density from Samra et al. (2020):
[image: equation](47)
This average particle size is important as it typifies the surface area of the existing cloud particles, and therefore controls the rates of microphysical processes such as bulk growth and collisions. The average observable particle size is larger than the number density-weighted particle size for both the cool exoplanet and brown dwarf atmospheres shown. This highlights that retrievals of cloud particle sizes are upper limits on the average particle size actually present in the observable part of the atmosphere.
For the cool gas-giant atmosphere, the observable average particle size is significantly reduced with the inclusion of fragmentation from collisions (from 0.4–0.6 µm to 0.04–0.1 µm across all wavelengths). For both the collision-free and collisional models, the average observable size is roughly flat for the mid-infrared, although the non-collisional case does show increases in the average observable cloud size at the silicate feature wavelengths. In the optical regime (<1 µm) the average particle size decreases substantially in the collisional case, whilst the non-collisional case is constant at 0.4 µm. This is due to the increased scattering from the smaller particles increasing the optical thickness of the cloud at these shorter wavelengths.
Without including collisions, the average observable particle size at all wavelengths is significantly smaller for cool brown dwarfs than for gas giants: ~0.4–0.6 µm compared to ~0.1 µm. This is the case because bulk growth happens deeper in the atmosphere, but increased number density occurs throughout. Thus, more smaller particles are present in the observable, optically thin region compared with the gas-giants. However, with the inclusion of collisions, at all wavelengths the average observable cloud particle size is increased over the collision-free case by a factor of ~2.5, and is larger than the collisional case for the fragmenting gas-giant atmosphere.
Luna & Morley (2021) suggested that for submicron-sized cloud particles there are strong silicate features. These features were especially strong for particles <0.1 µm. For a gas-giant atmosphere at Teff = 1400 K, with collisional fragmentation leads to an average observable particle size below this size. For the brown dwarf atmosphere at Teff = 1400 K, inclusion of coagulation leads to an average observable particle size slightly above this limit, but well below 1 micron in size. For brown dwarf atmospheres, in comparison with their Teff = 1800, 2400 K log(ɡ[cms−2]) = 5.0 models, then our models would suggest there is little impact of cloud particle collisions (see Sect. 5.3). Burningham et al. (2021) and Hiranaka et al. (2016) both investigate clouds in brown dwarf atmospheres and find fittings cloud particle sizes around 0.1–0.5 µm. This is consistent with the average observable particle size derived here, with collisions. Ohno et al. (2020) find that the slope of aggregates flattens the extinction curve for hot Jupiters for wavelengths between 1 and 10 µm. This conflicts with Pinhas et al. (2019) who find steeper super-Rayleigh slopes, which Ohno et al. (2020) suggest could be caused by tiny particles. We suggest that fragmentation may be a process that prevents aggregation and leads to an accumulation of small particles.
The number density-weighted average size is smaller for brown dwarf atmosphere, both with and without collisions, than for the gas-giant profile, for the same reason that the observable particle size is smaller for the collision-free case: bulk growth occurring deeper in the atmosphere.
For wavelengths >30 µm, the clouds are not optically thick with or without particle-particle collisions, thus the number density-weighted average particle size is simply the average, number density-weighted particle size of the entire cloud. For the exoplanet and young brown dwarf atmosphere (log10(ɡ [cm s−2]) = 3.0) without collisions the average particle size is ~0.28 µm; with collisions included this size reduces to ~0.09 µm. This is a result of the fragmentation reducing the average particle size and increasing the number density, skewing the average towards this fragmented particle size. Similarly for the old brown dwarf atmospheres (log10(ɡ [cms−2]) = 5.0) at long wavelengths, the effect of coagulation also reduces the number density-weighted average particle size from 0.20 µm to 0.16 µm. The reason for this reduction in the overall mass of cloud particles is the result of coagulation reducing the surface area (Sect. 5.2). As coagulation reduces the overall cloud mass by restricting surface area, and therefore reduces cloud particle number density of the large coagulation aggregates, the average is skewed towards the cloud particles at higher altitude.
The number density-weighted average particle size at shorter wavelengths is not only affected by changes to the cloud particle properties through collisions, but also by the impact of these changes on the cloud optical depth, as discussed in Sect. 6.1. For the old brown dwarf atmosphere, the changes to the optical depth from coagulation are not that significant, therefore the corresponding changes to the number density-weighted average particle size do not diverge too much from the collision-free case. Even so, for the wavelength range where silicate spectral features are located, the number density-weighted average particle size is reduced compared with the collision-free results. At wavelengths ≲ 1µm, the optical depth of clouds with coagulation is less than without collisions. For these wavelengths there is an increase in the average particle size by ≈ 10%, as deeper atmospheric layers (larger cloud particles) are visible.
In the exoplanet and young brown dwarf atmosphere (log10(ɡ, [cms−2]) = 3.0), the reduction in average particle size is already much larger. At λ ~ 6 µm the collision-free clouds become optically thick, thus the number density-weighted average size drops dramatically, as only higher levels of cloud are observable. However, the particle-particle collision case still has a smaller average particle size. The two situations have the closest particle sizes at ~1.8 µm, where «a〉A〉 = 0.16 µm and <<a>A,coag > = 0.08 µm, which is still a factor of two smaller. For shorter wavelengths than this (in the optical regime) the fragmentation case further diverges from the collision-free case, as the increased optical thickness of the clouds hides the deeper cloud layers with larger cloud particles.
That the two sizes are so different highlights, even with monodisperse cloud assumptions for each layer of an atmosphere, that exoplanet atmospheres are not well represented by a single average particle size. In addition, Powell et al. (2018) find that including a full size distribution enhances the optical depth of clouds by a factor of ~3–5 when compared with average size opacities. Thus, we can expect the optical depth here to be lower than when including full particle size distributions, although Fig. 14 in Powell et al. (2018) also shows that the optical depth of cloud particles is dominated by particles >1 µm in size, which is larger than the particle sizes in these models even with the inclusion of coagulation. The differences in the observable cloud properties (material composition, size, and number density) and the cloud particles that are present in the same region of the atmosphere have important implications for attempts to derive atmospheric properties such as the bulk C/O ratio (as discussed in Burningham et al. 2021) because the expected elemental depletion of the gas phase depends on the material composition and overall mass of the clouds in the atmosphere.
7 Discussion
The key parameters of the hybrid moment–bin model model are evaluated here in order to understand which uncertainties they introduce into our results. Here the cases of Teff = 1400K, log10(ɡ [cms−2]) = 3.0, 5.0 are used as they exhibit the greatest changes resulting from the inclusion of particle-particle collisions.
7.1 Turbulent eddy length scale
The turbulence velocity is dictated by the ratio of the frictional timescale of the cloud particles and the turnover timescale of the turbulent eddies (Sect. 4.2). A typical eddy size to which cloud particles couple is introduced (ledd = 1 [cm]), which is the eddy size of most efficient momentum transfer between the gas and cloud particles in all levels of the atmosphere.
The critical eddy size, lcrit, is defined as when τt = τf; in other words, when the frictional stopping time of a cloud particle is equal to the turnover time of the eddy. For eddies smaller than lcrit it follows that τt < τf, hence there is not sufficient time for the eddy to accelerate the cloud particle. This results in less efficient coupling and slower relative velocities. For larger eddies τt > τf and the cloud particles fully couple to the eddy, matching the eddy velocity. For such eddies a monodisperse cloud particle population produces no relative velocities, as all cloud particles move with the eddy, similar to the problem for differential settling. However, as turbulence produces the velocity in a random direction there could still be some relative velocity between cloud particles, at least at the boundary between two eddies.
Furthermore, the larger the eddy, the slower the relative velocity it imparts, thus the maximum relative velocity achievable between cloud particles is when the eddy is at the critical size From E (27) a velocitv of [image: equation] can be derived. For eddies either larger or smaller than lcrit, the relative velocity induced between cloud particles is lower than this peak value. To capture the full effects of turbulence-induced collisions, the typical eddy size should match the critical eddy size.
Figure 9 shows the critical eddy size for cloud particles in the Teff = 1400K, log10(ɡ[cms−2]) = 3.0] atmosphere without the inclusion of particle particle collisions. The critical eddy size for this atmosphere (and all exoplanet and brown dwarf atmospheres) spans 12 orders of magnitude, hence there is no one good choice for a typical eddy size. For pressures above ~10−8 bar the critical eddy size also exceeds the assumed maximum eddy size, implying that above this pressure level cloud particles cannot couple to any turbulent eddies. However, at these pressures the collisional timescale is large, thus collisions do not affect the cloud particle population.
However, ledd = 1 cm proves to be below the Kolmogorov scale ([image: equation] where v is the kinematic viscosity) in the Teff = 1400 K exoplanet atmosphere for pressures greater than 10−6 bar. This is the scale at which viscosity begins to dissipate the energy of the turbulence. We note that the critical eddy size is approximately the size of the mean free path of the gas for pressures greater than 10−4 bar. The mean free path is calculated by lmfp = 3v/υth, where υth is the mean thermal velocity (see Eq. (10) in Woitke & Helling 2003). This is the length scale at which the energy of the turbulence is finally converted into heat. Thus, for ledd = 1 cm Kolmogorov theory does not hold. The impact of this and varying the typical eddy size is explored in Fig. 9.
The lower panel of Fig. 9 compares the relative collision velocities for turbulent eddies of various sizes to the fragmentation limits discussed in Sect. 3.4.2. For each assumed eddy size, the velocities peak at the point in the atmosphere where lcrit = ledd; as described above, on either side of this peak pressure level the relative velocities drop off steeply with pressure. Larger typical eddy sizes (ledd = 100, 10 cm) exceed the fragmentation limit inversely proportional to cloud particle size, for higher in the atmosphere, but at around 10−4 bar drop below the limit. All typical eddy sizes tried exceed both the silicate and icy grain fragmentation limit, for all but the upper-most atmospheric levels. In general, Fig. 9 shows that the selection of typical eddy size, along with the fragmentation limit assumed, can have a significant impact on the potential collisional outcomes (fragmentation and coagulation).
Figure 9 also shows the maximum possible velocity produced for turbulence, as taken from Birnstiel et al. (2016), using the turbulent velocity model of Ormel & Cuzzi (2007),
[image: equation](48)
where cT is the thermal sound speed and α is dimensionless parameter determining the strength of turbulence for discs, originally from Shakura & Sunyaev (1976). The parameter links the diffusion coefficient of turbulent diffusion (Dg) for a pro- toplanetary disc to the gas scale height (Hg) by Dg = αcTHg (Brauer et al. 2008). The dimensionless α is often taken to be constant, with observations suggesting a value of around 10−2 (Hartmann et al. 1998). Although it is not clear what value would be expected for a gas-giant exoplanet, Fig. 9 shows that the maximum velocity for our model is in the range 10−7–10−3 for the relevant pressure levels of the atmosphere (>10−4 bar).
The effect of different eddy timescales on the cloud structure is explored. Figure 10 shows that a larger typical eddy size leads to less destructive collisions overall. For gas-giant and young brown dwarf atmospheres (log10(ɡ [cm s−2]) = 3.0), the strength of the fragmentation is reduced significantly. For typical eddy sizes of ledd = 100 cm, fragmentation only marginally decreases the mean particle size for pressures 10−3 bar to the cloud base at 3 × 10−2 bar (left centre panel). Even for this largest eddy size of ledd = 100 cm, particle-particle collisions are not able to increase the average cloud particle size above the collision-free case.
For old brown dwarf atmospheres (log10(ɡ [cm s−2]) = 5.0), the typical eddy size does not impact the ability of particleparticle collisions to affect the cloud particle population. As larger eddy sizes induce slower relative velocities between cloud particles, the collision rate is expected to decrease. However, for all cases the average particle size increases only slightly by the same amount. Similarly the cloud particle number density (nd, A) and the cloud particle mass load (ρd/ρ) are also unaffected. At the initial onset of cloud particle collisions becoming important (at 10−1 bar), it appears that the timescale for collisions is short regardless of eddy size, and thus the changes to the cloud population are the same. Thus, as the number density of cloud particles is reduced through coagulating collisions, the timescale for collisions decreases rapidly, regardless of eddy size, and collisions cease to be an important factor for cloud particle growth. This means that the limiting effect of turbulence on coagulation growth is to reduce the cloud particle number density as a result of collisions.
As long as the induced relative velocity is sufficiently fast to start coagulation then eventually it will stall itself as it reduces the required number density of cloud particles. In conclusion, coagulation induces a negative feedback loop, constructive collisions reduce the number density of cloud particles, and thus reduce the rate of collisions, limiting the overall growth possible due to collisions.
Finally assuming a typical eddy size of ledd = lη has an impact on the exoplanet and young brown dwarf profile (log10(ɡ[cms−2]) = 3.0) similar to selecting a typical eddy size between 10–100 cm, which is to be expected as at pressures where collisions are important (>10−4bar) the Kolmogorov scale is between these values. For the brown dwarf profile (log10(ɡ [cms−2]) = 5.0) there is no impact as all values of typical eddy size produce the same results, as previously discussed.
	[image: thumbnail]	Fig. 9 Comparison of turbulence parametrisation for different eddy size parameter sizes. Top: critical eddy size lcrit (blue) for cloud particles in the Teff = 1400 K, log10(ɡ [cms−2]) = 3.0 profile, without inclusion of collisions. The red lines show the maximum eddy size [image: equation] (solid) and the Kolmogorov scale [image: equation] (dashed). The mean free path (lmfp) of the gas is shown as the orange dashed line. Bottom: relative velocities that cloud particles would receive from turbulent eddies of the sizes ledd in the upper panel (blue). The fragmentation limits discussed in Sect. 3.4.2 are shown as black lines. The magenta dashed lines show the maximum relative velocity [image: equation] using the Shakura & Sunyaev (1976) turbulence α parametrisation, and maximum velocity from Ormel & Cuzzi (2007). The lowest line is α = 10−8 and the highest is a = 1, increments in orders of magnitude.



	[image: thumbnail]	Fig. 10 Effects of varying the typical eddy size parameter (ledd) for the Teff = 1400 K and log10(g [cm s−2]) = 3.0 and 5.0 profiles. Top: number density of cloud particles (nd, A), middle: surface-averaged particle size (〈a〉A), bottom: cloud particle mass load (ρd/ρ).



	[image: thumbnail]	Fig. 11 Effects of varying the mass partition fraction parameter fmass (i.e. what fraction of mass is in the aggregate population), for the Teff = 1400 K and log10(ɡ [cms−2]) = 3.0 and 5.0 profiles. Top: number density of cloud particles (nd,A), middle: surface-averaged particle size (〈a〉A), bottom: cloud particle mass load (pd/p).



7.2 Mass partition fraction
The mass partition fraction is a parameter that can be interpreted as a general efficiency factor for all the collisions occurring in the cloud particle population. It does this by directly controlling the total mass of cloud particles in the collisional product population calculated by the two-bin particle–particle collision model. In Sect. 5 the mass partition fraction is set to match the values used in Birnstiel et al. (2011), which are calibrated to full numerical results of protoplanetary discs. Figure 11 shows the results for Teff = 1400K and log10(ɡ [cms−2]) = 3.0and5.0 for fmass = 0.5 and 0.1.
For the fragmentation-limited case of a temperate exoplanet or old brown dwarf (Teff = 1400K, log10(ɡ[cms−2]) = 3.0), reducing the mass partition fraction to fmass = 0.5 results in no qualitatively important change to the cloud particle pop-ulation compared with the standard particle–particle collision case. With the mass partition fraction reduced to fmass = 0.1, 90% of the mass remains in the collision monomer size set at the surface-averaged particle size (a1 = 〈a〉A). As a result, once collisions begin to affect the cloud particle population, the average particle size remains closer to the collision monomer size. Thus, for a fragmenting type atmosphere, at the highest altitude where collisions begin to fragment cloud particles, less of the cloud particle mass is processed through collisions. Therefore, the transition from the initial growth-controlled size (seen by the collision-free blue case) to the fragmentation-controlled cloud particle size (the fragmentation size limit) occurs over a greater pressure range. In the case of fmass = 0.1 the cloud particle population does not fully reach the fragmentation-limited size before the cloud particles evaporate at the cloud base. However, the atmosphere still remains in the fragmenting class as the average particle size is still reduced compared with the collision-free case, and correspondingly the cloud particle density is also still increased.
For the coagulating-type atmosphere shown (Teff = 1400K, log10(ɡ [cms−2]) = 5.0), with decreased mass partition fraction fmass = 0.5, the coagulation case does see some reduction in the strength. The mean particle size is increased slightly less than the standard case, and the cloud particle number density is not reduced as much from the collision-free case. For the fmass = 0.1 case, particle–particle collisions make essentially no difference to the cloud particle population because the coagulation impact on cloud particle population is very weak, even for the standard mass partition fraction. Thus, the value of the mass partition fraction does not have significant consequences for atmospheres where collisions are not dominant (as seen for the coagulating atmosphere), or for cases where the transition to size-limited case happens over a wider pressure range.
7.3 Porosity
The collisional growth of aggregates often produces fractal structured particles, and this can have an impact on the outcomes of further collisions, the settling of cloud particles, and their optical properties. It is beyond the scope of this paper to examine a full inclusion of porosity evolution due to such effects as hit-and-stick, as well as considerations for compaction in collisions and compaction due to ram pressure (see Ohno & Okuzumi 2018; Ohno et al. 2020). Furthermore, porous particles will absorb the energy of impacts differently, and thus alter the boundaries between collisional regimes (e.g. fragmentation, bouncing, and hit-and-stick; Güttler et al. 2010). In addition, porous particles are subject to increasingly large drag forces (Schneider & Wurm 2021).
The effects of porosity on the result presented here is explored by assuming a porosity fraction of fpor = 0.9 across the entire atmosphere (see Samra et al. 2020), and then compared to the coagulation outcome for the compact case in particular focusing on the impact on particle aggregate size and the settling velocities. The effect of porosity is studied only for atmospheres that produce increased grain sizes through coagulation as these are the only atmospheres that could produce increased porosity aggregates. The outcomes of collisions in a fragmenting atmo-sphere are likely to include compression and erosion alongside the fragmentation of particles, which would reduce porosity.
Figure 12 shows the results for the Teff = 1400 K, log10(ɡ[cms−2]) = 5.0, for cloud particles with 90% volume fraction being vacuum (fpor = 0.9) in comparison to the non-porous case (fpor = 0.0). Porous cloud particles are larger in average size (middle panel) at the top of the atmosphere (larger, porous nucleation clusters), and increases in average particle size associated with surface growth also occur at lower pressures, as was seen in Samra et al. (2020). Coagulation similarly becomes an efficient process at slightly lower pressure (around 10−2 bar), more readily seen by the reduced number density in the top plot. However, the increase in particle size for the porous cloud parti-cles as a result of coagulation is not as large as for the compact case. Furthermore, the peak cloud particle mass load is not much increased even in the porous case, which is partly also a con-sequence of the model incorporating porosity into a spherical geometry cloud particle, thus the surface area of potentially fractal cloud particle is under-represented in this simplified approach to porosity. This also has consequences for the settling rate of these cloud particles as a fractal cloud particle would have a larger cross-sectional area and thus a slower equilibrium drift velocity than and equivalently porous sphere.
One additional limitation of this simple approach is that it does not account for the specific fractal dimension or size of monomers potentially comprising the aggregates, which means that the optical properties of these cloud particles remains largely uncertain. For example, Ohno et al. (2020) found that the pressure level of optically thick clouds depends on the monomer size of the aggregates (their Fig. 5). These additional effects of porosity will not be accounted for here, but remain a possibility for future work.
	[image: thumbnail]	Fig. 12 Properties of compact (fpor = 0.0, solid lines) porous cloud particles (fpor = 0. 9, dashed lines) with collisions (black) and without collisions (blue), for the cool brown dwarf atmosphere (Teff = 1400K, log10(ɡ[cms−2]) = 5.0). Top: number density of cloud particles (nd,A), middle: surface-averaged particle size (〈a〉A), bottom: cloud particle mass load (ρd/ρ).



8 Conclusion
The feasibility of a hybrid method for cloud formation modelling that combines the advantages of a moment method treating the formation processes of cloud particle and that of a bin method treating particle–particle processes was demonstrated. The hybrid moment–bin method enables the modelling of the microphysics of the formation of chemically mixed cloud particles (by nucleation, surface growth or evaporation, gravitational settling) and the effects of agglomeration and fragmentation on the cloud particles by ensuring element conservation. HyLandS, a hybrid moment-bin model includes collisions between cloud particles due to collisional processes of differential settling and turbulence; other models omit the effect of turbulence. We note that there remains a strong case for the investigation of turbulence parametrisations for exoplanets and brown dwarf atmospheres. In particular, there is a need for observations that could help in the selection of appropriate turbulence strength parameters. Nevertheless, HyLandS, has shown robust results, with qualitative trends unchanged by varying assumed model parameters.
Particle–particle processes consistently coupled to microphysical cloud particle formation processes show the following:

	Cloud particle-particle collisions affect clouds at the cloud base, where it becomes the dominant process;


	Fragmentation emerges as a crucial process for gas-giant exoplanets (log10(ɡ]) = 3.0) when particle collisions are driven by turbulence in the atmosphere;


	A grid of DRIFT-PHOENIX atmospheric profiles reveals that collisional processes dominate more at lower effective temperatures;


	Low-density atmospheres (log10(ɡ) = 3.0) consistently show fragmentation of cloud particles, and compact atmospheres (log10(ɡ) = 5.0) show only minor coagulation for temperatures below Teff = 1800 K;


	For fragmenting atmospheres significantly more cloud material can condense, due to an increased surface area;


	Fragmentation enhances the silicate features. Interpretations of JWST and ARIEL data will be impacted by this such that complex cloud models will be needed for the data modelling process;


	The effect of particle–particle collisions will also affect the optical and near-IR wavelength accessible by Hubble, CHEOPS, JWST, and ARIEL.



These results suggest a wide variety of impacts of including collisions in cloud formation atmosphere models, and the need for further work on including all the details of particle-particle collisions.
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Appendix A  Derivation of maximum cloud particle size for turbulence-induced collisions
Starting with [image: equation], using Eq. 20 from Woitke & Helling (2003) and using Eq. 17 and Eq. 27, and given that ρd/ρs = ρL3 we arrive at
[image: equation](A.1)
However, both [image: equation] and τf are dependant on cloud particle size. Substituting Eq. 18 and Eq. 22 into Eq. A.1 and re-arranging gives the fifth-order polynomial
[image: equation](A.2)
Solutions to Eq. A.2 for limiting particle size are when [image: equation] We definine the parameter z for the final term, as it is independent of cloud particle size a, as
[image: equation](A.3)
From Eq A.2 and Eq. (A.3), we can see that for a = z1/3
[image: equation](A.4)
which by definition of t, z, and τt is strictly positive. Similarly, f(0) = −z and hence is negative. Thus, a real positive root of f (a) exists for 0 < a < z1/3. For there to be further real roots would require a turning point for f(a) for positive a. This can be checked by taking the derivative of Eq. (A.2) with respect to a, which yields
[image: equation](A.5)
Turning points of the function are at f′ (a) = 0, as trivially a factor of a2 cancels out; this gives an inflection point at a = 0. The remaining quadratic yields solutions for turning points at [image: equation] and [image: equation]. This guarantees that there is only one positive root and, thus one solution between a = 0 and [image: equation], which can be solved for numerically.

Appendix B  Additional figures
	[image: thumbnail]	Fig. B.1 Timescales for physical processes controlling cloud particle distribution in the atmosphere. For monodisperse distributions, the timescales of collisions are shown for the three driving processes considered: gravitational settling (green), Brownian motion (red), and turbulence (blue). Also shown are the timescales of the other microphysical processes: gravitational settling (τsett, cyan), condensational growth (τgrow, magenta), nucleation (τnucl, gold), and mixing (τmix, brown). Effective temperatures from top to bottom are Teff = 2400, 2000, 1800, 1600, 1400 K. Two surface gravities are shown: log10(_g[cm s−2]) = 3.0 (left) and log10(g [cm s−2]) = 5.0 (rieht).



	[image: thumbnail]	Fig. B.2 Cloud particle mass load ρd/ρ for model grids without particle–particle collisions (blue) and with particle–particle collisions (black). Effective temperatures are (from top to bottom) Teff = 2400, 2000, 1800, 1600, 1400 K. Two surface gravities are shown: log10(g [cms−2]) = 3.0 (left) and log10(g [cms−2]) = 5.0 (right).



	[image: thumbnail]	Fig. B.3 Nucleation rates J* of nucleating species TiO2, SiO, and C (solid, dashed, and dotted lines respectively) for model grids without particle–particle collisions (blue) and with particle–particle collisions (black). Effective temperatures are (from top to bottom) Teff = 2400,2000,1800,1600,1400 K. Two surface gravities are shown: log10(ɡ [cm s−2]) = 3.0 (left) and log10(ɡ [cm s−2]) = 5.0 (right).



	[image: thumbnail]	Fig. B.4 C/O in the gas phase, for model grids without particle-particle collisions (blue) and with particle–particle collisions (black). Effective temperatures are (from top to bottom) Teff = 2400,2000,1800,1600,1400 K. Two surface gravities are shown: log10(ɡ [cm s−2]) = 3.0 (left) and log10(ɡ[cm s−2]) = 5.0 (right).



	[image: thumbnail]	Fig. B.5 Material composition of cloud particles expressed as volume fraction Vs/Vtot for each species s. Effective temperatures are (from top to bottom) Teff = 2400,2000,1800,1600,1400K. Two surface gravities are shown: log10(ɡ [cm s−2]) = 3.0 (left) and log10(ɡ [cm s−2]) = 5.0 (right).



	[image: thumbnail]	Fig. B.6 For Teff = 1400K, log10(ɡ [cm s-2]) = 3.0, the optical depth of clouds vertically integrated τv(λ)|p=BOA to the bottom of the atmosphere (BOA) for the wavelength range shown in Fig. 8.



	[image: thumbnail]	Fig. B.7 For For Teff = 1400K, log10(ɡ [cms−2]) = 5.0, the optical depth of clouds vertically integrated τv(λ)|p=BOA to the bottom of the atmosphere (BOA) for the wavelength range shown in Fig. 8.
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1 Where here we use the dummy variable i for each condensate species to avoid confusion between ps for cloud particle material density and the typical ps for the material density of material species s.


2 In Helling et al. (2011) τf is specified with a numerical factor of 2/3 instead of 1/2; we use the latter as it is consistent with the drift velocity assumed in Eq. (18).


3 TwoPop-Py incorporates the additional factors fsett (fd in Eq. (18), Birnstiel et al. 2012) and ffrag into the limiting sizes, reducing the actual size limit. These factors are tuned so that the TwoPop-Py results match the full bin model simulations of Birnstiel et al. (2010). In the absence of equivalent comparable simulations for atmospheres we neglect these factors here (equivalently fsett = 1 and ffrag = 1).
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	[image: thumbnail]	Fig. 1 Flow chart for modelling particle-particle collisions in combination with cloud formation processes.
In the text



	[image: thumbnail]	Fig. 2 Atmosphere regions where particle–particle collisions are faster than the gas-solid surface growth process. Shown are results for three particle collision processes for different atmosphere structures: gravitational settling (green bar), Brownian motion (red bar), turbulence (blue bar). The black line shows the cloud particle mass load (ρd/ρ) at the different pressures for all DRIFT-PHOENIX atmospheric profiles used: Teff = 1400, 1600, 1800, 2000, 2400 K, for log10(ɡ [cm s−2]) = 3.0, 5.0 (left and right, respectively). The focus is only on the cloud base (10−4 < p bar < 100). The x-axis is zoomed in to show the cloud base.
In the text



	[image: thumbnail]	Fig. 3 Differential velocity generated by the three methods considered: gravitational settling (green), Brownian motion (red), turbulence (blue). The black lines show the fragmentation velocity limits for silicates (1 ms−1, solid) and for ice-coated particles (10 ms−1, dashed). Also shown is the fragmentation limit vfrag = 10−2 /〈a〉A cm s−1 (dotted). From top to bottom are the model effective temperatures Teff = 2400, 2000, 1800, 1600, 1400 K. Two surface gravities are also shown: log10(ɡ [cm s−2]) = 3.0 (left), and log10(ɡ [cms−2]) = 5.0 (right).
In the text



	[image: thumbnail]	Fig. 4 Derived Gaussian standard deviation to the average Gaussian particle size, σa/ā. For all DRIFT-PHOENIX atmospheric profiles used: Teff = 2400, 2000, 1800, 1600, 1400 K (top to bottom), for log10(ɡ [cm s−2]) = 3.0,5.0 (left and right respectively). The full depth of the atmospheres (~10−12−102 bar) is shown.
In the text



	[image: thumbnail]	Fig. 5 Monodisperse differential particle velocities for Teff = 1400 K for log10(g = 3.0, 5.0 [cms−2]) (left and right, respectively) as in Fig. 3 as well as υfaag (black). Line styles represent the monodisperse velocities for particles of size [image: equation] for n = 0, 1 and 2 as described in the legend.
In the text



	[image: thumbnail]	Fig. 6 Surface-averaged number densities [image: equation] without particle–particle collisions (blue) and with particle–particle collisions (black) for Teff = 1400,1600,1800,2000, 2400 K for giant gas planets and young brown dwarfs (log10(g) = 3.0), and for old brown dwarfs (log10(g) = 5.0).
In the text



	[image: thumbnail]	Fig. 7 Surface-averaged particle size 〈a〉A without particle–particle collisions (blue) and with particle–particle collisions (black) for Teff = 1400,1600,1800,2000, 2400 K for giant gas planets and young brown dwarfs (log10(g) = 3.0), and for old brown dwarfs (log10(g) = 5.0). The settling size limit [image: equation] is shown in red and the fragmentation size limit [image: equation] in green.
In the text



	[image: thumbnail]	Fig. 8 Results for Teff = 1400 K, log10(ɡ [cms−2]) = 3.0 (left), Teff = 1400 K, log10(ɡ [cms−2]) = 5.0 (right), without particle-particle collisions (blue) and with particle-particle collisions (black). Top: pressure level at which the cloud vertical optical depth reaches certain thresholds: p(τv = 1) in solid lines and p(τv = 0.1). Bottom: number density-weighted surface-averaged radius of the cloud particle population above the pressure level at which cloud optical depth reaches unity (〈〈a〉 A〉 , solid) and the average observable particle size (〈〈a〉A〉τ, dashed). The Hubble instrument wavelength ranges (from Wakeford et al. 2020) are shown as the coloured bars at the top left; the wavelengths for the Transiting Exoplanet Survey Satellite (TESS; Ricker et al. 2015), the CHaracterising ExOPlanets Satellite (CHEOPS; Broeg et al. 2013), and the PLAnetary Transits and Oscillations of stars mission (PLATO Rauer et al. 2014) are below. Shown as the ‘ARIEL SW’ bar are the VISPhot (0.5–0.6 µm), FGS1 (0.6–0.8 µm), and FGS2 (0.8–1 µm) photometers and the NIRSpec (1.1–1.95 µm) spectrometer wavelengths (Mugnai et al. 2020). The ARIEL Infrared Spectrometer (AIRS) is shown as the bar to the right of this. The JWST wavelength ranges are shown in the group of bars at the bottom.
In the text



	[image: thumbnail]	Fig. 9 Comparison of turbulence parametrisation for different eddy size parameter sizes. Top: critical eddy size lcrit (blue) for cloud particles in the Teff = 1400 K, log10(ɡ [cms−2]) = 3.0 profile, without inclusion of collisions. The red lines show the maximum eddy size [image: equation] (solid) and the Kolmogorov scale [image: equation] (dashed). The mean free path (lmfp) of the gas is shown as the orange dashed line. Bottom: relative velocities that cloud particles would receive from turbulent eddies of the sizes ledd in the upper panel (blue). The fragmentation limits discussed in Sect. 3.4.2 are shown as black lines. The magenta dashed lines show the maximum relative velocity [image: equation] using the Shakura & Sunyaev (1976) turbulence α parametrisation, and maximum velocity from Ormel & Cuzzi (2007). The lowest line is α = 10−8 and the highest is a = 1, increments in orders of magnitude.
In the text



	[image: thumbnail]	Fig. 10 Effects of varying the typical eddy size parameter (ledd) for the Teff = 1400 K and log10(g [cm s−2]) = 3.0 and 5.0 profiles. Top: number density of cloud particles (nd, A), middle: surface-averaged particle size (〈a〉A), bottom: cloud particle mass load (ρd/ρ).
In the text



	[image: thumbnail]	Fig. 11 Effects of varying the mass partition fraction parameter fmass (i.e. what fraction of mass is in the aggregate population), for the Teff = 1400 K and log10(ɡ [cms−2]) = 3.0 and 5.0 profiles. Top: number density of cloud particles (nd,A), middle: surface-averaged particle size (〈a〉A), bottom: cloud particle mass load (pd/p).
In the text



	[image: thumbnail]	Fig. 12 Properties of compact (fpor = 0.0, solid lines) porous cloud particles (fpor = 0. 9, dashed lines) with collisions (black) and without collisions (blue), for the cool brown dwarf atmosphere (Teff = 1400K, log10(ɡ[cms−2]) = 5.0). Top: number density of cloud particles (nd,A), middle: surface-averaged particle size (〈a〉A), bottom: cloud particle mass load (ρd/ρ).
In the text



	[image: thumbnail]	Fig. B.1 Timescales for physical processes controlling cloud particle distribution in the atmosphere. For monodisperse distributions, the timescales of collisions are shown for the three driving processes considered: gravitational settling (green), Brownian motion (red), and turbulence (blue). Also shown are the timescales of the other microphysical processes: gravitational settling (τsett, cyan), condensational growth (τgrow, magenta), nucleation (τnucl, gold), and mixing (τmix, brown). Effective temperatures from top to bottom are Teff = 2400, 2000, 1800, 1600, 1400 K. Two surface gravities are shown: log10(_g[cm s−2]) = 3.0 (left) and log10(g [cm s−2]) = 5.0 (rieht).
In the text



	[image: thumbnail]	Fig. B.2 Cloud particle mass load ρd/ρ for model grids without particle–particle collisions (blue) and with particle–particle collisions (black). Effective temperatures are (from top to bottom) Teff = 2400, 2000, 1800, 1600, 1400 K. Two surface gravities are shown: log10(g [cms−2]) = 3.0 (left) and log10(g [cms−2]) = 5.0 (right).
In the text



	[image: thumbnail]	Fig. B.3 Nucleation rates J* of nucleating species TiO2, SiO, and C (solid, dashed, and dotted lines respectively) for model grids without particle–particle collisions (blue) and with particle–particle collisions (black). Effective temperatures are (from top to bottom) Teff = 2400,2000,1800,1600,1400 K. Two surface gravities are shown: log10(ɡ [cm s−2]) = 3.0 (left) and log10(ɡ [cm s−2]) = 5.0 (right).
In the text



	[image: thumbnail]	Fig. B.4 C/O in the gas phase, for model grids without particle-particle collisions (blue) and with particle–particle collisions (black). Effective temperatures are (from top to bottom) Teff = 2400,2000,1800,1600,1400 K. Two surface gravities are shown: log10(ɡ [cm s−2]) = 3.0 (left) and log10(ɡ[cm s−2]) = 5.0 (right).
In the text



	[image: thumbnail]	Fig. B.5 Material composition of cloud particles expressed as volume fraction Vs/Vtot for each species s. Effective temperatures are (from top to bottom) Teff = 2400,2000,1800,1600,1400K. Two surface gravities are shown: log10(ɡ [cm s−2]) = 3.0 (left) and log10(ɡ [cm s−2]) = 5.0 (right).
In the text



	[image: thumbnail]	Fig. B.6 For Teff = 1400K, log10(ɡ [cm s-2]) = 3.0, the optical depth of clouds vertically integrated τv(λ)|p=BOA to the bottom of the atmosphere (BOA) for the wavelength range shown in Fig. 8.
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	[image: thumbnail]	Fig. B.7 For For Teff = 1400K, log10(ɡ [cms−2]) = 5.0, the optical depth of clouds vertically integrated τv(λ)|p=BOA to the bottom of the atmosphere (BOA) for the wavelength range shown in Fig. 8.
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      Fig. 3 

      
        [image: thumbnail]
      

      
        Differential velocity generated by the three methods considered: gravitational settling (green), Brownian motion (red), turbulence (blue). The black lines show the fragmentation velocity limits for silicates (1 ms−1, solid) and for ice-coated particles (10 ms−1, dashed). Also shown is the fragmentation limit vfrag = 10−2 /〈a〉A cm s−1 (dotted). From top to bottom are the model effective temperatures Teff = 2400, 2000, 1800, 1600, 1400 K. Two surface gravities are also shown: log10(ɡ [cm s−2]) = 3.0 (left), and log10(ɡ [cms−2]) = 5.0 (right).

      

    

  
    
      Fig. 5 

      
        [image: thumbnail]
      

      
        Monodisperse differential particle velocities for Teff = 1400 K for log10(g = 3.0, 5.0 [cms−2]) (left and right, respectively) as in Fig. 3 as well as υfaag (black). Line styles represent the monodisperse velocities for particles of size [image: equation] for n = 0, 1 and 2 as described in the legend.

      

    

  
    
      Fig. 7 

      
        [image: thumbnail]
      

      
        Surface-averaged particle size 〈a〉A without particle–particle collisions (blue) and with particle–particle collisions (black) for Teff = 1400,1600,1800,2000, 2400 K for giant gas planets and young brown dwarfs (log10(g) = 3.0), and for old brown dwarfs (log10(g) = 5.0). The settling size limit [image: equation] is shown in red and the fragmentation size limit [image: equation] in green.

      

    

  
    
      Fig. 10 
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        Effects of varying the typical eddy size parameter (ledd) for the Teff = 1400 K and log10(g [cm s−2]) = 3.0 and 5.0 profiles. Top: number density of cloud particles (nd, A), middle: surface-averaged particle size (〈a〉A), bottom: cloud particle mass load (ρd/ρ).

      

    

  
    
      Fig. 11 
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        Effects of varying the mass partition fraction parameter fmass (i.e. what fraction of mass is in the aggregate population), for the Teff = 1400 K and log10(ɡ [cms−2]) = 3.0 and 5.0 profiles. Top: number density of cloud particles (nd,A), middle: surface-averaged particle size (〈a〉A), bottom: cloud particle mass load (pd/p).

      

    

  
    
      Fig. 12 

      
        [image: thumbnail]
      

      
        Properties of compact (fpor = 0.0, solid lines) porous cloud particles (fpor = 0. 9, dashed lines) with collisions (black) and without collisions (blue), for the cool brown dwarf atmosphere (Teff = 1400K, log10(ɡ[cms−2]) = 5.0). Top: number density of cloud particles (nd,A), middle: surface-averaged particle size (〈a〉A), bottom: cloud particle mass load (ρd/ρ).

      

    

  
    
      Fig. B.1 

      
        [image: thumbnail]
      

      
        Timescales for physical processes controlling cloud particle distribution in the atmosphere. For monodisperse distributions, the timescales of collisions are shown for the three driving processes considered: gravitational settling (green), Brownian motion (red), and turbulence (blue). Also shown are the timescales of the other microphysical processes: gravitational settling (τsett, cyan), condensational growth (τgrow, magenta), nucleation (τnucl, gold), and mixing (τmix, brown). Effective temperatures from top to bottom are Teff = 2400, 2000, 1800, 1600, 1400 K. Two surface gravities are shown: log10(_g[cm s−2]) = 3.0 (left) and log10(g [cm s−2]) = 5.0 (rieht).

      

    

  
    
      Fig. B.2 
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        Cloud particle mass load ρd/ρ for model grids without particle–particle collisions (blue) and with particle–particle collisions (black). Effective temperatures are (from top to bottom) Teff = 2400, 2000, 1800, 1600, 1400 K. Two surface gravities are shown: log10(g [cms−2]) = 3.0 (left) and log10(g [cms−2]) = 5.0 (right).

      

    

  
    
      Fig. B.3 

      
        [image: thumbnail]
      

      
        Nucleation rates J* of nucleating species TiO2, SiO, and C (solid, dashed, and dotted lines respectively) for model grids without particle–particle collisions (blue) and with particle–particle collisions (black). Effective temperatures are (from top to bottom) Teff = 2400,2000,1800,1600,1400 K. Two surface gravities are shown: log10(ɡ [cm s−2]) = 3.0 (left) and log10(ɡ [cm s−2]) = 5.0 (right).

      

    

  
    
      Fig. B.4 

      
        [image: thumbnail]
      

      
        C/O in the gas phase, for model grids without particle-particle collisions (blue) and with particle–particle collisions (black). Effective temperatures are (from top to bottom) Teff = 2400,2000,1800,1600,1400 K. Two surface gravities are shown: log10(ɡ [cm s−2]) = 3.0 (left) and log10(ɡ[cm s−2]) = 5.0 (right).
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