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Abstract

Aims. Theoretical calculations predict an increased equatorial rotation and more pronounced differential rotation (DR) during the minimum of solar magnetic activity. However, the results of observational studies vary, some showing less and some more pronounced DR during the minimum of solar magnetic activity. Our study aims to gain more insight into these discrepancies.

Methods. We determined the DR parameters A and B (corresponding to the equatorial rotation velocity and the gradient of the solar DR, respectively) by tracing sunspot groups in sunspot drawings of the Kanzelhöhe Observatory for Solar and Environmental Research (KSO; 1964–2008, for solar cycles 20–23) and KSO white-light images (2009–2016, for solar cycle 24). We used different statistical methods and approaches to analyse variations in DR parameters related to the cycle and to the phase of the solar cycle, together with long-term related variations.

Results. The comparison of the DR parameters for individual cycles obtained from the KSO and from other sources yield statistically insignificant differences for the years after 1980, meaning that the KSO sunspot group data set is well suited for long-term cycle to cycle studies. The DR parameters A and B show statistically significant periodic variability. The periodicity corresponds to the solar cycle and is correlated with the solar activity. The changes in A related to solar cycle phase are in accordance with previously reported theoretical and experimental results (higher A during solar minimum, lower A during the maximum of activity), while changes in B differ from the theoretical predictions as we observe more negative values of B, that is, a more pronounced differential rotation during activity maximum. The main result of this paper for the long-term variations in A is the detection of a phase shift between the activity flip (in the 1970s) and the equatorial rotation velocity flip (in the early 1990s), during which both A and activity show a secular decreasing trend. This indicates that the two quantities are correlated in between 1970 and 1990. Therefore, the theoretical model fails in the phase-shift time period that occurs after the modern Gleissberg maximum, while in the time period thereafter (after the 1990s), theoretical and experimental results are consistent. The long-term variations in B in general yield an anticorrelation of B and activity, as a rise of B is observed during the entire time period (1964–2016) we analysed, during which activity decreased, with the exception of the end of solar cycle 22 and the beginning of solar cycle 23.

Conclusions. We study for the first time the variation in solar DR and activity based on 53 years of KSO data. Our results agree well with the results related to the solar cycle phase from corona observations. The disagreement of the observational results for B and theoretical studies may be due to the fact that we analysed the period immediately after the modern Gleissberg maximum, where for the phase-shift period, A versus activity also entails a result that differs from theoretical predictions. Therefore, studies of rotation versus activity with data sets encompassing the Gleissberg extremes should include separate analyses of the parts of the data set in between different flips (e.g., before the activity flip, between the activity and the rotation flip, and after the rotation flip).
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1. Introduction
Studies of the temporal variations in solar differential rotation (DR) and solar activity are important for understanding how the solar magnetic cycle is generated. Sunspots and sunspot groups have very often been used as tracers to investigate temporal variations in solar rotation using the Greenwich Photoheliographic Results (GPR; Balthasar & Wöhl 1980; Arévalo et al. 1982; Balthasar et al. 1986; Pulkkinen & Tuominen 1998a), the data set from the Solar Observing Optical Network/United States Air Force/National Oceanic and Atmospheric Administration (SOON/USAF/NOAA, abbreviated SOON/NOAA; Pulkkinen & Tuominen 1998b; Javaraiah 2003, 2013, 2016; Javaraiah & Ulrich 2006), the Mount Wilson data set (Howard et al. 1984; Gilman & Howard 1984; Hathaway & Wilson 1990), and data set from the Kanzelhöhe Observatory for Solar and Environmental Research (KSO; Lustig 1983). Long-term studies are necessary to verify the results of temporal changes in DR, as well as to clear ambiguities related to the relation between the rotation and activity.
When the sunspot groups are used as tracers, observational results for the sidereal angular velocity at the solar surface are very often described by the solar DR law,
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where ω is the angular rotation velocity, b is the heliographic latitude, the DR parameter A represents the equatorial rotation velocity, and the DR parameter B (as a negative value) represents the gradient of the differential rotation. In other words, B specifies the degree of rotational nonuniformity, that is, the difference in angular velocity between the poles and the equator. Theoretical studies based on analytical solutions of the angular momentum transport equation within the convection zone (Brun et al. 2004, 2014; Lanza 2006, 2007; Varela et al. 2016) predict that the net transport of angular momentum towards the equator is less efficient during high solar activity. In other words, strong magnetic fields suppress the equatorward angular momentum transport, resulting in reduced equatorial velocities, that is, in a lower value of the DR parameter A. As a consequence, during the activity maximum, the rotation is less differential (the difference in angular velocity between the pole and the equator is smaller), which is represented by a less negative DR parameter B. Generally, the first theoretical conclusion for parameter A is in accordance with published experimental results: during activity maximum, lower values of A are observed, and during activity minimum, higher values are reported. The behaviour of parameter B does not coincide with theoretical predictions, however: during activity maximum, sometimes less negative and sometimes more negative values of B are observed (Lustig 1983; Gilman & Howard 1984; Balthasar et al. 1986; Gupta et al. 1999; Zuccarello & Zappalá 2003; Brajša et al. 2006; Jurdana-Šepić et al. 2011; Li et al. 2014). This implies that further analyses are necessary.
This paper is a continuation of the analysis performed by Poljančić Beljan et al. (2017, hereafter Paper I). The main conclusion of Paper I was that the KSO sunspot group position data represent a valuable data set with satisfactory accuracy that is suitable for investigating the long-term variabilities in the solar rotation profile. Therefore, we analyse the temporal variation in equatorial rotation velocity (A) and gradient of the DR (B) using the KSO data on cycle, in-cycle, and on longer temporal scales. We also investigate the relation between the relative sunspot numbers from the World Data Center–Sunspot Index and Long-term Solar Observations, Royal Observatory of Belgium, Brussels (WDC-SILSO) as indices of the solar activity and solar rotation described with the parameters A and B determined from the KSO sunspot group position data (1964–2016). The results are then compared with previous works on this topic (Brajša et al. 2006; Jurdana-Šepić et al. 2011; Li et al. 2014; Ruždjak et al. 2017; Badalyan & Obridko 2017; Javaraiah 2020).
Previous studies of solar drawings from the KSO, which analysed the DR of the sunspots and sunspot groups, were based on data before 1985. The same is true for the analyses of the temporal variation in DR. The only reference that analysed the temporal variation in DR of the KSO data is Lustig (1983), and it covers the period 1947–1981, in which solar cycle (SC) 21 was partly covered. We here extend the analysis to 2016. For the first time, the analysis was performed with 53 years of KSO data, covering five SCs 20–24. The same holds for this analysis of the relation between solar rotation and solar activity. In addition to extending the temporal variation analysis, one of the main goals of the present paper is to gain clearer insight into the discrepancies between observations and theoretical predictions for the relation between B and solar activity.
The measurements and data reduction are described in Sect. 2. The results are presented and discussed in Sect. 3, which consists of three subsections covering the three main topics of the paper: cycle-related variations in DR (Sect. 3.1), solar cycle phase variations in DR (Sect. 3.2), and long-term variations in DR (Sect. 3.3). The conclusions are drawn in Sect. 4.
2. Measurements and data reduction
In Paper I we processed KSO sunspot drawings for SCs 20–23 (1964–2008) and KSO white-light images for SC 24 (2009–2016). We used two procedures to determine the heliographic positions of sunspot groups: an interactive procedure (KSO sunspot drawings, 1964–2008), and an automatic procedure (KSO white-light images, 2009–2016). The KSO observations, data products, and sunspot drawing were described by Pötzi et al. (2016, 2021). For the interactive procedure, a software package called Sungrabber1 (Hržina et al. 2007) was used. The area-weighted centres of sunspot groups were estimated by naked eye, while more importance was given to the more pronounced umbra and penumbra. For the automatic procedure, a morphological image processing of KSO white-light images was used, based on the algorithm by Watson et al. (2011). The final data set consists of the measured properties of the sunspot groups (size, umbra, penumbra, and position) for every observing day and is available at the KSO ftp server2 as raw fits images3 and data files4.
We used two different methods to determine the synodic angular rotation velocities: a daily shift (DS) method, and a robust linear least-squares fit (rLSQ) method. With the DS method, the synodic rotation velocities were calculated from the daily differences of the central meridian distance CMD and the elapsed time t, while with the rLSQ method, they were calculated by fitting a line to the measured positions in time, CMD(t), for each tracer. In the second method, the synodic rotation velocity corresponds to the slope of the fit. We also used a robust fit because the measured data occasionally have outliers due to a false identification and for other reasons. It assumes an iteratively reweighting least-squares fit with Huber’s t weighting function (Huber 1981). Thereafter, we converted the synodic into sidereal rotation velocities (Roša et al. 1995; Brajša et al. 2002; Skokić et al. 2014). More details about the instrumentation and measurements are available in Sect. 2 of Paper I, which also offers more details about the determination of the heliographic positions and rotation velocities (Sects. 3 and 4 of Paper I).
Although rotation velocities were determined by two methods (DS and rLSQ), we used the DS method for the statistical analysis in the second part of Sect. 3.1 and in Sect. 3.3 because the DS method yields a higher number of velocities for each bin and is better in filtering out erroneous data points since just two position measurements are taken into account during the velocity calculation. With the rLSQ method, incorrect position measurements are more likely to slip into the final data set because the number of position measurements calculated for each sunspot group is in the range 3–11. We concluded in Paper I that to calculate rotational velocities, the DS method is more reliable than the rLSQ method during SCs 20–23, while the rLSQ method is more reliable during SC 24. As the DS method is more reliable during a longer period of time (four out of five analysed SCs), this is another reason to prefer it for the further analysis.
The DR parameters A and B for the whole cycles, necessary for the analysis presented in the first part of Sect. 3.1, have already been calculated and are listed in Table 2 of Paper I. For comparison of the obtained rotation profiles, we used a statistical significance similar to that of Brajša et al. (1995). They regarded the difference between two solar rotation rates as statistically significant if the change in the two rates is larger than the sum of the threefold standard errors of the rotation rates. Otherwise, the difference of the two results (e.g., two parameters A: A1 and A2) can be regarded as statistically insignificant, especially when the next criterion is applied,
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where σ represents the standard error. Values satisfying Eq. (2) are treated as statistically identical. This statistically insignificant difference of the two results is called “1σ coincidence” below.
In the second part of Sect. 3.1 and in Sect. 3.3, we investigate the relation between solar activity and the DR parameters, A and B, for different time periods and binning methods. The rotation velocities were binned according to two different methods, and the DR parameters were determined for each bin by least-square fitting the corresponding DS and rLSQ sidereal rotation velocities for the solar DR law (Eq. (1)). In all cases, the two solar hemispheres were treated together to ensure a sufficiently high number of data points also for the periods near minimum of activity. The binning was performed with two methods: (1) each solar cycle was divided into N bins of equal time duration, and then the DR parameters were calculated; (2) the whole observed interval was divided into bins of unequal time duration, but with the same number of observations (rotation velocities).
The first method ensures temporal homogeneity and equal sampling, but produces heteroscedasticity due to the unequal number of observation in each bin. The second method preserves homoscedasticity at the expense of the unequal time duration of the bins. In order to asses the possible impact of the binning on results, we divided each SC into 5, 10, 20, 40, and 50 bins of equal duration, and the whole observed interval into bins with 100, 200, and 500 rotation velocities.
The recalibrated daily, monthly, or yearly mean total sunspot numbers (Clette et al. 2014, 2015a,b), that is, version 2.0 of the data series provided by the SILSO World Data Center (2015), Royal Observatory of Belgium, Brussels, were used as a measure of solar activity for a given time period or binning method. In the statistical analysis (see Table 2), the following values were calculated: the slope of the fit with the corresponding standard error (slope A or slope B), and Pearson’s correlation coefficient r and the corresponding p value, which represents the probability that the null hypothesis (no correlation, r = 0) is accepted. A significance level of 5% was used. If the p value was lower than the significance level (0.05), the null hypothesis was rejected, suggesting that there is a significant linear relation between rotation and activity. In contrast, if the p-value was higher than the significance level (0.05), there is insufficient evidence to conclude there is a significant linear relation between rotation and activity.
We analysed solar cycle phase variations in the DR parameters (Sect. 3.2) and the long-term variations in the DR parameters (Sect. 3.3) for the time period 1964–2016 (SCs 20–24). While analysing the solar cycle phase-related changes in the DR, in addition to the calculated KSO DR and rLSQ parameters, we also used the Debrecen Photoheliographic data (DPD), GPR and USAF/NOAA parameters calculated by Ruždjak et al. (2017). The USAF/NOAA Sunspot Data and DPD sunspot database (Győri et al. 2017; Baranyi et al. 2016) used in Ruždjak et al. (2017) was downloaded from the websites56. In order to determine the phase of the SC, we used the times of minima and maxima of solar activity provided by the SILSO World Data Center (2015), Royal Observatory of Belgium, Brussels7, and we used an expression similar to the one used in Badalyan & Obridko (2017),
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where τ is the current time, and M and m are the dates of maximum and minimum of the 11-year cycle closest to τ. When we discuss variations related to odd and even cycles (e.g., in Sect. 3.2), which encompass two consecutive 11-year cycles, we calculated the phase in the following way. All points that belong to the ascending branch of the odd cycle are from ϕ = 0 to ϕ = 0.5, the points that belong to the descending branch are from ϕ = 0.5 to ϕ = 1, and for the even cycle, the ascending branch belongs to the phase range [1, 1.5], while the descending branch belongs to the phase range [1.5, 2].
When we considered the temporal behaviour of two parameters (and not the periodograms), the phase calculated from Eq. (3) was added to the corresponding cycle number such that the time t = 0 corresponds to the beginning of SC 20, t = 0.5 to the maximum of SC 20, t = 1 to the beginning of SC 21, and so on. This transition from time to the phase of the corresponding SC is necessary due to the unequal duration of the SC and the asymmetry inside the cycle.
In order to determine a periodicity in the DR parameters and to support the transition from time to the phase of the SC, we used the standard period-finding periodogram method of Lomb (1976) and Scargle (1982) (i.e., Lomb–Scargle periodogram) for unevenly spaced data, and the generalised Lomb–Scargle periodogram (Zechmeister & Kürster 2009) to obtain period and statistical significance. Additionally, methods of phase dispersion minimisation (Stellingwerf 1978) and epoch folding (Leahy et al. 1983) were also used for the non-sinusoidal analysis. The jackknife method (Quenouille 1949) was used to estimate the standard error of the obtained period.
The locally estimated scatterplot smoothing (LOESS) method (Cleveland 1993) was used for the scatterplot smoothing and for the non-parametric regression of DR parameters. For the long-term analysis of DR parameters, we used the moving-average method to remove any short-term in-cycle-related variations. In this method, an average value of a parameter of interest is calculated inside a predetermined time window that corresponds to the detected periodicity.
For the statistical analysis, we used the R and CRAN packages (R Core Team 2013), as well as Python libraries (Python Core Team 2019). In the further text, “correlation” means positive correlation, and “anticorrelation” means negative correlation.
3. Results and discussion
3.1. Cycle-related variations in the DR
In this section, the decimal fractions of the years specified in Table 2 of Paper I (SC 20: 1964.8–1976.3, SC 21: 1976.3–1986.7, SC 22: 1986.7–1996.4, SC 23: 1996.4–2008.9, and SC 24: 2008.9–2016.3) were used as start and end points of each SC. They are taken from Brajša et al. (2009), except for the minimum in 2008 and the maximum in 2014 (Source: WDC-SILSO, Royal Observatory of Belgium, Brussels8).
The DR parameters, calculated separately for SCs 20–24 and obtained with the DS and rLSQ methods for both hemispheres together – N+S, the northern hemisphere – N, and the southern hemisphere – S, are available in Table 2 of Paper I (DS: rows 1–5, 8–12, 15–19; rLSQ: rows 22–26, 29–33, 36–40). When we compare the DS and rLSQ measurements, we see that the results for both DR parameters in all cases (northern, southern, or both hemispheres) show a 1σ coincidence. Only in some cases were higher differences observed, but they are still insignificant. This means that the results of the two different methods we used to determine the rotation velocities remain almost identical also for the shorter periods of time (SCs), and not only for the whole time period (1964–2016), as we concluded in Paper I.
The annual DR profiles for SCs 20–24 and both hemispheres together (N+S) are shown in Fig. 1. The DR parameters collected from different sources for SCs 20–23, using only sunspots and sunspot groups as tracers, are listed in Table 1.
	[image: thumbnail]	Fig. 1. DR profiles for five SCs 20–24 obtained for both hemispheres together (N+S). The DR profiles were determined using sidereal rotation velocities calculated with the DS method and the rLSQ method. The sidereal rotation velocity is denoted by ω and the heliographic latitude by b.



Table 1. 
Values of DR parameters A and B and their standard errors (in deg day−1) for SCs 20–24 collected from different sources and determined by the use of sunspots and sunspot groups as tracers.

We compared the DS and rLSQ measurements derived for SC 20 (Table 2 of Paper I, N+S: rows 1 and 22, N: rows 8 and 29, S: rows 15 and 36) with the corresponding values derived by other data sets (Table 1, N+S: rows 1–3, N: rows 4 and 5, S: rows 6 and 7). Our A values are lower by 0.05 deg day−1 on average (with a maximum difference 0.08 deg day−1), in the most cases yielding marginally significant differences (2σ or more). Lower coincidence values may be a consequence of some systematic errors in the KSO data before the 1980s (Balthasar & Fangmeier 1988; Balthasar et al. 1984; Poljančić Beljan et al. 2017). The same comparison performed for all other SCs 21–24 and in all cases (N+S, N, S) yields a 1σ coincidence of the KSO and SOON/NOAA results. Therefore, the KSO data set is well suited for long-term cycle to cycle studies, especially for the years after the 1980s.
The statistical results of the weighted least-square fits of the dependence of the parameter A and solar activity (represented by SILSO relative sunspot numbers as proxies) derived for SCs 20–24 are listed in Table 2, rows 1–5. Solar cycle 20 shows a 2σ statistically significant negative correlation between the solar equatorial rotation rate and solar activity (slope A = −0.0012 ± 0.0005, r = −0.59, p = 0.04), while the results for SCs 22–24 are not statistically significant and show no correlation (r = 0.08, r = −0.07, r = −0.09 respectively). Solar cycle 21 behaves oppositely to SC 20, showing a medium positive correlation (slope A = 0.0008 ± 0.0004, r = 0.49), for which no significance was confirmed at the 95% confidence level (p = 0.12), however.
Table 2. 
Statistical results of the weighted least-square fits of the dependence of the DR parameters, derived by KSO DS data, and solar activity for SCs 20–24 (rows 1–5) and for different binning techniques.

The lack of a significant linear correlation in SCs 21–24 could be explained by a more complex interdependence between DR parameters and solar activity inside the cycle, such as alternation of the anticorrelation-correlation-anticorrelation dependence. This behaviour might impede the detection of any variation and correlation in the cycle if average values are used over the whole cycle. In order to further study the behaviour of the DR parameters, we analysed both in-cycle phase-related (Sect. 3.2) and global variations in the DR parameters (Sect. 3.3).
3.2. Variations in the DR related to solar cycle phase
In this section we study the in-cycle variations in the DR parameters. It is well known that the duration of the SC can vary considerably. In order to account for this phenomenon, we made an analysis in the phase space of the SC instead of analysing the temporal behaviour of the DR parameters in the regular time domain. This also took variations in the duration of time intervals between minima and maxima into account. In Fig. 2, where the in-cycle variations in the DR parameters A and B are shown, the time represented as the phase of the corresponding SC was obtained from the SILSO times of minima and maxima9 and applying Eq. (3). Full phase (0–5) corresponds to the time of succeeding minima. Rotational velocities calculated from the position data of four different data sets (DPD, GPR, KSO, and SOON/NOAA) were used to determine yearly A and B values that were then transformed into the phase space. Then LOESS was applied on all available dots (values). Therefore, the dots in Fig. 2 are values of the DR parameters calculated using the KSO DS and rLSQ angular velocities for the whole time period (1964–2016), GPR angular velocities (for the years until 1976), KSO angular velocities from Lustig (1983) (for the period 1964–1981), and DPD and SOON/NOAA angular velocities (for the years after 1976). We choose DPD, GPR, and SOON/NOAA data sets mainly because the synodic angular velocity differences are smallest for KSO–GPR, KSO–DPD, and KSO–SOON/NOAA combinations when six different data sets are compared; see Fig. 6 in Poljančić et al. (2011).
	[image: thumbnail]	Fig. 2. In-cycle variation of the equatorial rotation velocity, represented by parameter A, and steepness of the differential rotation, represented by B, shown in phase space for SCs 20–24 (1964–2016) and both hemispheres together. Blue and red dots represent our KSO rLSQ and KSO DS values (1964–2016), yellow dots show KSO values from Lustig (1983) (1964–1981), and black, green, and orange dots show DPD, GPR, and SOON/NOAA values from Ruždjak et al. (2017). The red line represents the result of the LOESS, with the greyish part indicating the 95% confidence level. Full phases (0–5) correspond to the times of subsequent minima.



The LOESS curve in Fig. 2 shows that during the even SCs 20, 22 and 24 A reaches higher values around activity minima and lower values around activity maxima, creating a concave structure. The same finding was already reported (Brajša et al. 2006; Jurdana-Šepić et al. 2011; Li et al. 2014; Ruždjak et al. 2017), but, in general, for all analysed SCs, including odd ones. Here, the concave structure is slightly disturbed for odd SCs 21 and 23, with a bump of A (the higher values of A) around activity maxima. As appropriate binning of the velocity data is a prerequisite for the analysis of the DR parameters, we repeated the calculation using another binning technique of rotation velocity values and different bin lengths.
To do this, we used different approaches to rotation velocity data binning in addition to the already discussed yearly binning: (a) we binned in time intervals with constant duration, and (b) we binned in time intervals with a constant number of observations. Binning in intervals of constant duration results in temporal homogeneity, with the possibility of applying different statistical methods that require equal temporal spacing, such as autoregression, cross-correlation, or fast Fourier transforms. Unfortunately, such a binning leads to heteroscedasticity and unequal uncertainties: intervals around maximum activity cover a larger number of sunspots, and therefore the rotational velocity can be obtained with smaller uncertainty. Conversely, during SC minima, only a few sunspots are present, which can result in high uncertainties in the velocity determination. Homoscedasticity and similar uncertainties are preserved when the bins are made of the same number of observations, but in this case, the temporal homogeneity is lost: bins at solar minima cover a longer time period than those at solar maxima. Therefore, many more measurements of the DR parameters are determined around solar maxima than at minima. As there are advantages and disadvantages for both binning techniques, we performed both, but show only the results for time intervals with constant duration (Fig. 3) as a similar behaviour was obtained in both cases.
	[image: thumbnail]	Fig. 3. Solar cycle phase diagram in the single odd–even space for parameter A (middle panel) and parameter B (bottom panel). For 40 bins of the same size (0.05 phase each), the DR parameters were calculated and are shown as black dots with the corresponding standard errors. A moving average of these values was calculated (red curve), using a window size of 3 bins. Additionally, LOWESS smoothing was applied to the original bins using a data fraction of 1/6 (blue curve). In the top panel, the SILSO 13-month smoothed monthly total sunspot number is shown. Phases in the range 0–1 represent odd SCs 21 and 23, and phases in the range 1–2 show even SCs 20, 22, and 24. Whole phases mark cycle minima (vertical solid grey line), and cycle maxima are located at 0.5 and 1.5 phase values (vertical dashed grey lines). Bootstrapping was applied to determine the uncertainty (blue areas).



A periodical pattern of concave structure is noticeable in Fig. 2. As the sunspot number does not show a monotonously increasing or decreasing behaviour in time, but rather a quasi-periodic behaviour, we cannot expect to find a simple correlation between the DR parameters, as is shown by the lack of significant linear regression in each of the analysed SCs (Table 2, rows 1–5). An interdependence and possible correlation between solar rotation (DR parameters) and solar activity (sunspot number) can still be established if the same or a similar periodicity for both the DR parameters and sunspot numbers is found. Therefore, we used a standard Lomb–Scargle period-finding technique as well as a generalised Lomb–Scargle method that can include the uncertainties of the DR parameters. Parameter A shows an average periodicity of 1.89 ± 0.10 SC when the weighted generalised Lomb–Scargle method is used, with a periodicity of 1.86 ± 0.11 SC and 1.96 ± 0.09 SC for a binning with 200 velocities/bin and 40 bins/cycle. A high statistical significance was obtained, with p-values between 1.2 × 10−4 and 5.8 × 10−6 for different bin lengths and methods, which means that the probability for a noise to be detected as a periodic signal is between 1 : 8000 and 1 : 170 000. These results were confirmed by methods of epoch folding and phase dispersion minimisation (PDM).
To validate the procedure, we also obtained an average period of 1.02 ± 0.02 SC for SILSO sunspot numbers, and 1.02 ± 0.02 SC and 1.01 ± 0.01 SC for a binning with 200 velocities/bin and 40 bins/cycle. The period is in accordance with the expected value. For parameter B, an average period of 0.92 ± 0.06 SC was found with the weighted generalised Lomb-Scargle method. Again, all of the periods were confirmed by methods of epoch folding and PDM.
According to these results, parameter A is clearly correlated with the full 22-year SC, that is, with two SCs, while parameter B seems more correlated with one SC. Therefore, in order to analyse in-cycle phase-related variations in the DR parameters, periodograms with a period of two SCs were constructed (Fig. 3).
Figure 3 shows a SC phase diagram for the angular sidereal rotation rate of the equator, represented by parameter A (middle panel), and the steepness of the DR, represented by parameter B (bottom panel), along with the SILSO 13-month smoothed monthly total sunspot number shown in the upper panel. A single odd-even cycle system in phase space was used, as in Figs. 2 and 3 of Badalyan & Obridko (2017), with a corresponding phase range of [0,2]. This range was divided into 40 bins with a phase width of 0.05. For each bin, parameters A and B were calculated from sidereal rotation velocities and are shown as black dots. Then, a moving average was performed using a window size of 3 bins (red curve), and LOWESS smoothing was applied to the original bins using a data fraction of 1/6 (blue curve). The whole KSO DS data set (1964–2016) was used. The odd part of the figure covered SCs 21 and 23, and the even part covered SCs 20, 22, and 24.
Figure 3 shows that A is lowest in the minimum epochs between the odd and even cycles (just before phase 1.0) and reaches higher values around the odd minima (around phases 0 and 2.0). The main difference to Fig. 2 from Badalyan & Obridko (2017), which states a monotonous decrease of A during the whole odd cycle and a monotonous increase of A during the whole even cycle, is the occurrence of the bump for A around the odd activity maximum (phase 0.5).
A negative correlation of A and the solar activity, which implies higher values of A during the minimum of the magnetic activity, and vice versa, lower values of A during the maximum of the magnetic activity, is predicted by theoretical models (Brun 2004; Brun et al. 2004, 2014; Lanza 2006, 2007; Varela et al. 2016) and has been found in a number of observational studies (Lustig 1983; Gilman & Howard 1984; Balthasar et al. 1986; Brajša et al. 2006; Jurdana-Šepić et al. 2011; Li et al. 2014; Ruždjak et al. 2017). This behaviour is also confirmed here for in-cycle variations in Fig. 2, with disturbances, the bumps, during the odd maxima. In odd–even phase space (middle part of Fig. 3), this behaviour, which can be described by a concave structure, is weak but recognizable for even cycles. During the odd cycles (middle left part of Fig. 3), a bump is again observed in the middle. Therefore, the bump in A is observed (using our KSO data) regardless of the binning method. It is not clear why it occurs, whether it is the result of a systematic error or indeed the behaviour of A during the odd cycles of the analysed time period.
Figures 2 and 3 also show that B becomes more negative, that is, the Sun rotates more differentially, around SC maxima (Fig. 2 around phases 1.5, 2.5, 3.5, and 4.5; Fig. 3 around phases 0.5 and 1.5). These flat parts are characterised by B values around −3 deg day−1, similar to the values derived by Badalyan & Obridko (2017). In the descending part of the cycles (phases: 0.5–1, 1.5–2.0), B becomes less negative, that is, the Sun rotates more rigidly. This is in contrast to theoretical calculations, which suggest a more rigid rotation during cycle maxima.
Although Badalyan & Obridko (2017) did not use tracers in the photosphere, but coronal green emission lines from the corona and the time periods do not coincide (photosphere: 1964–2016, corona: 1939–2001), almost the same behavioural pattern of A and B is observed. The coronal DR was discussed in many papers that studied line emissions in the corona or tracers like coronal bright points (Brajša et al. 1997; Badalyan 2010; Jurdana-Šepić et al. 2011; Badalyan & Obridko 2017), and it was concluded that the coronal DR agrees well with the photospheric DR (Brajša et al. 2004b; Wöhl et al. 2010; Sudar et al. 2015). Therefore, our paper confirms and reinforces the anticipated photosphere-corona differential rotation coupling. Our results for the DR parameters obtained in the single odd-even cycle phase system (Fig. 3) are also comparable to the one obtained in the phase space of separate SCs (Fig. 2), even though in the latter, multiple data sets have been used.
3.3. Long-term variations in the DR
In this section we present our study of the long-term changes in the DR parameters with the aim to relate them with the solar activity on Gleissberg-cycle scales (Peristykh & Damon 2003; Usoskin 2017; Petrovay 2020). The statistical results of the weighted least-squares fits of the dependence of the DR parameters A and B and solar activity, represented by relative sunspot numbers as proxies, were derived for different binning techniques: a yearly binning during 1964–2016, an equal number of bins per analysed SC and a different number of bins per SC (but with the same number of sidereal rotation velocities in each bin). The results are listed in Table 2: rows 6–9 for A, and rows 10–13 for B.
According to the results for A (Table 2, rows 6–9), a non-significant positive correlation is obtained in all cases, which is in contrast to theoretical calculations. Annual values (Table 2, row 6) are displayed in panel a of Fig. 4 for illustration. Straight lines represent least-squares fits through the set of data points derived by the DS method for individual years. Because the calculation of the slope of the linear fit is sensitive to the standard error of individual values of the DR parameters, a weighted least-squares fit was applied, thus giving more importance to measurements with smaller error bars. According to the theoretical model, a negative correlation is expected for A, that is, a decreasing linear function, which was not obtained here.
	[image: thumbnail]	Fig. 4. Dependence of annual KSO DR parameters A and B and the WDC-SILSO relative sunspot number as an indicator of solar activity. Straight lines represent least-squares fits through the set of data points derived by the DS method for individual years. Parts a and b cover all KSO measurements 1964–2016. Statistical results for each least-squares fit are available in Table 2, rows 6 and 10.



We assume that our statistical results of the weighted least-squares fits of the dependence of parameter A and solar activity (for the KSO data set, 1964–2016) does not yield the expected negative correlation due to the in-cycle variations that show a complex correlation behaviour, and because this time span covers the years just after the modern Gleissberg maximum, which includes an alternation of the correlation and anticorrelation dependence of parameter A and solar activity, as explained below.
A secular increase in the magnetic activity during most of the twentieth century has been confirmed, reaching its maximum in the second half of the twentieth century, that is, around 1970 (Peristykh & Damon 2003; Usoskin 2017; Petrovay 2020). Since then, magnetic activity has been decreasing, which is shown in the top panel of Fig. 5, where long-term changes in solar activity represented by the SILSO sunspot numbers are shown. Moreover, Brajša et al. (2004a, 2006), Li et al. (2014), Ruždjak et al. (2017) and Petrovay (2020) have confirmed the secular decrease in the rotation during the twentieth century, with an equatorial rotation velocity flip, that is, a beginning speed-up, being reported for the 1990s (Zhang et al. 2015; Ruždjak et al. 2017).
	[image: thumbnail]	Fig. 5. Long-term changes in the KSO differential rotation parameters. In the top panel SILSO sunspot group numbers are shown in phase space, where the whole phases mark cycle minima. Phase range 0–1 belongs to SC 20, phase range 1–2 to SC 21, etc. Phase 0 indicates the beginning of the analysed time period (1964). A LOESS non-parametric fit was applied to the original data using span = 0.65, and a smoothing in a window covering 65% of data points (red curve) in order to obtain general trend. The same was performed for parameters A and B (middle and bottom panel), but with moving-average values in order to remove in-cycle variations, with a LOESS smoothing of the same span as before. Moving averages were calculated over two solar cycles for each of the data points, which corresponds to the periodicity of parameter A.



In order to remove in-cycle variations and obtain only general trends, we calculated the moving averages of DR parameters AiB by averaging each data point over two SCs (parameter periodicities as obtained in Sect. 3.2). The middle panel of Fig. 5 shows the results for A. The rotation flip, that is, the beginning speed-up, occurs around phase 2.8 (2.84 ± 0.03), that is, in the early 1990s (1994.5 ± 0.5). Therefore, it is obvious that the activity flip (maximum of SC 19) and the rotation flip do not occur simultaneously, but with a certain phase shift.
The phase shift approximately coincides with SCs 20, 21, and 22, during which solar activity represented by the sunspot number and the equatorial rotation velocity represented by A both show a secular decreasing trend, indicating a possible correlation of the two quantities. Ultimately, this might be related to the positive signs in the slope of A and in the correlation coefficient r for SCs 21 and 22 (Table 2, rows 2 and 3). An increasing trend for A after phase 2.8 accompanied with decreasing trend for the sunspot number yields an anticorrelation of the two quantities, and may be related to the negative signs in the slope of A and to the correlation coefficient r for SCs 23 and 24 (Table 2, rows 4 and 5). According to these results, during the analysed time period of KSO data (1964–2016), an alternation of the correlation and anticorrelation dependence of the parameter A and solar activity is present. This violates the anticorrelation of the two quantities for the whole period that is generally predicted by the theoretical model.
Therefore, the suggestion is that when the relation of the rotation and activity with the data sets that include the Gleissberg maximum or minimum are analysed, it is necessary to analyse separately parts of the data set in between the different flips (e.g., before the activity flip, between the activity and rotation flip, and after the rotation flip). In other words, the final result depends on the time period that is included in the analysis, that is, it does matter which part of the Gleissberg cycle we consider.
For instance, the Ruždjak et al. (2017) results for A versus activity show a statistically insignificant negative correlation for the period 1874–1976 (GPR) and a statistically significant negative correlation for the period 1977–2016 (USAF/NOAA data). When the sets are combined, a significant negative trend is obtained for the whole period 1874–2016. We therefore again conclude that the final result depends on the time period that is included in the analysis. As a non-significant negative correlation is obtained for the time period 1874–1976 (GPR), something clearly decreases the significance of the negative correlation in this period, very possibly the correlation of the sunspot number and A, which appears just after the Gleissberg maximum (around the 1970s) and ends with the equatorial velocity flip (in the 1990s). We also assume that including the minimum of the Gleissberg cycle (around the 1900s) in the GPR data set, by which the disputed insignificant negative correlation was derived, has the same effect on decreasing the significance of the negative correlation. Further analysis using the GPR data, as well as a statistical method that can take care of the phase shift between Gleissberg maximum and the rotation flip, is necessary to confirm this assumption.
Jurdana-Šepić et al. (2011) analysed the same relation (A versus relative sunspot number, e.g., activity) for the time span 1998–2006. It covers the period after the early 1990s, that is, after the equatorial velocity flip, and yields a significant negative correlation. Although this result is based on the analysis of small bright coronal structures, it agrees with our result of a negative correlation between A and activity after phase 2.8 (after the 1990s).
The results for DR parameter B are given in Table 2 (rows 10–13) and for the yearly values displayed in the lower panel of Fig. 4 (part b). We obtained anticorrelations (insignificant) for the yearly values as well as for the binned values, which is again in contrast to the theoretical predictions (Brun et al. 2004, 2014; Lanza 2006, 2007; Varela et al. 2016). They expect a correlation of parameter B and solar activity, which means a more pronounced differential rotation (more negative value of B) during the minimum of magnetic activity. This actually means that the Sun should rotate more differentially during activity minimum and more rigidly during activity maximum.
The bottom panel of Fig. 5 shows long-term changes in B. In general, B increases, that is, it becomes less negative. If moving averages of parameter B and the sunspot number are used, averaged over two SCs (as presented in Fig. 5, lowest panel), a statistically highly significant anticorrelation between B and SN is found with r = −0.67 and p = 2 × 10−13, with a slope of ( − 0.0044 ± 0.0005) deg day−1. This means that we observe an anticorrelation of B and activity (more rigid rotation when the activity decreases) in the analysed KSO period 1964–2016, which is in accordance with Table 2 (rows 10–13) and is opposite to the theoretical model. However, it is worth pointing out that around phase 3.0, a weak correlation of B and activity is observed.
Ruždjak et al. (2017) pointed out that for the yearly parameter values, the sign of correlation for B changes. In the time period 1874–1976 (GPR data), it is insignificantly negative, and in the time period 1977–2016 (USAF/NOAA and DPD data), it is significantly positive. When the sets are combined, the larger GPR data set prevails and an insignificant negative trend is obtained for the whole period 1874–2016. Likewise, our (insignificant) negative correlation obtained with yearly B values for the KSO period 1964–2016 (Table 2, rows 10–13) is very likely a consequence of combining the two trends, weak positive (Fig. 5, bottom panel, around phase 3.0) and strong negative (other phases). It is also very likely a consequence of in-cycle oscillations in the parameter values, which are not excluded when yearly values are used.
Jurdana-Šepić et al. (2011) analysed the same relation (B versus relative sunspot number, i.e., activity) for the time span 1998–2006, that is, for SC 23. An insignificant negative correlation of B and activity was obtained, which is in accordance with the anticorrelation during this period we observed here (see Fig. 5, top and bottom panels, phases 3.0–4.0). The most probable explanation for the disagreement of these experimental results with theoretical studies may be the fact that we analysed the period immediately after the Gleissberg maximum, during which non-simultaneous activity and an equatorial rotation velocity flip occur. Perhaps this is also being reflected in the behaviour of parameter B. Therefore, it is necessary to repeat the same analysis using data sets that cover a longer period of time that encompasses one Gleissberg cycle or more, depending on availability.
4. Conclusions
We analysed the variation in the solar differential rotation and activity using 53 years of KSO data (1964–2016), which cover five SCs 20–24. For the first time, the temporal variation of the DR, as well as the relation between the rotation and activity, were analysed based on KSO data for the years after 1980s.
Concerning the solar cycle-related variations of the DR, the results of the two different methods, DS and rLSQ, used to determine the rotation velocities are almost identical, that is, a statistically significant coincidence was observed for both the longer period (whole data set covering several SCs, Paper I) and for shorter periods (individual SCs). The comparison of the KSO DR parameters and parameters collected from other sources (e.g., SOON/NOAA) for SCs 21–24 again yielded a statistically significant coincidence. Therefore, the KSO data set used in this paper is well suited for long-term cycle to cycle studies, especially for the years after 1980s.
The main conclusions for the solar cycle phase changes in the DR parameters are listed here. For even SCs 20, 22, and 24 during the neighbouring minima, A increases, while it drops towards the maximum in between, creating a concave structure. For odd SCs 21 and 23, the concave structure is slightly disturbed with a bump (the higher values) in A around activity maxima. The most pronounced DR (less rigid rotation) is observed around SC maxima, while the most rigid rotation is observed one or two years before each minimum.
Parameters A and B both show periodic cycle-related variations. The periodicity of parameter A is correlated with the two SCs, while parameter B seems to have a periodicity of one SC. Therefore, the obtained periodicities of these parameters, which correspond to the periodicity of the sunspot number and solar activity, clearly show a correlation with the SC.
Evidence for the changes in parameter A has been reported by Lustig (1983), Gilman & Howard (1984), Balthasar et al. (1986), Brajša et al. (2006), Jurdana-Šepić et al. (2011), Li et al. (2014), Ruždjak et al. (2017), and Badalyan & Obridko (2017), confirming that solar cycle phase changes in parameter A are a consequence of the suppression caused by strong magnetic fields during magnetic activity maximum. This (reduced equatorial velocity, i.e., lower values of A during the strong magnetic fields of the 11-year Schwabe cycle) is confirmed with the present analysis. In-cycle changes of the parameter B are again in contrast to theoretical predictions (Brun et al. 2004, 2014; Lanza 2006, 2007; Varela et al. 2016) as we observe more negative values of parameter B, that is, a more pronounced differential rotation during activity maximum. The comparison of the present paper and Badalyan & Obridko (2017) solar cycle phase diagrams in the single odd-even space confirmed and reinforced the previously stated agreement of photospheric and coronal differential rotation.
The main result of our analysis arises from the analysis of the long-term changes in the differential rotation parameters. We found a phase shift between the activity flip (modern Gleissberg maximum in the 1970s) and equatorial rotation velocity flip (begin of the speed-up in the early 1990s), which coincides with SCs 20, 21, and 22. During this time period, solar activity, represented by the sunspot number, and equatorial rotation velocity, represented by A, both show a secular decreasing trend, indicating a correlation of the two quantities. In contrast, after this period, an anticorrelation of the two quantities is confirmed. Therefore, the combination of the correlation and anticorrelation behaviour in the inspected time period can explain the statistical results of the insignificant (positive) correlation of the dependence of DR parameter A and the solar activity for the whole data set (KSO, 1964–2016).
It seems that including the period between the Gleissberg maximum (time at which the activity flip occurs, around the 1970s) and time at which the rotation flip occurs (around 1990s) in our data set violates the negative correlation predicted from theoretical studies. In other words, our result suggests that a positive correlation could be a property of the aforementioned phase-shift periods, which occur around the maximum of the Gleissberg cycle, but very likely also around the minimum of the Gleissberg cycle (which should be confirmed with a data set that covers a longer period of time). Therefore, our suggestion is that when the relation of the rotation and activity is analysed, either theoretically or experimentally, parts of the data set in between different flips should be analysed separately (e.g., before the activity flip, between the activity and rotation flip, and after the rotation flip).
The long-term variation in parameter B shows a secular increase in B (B becoming less negative) during the analysed time period. This implies on long-term scales an anticorrelation of B and activity (more rigid rotation when the activity decreases), which is in contrast to theoretical modelling predictions. There is an indication that the correlation is present during the end of SC 22 and the beginning of SC 23, however. Therefore, again, due to combination of correlation and anticorrelation behaviour in the inspected time period, it is not unexpected that the statistical results of the dependence of the DR parameter B and solar activity for the whole data set (KSO, 1964–2016) show an insignificant (negative) correlation and statistically significant anticorrelation when in-cycle variations are removed by the use of moving averages over the whole SC. The most probable explanation for the disagreement of these observational results with theoretical studies may be the fact that we analysed the period immediately after the Gleissberg maximum, during which non-simultaneous activity and equatorial rotation velocity flip occurs. Perhaps this is also being reflected in the behaviour of parameter B. Therefore, it is necessary to repeat the same analysis using data sets that cover a longer period of time that encompasses one Gleissberg cycle or more, depending on availability.


1 http://www.zvjezdarnica.hr/sungrabber/sungrabb.html
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Table 1. 
Values of DR parameters A and B and their standard errors (in deg day−1) for SCs 20–24 collected from different sources and determined by the use of sunspots and sunspot groups as tracers.
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Table 2. 
Statistical results of the weighted least-square fits of the dependence of the DR parameters, derived by KSO DS data, and solar activity for SCs 20–24 (rows 1–5) and for different binning techniques.
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	[image: thumbnail]	Fig. 1. DR profiles for five SCs 20–24 obtained for both hemispheres together (N+S). The DR profiles were determined using sidereal rotation velocities calculated with the DS method and the rLSQ method. The sidereal rotation velocity is denoted by ω and the heliographic latitude by b.
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	[image: thumbnail]	Fig. 2. In-cycle variation of the equatorial rotation velocity, represented by parameter A, and steepness of the differential rotation, represented by B, shown in phase space for SCs 20–24 (1964–2016) and both hemispheres together. Blue and red dots represent our KSO rLSQ and KSO DS values (1964–2016), yellow dots show KSO values from Lustig (1983) (1964–1981), and black, green, and orange dots show DPD, GPR, and SOON/NOAA values from Ruždjak et al. (2017). The red line represents the result of the LOESS, with the greyish part indicating the 95% confidence level. Full phases (0–5) correspond to the times of subsequent minima.
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	[image: thumbnail]	Fig. 3. Solar cycle phase diagram in the single odd–even space for parameter A (middle panel) and parameter B (bottom panel). For 40 bins of the same size (0.05 phase each), the DR parameters were calculated and are shown as black dots with the corresponding standard errors. A moving average of these values was calculated (red curve), using a window size of 3 bins. Additionally, LOWESS smoothing was applied to the original bins using a data fraction of 1/6 (blue curve). In the top panel, the SILSO 13-month smoothed monthly total sunspot number is shown. Phases in the range 0–1 represent odd SCs 21 and 23, and phases in the range 1–2 show even SCs 20, 22, and 24. Whole phases mark cycle minima (vertical solid grey line), and cycle maxima are located at 0.5 and 1.5 phase values (vertical dashed grey lines). Bootstrapping was applied to determine the uncertainty (blue areas).
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	[image: thumbnail]	Fig. 4. Dependence of annual KSO DR parameters A and B and the WDC-SILSO relative sunspot number as an indicator of solar activity. Straight lines represent least-squares fits through the set of data points derived by the DS method for individual years. Parts a and b cover all KSO measurements 1964–2016. Statistical results for each least-squares fit are available in Table 2, rows 6 and 10.
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	[image: thumbnail]	Fig. 5. Long-term changes in the KSO differential rotation parameters. In the top panel SILSO sunspot group numbers are shown in phase space, where the whole phases mark cycle minima. Phase range 0–1 belongs to SC 20, phase range 1–2 to SC 21, etc. Phase 0 indicates the beginning of the analysed time period (1964). A LOESS non-parametric fit was applied to the original data using span = 0.65, and a smoothing in a window covering 65% of data points (red curve) in order to obtain general trend. The same was performed for parameters A and B (middle and bottom panel), but with moving-average values in order to remove in-cycle variations, with a LOESS smoothing of the same span as before. Moving averages were calculated over two solar cycles for each of the data points, which corresponds to the periodicity of parameter A.
In the text
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	Row
	Data set
	Time (cycle)
	Hemisphere
	A
	B
	References





	1
	GPR (a)
	1965–1976 (20)
	N+S
	14.53 ± 0.02
	−2.73 ± 0.17
	1



	2
	SOON/NOAA (b)
	1965–1977 (20)
	N+S
	14.522 ± 0.014
	−2.593 ± 0.138
	2



	3
	GPR (a)
	1965–1975 (20)
	N+S
	14.502 ± 0.010
	−2.372 ± 0.114
	3



	4
	GPR (a)
	1965–1975 (20)
	N
	14.492 ± 0.015
	−2.392 ± 0.149
	3



	5
	KSO (b)
	1965–1976 (20)
	N
	14.40 ± 0.02
	−2.75 ± 0.24
	5



	6
	GPR (a)
	1965–1975 (20)
	S
	14.506 ± 0.015
	−2.298 ± 0.183
	3



	7
	KSO (b)
	1965–1976 (20)
	S
	14.37 ± 0.02
	−2.48 ± 0.27
	5



	




	8
	SOON/NOAA (b)
	1977–1987 (21)
	N+S
	14.492 ± 0.020
	−2.696 ± 0.172
	2



	9
	SOON/NOAA (a)
	1976–1986 (21)
	N+S
	14.492 ± 0.015
	−2.080 ± 0.109
	3



	10
	SOON/NOAA (a)
	1976–1986 (21)
	N
	14.477 ± 0.019
	−1.892 ± 0.158
	3



	11
	KSO (b)
	1976–1981 (21)
	N
	14.50 ± 0.02
	−2.57 ± 0.20
	5



	12
	SOON/NOAA (a)
	1976–1986 (21)
	S
	14.502 ± 0.019
	−2.249 ± 0.154
	3



	13
	KSO (b)
	1976–1981 (21)
	S
	14.47 ± 0.03
	−2.34 ± 0.20
	5



	




	14
	SOON/NOAA (b)
	1987–1997 (22)
	N+S
	14.436 ± 0.018
	−2.286 ± 0.146
	2



	15
	SOON/NOAA (a)
	1987–1996 (22)
	N+S
	14.413 ± 0.015
	−2.060 ± 0.119
	3



	16
	SOON/NOAA (a)
	1987–1996 (22)
	N
	14.428 ± 0.019
	−2.011 ± 0.168
	3



	17
	SOON/NOAA (a)
	1987–1996 (22)
	S
	14.398 ± 0.019
	−2.119 ± 0.163
	3



	




	18
	SOON/NOAA (a)
	1997–2002 (23)
	N+S
	14.467 ± 0.019
	−2.511 ± 0.173
	3



	19
	SOON/NOAA (a)
	1997–2002 (23)
	N
	14.497 ± 0.029
	−2.259 ± 0.243
	3



	20
	SOON/NOAA (a)
	1997–2002 (23)
	S
	14.433 ± 0.035
	−2.719 ± 0.243
	3





      

      
Notes. N denotes the northern hemisphere, S denotes the southern hemisphere, and N+S denotes both hemispheres together. Col. 2: GPR – Greenwich Photoheliographic Results, SOON/NOAA – Solar Observing Optical Network/United States Air Force/National Oceanic and Atmospheric Administration, KSO – Kanzelhöhe Observatory for Solar and Environmental Research data. Type of the tracers:

(a) Sunspot groups.


(b) Sunspots and sunspot groups.


References. (1) Balthasar et al. (1986); (2) Pulkkinen & Tuominen (1998b); (3) Javaraiah (2003); (4) Khutsishvili et al. (2002); (5) Lustig (1983).



    

  
    
      Table 2. 

      Statistical results of the weighted least-square fits of the dependence of the DR parameters, derived by KSO DS data, and solar activity for SCs 20–24 (rows 1–5) and for different binning techniques.

      
        


	Solar cycles approach (Sect. 3.1)



	




	Row
	Cycle no.
	Time period
	Slope A
	N
	r
	p





	1
	20 (b)
	1964.8–1976.3 (a)
	−0.0012 ± 0.0005
	12
	−0.59
	0.04



	2
	21 (b)
	1976.3–1986.7 (a)
	0.0008 ± 0.0004
	11
	0.49
	0.12



	3
	22 (b)
	1986.7–1996.4 (a)
	0.0001 ± 0.0004
	11
	0.08
	0.81



	4
	23 (b)
	1996.4–2008.9 (a)
	−0.0001 ± 0.0003
	13
	−0.07
	0.81



	5
	24 (b)
	2008.9–2016.3 (a)
	−0.0002 ± 0.0008
	9
	−0.09
	0.80



	




	Solar cycle phase related approach (Sect. 3.2)



	




	Row
	Binning
	Time period
	Slope A
	N
	r
	p



	




	6
	Yearly (b)
	1964–2016
	0.0002 ± 0.0002
	53
	0.14
	0.31



	7
	200 velocities/bin (c)
	1964–2016
	0.0003 ± 0.0002
	161
	0.11
	0.16



	8
	20 bins per cycle (d)
	1964–2016
	0.0002 ± 0.0002
	90
	0.12
	0.26



	9
	40 bins per cycle (e)
	1964–2016
	0.0002 ± 0.0002
	180
	0.10
	0.18



	




	Row
	Binning
	Time period
	Slope B
	N
	r
	p



	




	10
	Yearly (b)
	1964–2016
	−0.0012 ± 0.0019
	40
	−0.11
	0.52



	11
	200 velocities/bin (c)
	1964–2016
	−0.0026 ± 0.0018
	161
	−0.12
	0.13



	12
	20 bins per cycle (d)
	1964–2016
	−0.0023 ± 0.0016
	90
	−0.15
	0.17



	13
	40 bins per cycle (e)
	1964–2016
	−0.0025 ± 0.0017
	180
	−0.11
	0.14





      

      
Notes. N is the number of dots; slope A (slope B) is the slope of the linear fit; r is Pearson’s correlation coefficient; and p is the corresponding p-value.

(a) The starting and ending epochs of the corresponding SCs are taken from Brajša et al. (2009), except for the beginning of SC 24, which was taken from SILSO World Data Center (2015), Royal Observatory of Belgium, Brussels (SILSO World Data Center 2015).


(b) Bin size covers one year.


(c) Bin size covers different time intervals, but includes 200 sidereal velocities by which the DR parameters are calculated.


(d) 20 bins per SC (except for SC 24: 10 bins): bins cover the same parts of the SCs, with a different number of velocities by which the DR parameters are calculated.


(e) 40 bins per SC (except for SC 24: 20 bins): bins cover the same parts of the SCs, with a different number of velocities by which the DR parameters are calculated.




    

  
    
      Fig. 2. 

      
        [image: thumbnail]
      

      
        In-cycle variation of the equatorial rotation velocity, represented by parameter A, and steepness of the differential rotation, represented by B, shown in phase space for SCs 20–24 (1964–2016) and both hemispheres together. Blue and red dots represent our KSO rLSQ and KSO DS values (1964–2016), yellow dots show KSO values from Lustig (1983) (1964–1981), and black, green, and orange dots show DPD, GPR, and SOON/NOAA values from Ruždjak et al. (2017). The red line represents the result of the LOESS, with the greyish part indicating the 95% confidence level. Full phases (0–5) correspond to the times of subsequent minima.

      

    

  
    
      Fig. 3. 

      
        [image: thumbnail]
      

      
        Solar cycle phase diagram in the single odd–even space for parameter A (middle panel) and parameter B (bottom panel). For 40 bins of the same size (0.05 phase each), the DR parameters were calculated and are shown as black dots with the corresponding standard errors. A moving average of these values was calculated (red curve), using a window size of 3 bins. Additionally, LOWESS smoothing was applied to the original bins using a data fraction of 1/6 (blue curve). In the top panel, the SILSO 13-month smoothed monthly total sunspot number is shown. Phases in the range 0–1 represent odd SCs 21 and 23, and phases in the range 1–2 show even SCs 20, 22, and 24. Whole phases mark cycle minima (vertical solid grey line), and cycle maxima are located at 0.5 and 1.5 phase values (vertical dashed grey lines). Bootstrapping was applied to determine the uncertainty (blue areas).

      

    

  
    
      Fig. 4. 

      
        [image: thumbnail]
      

      
        Dependence of annual KSO DR parameters A and B and the WDC-SILSO relative sunspot number as an indicator of solar activity. Straight lines represent least-squares fits through the set of data points derived by the DS method for individual years. Parts a and b cover all KSO measurements 1964–2016. Statistical results for each least-squares fit are available in Table 2, rows 6 and 10.

      

    

  
    
      Fig. 5. 

      
        [image: thumbnail]
      

      
        Long-term changes in the KSO differential rotation parameters. In the top panel SILSO sunspot group numbers are shown in phase space, where the whole phases mark cycle minima. Phase range 0–1 belongs to SC 20, phase range 1–2 to SC 21, etc. Phase 0 indicates the beginning of the analysed time period (1964). A LOESS non-parametric fit was applied to the original data using span = 0.65, and a smoothing in a window covering 65% of data points (red curve) in order to obtain general trend. The same was performed for parameters A and B (middle and bottom panel), but with moving-average values in order to remove in-cycle variations, with a LOESS smoothing of the same span as before. Moving averages were calculated over two solar cycles for each of the data points, which corresponds to the periodicity of parameter A.
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