
    
      Fig. 3 
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        Time evolution of Titan’s semi-major axis for different migration rates. The pink and blue intervals show the 3σ uncertainty ranges of astrometric and radio-science measurements, respectively (Lainey et al. 2020). The coloured curves are obtained by varying the parameter b in Eq. (9).

      

    

  
    
      Fig. 5 
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        Current dynamics of Saturn’s spin axis according to its normalised polar moment of inertia λ. The value of λ (top horizontal axis) is linked to the current precession constant of Saturn (bottom horizontal axis) through Eqs. (3) and (5). The black interval shows the ‘instantaneous’ oscillation range of Saturn’s spin axis (i.e. without drift of
α) obtained by numerical integration. The resonant angle is σ3 = ψ + ϕ3
(see Sect. 2). The green line shows Saturn’s current obliquity and resonant angle. The background colour indicates the type of past evolution as labelled in the top panel (see text for the numbering).

      

    

  
    
      Fig. 7 
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        Past obliquity of Saturn for different migration rates of Titan. The top and bottom horizontal axes are the same as in Fig. 5 and the horizontal green line shows Saturn’s current obliquity. For a given value of the normalised polar moment of inertia λ (top horizontal axis), the curve width shows the oscillation range of obliquity 4 Gyr in the past obtained by backward numerical integration. The migration rates are labelled on each panel as a fraction of the nominal rate of Lainey et al. (2020). The four coloured curves correspond to the migration rates illustrated in Fig. 3. The grey stripes in the central panel highlight trajectories of Type 2 (same as in Fig. 5). The value of b in the top left panel corresponds to a current quality factor Q equal to 5000 (see Lainey et al. 2020).

      

    

  
    
      Fig. 10 
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        Snapshots of a Monte Carlo experiment computed for λ = 0.204 and Titan’s nominal migration rate. This experiment features 101 values of initial obliquity between 0° and 60°, for which 240 values of initial precession angle are regularly sampled in [0, 2π). The value of α reached by the trajectories at the time of the snapshot is labelled on each panel. Each trajectory is represented by a small dot which is coloured according to the variation range of the resonant angle σ3 (obtained bya 0.5-Gyr numerical integration with constant α). The horizontal green line shows the current obliquity of Saturn. At the beginning of the propagations, all trajectories are coloured red (since σ3 circulates), and distributed along a diagonal line. Then, as α increases over time, trajectories are dispersed off the diagonal according to the four types of trajectories depicted in Fig. 4 and labelled in the penultimate panel.

      

    

  
    
      Fig. 11 
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        Capture probability of Saturn in secular spin-orbit resonance with ϕ3 as a functionof its primordial obliquity. For each initial obliquity (401 values between 0 and 60°), 720 values of initial precession angle are uniformly sampled in [0, 2π) and propagated forwards in time starting from − 4 Gyr and until every trajectory has reached the resonance. This experiment is repeated with two different migration laws for Titan (see labels). The result is virtually independent of the value chosen for λ. The fractionof captured trajectories (coloured curves) is compared to the perfect adiabatic case (black curve) computed with the analytical formulas of Henrard & Murigande (1987).

      

    

  
    
      Fig. 12 
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        Brute-force search for Saturn’s past obliquity using the loose success criteria: probing all dynamical pathways. We use Titan’s nominal migration law (b = b0). Among all trajectories evenly sampled in the space of the normalised polar moment of inertia λ (top horizontal axis, 101 values), of the initial obliquity (vertical axis, 101 values), and of the initial precession angle (240 values between 0 and 2π), we only keep those matching Saturn’s spin axis today according to our loose success criteria (see text). Each point is coloured according to the number of successful runs among the 240 initial precession angles; the success ratio is written below the colour bar. A point is not drawn if no successful trajectory is found. In the back, the blue interval shows the past obliquity of Saturn obtained by backward numerical integration (same as Fig. 7 for b = b0), showing theconsistency between backward and forward integrations in time. The background stripes and their labels have the same meaning as in Fig. 5.

      

    

  
    
      Fig. 13 
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        Same as Fig. 12, but using the strict success criteria: comparing the relative likelihood of producing Saturn’s current state. As in Fig. 12, each point of the graph is made of 240 simulations with initial ψ ∈ [0, 2π). The red rectangle highlights the region featuring the highest success ratios.

      

    

  
    
      Fig. 14 
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        Distribution of the solutions starting from a low primordial obliquity and matching our strict success criteria. For each set (b, λ) of the parameters, 2400 values of initial obliquity ε and precession angle ψ are drawn from a uniform random distribution in (ε, ψ) ∈ [0°, 5°] × [0, 2π). Coloured dots show the parameter sets (b, λ) for which at least one successful trajectory was found; the success ratio is written below the colour bar. Light-grey crosses mean that no successful trajectory was found over our 2400 initial conditions. The black contours show the 5°-level obtained through backward numerical integrations (same as Fig. 8), showing the consistency between backward and forward integrations in time. The black lines in the top portion show the approximate location of the border of the blue stripes in Fig. 8, where extreme phase effects can happen; the corresponding ranges of parameters are so narrow that they are missed by the resolution of Fig. 8 (see Sect. 3.3).

      

    

  
    
      Fig. 15 
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        Same as Fig. 14, but for statistics based on a sub-sample of simulations. (a) Initial conditions in (ε, ψ) ∈ [0°, 2.5°] × [0, 2π). (b) Initial conditions in (ε, ψ) ∈ [2.5°, 5°] × [0, 2π). In both panels, each point is made of about 1200 initial conditions extracted from the simulations from Fig. 14.

      

    

  
    
      Fig. 16 
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        Future obliquity of Saturn as a function of Titan’s migration velocity and Saturn’s polar moment of inertia. The axes are the same as in Fig. 8. The 3σ uncertainty ranges of Lainey et al. (2020) yield approximately b∕b0 ∈ [1∕2, 5] for the astrometric measurements and b∕b0 ∈ [1, 3∕2] for the radio-science experiments. Some level curves are shown in red.

      

    

  
    
      Fig. C.1 
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        Same as Fig. 14, but considering an isotropic distribution of initial spin orientation with ε ≤ 5°. It is obtained from Fig. 14 by weighting the count of each run by sin ε (see Fig. C.2).

      

    

  
    
      Fig. C.4 
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        Same as Fig. 14, but for initial obliquities uniformly distributed between 2.5° and 7.5°. It is obtained from a sub-sample of Fig. C.3a, such that each point is made of about 1200 runs. The black contours show the 5° and 10° levels obtained through backward numerical integrations (same as Fig. C.3).

      

    

  OEBPS/aa39891-20-eq24.png





OEBPS/aa39891-20-fig21.jpg
run count per bin

run count per bin

120

90

60

30

obliquity ¢ (deg)

initial distribution ———
initial pdf ——

weighted distribution ———
new pdf ——

]
=iii--liilill=liii-5-!-=;=§' iiii
——— i —
sunannniii

0.997 0.998

COS €

0.999 1





OEBPS/aa39891-20-eq20.png





OEBPS/aa39891-20-eq19.png





OEBPS/aa39891-20-eq22.png





OEBPS/aa39891-20-eq18.png





OEBPS/aa39891-20-eq25.png









OEBPS/aa39891-20-fig17_small.jpg





OEBPS/aa39891-20-eq30.png





OEBPS/aa39891-20-eq32.png





OEBPS/aa39891-20-eq31.png





OEBPS/aa39891-20-fig7_small.jpg





OEBPS/aa39891-20-fig15_small.jpg





OEBPS/aa39891-20-fig6_small.jpg





OEBPS/aa39891-20-eq4.png





OEBPS/aa39891-20-eq5.png





OEBPS/aa39891-20-eq7.png





OEBPS/aa39891-20-fig20_small.jpg





OEBPS/aa39891-20-fig5_small.jpg





OEBPS/aa39891-20-eq1.png





OEBPS/aa39891-20-eq2.png





OEBPS/aa39891-20-eq3.png





OEBPS/aa39891-20-fig13_small.jpg





OEBPS/aa39891-20-fig8_small.jpg





OEBPS/aa39891-20-fig1.jpg
&
hY _
<
NA
A
Iw
< R 7
i
— )
S N S
I I IR SN (N N SN R R
® © ¥ a4 = o © ¥ q O
L e T e T s o o o o

(1£/50s01) 0 JURISUOD UOISSEIAId

60 8 100 120 140 160 180
obliquity (deg)

40

20

@)





OEBPS/aa39891-20-fig2.jpg
precession constant o ("/yr)

—2 -1 0
time from today (Gyrs)





OEBPS/aa39891-20-fig3.jpg


OEBPS/aa39891-20-fig5.jpg
obliquity (deg)

resonant angle o3 (rad)

40

!

|
e

—Tr

normalised polar moment of inertia A

0.20 0.21 0.22 0.23 0.24

0.9

0.85 0.8 0.75

today’s precession constant a (" /yr)






OEBPS/aa39891-20-fig7.jpg
" AAANNAS ,

normalised polar moment of inertia A
0.20 0.21 0.22 0.23 0.24

normalised polar moment of inertia A

0.20 0.21 0.22

0.23

0.24

normalised polar

0.20

0.21

0.22 0.23

moment of inertia A

0.24

b=1/16by

b=1/12by

L b=1/2b

L b=bo=1/3

BIAAAR

\

b=3by 1L b=5b L b="Th
|
,\\\\\ \ r \ V X‘ T [
I |
L b=9by ] b=11by b =20by ]
0.9 05 o5 0o 0.85 0.8 075 09 0.85 0.8
today’ ion constant o ("/ today’ ssion constant, a ("






OEBPS/aa39891-20-fig8.jpg
0.9

0.88

0.86

0.84

0.82

obliquity 4 Gyrs

5 10 15 20 25

n the past (deg)

relative migration velocity b/bo

0.20

0.21






OEBPS/aa39891-20-fig10_small.jpg





OEBPS/aa39891-20-fig9.jpg
past obliquity (deg)

normalised polar moment of inertia A
0.237 0.238 0.239 0.240 0.241

30
25
20
15
10

a b cd

| | |
0.755 0.75 0.745

today’s precession constant a ("/yr)





OEBPS/aa39891-20-fig16_small.jpg
l"ll





OEBPS/aa39891-20-fig19_small.jpg





OEBPS/aa39891-20-fig4_small.jpg





OEBPS/aa39891-20-fig3_small.jpg





OEBPS/aa39891-20-eq14.png





OEBPS/aa39891-20-fig10.jpg
obliquity (deg)

50

30

20

10

a=0.373"/yr

a = 0.670" /yr

a = 0.705" /yr

a=0.742" /yr

a=0.774" [yr

o = 0.806" /yr

a :‘0.84‘3”/;;; Q
3 2
[ 1

a=0878"/yr _

0 10 20 30 40 500 10 20 30 40

initial obliquity (deg)

initial obliquity (deg)

500 10 20 30 40

initial obliquity (deg)

500 10 20 30 40
initial obliquity (deg)

50

360

315

270

180

135

90

45





OEBPS/aa39891-20-eq16.png





OEBPS/aa39891-20-fig12.jpg
initial obliquity (deg)

normalised polar moment of inertia A
0.205 0.210 0.215 0.220 0.225 0.230 0.235 0.240

number of successes
(loose criteria)
10 240

10% 100%

0 1 | 1 1 1 1 1

0.8 08 084 082 08 078 076 0.74

today’s precession constant « ("/yr)





OEBPS/aa39891-20-fig11.jpg
captured fraction

T T

pure adiabatic

10

20 30 40
initial obliquity € (deg)

50

60





OEBPS/aa39891-20-eq11.png





OEBPS/aa39891-20-fig13.jpg
initial obliquity (deg)

normalised polar moment of inertia A

0.205 0.210 0.215 0.220 0.225 0.230 0.235 0.240

55

50 +
45 |
40 -

25 -
20
15
10 +

T T T T T T T T

o @ 6 0d

number of successes -
(strict criteria) e

1 10 >25 "
1% 10%

0
0.88

08 084 082 08 0.78 0.76 0.74

today’s precession constant a ("/yr)





OEBPS/aa39891-20-eq26.png





OEBPS/aa39891-20-fig15.jpg
today’s precession constant a (arcsec/yr)

£
3
3
g
Z
g
g
<
g
¢
g
g
a
.
E
g

0.88

0.86

0.84

0.82

0.8

0.78 H

0.76

0.74

0.88

0.86

0.84

0.82

0.8

0.78

0.76

0.74

1%

number of successful trajectories

a. 0°<e<25°

5 7

relative migration velocity b/bo

9 11

0.205

0.210

0.215

0.220

0.225

0.230

0.235

0.240

0.205

0.210

0.215

0.220

0.225

0.230

0.235

0.240

normalised polar moment of inertia A

normalised polar moment of inertia A





OEBPS/aa39891-20-fig17.jpg
v1s

vi4
V51

v3

V19

AT T T T
A AN Lo D B T |

(1£/959s01R) 0 JURISUOD UOISSEDdId

0.8 -

0.6 -

0.4

20 30 40 50 60 70O 8 90
obliquity (deg)

10





OEBPS/aa39891-20-eq10.png





