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Abstract

Context. Ultra-massive white dwarfs are relevant for many reasons: their role as type Ia supernova progenitors, the occurrence of physical processes in the asymptotic giant branch phase, the existence of high-field magnetic white dwarfs, and the occurrence of double white dwarf mergers. Some hydrogen-rich ultra-massive white dwarfs are pulsating stars and, as such, they offer the possibility of studying their interiors through asteroseismology. On the other hand, pulsating helium-rich ultra-massive white dwarfs could be even more attractive objects for asteroseismology if they were found, as they should be hotter and less crystallized than pulsating hydrogen-rich white dwarfs, something that would pave the way for probing their deep interiors.

Aims. We explore the pulsational properties of ultra-massive helium-rich white dwarfs with carbon-oxygen and oxygen-neon cores resulting from single stellar evolution. Our goal is to provide a theoretical basis that could eventually help to discern the core composition of ultra-massive white dwarfs and the scenario of their formation through asteroseismology, anticipating the possible future detection of pulsations in helium-rich ultra-massive white dwarfs.

Methods. We focus on three scenarios for the formation of helium-rich ultra-massive white dwarfs. First, we consider stellar models coming from two recently proposed single-star evolution scenarios for the formation of ultra-massive white dwarfs with carbon-oxygen cores that involve the rotation of the degenerate core after core helium burning and reduced mass-loss rates in massive asymptotic giant branch stars. Finally, we contemplate ultra-massive oxygen-neon core white-dwarf models resulting from standard single-star evolution. We compute the adiabatic pulsation gravity-mode periods for models in a range of effective temperatures, embracing the instability strip of average-mass pulsating helium-rich white dwarfs, and we compare the characteristics of the mode-trapping properties for models of different formation scenarios through the analysis of the period spacing.

Results. Given that the white dwarf models coming from the three scenarios considered are characterized by distinct core chemical profiles, we find that their pulsation properties are also different, thus leading to distinctive signatures in the period-spacing and mode-trapping properties.

Conclusions. Our results indicate that in the case of an eventual detection of pulsating ultra-massive helium-rich white dwarfs, it would be possible to derive valuable information encrypted in the core of these stars in connection with the origin of such exotic objects. This is of the utmost importance regarding recent evidence for the existence of a population of ultra-massive white dwarfs with carbon-oxygen cores. There will soon be many opportunities to detect pulsations in these stars through observations collected with ongoing space missions.

Key words: stars: evolution / stars: interiors / white dwarfs / asteroseismology / stars: oscillations / dense matter


1. Introduction
Massive white-dwarf (WD) stars have become a topic of great interest in recent years as their origin and evolutionary properties are key to understand type Ia supernova, the occurrence of physical processes in the asymptotic giant branch (AGB) phase, the theory of crystallization and the existence of high-field magnetic WDs, as well as to help our understanding of double WD mergers (Dunlap et al. 2015; Reindl et al. 2020). The mass distribution of the entire WD population is clearly peaked at M⋆ ∼ 0.6 M⊙, but massive WDs also show a well-defined peak at M⋆ ∼ 0.82 M⊙ (e.g., Kleinman et al. 2013; Jiménez-Esteban et al. 2018), which has been attributed, among other factors, to the empirical crystallization delay at higher masses observed in Gaia (Tremblay et al. 2019a,b; Kilic et al. 2020). In addition, the existence of ultra-massive WDs (M⋆  ≳  1 M⊙) has been reported in numerous studies (Castanheira et al. 2010, 2013; Hermes et al. 2013; Kepler et al. 2016; Curd et al. 2017; Gagné et al. 2018; Hollands et al. 2020; Bédard et al. 2020).
The standard scenario for the formation of an ultra-massive WD involves single progenitor stars of initial masses higher than 6–9 M⊙ (the precise value strongly depends on the input physics and metallicity), which experience off center carbon (C) burning during the super AGB when the carbon-oxygen (CO) core mass has grown to about 1.05 M⊙, thus eventually leading to the formation of ultra-massive WDs with oxygen-neon (ONe) cores (see, e.g., Garcia-Berro & Iben 1994; Siess 2007; Doherty et al. 2017). An alternative scenario involves the double WD merger. Theoretical computations indicate that double WD mergers would contribute, at least to some extent, to the single massive WD population (Toonen et al. 2017; Maoz et al. 2018). In particular, Temmink et al. (2020) predict that a fraction of all observable single WDs more massive than 0.9 M⊙ within 100 pc might primarily result from the merger of two WDs. Also, Cheng et al. (2020) conclude that about 20% of massive and ultra-massive WDs in the mass range of 0.8–1.3 M⊙ result from double WD mergers.
Evidence from Gaia kinematics of large cooling delays of ultra-massive WDs on the “Q-branch” reported by Cheng et al. (2020) and the location of the Q-branch on the color-magnitude diagram are consistent with a population of ultra-massive WDs with CO cores (see also Tremblay et al. 2019b; Bauer et al. 2020). Given recent studies based on post-merger evolutionary calculations suggesting the formation of an ONe core after a WD merger in ultra-massive WDs (Shen et al. 2012; Schwab 2021), the existence of a population of ultra-massive WDs with CO cores (UMCO WDs) is difficult to understand. Recently, Althaus et al. (2021) have explored single-evolution scenarios which could lead to the formation of UMCO WDs. These authors have studied the evolutionary and pulsational properties of the resulting DA WDs and compared them with those of ultra-massive WDs with ONe cores, thus establishing a theoretical basis that could eventually help to infer the core composition of ultra-massive WDs and the scenario of their formation. Specifically, Althaus et al. (2021) study two possible single evolution scenarios for the formation of UMCO WDs. One scenario exploits wind rates and convective boundary uncertainties during the thermally-pulsing AGB (TP-AGB) phase, and it involves the reduction of these rates below the values given by standard prescriptions (see, e.g., Decin et al. 2019). The other scenario requires the occurrence of rotation in degenerate CO cores, which is naturally expected as a consequence of core contraction at the end of core helium (He) exhaustion (Dominguez et al. 1996). Althaus et al. (2021) show that both the evolutionary and pulsational properties of the UMCO WDs that formed through these two single evolution scenarios are markedly different from those of ultra-massive WDs with ONe cores (UMONe WDs). Such differences in evolutionary and pulsational properties may eventually be used to shed light on the core composition of ultra-massive WDs.
The chemical stratification and internal structure of pulsating WDs and pulsating ultra-massive WDs, in particular, can be probed by means of asteroseismology in principle (Winget & Kepler 2008; Fontaine & Brassard 2008; Althaus et al. 2010; Córsico et al. 2019a). Indeed, several ultra-massive H-rich WDs (DA WDs) exhibit g(gravity)-mode pulsational instabilities (Kanaan et al. 2005; Castanheira et al. 2010, 2013; Hermes et al. 2013; Curd et al. 2017; Rowan et al. 2019), and they are part of the ZZ Ceti (or DAV) class of variable H-rich WDs. A recent attempt to explore the internal structure of ultra-massive ZZ Cetis stars via asteroseismology was conducted by Córsico et al. (2019b). These authors emphasize the need for the detection of more periods and more pulsating ultra-massive WDs, something that could be achieved soon with observations from space, such as those of the Transiting Exoplanet Survey Satellite (TESS; Ricker et al. 2015).
To explore the internal structure of pulsating WDs through asteroseismology, it is crucial to employ stellar models with detailed chemical profiles resulting from the complete evolution of their progenitor stars, as well as time-dependent element diffusion during the WD evolution. Indeed, the details pertaining to the shape of the internal chemical profiles of WDs are key in relation to the characteristics of the g-mode pulsation spectrum of these stars and, in particular, to the mode trapping properties. This was realized almost two decades ago by the La Plata Group1 in the case of DAV stars (e.g., Córsico et al. 2001), pulsating He-rich atmosphere WD stars, called DBV or V777 Her stars (e.g., Althaus & Córsico 2004), and pulsating PG 1159 stars, also called GW Vir stars (e.g., Córsico & Althaus 2006).
In this paper we extend the scope of the study of Althaus et al. (2021) by exploring the pulsational properties of the ultra-massive WDs with He-rich atmospheres (DB WDs) resulting from single-star evolution. In the case of H-deficient WDs, the mass distribution shows an apparent deficiency of ultra-massive objects (Tremblay et al. 2019a; Kepler et al. 2019). Despite the fact that ultra-massive H-deficient WDs are not as common as ultra-massive H-rich WDs, several pieces of observational evidence are found. Indeed, some recent works point to the existence of a small subpopulation of ultra-massive DO (He-rich atmospheres with ionization lines) and DB WDs (Reindl et al. 2014; Bédard et al. 2020). Another class of H-deficient ultra-massive WDs are the DQ WDs, which show He and C at their atmospheres (Kleinman et al. 2013; Koester et al. 2020). In particular, Reindl et al. (2014) found one ultra-massive DO WD from the data release 10 (DR10) of the Sloan Digital Sky Survey (SDSS; York et al. 2000) with a mass of 1.07 M⊙ if it is an ONe-core WD, or 1.09M⊙ if it is a CO-core WD. On the other hand, Bédard et al. (2020) find five ultra-massive DO WDs stars2 from DR12 of the SDSS, with masses in the range of 1.01 ≤ M⋆/M⊙ ≤ 1.06. Richer et al. (2019) have reported the existence of an ultra-massive DB WD with no H lines in a young open cluster. Its effective temperature, which is in excess of 25 000 K, places this ultra-massive DB WD inside the DBV instability strip. Recently, Pshirkov et al. (2020) discovered an ultra-massive WD with He-rich atmosphere and traces of H (DBA spectral class) with Teff = 31 200 ± 1200 K and M⋆ = 1.33 M⊙ exhibiting photometric variability with a single period of 353.456 s, which could be due to fast rotation, supporting a merger scenario for its formation. However, it cannot be completely ruled out that the variability is due to pulsations since it is close to the blue edge of the DBV instability strip. We note that a significant number of ultra-massive He-atmosphere WDs are magnetic, including the one in Richer et al. (2019) and also the hot DQ WDs (see, e.g., Dufour et al. 2013). The presence of a strong magnetic field could complicate the study of pulsations since an intense magnetic field would be capable with inhibiting convection and, therefore, could have a dramatic effect on the driving mechanism of the pulsations (Tremblay et al. 2015).
In this paper, we show that pulsational properties of the ultra-massive DB WDs are much more strongly dependent on their formation scenario than in the case of the DA WD ones studied in Althaus et al. (2021). This is due to the fact that pulsating ultra-massive DB WDs, if they exist, must be much hotter than ultra-massive ZZ Cetis and, therefore, their cores must be less crystallized. As a result, g-mode pulsations can penetrate much deeper into the star, thus carrying valuable information about the core chemical structure and composition. Hence, the potential detection of pulsating ultra-massive DB WDs would constitute a clear and unique opportunity to discern the core composition and origin of the ultra-massive WD population in general.
The paper is organized as follows. In Sect. 2 we describe the stellar codes employed to compute the evolutionary and pulsational properties of our DB WD models, and we briefly summarize the single stellar evolution scenarios that lead to our initial UMCO WD models. In Sect. 3 we describe the pulsational properties of the resulting WDs. Finally, in Sect. 4 we summarize the main findings of the paper.
2. Numerical codes and ultra-massive WD models
The evolutionary and pulsational properties of our UMCO and UMONe DB WD models were computed with the same stellar codes we used in Althaus et al. (2021). For the pulsational analysis, we used the LP-PUL pulsation code described in Córsico & Althaus (2006). The code adopts the “hard-sphere” boundary conditions to account for the effects of crystallization on the pulsation spectrum of g modes. These conditions assume that the amplitude of the eigenfunctions of g-modes is null below the solid and liquid interface because of the non-shear modulus of the solid, as compared with the fluid region (see Montgomery & Winget 1999). The inner boundary condition for pulsations corresponds to the mesh-point at the crystallization front (see Córsico et al. 2004, 2005, 2019b; De Gerónimo et al. 2019). The Brunt-Väisälä frequency was computed as in Tassoul et al. (1990). The computation of the Ledoux term B includes the effects of having multiple chemical species that vary in abundance. For the computation of the WD evolutionary models, we used the LPCODE stellar evolutionary code which has been widely used and tested in numerous stellar evolutionary contexts of low-mass and WD stars (see Althaus et al. 2003, 2005, 2015; Salaris et al. 2013; Miller Bertolami 2016; Silva Aguirre et al. 2020; Christensen-Dalsgaard et al. 2020, for details). In particular, the treatment of crystallization was based on phase diagrams of Horowitz et al. (2010) for dense CO mixtures, and that of Medin & Cumming (2010) for ONe mixtures. LPCODE considers a new full-implicit treatment of time-dependent element diffusion, which includes thermal and chemical diffusion and gravitational settling (Althaus et al. 2020b). In contrast to Althaus et al. (2021), we considered the effect of the Coulomb separation of ions in this work (Chang et al. 2010; Beznogov & Yakovlev 2013; Althaus et al. 2020a). As a result of this Coulomb diffusion, ions with larger Z move to deeper layers. Coulomb diffusion is not negligible in the dense C- and He-rich envelopes of ultra-massive WDs, thus preventing the inward diffusion of He toward the core and leading to a much sharper transition region.
Now, we summarize the main formation scenarios of our UMCO WD models. Full details can be found in Althaus et al. (2021). These authors explore two different single-evolution scenarios that can lead to the formation of UMCO WDs. One of them involves a reduction in the mass-loss rates which are usually adopted for the evolution of massive AGB stars. They show that, in this case, if the minimum CO-core mass for the occurrence of C-burning is not reached before the TP-AGB phase, a UMCO WD of a mass larger than M⋆ ≳ 1.05 M⊙ can be formed as a result of the slow growth of the CO-core mass during the TP-AGB phase. For this to occur, the mass-loss rates of massive AGB stars need to be at least 5 − 20 times lower than standard mass-loss rates when a search algorithm for convective neutrality is used to determine convective boundaries. Such treatment favored very efficient third dredge-up, which hampered core growth during the TP-AGB. On the other hand, when the strict Schwarzschild criterion is used for the determination of convective boundaries, core growth is faster, and the required reduction of standard mass-loss rates drops to a factor of 2. The reduction in mass-loss rates necessary to form UMCO WDs cannot be discarded and this is in line with different pieces of recent observational evidence indicating that mass-loss rates are lower than expected from current models (e.g., Decin et al. 2019).
The other single evolution scenario that leads to the formation of UMCO WDs involves rotation of the degenerate core, which results after core He burning at the onset of the AGB phase (Dominguez et al. 1996). As these authors, Althaus et al. (2021) find that the lifting effect of rotation delays the occurrence of the second dredge-up and it maintains the maximum temperature at lower values than that required for off-center C-ignition. Hence, C-burning is prevented and the mass of the resulting CO core is larger than that at which C-burning is expected in the absence of rotation. As a result, the mass of the degenerate CO core is larger than 1.05 M⊙ before the TP-AGB sets in. Althaus et al. (2021) find that UMCO WDs can be formed even for very low rotation rates and that the range of initial masses leading to UMCO WDs widens as the rotation rate increases, whereas the range for the formation of ONe-core WDs decreases significantly.
Finally, we have considered UMONe WDs resulting from off-center C-burning during the single evolution of the progenitor star. Such WD models were studied in detail by Camisassa et al. (2019). The progenitors of our UMONe WDs experienced a violent C-ignition phase followed by the development of an inward-propagating convective flame that transforms the CO core into a degenerate ONe one. In this scenario, ultra-massive WDs with stellar masses larger than M⋆ ≳ 1.05 M⊙ and composed of 16O and 20Ne – with traces of 23Na and 24Mg – are expected to emerge (Siess 2007, 2010).
Our starting ultra-massive DB WD configurations were extracted from the ultra-massive DA WDs with a stellar mass of 1.159 M⊙ studied in Althaus et al. (2021), and they formed through the three scenarios previously mentioned, to which we have simply removed the whole H content at the beginning of the WD cooling track. The evolution of the resulting ultra-massive DB WD configurations was followed down to the red edge of the DBV instability strip, that is, at Teff ∼ 20 000 K, in a self-consistent way with the changes in the internal chemical distribution that result from the mixing of all the core-chemical components induced by the mean molecular weight inversion left by progenitor evolution, element diffusion, and phase separation of core-chemical constituents upon crystallization. The chemical profiles of the resulting ultra-massive DB WD configurations are shown in Fig. 1. The top panel illustrates the chemical profile for the ONe-core WD, the second and third panels depict the chemical profiles resulting from reducing the mass-loss rates of an initially 7.8 M⊙ progenitor and from considering core rotation in the AGB phase of an initially 7.6 M⊙ progenitor, respectively. The chemical profiles correspond to ultra-massive DB WD models at the onset of their cooling phase prior to the onset of element diffusion and after the core mixing induced by the inversion of the mean molecular weight. The chemical structure of both the core and the envelope of the resulting ultra-massive WDs strongly depends on the evolutionary scenario that leads to their formation. In particular, because of the lower temperature and pressure prompted by core rotation favoring the formation of a less degenerate core, the He content of the UMCO WD resulting from rotation is larger than for the UMCO WD resulting from reduced mass-loss rates and the UMONe WD (Althaus et al. 2021).
	[image: thumbnail]	Fig. 1. Abundance by mass of 4He, 12C, 16O, and 20Ne versus the outer ass coordinate for the 1.156 M⊙ DB WD models resulting from the evolutionary scenarios we studied. From top to bottom: ONe WD model from Camisassa et al. (2019), CO WD model resulting from reduced mass loss during progenitor evolution, and CO WD model implied by rotation.



During WD cooling, the internal chemical distribution of our models mainly changes due to element diffusion and as a result of phase separation of the core chemical constituents upon crystallization. By the time evolution has proceeded to the blue (hot) edge of DBV instability strip, that is, at Teff ∼ 30 000 K, chemical diffusion has strongly smoothed out the rather abrupt initial He/C transition of our WD models (see Fig. 2). Figure 3 shows the chemical profiles at the red (cool) edge of DBV instability strip, that is, at Teff ∼ 20 000 K. As evolution proceeds along the instability strip, element diffusion barely modifies the chemical profiles. For the stellar mass value we considered, only the UMONe WD sequence develops core crystallization, while the WD model evolves along the instability strip. This is due to the larger Coulomb interactions prevailing at the ONe core, as compared with the CO core. Crystallization for this sequence starts at Teff ∼ 24 500 K, and by the time it abandons the instability strip, the mass of the crystallized core amounts to about 34%. The shape of the chemical profile is not only modified by crystallization in the crystallized ONe core left behind, but also in liquid regions beyond the crystallization front. These changes in the core composition at the liquid regions are expected to impact the theoretical pulsational spectrum of ultra-massive WDs (see De Gerónimo et al. 2019).
	[image: thumbnail]	Fig. 2. Same as Fig. 1, but at an effective temperature of Teff ∼ 30 000 K, close to the blue edge of the instability domain of DBV WDs. The stellar mass of the models is M⋆ = 1.156 M⊙.



In order to explore the dependence of the pulsational properties of our models of ultra-massive DB WDs with the stellar mass, we generated an additional sequence of M⋆ = 1.29 M⊙ for each scenario by artificially scaling the mass value of each 1.156 M⊙ sequence at high luminosities. In this case, due to the higher mass, all the model sequences experienced core crystallization as they were evolving along the instability domain of DBVs. In particular, at the blue edge of the instability strip, the mass of the crystallized core amounts to about 54% in the UMONe WD model, 26% for the UMCO WD model resulting from reduced mass loss, and 22% in the case of the UMCO WD model implied by rotation. These percentages change to 93%, 79%, and 79%, respectively, by the time the models reach the red boundary of the instability strip.
3. Pulsation results
In this section, we compare the pulsational properties of our 1.156 M⊙ and 1.29 M⊙ UMCO DB WD models, which are the result of two single scenarios based on rotation and reduced mass-loss rates, with those predicted for the UMONe DB WD models resulting from off-center C-burning during the single evolution of progenitor stars (Siess 2010). For simplicity, we restrict ourselves to showing the results for two extreme temperatures: one corresponding to the hot edge, and the other being typical of the cool edge of the DBV instability strip.
In Figs. 4 and 5 we compare the logarithm of the squared Brunt-Väisälä and Lamb frequencies (see Unno et al. 1989, for their definition) in terms of the outer mass fraction of the 1.156 M⊙ DB WDs models at the blue and red edge of the DBV instability strip, respectively. The shape of the Brunt-Väisälä frequency has a strong impact on the g-mode period spectrum and mode-trapping properties of pulsating WDs. The Brunt-Väisälä frequency of our ultra-massive models does not exhibit relevant features in the outer layers. This is because chemical diffusion has strongly smoothed out the 16O12C4He interface (see Figs. 2 and 3), translating into a very smooth shape of the Brunt-Väisälä frequency. However, there exist dominant features in the run of the Brunt-Väisälä frequency associated with the innermost chemical transition regions. We note that different bumps are present at different locations, reflecting the location of the core chemical transitions in each model.
	[image: thumbnail]	Fig. 3. Same as Fig. 2, but at an effective temperature of Teff ∼ 20 000 K, close to the red edge of the instability domain of DBV WDs. The gray area in the upper panel indicates the domain of core crystallization. The percentage of crystallized mass is ∼34%.



	[image: thumbnail]	Fig. 4. Logarithm of the squared Brunt-Väisälä and Lamb frequencies (red and blue lines, respectively) corresponding to the same models analyzed in Fig. 2, characterized by M⋆ = 1.156 M⊙ and Teff ∼ 30 000 K. The Lamb frequency corresponds to dipole (ℓ = 1) modes.



	[image: thumbnail]	Fig. 5. Same as Fig. 4, but for the models analyzed in Fig. 3, with M⋆ = 1.156 M⊙ and Teff ∼ 20 000 K. The gray area in the upper panel corresponds to the crystallized part of the model.



In Figs. 6 and 7, we show the ΔΠ − Π diagram, that is to say the separation of periods having a consecutive radial order k (the “forward period spacing” ΔΠ ≡ Πk + 1 − Πk) versus the periods of ℓ = 1 pulsation g modes, for our 1.156 M⊙ DB WDs models at the blue (Teff ∼ 30 000 K) and red (Teff ∼ 20 000 K) edge of the DBV instability strip, respectively. Such diagrams constitute a sensitive tool for studying the mode-trapping properties in pulsating WDs. Mode-trapping features, which are inflicted by bumps in the Brunt-Väisälä frequency, manifest themselves in that at a given Teff value, the separation between consecutive periods departs from the mean (constant) period spacing. For the stellar mass considered and for the complete range of effective temperatures of the instability strip, the models exhibit notable mode-trapping features for the whole period range. The ΔΠ value is characterized by maxima and minima, typical of WD models harboring one or more chemical interfaces. These maxima and minima represent departures from a constant period separation, which is represented in the figures by the asymptotic period spacing (horizontal black-dotted line).
	[image: thumbnail]	Fig. 6. Forward period spacing (ΔΠ) in terms of the periods of ℓ = 1 pulsation g modes, corresponding to the models analyzed in Figs. 2 and 4, characterized by M⋆ = 1.156 M⊙ and Teff ∼ 30 000 K. The horizontal black-dotted line is the asymptotic period spacing.



	[image: thumbnail]	Fig. 7. Same as Fig. 6, but for the models analyzed in Figs. 3 and 5, with M⋆ = 1.156 M⊙ and Teff ∼ 20 000 K.



The 1.156 M⊙ UMCO DB WD models we analyze here do not develop crystallization during the DBV instability strip, allowing the pulsation modes to “feel” the presence of the chemical transition regions in the core, and eventually producing the mode-trapping features in all of the models. This is in contrast to the situation encountered in the ultra-massive DA WDs, which, at the evolutionary stages they pulsate, have their cores mostly crystallized. In the presence of crystallization, any chemical interface located within the crystallized region in each model has no relevance to the pulsation properties of the g modes, since their eigenfunctions cannot penetrate the solid region of the stellar core. In the case of the 1.156 M⊙ UMCO DB WDs models studied here, the pulsations are able to probe from the surface to the very center of the star all along the instability strip. A notable feature of Fig. 6 is that the pattern of forward period spacing for the models with a CO core is quite different from that of the ONe-core WD model, particularly for modes with periods longer than ∼200 s. So, in principle, for pulsating ultra-massive DB WDs with stellar masses close to 1.16 M⊙ evolving at the hot edge of the DBV instability strip, it could be possible to distinguish the different core chemical structures and compositions through pulsations, and thus provide clues as to the evolutionary channels that led to their formation.
The global characteristics of forward period spacing are similar for the 1.156 M⊙ models associated with the three scenarios when they are close to the cool boundary of the DBV instability strip (Fig. 7). The only difference–which is barely visible–is related to the asymptotic period spacing, which slightly exceeds ∼30 s in the case of the ONe-core WD model due to the crystallized region, compared to the cases of the UMCO WD models, which are not crystallized at all and have asymptotic period spacings that are slightly less than ∼30 s. In practice, the mean period spacing is very difficult to measure because a moderately high number of periods should be observed. And it is even more difficult to observationally estimate the tiny difference between the values of the mean period spacing of one formation scenario or another, as predicted by our theoretical computations. We conclude that, in the case of pulsating ultra-massive DB WDs with masses close to 1.16 M⊙ and temperatures near Teff ∼ 20 000 K, we would not be able to distinguish between the different types of structures and chemical compositions of the core, thus depriving the possibility of inferring their evolutionary origin.
We turn now to the case of a more massive model sequence, that of 1.29 M⊙. Because of larger central densities, crystallization develops in the core of the models for all the formation scenarios during the DBV instability strip, even at its hot boundary. In Figs. 8 and 9, we depict the forward period spacing in terms of periods for models of M⋆ = 1.29 M⊙ at Teff ∼ 30 000 K and Teff ∼ 20 000 K, respectively. As can be seen, again at the high effective temperatures typical of the blue edge of the instability strip (Fig. 8), the WD models that come from the three evolutionary scenarios all exhibit deviations from a constant period spacing due to mode trapping. We note that although the mode-trapping amplitudes–the magnitude of the deviations from the constant period spacing–are similar in the three models, it is nevertheless possible to distinguish between different trapping cycles, that is to say the intervals of periods between two consecutive minima of ΔΠ in the case of the CO-core model with rotation, in relation to the other two scenarios. This difference could be exploited, in principle, from an observational point of view to distinguish between the core chemical composition and the evolutionary channel of the star, provided that a large number of g modes with consecutive k values were detected in a ∼1.30 M⊙ DB WD star at high effective temperatures.
	[image: thumbnail]	Fig. 8. Same as Fig. 6, but for a stellar mass of M⋆ = 1.29 M⊙ (Teff ∼ 30 000 K).



	[image: thumbnail]	Fig. 9. Same as Fig. 8, but for Teff ∼ 20 000 K (M⋆ = 1.29 M⊙).



At the other end of the DBV instability strip, near the red boundary (Fig. 9), the ONe-core WD model exhibits strongly weakened mode-trapping signals in the period spacing. This behavior can be understood as follows. For the ONe-core WD model, which starts to crystallize at Teff ∼ 39 700 K, the chemical interface located at log(1 − mr/M⋆)∼ − 1–which is responsible for the mode trapping exhibited by this WD model–ends up being contained in the crystallized part of the core by the time the model reaches the cool edge of the DBV instability strip. This can be seen in the upper panel of Fig. 10, corresponding to Teff ∼ 20 000 K. This results in a very smooth Brunt-Väisälä frequency (see lower panel of Fig. 10), resulting in an almost constant period spacing (upper panel of Fig. 9). In contrast to this, in the case of the CO-core models, the period spacing shows notorious mode-trapping features, which are due to the presence of spikes in the Brunt-Väisälä frequency that are still within the propagation cavity of the g modes (i.e., outside the crystallized regions). We conclude that in the case of very massive (∼1.30 M⊙) ONe-core pulsating DB WDs near the red edge of the DBVs instability strip, the period spacing should be almost devoid of departures from a constant period separation. This would help to distinguish ONe-core pulsating DB WDs near the red edge of the DBVs instability strip from their CO-core counterparts.
	[image: thumbnail]	Fig. 10. Upper panel: abundance by mass of 4He, 12C, 16O, and 20Ne versus the outer mass coordinate for the ONe-core 1.29M⊙ DB WD model at Teff ∼ 20 000 K. Lower panel: logarithm of the squared Brunt-Väisälä and Lamb frequencies (ℓ = 1).



4. Summary and conclusions
In this paper, we have extended the scope of the analysis of Althaus et al. (2021) by exploring the adiabatic pulsational properties of ultra-massive DB WDs resulting from single-star evolution. Ultra-massive H-deficient WDs are less frequent than H-rich objects, but at least a handful of them have been detected in the SDSS (Kleinman et al. 2013; Reindl et al. 2014; Koester et al. 2020; Bédard et al. 2020). In addition, an ultra-massive DB WD with an effective temperature well within the DBV instability strip has been detected by Richer et al. (2019) in a young open cluster, and a hot rapidly rotating DBA WD with a stellar mass of 1.33 M⊙ has been discovered by Pshirkov et al. (2020). By means of the analysis of the period-spacing and mode-trapping features, we have shown that the pulsational properties of the ultra-massive DB WDs are much more strongly dependent on their formation scenario than in the case of the DA WD ones studied in Althaus et al. (2021). This is due to the fact that DBV stars are much hotter than DAV stars and, therefore, their cores are substantially less crystallized. As a result, g-mode pulsations in ultra-massive DBVs can penetrate much deeper into the star, thus carrying valuable information about the core chemical structure and composition.
In particular, we expect that pulsating UMCO DB WDs at the hot boundary of the DBV instability strip (Teff ∼ 30 000 K) display mode-trapping features with larger amplitudes than those of their ONe-core counterparts (Fig. 6). In the case of very massive pulsating DB WDs (M⋆ ≳ 1.30 M⊙), we find that if the stars are located near the blue edge of the DBV instability domain, then it would be possible to differentiate between the CO-core of a WD coming from the rotation scenario from the CO-core of a WD coming from the mass-loss scenario and the ONe-core of a WD resulting from the C-burning scenario (Fig.8). Admittedly, in order to make such a distinction, it would be necessary for the star to show many periods with consecutive radial orders. On the other hand, if the very massive DB WDs are detected near the cool edge of the DBV instability strip (Teff ∼ 20 000 K, see Fig. 9), then we could have two different situations. If the stars exhibit substantial mode-trapping features, this might reflect that they are ultra-massive CO-core WDs. On the contrary, the absence of mode-trapping signatures would be indicative that the stars have ONe cores.
We conclude that the eventual detection of pulsating ultra-massive DB WDs will constitute a clear and unique opportunity to discern the core composition and origin of the ultra-massive WD population in general. While pulsations have not been detected in any ultra-massive DB WDs so far, there is now an excellent prospect of observing pulsations in WDs in general, and in ultra-massive DB WDs, in particular, thanks to ongoing space missions such as TESS, or space missions that will be operational in the next few years, such as Cheops (Moya et al. 2018) and Plato (Moya et al. 2018).


1 http://fcaglp.unlp.edu.ar/evolgroup


2 They consist of two DO, two DOZ (atmospheres with traces of metals), and one DOA (atmospheres with H lines) WDs (Bédard et al. 2020).
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	[image: thumbnail]	Fig. 1. Abundance by mass of 4He, 12C, 16O, and 20Ne versus the outer ass coordinate for the 1.156 M⊙ DB WD models resulting from the evolutionary scenarios we studied. From top to bottom: ONe WD model from Camisassa et al. (2019), CO WD model resulting from reduced mass loss during progenitor evolution, and CO WD model implied by rotation.
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	[image: thumbnail]	Fig. 10. Upper panel: abundance by mass of 4He, 12C, 16O, and 20Ne versus the outer mass coordinate for the ONe-core 1.29M⊙ DB WD model at Teff ∼ 20 000 K. Lower panel: logarithm of the squared Brunt-Väisälä and Lamb frequencies (ℓ = 1).
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