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Schematics of the problem.



    

  
    
      Fig. 2. 
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Panel a: power spectrum as a function of the adimensional wave number k R⊙. Panel b: power spectrum as a function of frequency. Panel c: spatial autocorrelation. Panel d: temporal autocorrelation. The vertical dotted lines are drawn at the values of the correlation parameters chosen for medium 1, namely τ = 400 s and a = 1 Mm.
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Top: wave packet propagation through a realization of a random medium (medium 2, with ϵ = 0.1 and τ = 400 s) located between the vertical dashed lines at different time steps. Middle: average over 10 000 realizations. Bottom: square root of the variance of the wave field. See the movie online.
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Measuring the attenuation with the temporal code. Top: Coherent wave packet at x1 = 126 Mm (blue) and x2 = 144 Mm (red). Bottom: Natural log of the spectrum of the coherent wave packet at different frequencies. We fit its slope between the vertical dotted lines, corresponding to [x1, x2]. The vertical dashed lines delimit the location of the perturbation in time (for a wave packet propagating at c0) and in space. In the figure, the Fourier components have been normalized so that they have the same amplitude before entering the perturbation.
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Measuring the effective wave speed. Top: Coherent wave packet (red curve) experiencing a travel time shift compared to the unperturbed wave packet (blue curve). The vertical dashed lines represent the arrival times at x2. Bottom: Fit of a decaying cosine to the real part of the temporal Fourier transform in the random region, at ω/2π = 1 mHz.



    

  
    Table 1. 

Theories used in this paper for the effective wave speed and attenuation in a frozen medium as ϵ → 0, and their range of validity.




	Theory
	Validity range
	ki
	ceff





	Keller 1964
	ϵ ≪ 1
	
[image: equation]
	
[image: equation]



	Born (2nd order)
	
[image: equation]
	
[image: equation]
	
[image: equation]



	Homogenization
	k0a ≪ 1
	Not applicable
	
[image: equation]



	Geometrical optics
	k0a ≫ 1, [image: equation], ϵ ≪ 1 (#)
	Not applicable
	cray = ⟨c−1⟩−1 ≃ c0(1 − ϵ2)






Notes. The Keller and the Born theories are for medium 1. ( † )Approximation for k0a >  1 of Rytov et al. (1989a) who made the derivation for a Gaussian autocorrelation function and single scattering. ( ‡ )The dominant term is that of Keller for small perturbations (see for example Fig. F.1). (#)See Rytov et al. (1989b).
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Theoretical solutions compared with the coherent wave field inside the random medium from the numerical simulation, for a frozen medium 1, at 3 mHz. Keller: blue. Born: red. Homogenization: orange. Geometrical optics: dashed green. The black crosses are the numerical solution.
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Attenuation of the coherent wave packet vs frequency for media 1 and 2, after propagation through a band of perturbed medium. The 1D theory from Keller is overplotted in dashed lines. 1 − σ error bars are shown.



    

  
    
      Fig. 8. 
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Speed of the coherent wave packet vs frequency for media 1 and 2, after propagation through a perturbed medium. The 1D theory adapted from Keller (dashed lines) as well as the prediction from the homogenization theory and the geometrical optics are shown. 1 − σ error bars are shown.



    

  
    
      Fig. 10. 
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Relative error on the attenuation (top) and the effective wave speed difference (bottom) at 2, 3 and 4 mHz (medium 2). The error is between the quantities at τ and at τ → ∞. The dashed lines are the predictions from the time-dependent Keller theory.



    

  
    Table 2. 

Relative error at τ = 400 s for the measured quantities for media 1 and 2.




	
	
	Medium 1
	Medium 2





	Coherent wave
	eki
	−25%
	29%



	
	ec
	−19%
	−5%



	




	Variance
	ebsc
	46%
	31%






Notes. eki and ec are averaged over the three central frequencies. For the coherent wave field, the errors are computed using both the temporal and the frequency codes. They are averaged over the three central frequencies 2, 3 and 4 mHz. On the other hand, since we study the variance in time domain, the errors for this quantity are computed using only the temporal code.




  
    
      Fig. 11. 
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Relative error in the variance integrated in space before, in and after the random medium, at t = 8500 s. The error is between the quantities at τ and at τ = 1 day.



    

  
    
      Fig. F.1. 

      
        [image: thumbnail]
      

      
Comparison of theories with simulations for the average wave field (ϵ = 0.01). Top: attenuation. Bottom: effective wave speed. The triangles are for the simulations in frequency domain (τ → ∞), the squares for those in time domain (τ = 1 day). The two dashed-dotted blue lines are the Born solutions for media 1 and 2, while the yellow and orange dashed lines are the Keller solutions. 1 − σ error bars are shown.
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