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Abstract

Context. Analyses of sunspot observations revealed a fundamental magnetic property of the umbral boundary: the invariance of the vertical component of the magnetic field.

Aims. We analyse the magnetic properties of the umbra-penumbra boundary in simulated sunspots and thus assess their similarity to observed sunspots. We also aim to investigate the role of the plasma β and the ratio of kinetic to magnetic energy in simulated sunspots in the convective motions because these quantities cannot be reliably determined from observations.

Methods. We used a set of non-gray simulation runs of sunspots with the MURaM code. The setups differed in terms of subsurface magnetic field structure and magnetic field boundary imposed at the top of the simulation domain. These data were used to synthesize the Stokes profiles, which were then degraded to the Hinode spectropolarimeter-like observations. Then, the data were treated like real Hinode observations of a sunspot, and magnetic properties at the umbral boundaries were determined.

Results. Simulations with potential field extrapolation produce a realistic magnetic field configuration on the umbral boundaries of the sunspots. Two simulations with a potential field upper boundary, but different subsurface magnetic field structures, differ significantly in the extent of their penumbrae. Increasing the penumbra width by forcing more horizontal magnetic fields at the upper boundary results in magnetic properties that are not consistent with observations. This implies that the size of the penumbra is given by the subsurface structure of the magnetic field, that is, by the depth and inclination of the magnetopause, which is shaped by the expansion of the sunspot flux rope with height. None of the sunspot simulations is consistent with the observed properties of the magnetic field and the direction of the Evershed flow at the same time. Strong outward-directed Evershed flows are only found in setups with an artificially enhanced horizontal component of the magnetic field at the top boundary that are not consistent with the observed magnetic field properties at the umbra-penumbra boundary. We stress that the photospheric boundary of simulated sunspots is defined by a magnetic field strength of equipartition field value.
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1. Introduction
Recent analyses of spectropolarimetric observations proved the importance of the vertical component of the magnetic field (Bver) for the stability of sunspot umbrae. In the initial paper by Jurčák (2011), the author showed that Bver is the only magnetic field property that is constant on the umbral boundaries of a small sample of symmetric sunspots that were analyzed. The results did not provide any conclusive insight into whether the constant Bver values that were found for each umbra depend on its size.
Using a unique dataset capturing the formation of a penumbral segment at the proto-spot boundary, Jurčák et al. (2015) found that the boundary that forms between umbra and penumbra migrates toward the umbral core into a region with a stronger and more vertical magnetic field until it reaches its stable position at a location where Bver is comparable to the values found in stable sunspots in Jurčák (2011). The authors concluded that in regions with [image: equation], the penumbral mode of magnetoconvection takes over the umbral mode. This was further confirmed by an analysis of a pore with [image: equation] that was completely colonized by a growing penumbra (Jurčák et al. 2017).
These results motivated a Bayesian statistical analysis of 114 umbral boundaries that showed no dependence of Bver averaged along the umbral boundary based on continuum intensity ([image: equation]) on spot size (Jurčák et al. 2018). For the Hinode spectropolarimetric (SP) observations (Kosugi et al. 2007; Tsuneta et al. 2008) and the employed inversion method, the most likely value of Bver is 1867 G, and the value is with 99% probability in the range from 1849 G to 1885 G. Schmassmann et al. (2018) analyzed data from the Helioseismic and Magnetic Imager (HMI, Schou et al. 2012) onboard the Solar Dynamics Observatory (SDO) to investigate the evolution of Bver in a stable phase of one long-lived sunspot. The results confirmed that Bver is the only constant parameter on the umbral boundary because both magnetic field strength, |B|, and inclination, γ, vary throughout the lifetime of the sunspot. The authors found a stable Bver value of 1693 G, where the difference compared to the Bver value that is obtained with Hinode SP data is plausibly explained by the different spectral and spatial resolution. Furthermore, they confirmed quantitatively that contours based on Bver match the umbral boundary defined by continuum intensity better than those based on |B| and γlrf.
Another observational analysis of the Bver evolution on the umbral boundary of a decaying sunspot was reported by Benko et al. (2018). The results show that in the decaying phase, the continuum intensity boundary of the umbra ([image: equation]) does not match the boundary based on Bver, and this discrepancy is observed already at a phase when the sunspot appear to be morphologically regular. The values of Bver are lower than [image: equation] in the umbra, and it is therfore unstable and prone to be colonized by more vigorous modes of magnetoconvection.
The observational evidence for the importance of Bver for a stable umbra is well supported by these analyses. However, the interpretation of SP observations does not allow us to investigate quantities such as the plasma β and the ratio of kinetic to magnetic energy there because inversions do not provide us with reliable densities (inversion codes assume a hydrostatic equilibrium) and we cannot compare physical parameters at the same geometrical height (inversion codes operate in optical depth scale for each pixel separately). This motivated us to analyze sunspot simulations. First, we investigate whether a relation between intensity and Bver boundary is present in the simulations and compare the properties of observed and simulated sunspots. Second, using the physical parameters from the simulated data cubes, we investigate the behavior of the plasma β and the ratio of kinetic to magnetic energy within the simulated sunspots to enhance our knowledge of penumbral and umbral magnetoconvection.
From a theoretical perspective, Chandrasekhar (1961) pointed out that the vertical component of the magnetic field is the key parameter for the stability against overturning convection in the presence of magnetic field, when the Boussinesq approximation is valid. The horizontal component of the magnetic field just determines the shape of the convective cell. Mullan & MacDonald (2019) related the observed constant Bver value to the analysis of Gough & Tayler (1966), who extended Schwarzschild’s convective stability criterion for compressible gases to include the stabilizing effect of the magnetic field. This Gough-Tayler criterion shows where convective motions are inhibited and is expressed in the simplest form as
[image: thumbnail](1)
where Γ1 is Schwarzschild’s first adiabatic exponent, ρ is the density, and p is the pressure. The relevance of this theoretically derived stability criterion in the analyzed magnetohydrodynamic (MHD) simulations of sunspots is currently under investigation.
2. Simulations and data processing
We used two different types of MHD simulations of sunspots carried out with the radiative MHD code MURaM (Vögler et al. 2005; Rempel et al. 2009). All simulations we analyzed employed a non-gray radiative transfer and had a horizontal and vertical grid size of 32 km and 16 km, respectively (in several hours of solar time before the time step we analyzed).
The first simulation (type I) was inspired by the approach of Åke Nordlund1, where the flux tube is strongly compressed at the bottom boundary of the simulation domain. The initial magnetic flux throughout the whole box was Φ = 1022 Mx. We initialized this simulation with velocities, densities, and internal energies of a quiet-Sun simulation upon which a magnetic field was imposed. The vertical field was defined at the bottom boundary as
[image: thumbnail](2)
with B0 = 160 kG, and the following potential field condition gives the remaining initial field,
[image: thumbnail](3)
whereby z0 = 0 is at the bottom of the box, ℱ is the Fourier transform in x and y direction, and [image: equation]. The upper boundary condition guarantees that the field above the upper boundary remains such a potential field (Cheung 2006; Rempel 2012). Because the bottom boundary allows for vertical mass exchange, the field strength there relaxes from 160 kG to about 30 kG after the initial 6 h of the simulation.
The second type of simulation (type II) contained four different runs that are described in detail in Rempel (2012). The initial magnetic flux for all runs was 1.2 × 1022 Mx. Type II simulations have significantly lower magnetic field strength at the bottom boundary than type I simulations. At the time of the type II snapshots we analyzed, the field strength was around 7 kG at the bottom boundary. The simulation setup is such that the upper boundary condition can force the magnetic field to be more inclined to enhance the sunspot penumbra, and the magnetic field can thus be nonpotential. The deviation from the potential case is controlled by the α parameter, which is equal to 1 (potential case), 1.5, 2, and 2.5. Figure 2 in Rempel (2012) shows the increase in the width of the penumbra with increasing α.
In Fig. 1 we show the magnetic field strength along the vertical cut through the entire simulation domain for type I and II (α = 1 and 2.5) runs. This comparison illustrates the consequences of the setups of the different simulations, that is, the opening of the magnetic flux rope with height and the variation of field strength with height.
	[image: thumbnail]	Fig. 1.
Vertical cuts through the flux tube of the type I (top) and type II (α = 1, middle; α = 2.5, bottom) simulations showing the magnetic field strength. The green lines mark the optical depth unity (τ = 1).




As the output of the MHD simulations, we have data cubes of temperature, density, gas pressure, and vector of the velocity and magnetic field. Using a routine “optical.x” from the Stokes Inversion based on Response function code (SIR, Ruiz Cobo & del Toro Iniesta 1992), we transformed the geometrical height scale pixel by pixel to optical depth scale, and as a byproduct, we also obtained the electron pressure. Thus, we obtained all the necessary parameters to synthesize the Stokes profiles in every pixel for the Fe I spectral lines around 630 nm that are observed by Hinode SP. For this step, we assumed that there is no microturbulent velocity, that the filling factor is unity, and that there is no stray light. In the synthesis, we take into account the spectral point-spread function (PSF) of the Hinode SP. We refined the vertical grid size of the simulation datacubes using linear interpolation to correctly synthesize the Stokes profiles.
The resulting intensity maps at all wavelengths and all Stokes profiles were then convolved with the Hinode spatial PSF (van Noort 2012). The resulting data were then rebinned to the spatial sampling of the Hinode SP to mimic the observations, where we assumed the normal and fast scanning modes with pixel sizes of [image: equation] and [image: equation], respectively. As a last step in data degradation, we added the noise level estimated from actual Hinode SP observations (2.4 × 10−3 and 1.8 × 10−3 of the quiet-Sun continuum intensity, [image: equation], for the normal and fast scans, respectively).
Afterward, we treated the degraded synthetic profiles like real Hinode SP observations. To determine the magnetic field properties, we used the inversion code SIR. The inversion setup is identical to the one we used in Jurčák et al. (2018), i.e., temperature is allowed to change with height, all other atmospheric parameters (B, vLOS) are constant, the spectral PSF of Hinode SP is taken into account, one-component model atmosphere with filling factor unity and no stray light is used, macro-turbulence is set to zero, and micro-turbulence is a free parameter of the inversion.
We assessed the reliability of the inversion by comparing the original values from the simulation to the results obtained by the SIR code. In Fig. 2 we show the original full-resolution maps from the simulation box (upper row) and the results of the inversion of the synthetic profiles degraded to the resolution of the Hinode SP normal scan (bottom row). Instead of temperature maps, we show the continuum intensity maps. The visual difference is mostly caused by the spatial smoothing induced by the Hinode spatial PSF. This is apparent from Fig. 3, where we compare the actual values from the simulation box (horizontal axes) with those resulting from the inversion (vertical axes). When these values are compared directly (upper row), the scatter plots show more discrepancies from one-to-one correspondence than when we use values from the simulation box smoothed by the spatial PSF (bottom row) for comparison. These plots imply that our simplified inversion scheme retrieves the physical parameters of the simulation reliably, and we can use them for comparison with physical parameters retrieved from observations of actual sunspots. When we assume that the MHD simulation produces a solar atmosphere with a complexity comparable to the actual solar atmosphere, the scatter plots shown in the upper row of Fig. 3 illustrate the actual errors of plasma parameters in the observational studies of umbral boundaries that are based on Hinode SP data (Jurčák 2011; Jurčák et al. 2017, 2018).
	[image: thumbnail]	Fig. 2.
Maps from left to right: continuum intensity at 630.1 nm, magnetic field strength, and inclination. Upper row: resolution of the MHD simulation, and values of physical parameters are taken directly from the simulation box (averaged values between log τ = −1 and −2). Bottom row: results of the SIR inversion, i.e., the continuum intensity is taken from the fitted profile, and magnetic field strength and inclination are height independent values from the resulting model atmosphere.




	[image: thumbnail]	Fig. 3.
Scatter plots showing the accuracy of the inverted parameters with respect to the actual values in the simulation box (average values between log τ = −1 and −2). The values on the horizontal axis are taken directly from the simulation box in the upper row. Bottom row: these values are smoothed by the spatial PSF. The dashed green lines mark the one-to-one correspondence.




3. Comparison of synthetic and real sunspots
For each of the analyzed simulations, we computed the total magnetic flux of the sunspot area using the magnetic field strength and inclination we obtained from the inversion. The type I simulation has a magnetic flux (Φ) of 7.7 × 1021 Mx, and all type II simulations have Φ ∼ 1.1 × 1022 Mx. From the sunspot database that we analyzed in Jurčák et al. (2018), we chose a symmetric sunspot with comparable Φ of 8.5 × 1021 Mx for comparison. In Fig. 4 we compare the intensity maps of simulated sunspots with an actual Hinode SP observation. Visually, the type II run with α = 2.5 most closely resembles the observed sunspot in terms of penumbral width, brightness, and morphology, although this simulation shows too much fine structure in the umbra.
	[image: thumbnail]	Fig. 4.
Continuum intensity maps at 630.1 nm for the snapshots of simulated sunspots (degraded to the Hinode-like SP observations) and for an observed sunspots with comparable Φ. The green contours mark the UP boundary defined at [image: equation].




Similarly to our observational analyses, we defined the UP boundary at 50% of the quiet-Sun continuum intensity ([image: equation]). These boundaries are marked in Fig. 4 by green contours. Along these lines, we computed the mean magnetic field properties of the analyzed snapshots and compare them to the observed sunspot in Table 1.
Table 1.

Magnetic properties at the UP boundaries of simulated and observed sunspots.


The range of values of B and γ at the UP boundaries of observed sunspots can be found in Fig. 2 in Jurčák et al. (2018). The magnetic field strength can reach values from roughly 1.8 kG to 2.6 kG, where the larger spots have a stronger field on their UP boundaries. The magnetic field inclination can reach values from roughly 15° to 45°, where the more inclined field is found in larger sunspots. Sunspots with Φ ∼ 1022 (comparable to those of simulated sunspots) have B ∼ 2.2 kG and γ ∼ 35°, that is, the field is weaker and more vertical than those found at UP boundaries of simulated spots.
Only simulations with potential field extrapolations (type I and type II with α = 1) have values of B and γ at their UP boundaries that can be found in observed sunspots, but these have a higher magnetic flux. Type II simulations with higher α have unrealistic horizontal magnetic fields at their UP boundaries that were never observed in sunspots, and morevoer, the magnetic field strength is higher than in the case of observed sunspots.
We know from observations that the Bver at the UP boundaries of observed sunspots is independent of the sunspot size and thus of the magnetic flux of the sunspot. All the simulated sunspots have weaker Bver than the observationally found [image: equation] of 1.87 kG. Simulations with a potential field extrapolation in which Bver ∼ 0.2 kG is lower than [image: equation] are the most realistic.
For all physical parameters at the boundaries of simulated sunspots, we find significantly larger standard deviations than in the case of an observed sunspot (the ± values in Table 1). This is caused by the shape of the boundaries: they are more corrugated in the simulations (see the complexity of the green contours in Fig. 4). To quantify this property, we computed the fractal (Minkowski–Bouligand) dimensions of the UP boundary. The results are shown in Table 2, where we included a smooth circular boundary for comparison.
Table 2.

Structural properties of the UP boundary.


In Fig. 5 we compare the radial profiles of various parameters of the simulated and observed sunspots. To do so, we defined the outer penumbral boundary as [image: equation], where we smoothed the Ic with a box function 5″ × 5″ and the sunspot center as the center of gravity of the umbra. Then, we computed the relative radial distance between the outer penumbral boundary and the sunspot center for each pixel in the field of view. Then, we averaged pixels with the same relative radial distance over the position angle. Examples of the isocontours of the relative radial distance are shown in Fig. 5a.
	[image: thumbnail]	Fig. 5.
Radial profiles of continuum intensity (Ic, b), magnetic field inclination (γ, c), total magnetic field strength (Btot, d), vertical magnetic field strength (Bver, e), and horizontal magnetic field strength (Bhor, f). The continuum intensity map of the observed sunspot with contours marking relative radial positions from 0.1 to 1 is shown in panel a. The solid vertical lines mark the UP boundaries, the dashed vertical lines mark the boundary between penumbra and quiet Sun. The horizontal lines in panels b and e mark the [image: equation] and 1876 G, respectively.




The radial intensity profiles allow us to determine the mean position of the UP boundary, that is, r/rspot where [image: equation]. For the observed sunspot we used for comparison in this paper, the UP boundary is located at r/rspot = 0.36. Other observational studies also show remarkable uniformity of the UP boundary positions close to r/rspot = 0.4 (e.g., Keppens & Martinez Pillet 1996; Westendorp Plaza et al. 2001; Mathew et al. 2003; Borrero et al. 2004; Bellot Rubio et al. 2004; Sánchez Cuberes et al. 2005; Beck 2008; Borrero & Ichimoto 2011). For simulated sunspots, the r/rspot of the UP boundary is higher than 0.5 in all studied cases, see Table 2.
Of particular interest to us is the radial profile of Bver and its value at the mean position of the UP boundary. For the observed sunspot, the resulting value is 1.82 kG, which is lower than the Bver value found at the UP boundary, as shown in Table 1. On the other hand, the Bver value at the mean position of the UP boundaries in simulated sunspots increased considerably compared to the actual UP boundary values. For the runs with potential field extrapolations, we obtain values that are comparable to the observed sunspot, that is, 1.71 kG and 1.78 kG for type I and type II α  =  1, respectively. This is still too weak, but it confirms that the discrepancy between the observed and simulated sunspots is at least partially caused by the corrugated UP boundary.
The mean UP boundary position for the type II α = 1 simulation shown in Fig. 5 and in Table 2 is at r/rspot = 0.64, where the visual position of the boundary in Fig. 4 is very close to the actual sunspot boundary. This is caused by a number of bright structures within the umbra that result in Ic >  0.5 when averaged along the isocontours of the relative radial positions. This is also the reason why we obtain significantly higher Bver on the mean position of the UP boundary than on the actual UP boundary.
4. Plasma β and equipartition field strength
Using the results of the simulation, we can compute the plasma β and equipartition magnetic field strength Beq using
[image: thumbnail](4)
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where Pgas is the total gas pressure, B is the total magnetic field strength, ρ is the density, and v is the velocity. All these physical parameters are a direct output of the simulation run.
The Beq cannot be determined from observations because we can only access the line-of-sight component of v. In principle, we can evaluate β using the B value determined by the inversion code. However, it would be highly questionable to assign a unique value of Pgas to it because the total gas pressure decreases rapidly in the range of optical depths where the inverted lines are most sensitive to B values (−2 <  log(τ) <  −1, Cabrera Solana et al. 2005).
In Fig. 6 we show the resulting values of plasma β and the ratio of Beq/B at the continuum formation height for different simulations. For the simulations with potential field extrapolation (type I and type II, α = 1), we can clearly distinguish different regimes of plasma β in different areas of the simulation box. In sunspot umbrae, the magnetic pressure dominates the gas pressure. In sunspot penumbrae, the values of β are around 1. When studied in detail, we find plasma β >  1 in bright penumbral filaments and β <  1 in the regions between them. In quiet-Sun regions, the gas pressure dominates the magnetic pressure, and β is around 1 only in magnetized regions that typically appear as small dark areas in continuum intensity maps (see Fig. 4). In the nonpotential simulation (right map in Fig. 6), the significant difference in the value of β is the inner penumbra, where the magnetic pressure dominates the gas pressure even in bright penumbral filaments.
	[image: thumbnail]	Fig. 6.
Maps of log(β) (top row) and log(Beq/B) (bottom row) at the continuum formation height (τ500 = 1) for different simulation runs. The red (top) and green (bottom row) contours mark the UP boundaries defined at [image: equation]. The black contours mark the position of the outer sunspot boundaries and the mean position of the UP boundaries that are defined for the purposes of azimuthal averaging (see Fig. 5). The red dashed lines through the middle of the spots mark the position of the cuts shown in Fig. 8.




In the lower row of Fig. 6, we show the ratio of Beq/B. For this parameter, B dominates Beq in both the sunspot umbrae and penumbrae, and this behavior is independent of the type of the simulation. B is about equal to Beq at the outer penumbral boundary, and Beq therefore defines the sunspot border. This has previously been suggested in observational studies describing the magnetic field properties at the sunspot boundaries (Wiehr 1996; Kálmán 2002). Beq dominates B in the quiet-Sun regions, again with the exception of the small and concentrated magnetic patches.
In Fig. 7 we show the radial profiles of β and Beq/B in the sunspots displayed in Fig. 6. These radial profiles also show that on average, the gas pressure starts to dominate the magnetic pressure in the inner penumbra for type I simulations (blue line) and type II α = 1 simulations (green line) and only in the outermost penumbra for type II α = 2.5 simulations (red line). The mean position of the boundary between the penumbra and the quiet Sun matches the location where Beq becomes stronger than B well for all of the simulated spots, that is, all the radial profiles of log(Beq/B) cross zero at r/rspot ∼ 0.95.
	[image: thumbnail]	Fig. 7.
Radial profiles of log(β) (left) and log(Beq/B) (right) at the continuum formation height. Color-coding and the vertical lines are analogous to Fig. 5. The horizontal lines mark the threshold where β = 1 (left) and Beq/B = 1 (right).




In Fig. 8 we show the vertical stratification of β and Beq/B along cuts through the center of the simulated sunspots. The gas pressure clearly dominates the magnetic pressure in most of the subphotospheric layers of the simulation domains. Only in regions of the umbrae, there is a thin layer below the continuum formation height where the magnetic pressure is higher than the gas pressure, that is, the black lines in the upper panels of Fig. 8 are located just below the red lines.
	[image: thumbnail]	Fig. 8.
Stratification of log(β) (top panels) and log(Beq/B) (bottom panels) along the cuts displayed in Fig. 6. The red (top) and blue (bottom) lines mark the τ = 1 surface. The black lines mark the zero value of log(β) and log(Beq/B). The short vertical lines crossing the upper edges of the panels mark the positions where the cuts cross the contours displayed in Fig. 6. Only the upper part of the simulation domain is displayed in the case of log(β).




The vertical cuts showing Beq/B nicely illustrate that the magnetopause between the sunspot and the surrounding plasma coincides with the transition from super- to subequipartition field strength. Because Beq/B is less dependent on height within the sunspot than B, this quantity is better suited than B (Fig. 1) to outline the shape of the spot flux rope. Locations where this magnetopause crosses the τ = 1 surface correspond to the outer boundaries of the simulated sunspots and confirm the conclusions based on Figs. 6 and 7.
5. Discussion and conclusions
We compared the magnetic properties of a set of simulated sunspots with an observed sunspot of comparable magnetic flux. Despite the visual similarity of type II α ≥ 1.5 simulations to observed sunspots, the magnetic properties in these simulations do not correspond to those in observed sunspots. Most notably, the magnetic field is too horizontal at the UP boundaries of simulated sunspots (γ ∼ 60°, Table 1) where we find maximum values of γ around 45° in observed sunspots (Jurčák et al. 2018). While these simulation setups produce the most extended penumbrae, this comparison indicates that creating a penumbra by imposing a strong horizontal field from above is not a viable approach.
Simulations with potential field extrapolation (type I and type II α = 1) are closer to the observed sunspots in terms of the magnetic properties at their UP boundaries. For the type II α = 1 simulation, we found the best match of B, γ, and Bver with the observed sunspot. However, this particular simulation does not have any distinct penumbra.
The extent of the penumbra for the simulations with potential field extrapolation is clearly the consequence of the subsurface structure of the magnetic flux tube in the simulation domain. The type I simulation has a very concentrated footpoint at the bottom boundary, and thus the field expands significantly with height in the simulation domain, shaping a sufficiently inclined magnetopause that allows for an extended penumbra (see Fig. 1 and bottom panels in Fig. 6). However, the magnetic field strength of the type I simulation is too high in the photosphere for a sunspot of such magnetic flux (see Fig. 5). The type I simulation has another discrepancy with the observed sunspots: the Evershed flow is observed in only a minority of the penumbral filaments, and in a majority of the penumbral filaments, we observe a counter-Evershed flow. This is also the case for type II α = 1 simulation that does not show long penumbral filaments carrying Evershed flows.
Another aspect of observed sunspots that is not matched by the simulations, is the relative position of the UP boundary with respect to the sunspot radius (see Table 2). In the case of the observed sunspots, r/rspot ∼ 0.4. In the case of the simulations with potential field extrapolation, we obtain UP boundaries at r/rspot of 0.52 and 0.64 for type I and type II α = 1, respectively. This means that tuning the initial setup of the simulation to obtain the mean position of UP boundary at r/rspot = 0.4 can restrict the subsurface structure of the magnetic flux tube.
Another discrepancy between the simulated and observed sunspots is the complexity of the UP boundary. In Table 2 we show that the observed sunspot has a significantly less corrugated shape of the UP boundary than any of the simulated sunspots. This property of the simulated sunspots partially accounts for the discrepancies between simulated and observed sunspots. When we disregard the fine shape of the UP boundaries and compare the values of Bver at the mean position of the UP boundary, we find that the observed value of 1.82 kG is comparable to the values found in type I and type II α = 1 simulations of 1.71 kG and 1.78 kG, respectively.
The run of a simulation that covered 100 h of solar time and a box depth of 18 Mm did not have any clear effect on the corrugation of the UP boundary (Rempel 2015). Furthermore, simulations with a higher spatial resolution did not produce a smooth UP boundary (Rempel 2012). However, the simulations with high spatial resolution were not run for a long time, nor with enhanced depth of the simulation domain, so that we cannot yet exclude that such simulations would produce UP boundaries that would be comparable in terms of their smoothness to the observed ones (after degrading the simulation to the spatial resolution of the observations).
We also used the simulations to assess the reliability of our simple inversion scheme. In Figs. 2 and 3 we compared the results of the inversion of the Stokes profiles synthesized from the type I simulation with the actual values in the simulation domain. Especially in the regions where the UP boundary is located (B >  2 kG, 20° < γ <  70°), the inversions give reliable results. Assuming that the simulated atmosphere is of comparable complexity to the actual solar photosphere, we can conclude that the mean values of Bver derived from analyses of Hinode spectropolarimetric data are reliable.
We investigated the role of plasma β and Beq in the convective motions in the simulations because these parameters cannot be determined reliably from observations. In the case of plasma β, we found that at the solar surface, sunspot umbrae are dominated by magnetic pressure, quiet-Sun regions by gas pressure, and in sunspot penumbrae, β ∼ 1 (Fig. 6). On average, the gas pressure starts to dominate the magnetic pressure in the inner penumbra in simulations with potential field extrapolation (Fig. 7). β = 1 appears to outline the UP boundary, but we assume that this is just a consequence of the presence of convective structures (penumbral filaments) and not the cause for their appearance. An analysis on the basis of the Gough-Tayler criterion (cf. Eq. (1)) to understand the cause of convective instability in the penumbra is being developed.
The analysis of the equipartition field strength and its ratio to the magnetic field strength shows that the magnetopause coincides with the transition from super- to subequipartition field strength (Fig. 8). Where this magnetopause crosses the solar surface, we observe the boundary of the sunspot (Figs. 6 and 7). In other words, the outer boundary of a sunspot is defined by magnetic field strengths of value Beq.


1 On sunspots and penumbrae. Nordita Seminar on Sunspot formation: theory, simulations and observations, 2015, Link.
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Table 1.

Magnetic properties at the UP boundaries of simulated and observed sunspots.
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Table 2.

Structural properties of the UP boundary.
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All Figures
	[image: thumbnail]	Fig. 1.
Vertical cuts through the flux tube of the type I (top) and type II (α = 1, middle; α = 2.5, bottom) simulations showing the magnetic field strength. The green lines mark the optical depth unity (τ = 1).
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	[image: thumbnail]	Fig. 2.
Maps from left to right: continuum intensity at 630.1 nm, magnetic field strength, and inclination. Upper row: resolution of the MHD simulation, and values of physical parameters are taken directly from the simulation box (averaged values between log τ = −1 and −2). Bottom row: results of the SIR inversion, i.e., the continuum intensity is taken from the fitted profile, and magnetic field strength and inclination are height independent values from the resulting model atmosphere.
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	[image: thumbnail]	Fig. 3.
Scatter plots showing the accuracy of the inverted parameters with respect to the actual values in the simulation box (average values between log τ = −1 and −2). The values on the horizontal axis are taken directly from the simulation box in the upper row. Bottom row: these values are smoothed by the spatial PSF. The dashed green lines mark the one-to-one correspondence.
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	[image: thumbnail]	Fig. 4.
Continuum intensity maps at 630.1 nm for the snapshots of simulated sunspots (degraded to the Hinode-like SP observations) and for an observed sunspots with comparable Φ. The green contours mark the UP boundary defined at [image: equation].
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	[image: thumbnail]	Fig. 5.
Radial profiles of continuum intensity (Ic, b), magnetic field inclination (γ, c), total magnetic field strength (Btot, d), vertical magnetic field strength (Bver, e), and horizontal magnetic field strength (Bhor, f). The continuum intensity map of the observed sunspot with contours marking relative radial positions from 0.1 to 1 is shown in panel a. The solid vertical lines mark the UP boundaries, the dashed vertical lines mark the boundary between penumbra and quiet Sun. The horizontal lines in panels b and e mark the [image: equation] and 1876 G, respectively.
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	[image: thumbnail]	Fig. 6.
Maps of log(β) (top row) and log(Beq/B) (bottom row) at the continuum formation height (τ500 = 1) for different simulation runs. The red (top) and green (bottom row) contours mark the UP boundaries defined at [image: equation]. The black contours mark the position of the outer sunspot boundaries and the mean position of the UP boundaries that are defined for the purposes of azimuthal averaging (see Fig. 5). The red dashed lines through the middle of the spots mark the position of the cuts shown in Fig. 8.
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	[image: thumbnail]	Fig. 7.
Radial profiles of log(β) (left) and log(Beq/B) (right) at the continuum formation height. Color-coding and the vertical lines are analogous to Fig. 5. The horizontal lines mark the threshold where β = 1 (left) and Beq/B = 1 (right).
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	[image: thumbnail]	Fig. 8.
Stratification of log(β) (top panels) and log(Beq/B) (bottom panels) along the cuts displayed in Fig. 6. The red (top) and blue (bottom) lines mark the τ = 1 surface. The black lines mark the zero value of log(β) and log(Beq/B). The short vertical lines crossing the upper edges of the panels mark the positions where the cuts cross the contours displayed in Fig. 6. Only the upper part of the simulation domain is displayed in the case of log(β).
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Scatter plots showing the accuracy of the inverted parameters with respect to the actual values in the simulation box (average values between log τ = −1 and −2). The values on the horizontal axis are taken directly from the simulation box in the upper row. Bottom row: these values are smoothed by the spatial PSF. The dashed green lines mark the one-to-one correspondence.
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Radial profiles of continuum intensity (Ic, b), magnetic field inclination (γ, c), total magnetic field strength (Btot, d), vertical magnetic field strength (Bver, e), and horizontal magnetic field strength (Bhor, f). The continuum intensity map of the observed sunspot with contours marking relative radial positions from 0.1 to 1 is shown in panel a. The solid vertical lines mark the UP boundaries, the dashed vertical lines mark the boundary between penumbra and quiet Sun. The horizontal lines in panels b and e mark the [image: equation] and 1876 G, respectively.
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Radial profiles of log(β) (left) and log(Beq/B) (right) at the continuum formation height. Color-coding and the vertical lines are analogous to Fig. 5. The horizontal lines mark the threshold where β = 1 (left) and Beq/B = 1 (right).
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