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Same as Fig. 1 except that [image: equation].


    

  
    
      Fig. 5 
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Reflection of a (long) trailing density wave at a sharp boundary at
r– rL ~ 100 km where τ0
is reduced by a factor of 1∕5. In the space–time plot (left panel) the blue (red) dashed curve traces a line of equal phase of the incoming (reflected) wave so that it follows a density maximum. Right panel:
τ
evaluated along these curves. As explained in the text, one can estimate the amplitude ratio of the incoming and the reflected waves from the indicated values
Amax and Amin
of τ
(Eq. (49)). Since the considered wave is weakly nonlinear it follows
H(q) ≳1 in the nonlinear dispersion relation (Eq. (44)) so that the linear limit (Eq. (43)) is not fully accurate. To compensate for this we used a slightly increased value of
σ0 (by 0.25%) to compute the wavenumber k
from Eq. (43), which is used in Eq. (48), to obtain a better fit to the locations of equal phase in the left panel.


    

  
    
      Fig. 7 
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Left panels: radial surface density (τ) profile and its wavelet power at t ~ 20 000 ORB of a hydrodynamical integration using the Pr76-parameters with β = 1.25 and no satellite forcing ([image: equation]). The short-wavelength structures are due to viscous overstability. The red dashed curve represents the linear density wave dispersion relation (Eq. (43)), which some persistent small amplitude undulations, resulting from the azimuthal derivative terms (Sect. 5), seem to follow. The blue dashed lines indicate the expected nonlinear saturation wavelength of viscous overstability by margins
± 20 m (see thetext). The initial state of the integration is a small amplitude linear combination of left and right traveling linear overstable waves on all wavelengths down to about
200 m. Right panel: stroboscopic space–time diagram showing the evolution near t = 20 000 ORB of a small radial section at the nominal resonance location. Two source structures are located at
x ~ 4 km and x ~ 14 km, respectively, sending out traveling waves both radially inward and outward. In between the sources (at
x ~ 5 km) counter-propagating wave patches collide in a sink. The green dashed lines indicate the expected phase velocity
ωI ∕k
of nonlinear overstable waves, obtained from Fig. 8 (left panel), for a wavelength of
λ = 300 m. Since the space–time diagram is stroboscopic, the apparent phase velocity of the waves in this plot is reduced (in absolute value) by ΩL∕k, compared to the value obtained from the curve in Fig. 8.
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Orbit-resolved space–time diagram of τ
for a region near the density wave resonance resulting from the integration shown in Fig. C.1 with
β = 1.20 for times t ≳ 20 000 ORB. The nearly horizontal pattern that becomes increasingly pronounced with increasing
r > rL represents the density wave. The smaller scale structures are overstable waves that are perturbed by the satellite resonance, causing the “wiggles” in their appearance, in contrast to the waves displayed in Fig. 7. The green dashed line is the expected phase speed
ωI ∕k
of (unperturbed) overstable waves with λ = 300 m obtained from Fig. 8. A profile of τ
is drawn forthe time indicated by the arrow, showing how the amplitude of overstable waves is reduced in approaching the resonance from smaller radii. Visible as well are the first wave cycles of the density wave.


    

  
    
      Fig. 11 
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Linear hydrodynamic growth rates of overstable modes in a perturbed ring for different values of the nonlinearity parameter q
describing the satellite perturbation. The wavelengths λ
correspond to the uncompressed state of the model ring adopted at times
t = lπ∕ΩL, with non-negative integer l
(cf. Eq. (59)). The used parameters are the Pr76-parameters with varyingvalue of β
and all growth rates are scaled with Ω = ΩL. In all panels the growth rates for q = 0, obtained by numerical solution of Eq. (14), are plotted additionally as black solid curves.
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Curves showing the maximum absolute value of the cross correlation of the quantities
M31 τ′ and M32u′
(Eq. (67)) associated with an overstable mode with λ = 200 m for different values of q, and the values of β
used for the plots in Fig. 11. The arrow indicates the direction of increasing
β. The monotonic decrease of these curves with increasing q
is the reason why the growth rates of overstable modes (Fig. 11) become smaller with increasing
q. All curves have been normalized to yield unity for q = 0.


    

  
    
      Fig. 13 
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Determination of linear growth rates of three different seeded overstable modes (indicated by their radial mode number n) in N-body simulations for different values of the nonlinearity parameter q, quantifying the amount of perturbation in the ground state that corresponds to a density wave. Left panels: time evolution of amplitudes An
(Eq. (66)) with a sampling interval of one orbital period. Right panels: resulting growth rates obtained from linear fits as drawn in the left frames. The simulations used time-averaged values of the ground state optical depth and surface mass density of
τ0 = 1.5 and σ0 = 300 kg m−2, respectively, as well as a vertical frequency enhancement of Ωz∕Ω = 2 to mimic vertical self-gravity.


    

  
    
      Fig. 14 
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Evolution of the radial velocity perturbation u′
during the first three orbital periods of the N-body simulation with n = 25 and q = 0.4 of Fig. 13. Clearly visible is the periodic variation of the radial size of the simulation region according to Eq. (68) which is drawn as dashed curves. Also indicated is the analogous radial variation of one wavelength of the seeded mode, represented by the two pairs of red solid curves. Since the seed is a standing wave, its amplitude undergoes an oscillation with twice the overstable wave frequency (cf. Eq. (15)).


    

  
    
      Fig. 15 
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Nonlinear evolution of viscous overstability in N-body simulations of a perturbed ring.
Left panels: curves of kinetic energy density (Eq. (22)) of perturbations in units
[image: equation], excluding the ground state velocities (Eq. (53)). The curves are sampled at quadrature such that the radially averaged optical depth takes the value
[image: equation]
with time-averaged ground state optical depth τ0 = 1.5.
Right panels: snapshots of the radial surface density profile for each q
taken at the same final time at quadrature where [image: equation]
and the radial width of the simulation region takes the value [image: equation]. The profiles are scaled with the radially averaged surface mass density [image: equation]
, which oscillates about its time-average σ0 = 300 kg m−2
in the same way as Eq. (69). Furthermore, a vertical frequency enhancement of
Ωz ∕Ω = 2 was used.


    

  
    
      Fig. A.1 
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Comparison of state variables resulting from hydrodynamical integrations and the WNL model using the
Pr76-parameters with [image: equation]
(top panels) and [image: equation]
(bottom panels). The integration shown in the left (right) panels applied Method A (Method B) for the azimuthal derivatives (Sect. 5).


    

  
    
      Fig. B.2 
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Comparison of profiles of τ
along with their Morlet wavelet powers resulting from hydrodynamical integrations using the
Pr76-parameters and scaled torque [image: equation].
From top to bottom panels: equilibrium surface density τ0
is homogeneous, elevated (τ0 = 3), as well as decreased (τ0 = 0.5) within regions of radial width of ~40 km.


    

  
    
      Fig. C.3 
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Comparison of the nonlinear evolution of free (Ts = 0) viscous overstability in hydrodynamical integrations with (non-axisymmetric, m = 7) and without (axisymmetric, m = 0) the azimuthal derivative terms (Sect. 5), shown as profiles of the surface density
τ
along with their wavelet powers for two different times (t = 500 ORB and t =35 000 ORB). The blue dashed lines indicate the expected nonlinear saturation wavelength of axisymmetric (m = 0) viscous overstability by margins ± 20 m (see Sect. 7.4.1). The red dashed curves represent the linear density wave dispersion relation (Eq. (43)). In the axisymmetric case this curve has no physical meaning. The bottom frame displays the evolution ofthe kinetic energy density for both integrations. The insert plot indicates that the linear growth phases (t ≲ 200 ORB) of non-axisymmetric and axisymmetric modes are practically identical, in agreement with our considerations in Sect.
2. The higher saturation energy of the axisymmetric integration is due to the slightly larger saturation wavelength (see Sect. 7.4.1 for explanations).


    

  
    
      Fig. C.4 
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Space–time diagrams showing the linear evolution of the radial velocity field
u′ of an initially seeded traveling wave in a ring with β = 1.35 perturbed by an ILR (at r = rL). The perturbation, quantified by q, increases from left to right. At initial time t = 0 the model ring is in the uncompressed state (Eq. (59)) and the initial wavelength
λ = 200 m.


    

  
    
      Fig. C.5 
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Snapshots of the terms M31τ′
and M32u′
that appear in the equation for the azimuthal velocity perturbation and which must be sufficiently in phase for the viscous overstability mechanism to work. The snapshots are from integrations with
λ = 200 m,
β = 1.35, and cover one orbital period in equal time-intervals. With increasing strength of the satellite perturbation (quantified through the nonlinearity parameter q) these terms become increasingly out of phase. For q = 0.4 almost all possible phase differences in the range 0–2π
occur, which explains the negative growth rates of overstable modes on all wavelengths (Fig. 11, lower right panel).For clarity the two quantities have been rescaled so as to possess equal amplitudes in all plots.
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