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Abstract

        Context. Globular clusters host stars with chemical peculiarities. The associated helium enrichment is expected to affect the evolution of stars, in general, and of low-mass stars, and in particular the progenitors of white dwarfs (WDs).

        Aims. We investigate the effects of different initial helium contents on the properties of WDs such as their masses, compositions, and the time since their formation.

        Methods. We used the grid of stellar models that we presented in the first papers of this series, which were computed for low-mass, low-metallicity stars with different helium content at [Fe/H] = −1.75 up to the end of the thermally pulsing asymptotic giant branch (TP-AGB) phase. We determined an initial-to-final mass relation as a function of the initial helium mass fraction, where the final mass is determined at the end of the TP-AGB phase. We couple the results with different possible distributions of the initial helium content for low-mass stars in NGC 6752 to predict the properties of WDs in this cluster.

        Results. In a globular cluster at a given age, the He enrichment implies lower initial masses for stars at a given phase. Thus it leads to a decrease of the masses of WDs reaching the cooling sequence. In addition the He enrichment increases the total mass and number of WDs and eventually allows the presence of He white dwarf from single progenitors.

        Conclusions. The low He enrichment determined in most globular clusters with different methods results in negligible effects on the white dwarf properties. However, in the few globular clusters that display a high He enrichment, this may significantly affect the characteristics of the WDs. In NGC 2808 and ω Centauri the high He enrichment even leads to the formation of He WDs from single He-rich progenitors. Therefore investigating the white dwarf mass domain in globular clusters with a high He enrichment would provide an additional indirect way to measure and constrain the He enrichment degree.
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1. Introduction
In the last few decades spectroscopic and photometric observations have shown that globular clusters (GCs) are not consistent with simple stellar populations (e.g., Carretta et al. 2009; Piotto 2009; Gratton et al. 2012). These observations are usually related to the presence of multiple populations, in which long disappeared massive stars of a first population (1P) of stars polluted the intra-cluster medium. In this environment a second population (2P) of low-mass stars formed with a chemical composition that is typical of the ejecta of the 1P polluting stars (He-, N-, Na-, Al-enriched, and C-, O-, and Mg-depleted) diluted with intra-cluster matter. The different scenarios that investigate the role of various types of possible 1P polluting stars are still strongly debated (see, e.g., Bastian et al. 2015; Renzini et al. 2015; Charbonnel 2016). The most invoked scenarios in the literature are the asymptotic giant branch scenario (AGB; Ventura et al. 2001) and the fast rotating massive stars scenario (FRMS; Decressin et al. 2007). These scenarios differ especially in the prediction of the amplitude of helium enrichment for 2P stars. In the AGB and FRMS scenarios, a minimal helium content as low as ~0.3 allows to reproduce the bulk of the abundance observations but not the extreme abundances observed among 2P stars. The AGB scenario leads to a maximal helium content of ~0.36−0.38 in mass fraction (Ventura et al. 2013; Doherty et al. 2014), whereas the FRMS scenario in its current form provides a maximum value of 0.8. 
The aim of this series of papers (Chantereau et al. 2015; Charbonnel & Chantereau 2016; Chantereau et al. 2016, Papers I, II, and III respectively) is to explore the effects of the helium enrichment in GCs within the framework of the FRMS scenario. Since a high helium content has an important effect on the evolution of 2P low-mass stars (e.g., Salaris et al. 2006; Pietrinferni et al. 2009; Sbordone et al. 2011; Valcarce et al. 2012), we quantified its effects on different properties of GC stars at different ages, from the zero-age main sequence up to the end of the AGB. 
White dwarfs (WDs) are the remnants of low- and intermediate-mass stars. As long as they remain in their parent GC they provide a fantastic window on the integrated population of their progenitors over the whole GC lifetime. White dwarfs provide an additional way to determine several properties of the cluster they are populating. For instance WDs allow us to infer the distance of the cluster and its age (see, e.g., the review from Moehler & Bono 2008). Therefore WDs can be very useful tools provided that their masses and spectral type are well known. Thus the next logical step in this series of papers is to consider helium effects on the properties of WDs. 
Many studies have been devoted to GC WDs (e.g., Renzini et al. 1996; Zoccali et al. 2001; Hansen & Liebert 2003; Hansen et al. 2003; Moehler et al. 2004; Bedin et al. 2005; Strickler et al. 2009; Richer et al. 2013; García-Berro et al. 2014; Torres et al. 2015). So far, however, only Althaus et al. (2017) have investigated in detail some effects of He enrichment on WD properties (see also, to a certain extent, Cassisi et al. 2009). 
Deriving the He content of stars is a challenging task. In the case of GC stars, direct measurements are rare (Moehler et al. 2007; Villanova et al. 2009; Pasquini et al. 2011; Villanova et al. 2012; Dupree & Avrett 2013; Gratton et al. 2014; Marino et al. 2014; Mucciarelli et al. 2014; Gratton et al. 2015). Several studies use instead indirect methods based, for example, on isochrone fitting using high precision photometry (see, e.g., Piotto et al. 2007; Anderson et al. 2009; Bragaglia et al. 2010b; di Criscienzo et al. 2010a,b; King et al. 2012; Lee et al. 2013; Milone et al. 2015a). As of today, for most of the GCs under scrutiny only modest He enrichments were derived with respect to the typical Galactic chemical enrichment (a helium mass fraction increase of ~0.02−0.03). However there are a few GCs that display high He enrichment (a helium mass fraction increase higher than ~0.1), such as NGC 2419, NGC 2808, ω Centauri, and NGC 6388 (Busso et al. 2007; King et al. 2012; di Criscienzo et al. 2015; Milone et al. 2015b). Thus in these GCs the evolution of 2P stars and in turn their WD properties are greatly affected by the helium content. For instance observed He-WDs are attributed to a close binary evolution; this is the case because otherwise only very low-mass single stars (Mini ≲ 0.7 M⊙) with lifetimes longer than the age of the Universe can provide such WDs. However single He-rich stars have significantly shorter lifetimes and thus may produce observed He-WDs in GCs, such as NGC 6791 and ω Centauri (e.g., Hansen 2005; Calamida et al. 2008; Cassisi et al. 2009; Bellini et al. 2013). 
In this last paper of the series, we investigate in a fully self-consistent way the effects of helium on the properties (mass, age, and composition) of the WDs that originate from 2P progenitors. It will allow us to infer whether He enrichment in GCs plays a significant role in WD characteristics that may affect, for instance, the dynamical properties of GCs. After a brief presentation of our hypothesis and the definitions used in this paper (Sect. 2), we investigate how varying the initial He content for a star with a given initial mass changes the mass of the resulting WD and compare our results with other studies (Sect. 3). Then, we explore the effects of initial mass at an initial given helium content and determine a corresponding initial-to-final mass relation at a low metallicity in the framework of the multiple populations phenomenon (Sect. 4). In Sect. 5 we investigate the WD properties (mass range and composition) as a function of the age of their host GC if we assume an initial helium distribution predicted by the FRMS scenario. We then compare our predictions with the masses of the WDs and He enrichment determined in GCs (Sect. 6). Finally, we summarize our results in Sect. 7. 
2. Hypothesis and definitions
2.1. Input physics of the stellar models
We use the grid composed of 420 stellar evolution models presented in Papers I and II. These standard (no rotation, atomic diffusion, and overshooting) models were computed from the pre-main sequence up to the post-AGB phase with the stellar evolution code STAREVOL (e.g., Forestini & Charbonnel 1997; Siess et al. 2000; Lagarde et al. 2012). We extensively exploit the predictions of the grid of models computed (initial stellar masses range between 0.3 M⊙ and 1 M⊙) for [Fe/H]  = −1.75 with an alpha-enhancement of 0.3 dex, which is best suited for the case of the well-documented GC NGC 6752 (Carretta et al. 2010). We also use models computed with [Fe/H]  = −2.2, −1.15, and −0.5 ([α/ Fe] = +0.35, +0.3, and +0.2 respectively) to discuss the impact of metallicity on our conclusions. 
For the 1P stars, the adopted canonical initial helium mass fraction is Yini = 0.248 at [Fe/H]  = −1.75 (Yini = 0.248, 0.249, and 0.255, respectively for the models with [Fe/H]  = −2.2, −1.15, and −0.5). In the framework of the FRMS, the initial chemical composition of the 2P low-mass stars (assumed to be only stars with masses lower than 1 M⊙) results from the dilution of H-burning products ejected by the 1P fast rotating massive stars with the intra-cluster matter (Decressin et al. 2007). The most extreme 2P stars are predicted to be born with an initial helium mass fraction of 0.8 and the other element abundances change accordingly. 
The models were computed with the Reimers prescription (Reimers 1975) for mass loss along the evolution up to the end of central He burning, assuming a value of 0.5 for the η parameter regardless of the initial He content. This is consistent with the value of η derived by McDonald & Zijlstra (2015), fitting the median mass of the horizontal branch stars of 56 Galactic GCs (0.477 ± 0.070). Their value is based on the full cluster population, regardless of the helium content of the different subpopulations, whose impact on the mass-loss rate in RGB stars is not currently understood. During the thermally pulsing asymptotic giant branch phase (TP-AGB), the mass loss is treated in our models with the empirical law relating the mass-loss rate and the period of pulsations occurring during this phase (Vassiliadis & Wood 1993). 
In line with this series of papers, we focus here on the effects of large variations in the initial He content on the composition (He versus CO) and mass of the resulting WDs. It is thus beyond the scope of this study to look at the impact of core overshooting, atomic diffusion, or rotation. Although these effects might slightly modify the resulting WD masses (in a way that might eventually vary with the initial He content), this should not affect our conclusions on the differential importance of He. 
2.2. Definitions
In this study we want to determine the WD mass as it can be deduced from our stellar evolution models as a function of the initial mass (Mini) and initial helium content (Yini) at a given metallicity. Some authors approximate the WD mass by the core mass at the first TP (see, e.g., Weidemann 2000). However the mass growth of the CO core during the TP-AGB phase is not negligible (0.07 M⊙ during the TP-AGB phase for the 0.8 M⊙ computed at [Fe/H]  = −1.75 with Yini = 0.248). Moreover, as discussed later (Sect. 3.1 and Table 1), this mass increase is greater for higher initial helium content. Therefore, our models are computed self-consistently up to the end of the TP-AGB, and the theoretical mass of the WD (MWD) corresponds to the core mass (Mcore), which is the mass depth at which the energy production from the helium-burning shell is maximum, on the post-AGB phase at the maximum Teff. If the star ends its life as He-WD or is a hot-flasher (HF)1, we take as WD mass the total stellar mass at the maximum Teff after the star crossed the Hertzsprung-Russell diagram (HRD) towards the WD cooling curve. 
The ages of the WD (i.e., time since arrival on the WD cooling sequence) given in this study are counted taking the end of the core He-burning phase as a starting point. In a cluster at a given age (Sects. 5 and 6), the WDs originating from progenitors with initial masses between 0.3 and 1 M⊙ (i.e., in the mass range studied in the present work) are then classified into three categories:

          
            	
               
              Young WDs, that is to say, those that have joined the coolingsequence for less than 500 Myr. 

            

            	
              Slightly older WDs that have joined the cooling sequence for less than 2 Gyr. 

            

            	
              All the WDs. 

            

          

        This categorization is made to facilitate the comparisons of our theoretical predictions with observations (Sect. 6). The observations from the literature presented in this paper focus on young and bright WDs. We also separate WDs that have joined the cooling sequence for less than 2 Gyr to provide a category of WDs that cover the entire upper part of the WD cooling curve. 
3. Effects of helium and metallicity on a 0.8 M⊙ model
3.1. Helium effects

          Table 1

              Age at the end of the core He-burning phase (Gyr), except for the cases at [Fe/H] = –0.5 and 0.0, where the age at the highest luminosity of the RGB phase is shown, for the 0.8 M⊙ as a function of the initial helium content Yini at different metallicities [Fe/H].

            

        We focus on the impact of initial helium for a given initial mass on the nature and mass of the WD remnant; for a more detailed discussion of the impact of helium, we refer to Papers I and II. We illustrate this with quantitative values for a 0.8 M⊙ model at [Fe/H] = −1.75 in Table 1. The lifetime of a He-rich star is much shorter than of its He-normal counterpart. For instance the age at the end of the central He-burning phase for Yini = 0.248, 0.4, and 0.8 models are 14.3, 5.4, and 0.26 Gyr, respectively (Table 1 and Fig. 3 in Paper I). 
The number of TPs first increases with the helium content up to Yini = 0.475 and then decreases for higher He content. Below Yini = 0.475, owing to shorter lifetimes, the total mass lost of He-rich stars is lower, and in turn their total stellar mass at the start of the TP phase is higher. This leads to a higher mass above the core at the first TP, and thus He-rich models undergo a larger number of TPs than their He-normal counterparts. Above Yini ~ 0.475, the increase of the core mass is the dominating effect. Little mass remains above the core and the number of TPs decreases. At a certain point, there is nearly no envelope left above the core (models with Yini ≥ 0.625). In this case the model does not undergo any TPs and, after the early AGB phase, it directly crosses the HRD towards the maximum Teff. The values of Yini presented in this section are slightly different from those given in Paper I (Sects. 4.4 and 4.5) because we use here the more refined grid presented in Paper II, where we added 90 stellar models with Yini = 0.425,0.475,0.525,0.575,0.625, and 0.675. 
As displayed in Table 1, the WD mass of a 0.8 M⊙ stellar model at [Fe/H]  = −1.75 for a He-normal content is 0.54 M⊙. This WD mass increases with increasing helium up to 0.74 M⊙ for Yini = 0.8, which is an increase of 37% of the WD mass with respect to the He-normal case. 
3.2. Metallicity effects
The WD mass of a star for a given initial mass decreases with increasing metallicity. In our models, at [Fe/H] = [−2.2; −1.75; −1.15; −0.5; 0.0], the MWD are [0.57; 0.54; 0.50, 0.47, 0.46] M⊙ for a canonical initial helium mass fraction and an initial mass of 0.8 M⊙, respectively. 
Therefore the initial mass of a WD of a given initial mass and helium content is larger in more metal rich clusters than in metal poor clusters. 
3.3. Comparisons between different stellar models

          Table 2

              MWD from models computed with different stellar evolution codes and different prescriptions for a 0.8 M⊙.

            

        In this section we compare the WD mass we obtained for the 0.8 M⊙ with predictions of models from the literature (see Table 2 for details). 
At Z = 0.0004, Bertelli et al. (2008) predicted a core mass at the start of the TP-AGB phase of 0.60 M⊙ for Yini = 0.4 that is larger than our prediction (0.53 M⊙). The difference can be explained by the fact they did not take mass loss during the pre-AGB phases into account. 
Althaus et al. (2017) obtained a WD mass significantly lower than ours2 owing to the lower mass-loss rates we are using (especially during the TP-AGB phase). We also tested their mass-loss prescription and found in this case a very slight difference (ΔMWD =  + 0.01M⊙ in their study), which may come from the inclusion of overshoot in their computations. To summarize, very similar results are obtained when equivalent physical ingredients are used (here the treatment of the convective zone boundaries, i.e., overshoot and the mass-loss prescription). 
4. Initial-to-final mass relation

        	[image: thumbnail]	Fig. 1
            Final mass of the star (Mfinal, color-coded) as a function of Yini and Mini. The dashed lines correspond to isochrones at the end of the central He-burning phase from 1 Gyr to 13 Gyr (shown at each Gyr) at [Fe/H] = –1.75.

          



      
        
        	[image: thumbnail]	Fig. 2
            Mass of the WD as a function of Mini for different Yini (colored lines) at [Fe/H] = −1.75. The gray area represents the He-WD domain.

          



      We summarize the predictions of our computations for the final mass of the star (i.e., the WD mass) as a function of its initial mass and initial He content for [Fe/H] = −1.75 in Fig. 1. We show in Fig. 2 the initial-to-final mass relations for the different initial helium contents and initial masses at [Fe/H] = −1.75. At canonical Yini, the red curve shows an inflection point around 0.8 M⊙. For initial masses above ~0.8 M⊙, stars undergo several TPs leading to a large increase of MWD. For initial masses below ~0.8 M⊙, the mass of the envelope after the central He-burning phase is very small. Thus there are very few or no TPs and a very slight or no core growth after this phase. This is also the case for lower Mini, which end their life as He-WDs (gray area in Fig. 2). For higher Yini, this inflection point shifts towards lower Mini since a higher Yini allows us to ignite central helium for lower mass stars compared to He-normal counterparts. 
To summarize, He-rich models predict that CO-WDs have larger masses and the production of He-WDs from a lower Mini than their He-normal counterparts. These differences become important for Yini larger than 0.3. 
5. White dwarf properties at given ages
In this section we predict the mass domain and composition of WD that we can expect in GCs when taking into account He enrichment (results shown in Table 3). We first investigate the WD properties at different ages if we assume that a cluster is made of only He-normal stars (Sect. 5.1). Then we discuss the expected WD properties of NGC 6752 by adopting the initial helium content distribution predicted by the original FRMS scenario. 

        
        	[image: thumbnail]	Fig. 3
            Top left panel: histogram of all the WDs formed as a function of Mini (between 0.3 and 1 M⊙) and Yini at 13 Gyr in a model that reproduces the Na distribution in NGC 6752 within the FRMS framework discussed in Paper III. Top right panel: histogram of the final masses of all the WDs at 13 Gyr. Bottom left panel: WDs present on the WD cooling curve for less than 2 Gyr (upper part of the WD cooling curve). Bottom right panel: WDs cooling for less than 500 Myr after the end of the core He burning (brighter part of the WD cooling curve).

          



      5.1. He-normal stars

          Table 3

              Mini and MWD of stars with an age of 9, 12 and 13 Gyr at the end of the central He-burning phase at [Fe/H] = –1.75.

            

        We first describe the WD characteristics we can expect from our models if we assume only He-normal stars as their progenitors. We focus on clusters with an age of 12 and 13 Gyr (range of ages for NGC 6752). 
For the initial stellar mass function (IMF) we use a lognormal mass function (Paresce & De Marchi 2000) for the stellar masses below 0.85 M⊙ (down to 0.3 M⊙), and a power-law distribution with the Salpeter (1955) prescription for more massive stars up to 1 M⊙. We consider an initial population of 300 000 stars to avoid stochastic effects. We do not take into account dynamical effects that could lead to the loss of a fraction of stars by the cluster. Thus the decreasing fraction of stars still alive at a given age is only due to stellar evolution. Finally we do not account for the effects of binaries. 
At an age of 13 Gyr, the stars that just reach the WD dwarf stage are those with an initial mass around 0.82 M⊙. Considering the initial mass range investigated in the present work (0.3−1 M⊙), this means that all the stars between 0.82 and 1 M⊙ have evolved into the WD domain. The WDs represent 16% of the initial population of 300 000 stars. The WD masses are greater than 0.58 M⊙ and these are only CO-WDs (see Fig. 1 and Table 3). The younger the cluster, the higher Mini and MWD, the differences are substantial only for a GC age variation that is larger than 1 Gyr. 
5.2. He-rich stars predicted by the original FRMS scenario
In Paper III, we reconstructed the Yini distribution, thanks to the theoretical Na-He correlation predicted by the FRMS scenario, to reproduce the observed sodium distribution in NGC 6752 (Fig. 4 in Paper III). Here we use the same initial helium distribution and focus on the WD properties outcome in the same GC. We assume an identical IMF for 1P and 2P stars and we follow the evolution of a population of 300 000 stars with initial masses between 0.3 and 1 M⊙. 

          Table 4

              Proportion of WDs from 0.3−1 M⊙ progenitors (initially 300 000 stars), their mass domain, and their mean value as a function of the Yini domain at 12 and 13 Gyr.

            

        We show in Fig. 3 the number of predicted WDs at 13 Gyr with initial masses ranging between 0.3 and 1 M⊙. For each initial mass bin, different colors are used depending on the initial helium content of the WD progenitors. The value Yini = 0.27 corresponds to ΔY ~ 0.02; this is the helium enrichment found in most GCs (e.g., in NGC 6752; Nardiello et al. 2015). The value Yini = 0.4 represents the maximum He enrichment determined in GCs such as NGC 2808 (Milone et al. 2015b) and ω Centauri (King et al. 2012). The shaded areas correspond to He-WDs. One of the most noticeable results is that He-rich stars with initial mass lower than 0.82 M⊙ (minimum initial mass to form WDs for Yini = 0.248) contribute to increase the number of WDs. At 13 Gyr, 34% of the stars are present under the form of WDs under the FRMS assumptions compared to 16% if only He-normal stars are considered. The limit CO-WD/He-WD is (Mini; Yini) = (0.62; 0.40) (Fig. 2 from Paper III). This limit means that at 13 Gyr only stars with Mini lower than 0.62 M⊙ and Yini higher than 0.40 are present under the form of He-WD. 
In the top right and bottom panels of Fig. 3, we show the predicted distribution of WD masses in NGC 6752 and their composition; we list the corresponding values in Table 4. He-rich stars contribute to an increase of the total WD mass locked in the GC at 13 Gyr of 91% compared to the case with only He-normal stars. At this age, most of the WDs come from progenitors with a non-negligible He enrichment (Yini ≥ 0.270), and the minimum mass (initial and current) of CO-WDs significantly decreases for the most He-enriched stars. Finally He-WDs are expected to represent only a very small fraction of WDs (7% in number, 4% in mass with a mean mass around 0.35 M⊙). Here, these He-WDs are predicted only by the He-rich stars3. 
If we focus on the WDs present on the WD cooling curve for less than 2 Gyr, the CO-WD mean mass is lower compared to the mean mass of all the WDs from progenitors with Mini between 0.3 and 1 M⊙, and He-WDs represent 12% of the remnants. 
The masses and relative proportions of CO- and He-WDs do not change significantly for the WDs that reached the cooling sequence for less than 2 Gyr and less than 500 Myr ago. The stars with an initial helium mass fraction higher than 0.4 do not contribute significantly to the proportion of WDs and these stars mainly produce He-WDs. 
The results at 12 Gyr are not significantly different in term of proportions; the mean MWD at a given Yini is slightly higher for the three categories of WDs considered. 
6. Comparison with observations

        Table 5

            Mean WD mass, mass domain (between brackets), and He enhancements in mass fraction determined by observations in GCs.

          

      In this section we compare our results and the determined WD masses in GCs (see Table 5). For such a comparison to be valid, we need to compare the characteristics of WDs deduced from our model at an age equivalent to that of the cluster. To be consistent we should determine the age of the cluster using our models, but as shown above the results do not vary significantly between 12 and 13 Gyr, therefore, we make our comparisons with an age of 13 Gyr for NGC 6752 (upper limit for this GC; see, e.g., Gratton et al. 2003; McDonald & Zijlstra 2015). Finally, in a comparison with observations, we use WDs present on the cooling curve for less than 500 Myr since they correspond to the brighter WDs, which are those usually observed in GCs. 
6.1. NGC 6752
In NGC 6752, Moehler et al. (2004) found an average mass for 12 among the brightest isolated WDs of 0.53 M⊙, assuming a distance modulus (m−M)0 = 13.20, or 0.59 M⊙, if (m−M)0 = 13.05. This mass is very sensitive to this distance modulus; with the updated value of (m−M)0 = 13.13 from Harris (1996; 2010 edition) for this GC, one would expect that the average mass for WDs would be between 0.53 M⊙ and 0.59 M⊙. At 13 Gyr, our models predict a mean value of 0.59 M⊙ when considering the canonical initial helium content (cf. Table 4), which is compatible with the upper value of the observed range. This value changes only by −0.01M⊙ if we also take into account stars slightly He enriched (0.248 ≤ Yini ≤ 0.270). 
Milone et al. (2013) determined He variations among NGC 6752 main sequence stars of 0.03 in mass fraction (maximum Yini of ~0.280). At 13 Gyr, our models predict a mean mass of WDs of 0.57 M⊙, which is very close to the He-normal case. In addition we only expect to have CO-WD from single progenitors because of the low He enrichment. At 12 Gyr, these values are only slightly higher with a mean WD mass of 0.60 M⊙ (for stars with 0.248 ≤ Yini ≤ 0.280). 
Instead of the initial He distribution predicted by the FRMS, as a simple test we assume an initial helium distribution with three peaks at Yini = 0.248, 0.258, and 0.278 (25, 45, and 30%, respectively, of the total number of stars). These peaks correspond to the three populations identified by Milone et al. (2013) on the main sequence in NGC 6752 (populations a, b, and c, respectively). In this case, 82% of stars are still alive at 13 Gyr. The WDs mean masses of the brighter part of the cooling curve is 0.57 M⊙, thus there are only negligible differences with the He-normal case. 
Finally assuming an He enrichment up to Yini = 0.4 enlarges the domain of masses for WDs down to 0.47 M⊙. It would then be interesting to increase the observational samples to better constrain the WD mass domain. This would be an indirect but complementary constraint on the He enrichment. 
6.2. NGC 6121
Kalirai et al. (2009) derived the spectroscopic mass of six WDs located near the tip of the cooling sequence in NGC 6121 ([Fe/H] = –1.16, Harris 1996, 2010 edition). They found a mean mass of 0.53 ± 0.01 M⊙ with a range between 0.50 M⊙ and 0.59 M⊙. For this GC we adopt an age at the turn-off of 12 Gyr (Hansen et al. 2004), an alpha-enhancement of +0.3 and [Fe/H] = −1.15. We predict that He-normal stars at the end of the central He-burning phase have an initial mass of 0.88 M⊙ and produce WD masses of 0.57 M⊙; this theoretical value agrees well with the observational constraints. 
In this GC, Nardiello et al. (2015) determined a helium spread of ΔY ~ 0.02 among main sequence stars. This spread corresponds to Yini ~ 0.270, which leads in turn to WDs with a mass of 0.55 M⊙, that is to say, a WD mass variation of 0.02 M⊙, which is lower than the observed range. It means that the dispersion in He content might be larger than that indirectly deduced from observations or that there are physical ingredients in the stellar models that should be improved. To make more insightful comparisons, a larger observational sample is required. Additionally, one should provide the theoretical WD mass distribution as a function of luminosity along the cooling sequence. 
6.3. NGC 2808
NGC 2808 (VandenBerg et al. 2013), which is 11 Gyr in age, is at the same metallicity as NGC 6121, and displays one of the highest He enrichment among GCs. Bragaglia et al. (2010a) and Milone et al. (2015b) derived a maximum helium content of ~0.4. In this case the WD masses are between 0.46 M⊙ and 0.59 M⊙. Since the CO-WD/He-WD limit is Mini = 0.74 M⊙ and Yini = 0.35 (cf. Paper II), our models predict that He-WDs from single He-rich progenitors are compatible with the high He enrichment present in NGC 2808. It would then be very interesting to investigate WD masses and compositions in this cluster.   
6.4. ω Centauri
ωCentauri displays a [Fe/H] distribution between −1.83 and −0.42, with a large number of stars around [Fe/H]  ~ −1.7 and −1.34 (Villanova et al. 2014). This GC is very interesting since observations from Calamida et al. (2008) support the possible presence of an unusually large number of He-WDs. Bellini et al. (2013) also found in ω Centauri a double WD cooling sequence and argue that one of them would contain up to ~90% of He-core WDs. 
We assume the initial helium distribution we took for NGC 6752; at 12 Gyr (ω Centauri turn-off age; Marín-Franch et al. 2009) and at [Fe/H]  = −1.75. ω Centauri displays a high He enrichment up to Yini ~ 0.4 (ΔY ~ 0.14; King et al. 2012), and in this case our models predict CO-WD masses down to 0.47 M⊙. The CO-WD/He-WD limit is Mini = 0.61 M⊙ and Yini = 0.43, thus we do not expect He-WD due to single He-rich progenitors. At [Fe/H]  = −1.15 4, which is the closest metallicity available in our grid from [Fe/H]  = −1.34, the limit is Mini = 0.75 M⊙ and Yini = 0.33. Thus our models also predict the presence of He-WDs from single He-rich progenitors for this GC (see similar results in Cassisi et al. 2009). It is then mandatory to develop the observational determination of WD masses and a full theoretical study of WDs in this GC (taking metallicity, age, and helium spreads into account at the same time). 
The high helium enrichment leads to a large decrease of WD masses and in turn to a significant extent of the WD mass domain at a given age. Thus it would be interesting to increase the number of WD masses observationally determined to better constrain the WD mass domain and then provide an additional way to constrain He content in GCs. Finally only NGC 2808 and ω Centauri are supposed to host He-WDs from single He-rich progenitors among the GCs investigated here. 
7. Conclusion
We investigated for the first time the impact of the initial distribution of helium content predicted by the FRMS scenario for 1P and 2P stars on the mass of the WD remnants for low-mass, low-metallicity stars. 
We assumed the same mass-loss prescription for He-normal and He-rich models because the mass-loss dependence on the initial helium content is currently unknown. This is one of the weaknesses of the current stellar models since WD masses are very sensitive to the mass-loss prescription. Thus it seems mandatory to further investigate the mass-loss dependence on He content and quantify it at large scales (i.e., among several GCs). 
We have shown that high He enrichment leads at an advanced age to very low WD masses and eventually to the formation of He-WDs from single progenitors within GCs lifetime. When the initial helium distribution predicted by the original FRMS scenario is assumed, there is a high increase of the total number and mass of WDs, which might affect the dynamical properties of the host GCs (see, e.g., Kruijssen & Lamers 2008). 
The modest He enrichment currently estimated by indirect methods in several GCs, if representative of the initial helium distribution, implies that the WD populations are weakly affected by differences in the helium content. However there are GCs with high He enrichment such as NGC 2808 and ω Centauri, where the WD masses are greatly affected. We also showed that NGC 2808 and ω Centauri could host He-WD remnants from single He-rich progenitors. Nonetheless, ω Centauri might be a remnant core of a disrupted dwarf galaxy and in this case it might be hazardous to compare it to other GCs (e.g., Ideta & Makino 2004; Bekki & Norris 2006), thus a full study of this system is mandatory. 
It would be interesting to investigate WD masses in other GCs with high He enrichment, such as NGC 2419 (ΔY ~ 0.11; di Criscienzo et al. 2015), NGC 6388 (ΔY ~ 0.14; Busso et al. 2007) and to a certain extent NGC 6266 (ΔY ~ 0.08; Milone 2015), NGC 6441 (ΔY ~ 0.06; Bellini et al. 2013) and NGC 7089 (ΔY ~ 0.07; Milone et al. 2015a). The WD mass domain determined would then provide an additional indirect way to measure and constrain the amount of He enrichment in various GCs. 

    
1  Stars with a delayed helium flash occurring at high effective temperature (see, e.g., Castellani & Castellani 1993; D’Cruz et al. 1996; Brown et al. 2001; Miller Bertolami et al. 2008).


2  In Sect. 4.5 of Paper I we specifically defined the core mass as the sum of the CO core mass and the He-burning shell mass and thus found a WD mass for the 0.8 M⊙ model with Yini = 0.4 of 0.66 M⊙ instead; the core mass values present in the models available online correspond to the CO core mass only.


3  No close binary evolution has been considered here; it may produce He-WDs from He-normal stars.


4  In this simple test we do not take into account the age spread of the different subpopulations of ~2−4 Gyr found in ω Centauri (Stanford et al. 2006).
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            Final mass of the star (Mfinal, color-coded) as a function of Yini and Mini. The dashed lines correspond to isochrones at the end of the central He-burning phase from 1 Gyr to 13 Gyr (shown at each Gyr) at [Fe/H] = –1.75.
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            Mass of the WD as a function of Mini for different Yini (colored lines) at [Fe/H] = −1.75. The gray area represents the He-WD domain.
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            Top left panel: histogram of all the WDs formed as a function of Mini (between 0.3 and 1 M⊙) and Yini at 13 Gyr in a model that reproduces the Na distribution in NGC 6752 within the FRMS framework discussed in Paper III. Top right panel: histogram of the final masses of all the WDs at 13 Gyr. Bottom left panel: WDs present on the WD cooling curve for less than 2 Gyr (upper part of the WD cooling curve). Bottom right panel: WDs cooling for less than 500 Myr after the end of the core He burning (brighter part of the WD cooling curve).
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            Final mass of the star (Mfinal, color-coded) as a function of Yini and Mini. The dashed lines correspond to isochrones at the end of the central He-burning phase from 1 Gyr to 13 Gyr (shown at each Gyr) at [Fe/H] = –1.75.
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            Mass of the WD as a function of Mini for different Yini (colored lines) at [Fe/H] = −1.75. The gray area represents the He-WD domain.
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            Top left panel: histogram of all the WDs formed as a function of Mini (between 0.3 and 1 M⊙) and Yini at 13 Gyr in a model that reproduces the Na distribution in NGC 6752 within the FRMS framework discussed in Paper III. Top right panel: histogram of the final masses of all the WDs at 13 Gyr. Bottom left panel: WDs present on the WD cooling curve for less than 2 Gyr (upper part of the WD cooling curve). Bottom right panel: WDs cooling for less than 500 Myr after the end of the core He burning (brighter part of the WD cooling curve).
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              Mini and MWD of stars with an age of 9, 12 and 13 Gyr at the end of the central He-burning phase at [Fe/H] = –1.75.
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    Table 4 

              Proportion of WDs from 0.3−1 M⊙ progenitors (initially 300 000 stars), their mass domain, and their mean value as a function of the Yini domain at 12 and 13 Gyr.

            
              
                
              
              
                
                
                
                
              
              
                
                
                
                
                
                
              
              
                	
                	
                	
                	
                	
                	
                	
                	
                	
              

              
                	
                	13 Gyr
                	12 Gyr
              

              
                	
                  

                
              

              
                	
                	
                	
                	
                	
                	
                	
                	
                	
              

              
                	
                  
                    Y
                    ini
                  
                
                	N (%)
                	M (%)
                	MWD domain
                	
                  
                    M
                    WD,mean
                  
                
                	N (%)
                	M (%)
                	MWD domain
                	
                  
                    M
                    WD,mean
                  
                
              

              
                	
                  

                
              

              
                	
              

              
                	All WDs
              

              
                	
                  

                
              

              
                	
                	
                	
                	
                	
                	
                	
                	
                	
              

              
                	0.248
                	–
                	–
                	0.58–0.70
                	0.66
                	–
                	–
                	0.61–0.70
                	0.67 
              

              
                	[0.248; 0.27]
                	19.0
                	20.5
                	0.56–0.71
                	0.66
                	17.9
                	19.4
                	0.58–0.71
                	0.67 
              

              
                	[0.27; 0.4]
                	35.1
                	36.5
                	0.45–0.73
                	0.63
                	34.4
                	36.0
                	0.47–0.73
                	0.64 
              

              
                	
                  ≥ 0.4
                
                	38.5
                	38.8
                	0.35–0.92
                	0.61
                	40.7
                	40.6
                	0.35–0.92
                	0.61 
              

              
                	He-WD
                	7.4
                	4.3
                	0.26–0.47
                	0.35
                	7.0
                	4.0
                	0.26–0.47
                	0.35 
              

              
                	
                  

                
              

              
                	
              

              
                	2 Gyr – WDs on the WD cooling curve’s upper part
              

              
                	
                  

                
              

              
                	
                	
                	
                	
                	
                	
                	
                	
                	
              

              
                	0.248
                	–
                	–
                	0.58–0.63
                	0.61
                	–
                	–
                	0.61–0.66
                	0.63 
              

              
                	[0.248; 0.27]
                	37.8
                	42.0
                	0.57–0.63
                	0.60
                	38.0
                	42.6
                	0.59–0.65
                	0.62 
              

              
                	[0.27; 0.4]
                	46.0
                	45.4
                	0.47–0.61
                	0.53
                	45.0
                	44.6
                	0.47–0.63
                	0.55 
              

              
                	
                  ≥ 0.4
                
                	3.9
                	3.4
                	0.46–0.48
                	0.47
                	7.1
                	6.1
                	0.46–0.49
                	0.47 
              

              
                	He-WD
                	12.3
                	9.1
                	0.26–0.47
                	0.40
                	10.0
                	6.7
                	0.26–0.47
                	0.38 
              

              
                	
                  

                
              

              
                	
              

              
                	500 Myr– WDs on the WD cooling curve’s brighter part
              

              
                	
                  

                
              

              
                	
                	
                	
                	
                	
                	
                	
                	
                	
              

              
                	0.248
                	–
                	–
                	0.58–0.59
                	0.59
                	–
                	–
                	0.61–0.62
                	0.61 
              

              
                	[0.248; 0.27]
                	38.7
                	42.3
                	0.57–0.59
                	0.58
                	39.8
                	44.0
                	0.59–0.62
                	0.60 
              

              
                	[0.27; 0.4]
                	47.9
                	46.7
                	0.47–0.58
                	0.52
                	44.9
                	44.1
                	0.47–0.60
                	0.54 
              

              
                	
                  ≥ 0.4
                
                	1.1
                	1.0
                	0.46–0.47
                	0.47
                	5.1
                	4.4
                	0.47–0.47
                	0.47 
              

              
                	He-WD
                	12.3
                	10.0
                	0.28–0.46
                	0.43
                	10.1
                	7.5
                	0.27–0.47
                	0.41 
              

            


              Notes. The WDs are divided into three subgroups: WDs that joined the cooling sequence less than 500 Myr ago after the end of the core He burning (brighter part of the WD cooling curve), WDs that joined the cooling sequence for less than 2 Gyr (upper part of the WD cooling curve), and a group with all the WDs.

            


  
    Table 5 

            Mean WD mass, mass domain (between brackets), and He enhancements in mass fraction determined by observations in GCs.

          
            
              
            
            
              
              
            
            
              
              
            
            
              
            
            
              	
              	
              	
              	
              	
              	
            

            
              	GC ID
              	Observations
              	Models
              	He–WD
            

            
              	
              	
                
                  M
                  WD
                
              
              	
                ΔY
              
              	MWD with Ycanonical
              	MWD with ΔY
              	
            

            
              	
                

              
            

            
              	
              	
              	
              	
              	
              	
            

            
              	NGC 6752
              	0.53 or 0.59
              	0.03
              	0.59
              	[0.55–0.59]
              	No 
            

            
              	[Fe/H] = –1.75
              	
                Moehler et al. (2004)
              
              	
                Milone et al. (2013)
              
              	
              	0.57
              	
            

            
              	
                

              
            

            
              	
              	
              	
              	
              	
              	
            

            
              	NGC 6121
              	[0.50–0.59] – 0.53
              	0.02
              	0.57
              	[0.55–0.57]
              	No 
            

            
              	[Fe/H] = –1.15
              	
                Kalirai et al. (2009)
              
              	
                Nardiello et al. (2015)
              
              	
              	
              	
            

            
              	
                

              
            

            
              	
              	
              	
              	
              	
              	
            

            
              	NGC 2808
              	–
              	0.15
              	–
              	[0.46–0.59]
              	Yes 
            

            
              	[Fe/H] = –1.15
              	
              	
                Milone et al. (2015b)
              
              	
              	
              	
            

            
              	
                

              
            

            
              	
              	
              	
              	
              	
              	
            

            
              	ω Centauri
              	–
              	0.14
              	–
              	[0.47–0.62]
              	Yes at 
            

            
              	[Fe/H] = –1.75
              	
              	
                King et al. (2012)
              
              	
              	
              	[Fe/H] = –1.15 
            

          


            Notes. Predictions from our models with Yini = Ycanonical and with He enhancements corresponding to observations for WD mass (mass domain and mean values). The last column lists the possibility of obtaining He-WD from single He-rich progenitors.
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