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Abstract

        Context. Analysis of observations of circumstellar disks around young stellar objects is often based on disk models with smooth and continuous density distribution. However, spatially resolved observations with increasing angular resolution and dynamical models indicate that circumstellar disks are highly structured.

        Aims. We investigate the influence of different clumpy density distributions on selected physical properties and on the observable characteristics of circumstellar disks. In particular, these are the temperature distribution, the spectral energy distribution (SED), the radial brightness profile and the degree of polarization of scattered stellar radiation.

        Methods. Based on radiative transfer modeling we calculated the temperature structure of the disk and simulate observational quantities in the thermal re-emission and scattering regime. The clumpy density distributions are realized using a two-phase medium approach with phases for the clumps and the medium in between. We compared our results to those obtained for a smooth and continuous density distribution to quantify the influence of clumps on internal physical parameters and observable quantities of circumstellar disks.

        Results. Within the considered model space, the clumpiness has a significant impact on the disk temperature distribution. For instance, in the transition region from the optically thin upper disk layers to the disk interior, it causes a decrease in the mean temperature by up to 12 K (corresponding to ~15%), if compared to continuous disks. In addition, circumstellar disks with clumpy density distributions generally feature a lower spectral index in the submm/mm range of the SED than continuous disks. The strength of this decrease can be varied by changing the dust mass or grain size, but not by changing the inclination of the disk. As a consequence of the lower spectral index, the dust grain size derived from the submm/mm-slope of the SED may be overestimated, if the inhomogeneity of the disk density distribution is not taken into account. Furthermore, the scattered light brightness distribution of clumpy disks shows a steeper radial decrease than in the case of continuous disks. The azimuthal variations in the scattered flux, resulting from inhomogeneous density distributions, have their maximum at the medium radial extent of the disks. Additionally, clumpy density distributions change the degree of polarization of the scattered light in the optical compared to continuous disks. The quantitative level of this variation increases with the optical depth of the clumps.
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1. Introduction
During the past decade, light curve measurements and observations of large scale structures down to 100 au reveal that circumstellar disks are rather highly structured than continuous (Scholz et al. 2015; Garufi et al. 2014, 2013; Avenhaus et al. 2014). In addition, hydrodynamic simulations show that effects such as vortices increase the local density of circumstellar disks by a factor of about 10 (Godon & Livio 1999; de la Fuente Marcos & Barge 2001). An increase by the factor of 100 and even more is predicted in selected cases (Godon & Livio 2000; de la Fuente Marcos & Barge 2001; Zhu & Stone 2014). However, it is unclear how the density structure (clumpiness) influences parameters that are estimated from observations of circumstellar disks. Therefore, modeling and fitting of circumstellar disks are usually performed with a smooth and continuous density distribution (Gräfe et al. 2011; Sauter & Wolf 2011; Madlener et al. 2012). Currently and in the near future, observatories and instruments operating in the infrared to millimeter wavelength regime will become available and will provide angular resolutions of up to a few mas (e.g., SPHERE/VLT, MATISSE/VLTI, ALMA). With these observatories and instruments, it will be possible to resolve circumstellar disks down to few au which will lead to better understanding the structure of circumstellar disks. However, the impact of a complex disk structure on the analysis of existing spatially unresolved or low-resolution observation has hardly been investigated so far. 
Previous investigations of the influence of inhomogeneous density distributions in different environments, excluding circumstellar disks, used various approaches to realize clumpiness (Mathis 1972; Natta & Panagia 1984; Hobson & Padman 1993; Városi & Dwek 1999; Witt & Gordon 2000). For instance, Witt & Gordon (1996) and Wolf et al. (1998) used a spherical density distribution and a two-phase medium to implement clumps. Other approaches are n-phase media with n> 2 (Hobson & Scheuer 1993), massive spheres with radii depending on their positions (Schartmann et al. 2008) and stochastic density variations (Hegmann & Kegel 2003). 
In this study, we pursue two aims. On the one hand, we investigate how inhomogeneous density distributions change observational characteristics of circumstellar disks and their impact on estimations of selected internal physical and observational quantities. On the other hand, we investigate whether the clumpiness of circumstellar disks can be inferred from their physical and observable quantities. These characteristics are the spectral index in the submm/mm of the spectral energy distribution (SED), the radial brightness profile and the degree of polarization of scattered stellar radiation. These quantities are derived through radiative transfer modeling of thermal re-emission and scattering of stellar radiation by the dust. We use a two-phase medium approach in spherical coordinates and the non-constant density distribution of circumstellar disks. 
This paper is structured as follows. We introduce our model in Sect. 2, including the disk model and the implementation of the two-phase medium, the dust properties, the heating source and our radiative transfer code. Subsequently, we present our results for the impact of clumpiness on the temperature distribution (Sect. 3.1), the spectral index (Sect. 3.2), the radial brightness profile (Sect. 3.3), and the degree of polarization (Sect. 3.4). Concluding discussions are compiled in Sects. 4 and 5. 
2. Model description

        Disk structure
      
Our disk model is based on the density distribution from the work by Shakura & Sunyaev (1973) which can be written as [image: equation](1)Here, [image: equation] is the radial distance from the star in the disk midplane, z is the distance from the midplane of the disk, Rref is a reference radius and [image: equation] is the scale height. The density ρ0 is chosen according to the preset dust mass. For clumpy disks, ρ0 is adjusted to obtain the same disk mass as for the corresponding smooth reference disk. The scale height is a function of [image: equation] as follows: [image: equation](2)The parameters α and β set the radial density profile and the disk flaring, respectively. The extent of the disk is constrained by the inner radius Rin and the outer radius Rou. 
We consider circumstellar disks with dust masses ranging from 10-6M⊙ to 10-4M⊙ (corresponding to total masses of the disks of ~10-4M⊙...10-2M⊙). These lie in the lower range of class 2/3 YSO disks typically (Robitaille et al. 2006). 
While the underlying smooth and continuous density distribution is described by Eq. (1), we now introduce a two-phase medium approach to realizing clumpy density distributions. From now on, we denote the smooth and continuous density distribution as the “reference disk” or the “reference density distribution”. The values of the parameters, which we introduce here and in the following sections, are summarized in Table 1. Our two-phase medium is motivated by the studies of Witt & Gordon (1996) and Wolf et al. (1998). Here, each cell in the disk either represents the clump or the interclump phase (see Sect. 2). The clumpy medium is characterized through the density contrast k and a mass ratio η between both phases. The latter is defined as the ratio between the total mass in the clumps (Mclump) and the entire disk mass (Mdisk): [image: equation](3)Based on the reference density distribution (Eq. (1)), the density of each cell depends on their position (r,z), their related phase (clump, interclump) and the density contrast k as follows: [image: equation]We use values of the density contrast k that are consistent with hydrodynamic simulations (see Sect. 1 and Table 1). Values of the mass ratio η are chosen to evenly cover the whole range from a few to many clumps (see Table 1). 

        Table 1

            Overview of model parameters.

          

      The distribution of clumps is realized with a random number pi ∈  [0,1) and a threshold Gi for each cell (index i). A cell is in the clump phase, if pi is smaller than the threshold Gi. The threshold of the first cell G0 is the mass ratio η. The threshold of a subsequent cell is calculated as follows: [image: equation](7)where Mclump and Minterclump are the respective masses which have to be distributed in the remaining cells to achieve the preset mass ratio η. A flowchart of this algorithm is displayed in Fig. 1. 

        
        	[image: thumbnail]	Fig. 1
            Flowchart of the clump distribution algorithm. The quantity i is the index number of a cell, while Vi is the related cell volume. The quantity Gi describes the threshold which defines the probability that a cell represents the clump phase. The quantities ρi,clump and ρi,interclump describe the density of cell i, if it would be in the corresponding phase.

          



      We use spherical coordinates with a step width factor in radial direction to implement the cells of our model (see Sect. 2). Therefore, the length scales of the clump and interclump phase extend from a few 0.01 au in the innermost regions to some 10 au in the outermost regions. 
In Fig. 2 the clumpy disk density distribution is illustrated for four selected combinations of the density contrast k and mass ratio η. 

        Dust
      
We assume compact, homogeneous and spherical grains, consisting of 62.5% silicate and 37.5% graphite (optical properties from Weingartner & Draine 2001). For the grain size distribution we assume [image: equation](8)where n(a) is the number of dust particles with a specific dust grain radius a. 

        Heating source
      
The primary heating source is a central pre-main-sequence star. The star is characterized by an effective temperature Tstar and a stellar radius Rstar which are summarized in Table 1. 

        Radiative transfer
      
We apply the three-dimensional Monte Carlo continuum RT code MC3D in spherical coordinates (Wolf et al. 1999; Wolf 2003) to calculate the spatial temperature distribution of the disk and to derive the observable quantities discussed in Sect. 3. It solves the radiative transfer problem self-consistently with the Monte Carlo method. Thermal re-emission as well as scattering by dust are considered. The required optical properties of the dust grains are derived from the refractive index of the given material by using the MIEX scattering routine (see Sect. 2; Wolf & Voshchinnikov 2004). The main assumption of MC3D and other RT codes is that the model is sufficiently approximated by cells with constant density and temperature. 
For the simulation of the scattered light, we apply the peel-off-technique (Yusef-Zadeh et al. 1984; Gordon et al. 2001). Its advantage is a high signal-to-noise ratio of scattered light maps which is particularly useful for dense, i.e. optically thick regions such as clumps. 

        
        	[image: thumbnail]	Fig. 2
            Number density distribution in the disk midplane (left) and in a vertical cut through the disk (right) for four clumpy density distributions.

          



      3. Results
At first we discuss the impact of clumpiness on the spatial temperature distribution in the disk (Sect. 3.1). Subsequently, the spectral index in the submm/mm range of the thermal dust re-emission is investigated (Sect. 3.2). In the second part of our study, we compare the radial brightness profiles and polarization maps of clumpy and continuous disks (Sects. 3.3, 3.4) 
3.1. Temperature distribution
At first, we examine the impact of the clumpiness on the spatial temperature distribution. Therefore, we simulate the temperature distribution of a circumstellar disk with a dust mass of 10-6M⊙ and a dust grain size distribution ranging from 0.005 μm to 0.25 μm. We performed this for our reference disk and for a clumpy disk with η = 0.3 and k = 32. 
To illustrate the quantitative differences in the temperature distribution between a clumpy and the reference disk, we first average the temperature distribution in azimuthal direction. Subsequently, we create a difference image (Fig. 3, top). The reference disk has a slightly higher temperature in the optically thick region close to the disk midplane (ΔT ~ 3 K) and a significantly higher temperature in the transition region from the optically thin upper disk layers to the disk interior (ΔT ~  [5,12]  K). In the transition region, the optical depth is still low enough to allow direct heating of the dust by stellar radiation (τ ~ 1 at wavelength of maximum stellar emissivity). However, if the dust is distributed inhomogeneously in this region, previously still optically thin regions may become optically thick. Therefore, the heating efficiency of these regions decreases significantly. At the same time, clumps (if optically thick) cast shadows over the optically thin regions of the interclump medium in the transition region, not allowing the stellar radiation to efficiently heat them either. Consequently, the entire former τ ~ 1 region becomes cooler as compared to the reference disk. To confirm this, the density profile of the reference disk and the τ ~ 1 line at the wavelength of maximum stellar emissivity is shown in Fig. 3 (bottom). For illustration of the explanation given above, the azimuthally averaged τ ~ 1 line of the clumpy disk is also shown this image. 
In addition, we examined the increase in the temperature inside the clumpy disk. The azimuthally averaged temperature distribution of the clumpy disk and the related coefficient of variation is displayed in Fig. 4. The coefficient of variation cv is calculated as follows (Zwillinger & Kokoska 2000): [image: equation](9)Here, σ is the standard deviation and μ is the mean value of the dust temperature for a given radial distance and distance from the midplane. The stochastic distribution of clumps leads to a deviation in the temperature distribution as compared to the reference disk. The clumps near the midplane have significantly higher optical depths than the interclump-medium and are mainly optically thick. In contrast to the transition region, the dust near the midplane of the reference disk is also mainly optically thick. In a given direction, clumps enhance the extinction of radiation which results in lower temperatures in and behind them in comparison to the reference disk. In other directions, the interclump-medium causes the opposite effect and increases the temperature in comparison to the reference disk. For a given radial distance and distance from the midplane (quantified by the angle θ), the temperature varies in azimuthal direction. Near the disk midplane this variation amounts to about 12% of its mean value. In Fig. 4 it is shown that the mean temperature exhibits only small variations in the disk interior (T ~  [15,30]  K). As a result, the variations in the temperature in azimuthal direction are high enough to vary the radial distance of isothermal lines by several dozens of au. 

          
          	[image: thumbnail]	Fig. 3
              Temperature difference between the reference disk and a selected clumpy disk (top) and lines with optical depth τ ~ 1 of our reference disk and the clumpy disk (bottom). The density distribution in the bottom image is taken from Eq. (1). The optical depth is calculated at the wavelength of maximum stellar emissivity in the way of the stellar radiation. (η = 0.3, k = 32, i = 0°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm.)

            



        
          
          	[image: thumbnail]	Fig. 4
              Vertical cut through the azimuthally averaged temperature distribution (top) and the related coefficient of variation (bottom). (η = 0.3, k = 32, i = 0°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm.)

            



        Additionally, we investigated the spatial temperature distributions of circumstellar disks with larger dust masses (Mdust ∈  [10-5,10-4]  M⊙). It shows that the temperature near the midplane decreases due to the higher optical depth. In contrast, the absolute azimuthal variations in the temperature remain almost constant in that region so that the coefficient of variation increases. In addition, the difference between the temperature in the transition region of the clumpy and the reference disk decreases in the outer parts of the disk by few degrees. The higher optical depth in the reference disk mainly causes the lower temperature difference by decreasing the temperature in the transition region. In addition, the distance of the transition region from the midplane increases by a few au. 
3.2. Spectral index
The submm/mm-slope of a SED depends on the behavior of the absorption efficiency of the dust grains Qabs(λ) and the behavior of the black body radiation in the Rayleigh-Jeans-limit Bλ,RJ(T). We characterize the submm/mm-slope with the spectral index αmm as follows (Natta et al. 2007): [image: equation]Here, the quantity fλ is the flux in the submm/mm wavelength range. Because of the Rayleigh-Jeans-limit, α1 is constant. In contrast, the behavior of α2 with wavelength depends on the dust grain size (distribution). Therefore, the submm/mm-slope is usually used to determine the size of the radiating dust grains. If fλ is measured in units of [Jy], the radiation of interstellar, submicron-sized dust grains results in a spectral index of αmm = 4. 
In an optically thin circumstellar disk, all dust grains contribute to the net flux and the spectral index is expected to only depend on the wavelength dependence of the absorption efficiency in the RJ-limit. However, even disks that are completely optically thin in the continuous case, can feature optically thick regions with inhomogeneous density distributions. In optically thick regions, not every dust grain contributes to the net flux. In addition, the decrease in the optical depth with wavelength shrinks optically thick regions and increases the number of dust grains that contribute to the net flux. Hence, the increase in the net flux flattens the submm/mm-slope which decreases αmm. To take this into account, we add a third component to Eq. (12) that depends on a new quantity ζ. It describes the influence of the density distribution, i.e. optical depth, on the spectral index: [image: equation]It is expected that the absorption efficiency of a dust grain size distribution containing small grains is steeper with wavelength than a distribution containing larger grains. Therefore, the dust grain size will be overestimated, if ζ is not taken into account. Hence, we investigate the impact of clumpy density distributions defined by the parameters k and η on the spectral index in the submm/mm of the SED. In addition, we consider changes in the inclination i, the dust mass Mdust and the maximum dust grain size amax. For this purpose, we simulate a disk with a clumpy density distribution for any given combination of our model parameters (k, η, i, Mdust, amax; see Table 1 for parameter space). For comparison, we also simulate our reference disk (k = 1, η = 1) for every set of the parameters i, Mdust and amax. We calculate the spectral index by fitting Eq. (14) on our SEDs. The fitting range extends from 763 μm to 2000 μm and spans 10 data points. 
Due to the stochastic nature of the clump distribution, there exists an additional dependence of the spectral index on the locations of the clumps. To quantify this influence and to consider it in the analysis of our simulations, we repeat each simulation 10 times with different seeds for the random generator. The results with different random seeds are averaged and provide a mean value and a standard deviation. The standard deviation is in the order of σαmm ~ 0.01. Combined with the uncertainties of the simulation and the fitting process, we assume an effective error of σeff ~ 0.02. 

          
          	[image: thumbnail]	Fig. 5
              Spectral index of selected clumpy disks as a function of mass ratio and density contrast. The spectral index of the reference disk is marked with – ref. The inclination, the dust mass and the dust grain size distribution is stated under each figure.

            



        As illustrated in Figs. 5a to f, each clumpy disk exhibits a lower spectral index than the related reference disk as expected from Eq. (14). Furthermore, the spectral index features almost the same pattern with mass ratio and density contrast for every used inclination, dust mass and dust grain size distribution. The clumpy density distribution with the highest density contrast and lowest mass ratio causes the strongest decrease in the spectral index. This parameter set produces also the lowest number of clumps that are the densest ones (see Fig. 2). Similar to the density distribution, disks with low density contrast and high mass ratio cause almost the same spectral index as the reference disk. From our simulations, we can provide a maximum decrease in the spectral index which is Δαmm ~ 0.22, corresponding to ~6% of the spectral index of the reference disk. 
An increase in the disk mass results in a general decrease in the spectral index and a change of its range of possible values (see Figs. 5a–c, and Table 2). The decrease in the spectral index is caused by the increased mass of the disk, resulting in an increased fraction of optically thick regions that reduce the amount of dust grains that contribute to the net flux. Considering the uncertainties of our simulations, the range of the spectral index broadens with increasing dust mass. This is caused by the increased optical depths of the clumps that are mainly responsible for the decrease in the spectral index. 
Our increase in the inclination causes a general decrease in the spectral index, but its range of possible values remains constant (see Figs. 5a, d, e, and Table 3). If a disk is seen at high inclination, the column density increases which decreases the spectral index. The constant range indicates that the impact of clumpy density distributions on the spectral index is independent on the disk inclination. 
An increase in the dust grain size causes a decrease in the spectral index as expected from the wavelength dependence of the absorption efficiency Qabs(λ) (see Figs. 5a, f and Table 4). In addition to the dust emissivity, optically thick regions in the density distribution feature a weaker decrease with wavelength due to the flatter Qabs(λ) of larger grains. Consequently, the impact of optically thick regions (clumps) on the spectral index decreases. 
3.3. Radial brightness profile
We now investigate whether the density structure of circumstellar disks can be derived from the structure in scattered light images. For this purpose, we simulated scattered light images of a circumstellar disk for each combination of mass ratio and density contrast. Disks with four selected parameter settings are illustrated in Fig. 6. All disks are seen face-on and have a dust mass of 10-6M⊙. Their dust grain size distribution extends from 0.005 μm to 0.25 μm. The scattered light images are simulated at 0.7 μm. 
To pursue our aim, we create a radial brightness profile from the scattered light images of the reference and two clumpy disks. The two clumpy disks have either more (η = 0.3, k = 100) or less (η = 0.8, k = 100) dense clumps. Each brightness profile is calculated by dividing the image in 50 equidistant concentric rings and averaging the flux of each ring. A standard deviation can be calculated from the variations in the flux in each of these rings. The standard deviation is not only influenced by brightness variations in azimuthal direction, but also in the radial direction of the equidistant concentric rings. Hence, the standard deviation of the reference disk is not zero. Because of this systematic error, the standard deviation of clumpy disks provides the impact of clumpy density distributions on the structure of scattered light images only in relation to the reference disk. 

          Table 2

              Behavior of the spectral index of clumpy disks with selected dust masses. 

            

        
          Table 3

              Behavior of the spectral index of clumpy disks with selected disk inclinations. 

            

        
          Table 4

              Behavior of the spectral index of clumpy disks with selected maximum dust grain sizes. 

            

        
          
          	[image: thumbnail]	Fig. 6
              Scattered light images dependent on mass ratio and density contrast. (λ = 0.726 μm, i = 0°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm).

            



        
          
          	[image: thumbnail]	Fig. 7
              Radial brightness profile (left) and its standard deviation (right) of the reference and two clumpy circumstellar disks. 50 concentric rings are used for the calculation of the brightness profile. (λ = 0.726 μm, i = 0°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm.)

            



        
          
          	[image: thumbnail]	Fig. 8
              Mean degree of polarization (left) and its standard deviation (right) dependent on mass ratio and density contrast. Each configuration is simulated with 100 different positions of clumps. (λ = 0.726 μm, i = 0°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm.)

            



        Figure 7 (left) illustrates that the reference disk exhibits higher fluxes than clumpy disks at almost every distance to the star. This behavior can be related to the shadowing effect of the clumps (if optically thick). The blocking of radiation also explains why the brightness profile becomes steeper with denser clumps. The brightness profile of the density distribution with η = 0.3 fluctuates with distance to the star which can be related to the stochastic distribution of the very dense clumps. 
The standard deviation features a different behavior than the brightness profile (see Fig. 7, right). Clumpy disks show azimuthal flux variations that are proportional to the density of the clumps. In the innermost part of the disks the strong radial decrease in radiation outshines variations in azimuthal direction. In the outer regions, the combination of the shadowing effect and the high scattering probability of clumps results in a standard deviation that is almost the same for each density distribution. Therefore, the density structure can be inferred from the standard deviation in the radial brightness profile, but only in the range between 20 au and 150 au. 
3.4. Polarization
In the previous section, we showed that clumps have a great impact on the scattered light of circumstellar disks. It stands to reason that clumps also have a significant impact on the degree of polarization of the scattered light. If this is true, the estimation of the density structure with the degree of polarization might be achievable. To investigate this, we simulate the scattered light of clumpy circumstellar disks with λ = 0.7 μm, i = 0°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm for each combination of mass factor and density contrast. Subsequently, we calculate the degree of polarization P of each scattered light image according to the following equation: [image: equation](15)Here, FQ and FU are the linear polarization components of the Stokes vector where FI is the intensity component. The circular component FV is negligible compared to the linear components and therefore not considered. 
In contrast to the spectral index, the polarization exhibits very strong variations with different positions of the clumps. To consider this, we simulate the circumstellar disks 100 times for each set of parameters with different random seeds in our clump distribution algorithm (see Sect. 2). We calculate the mean degree of polarization and the standard deviation for each set of parameters. 
As illustrated in Fig. 8, the degree of polarization and its standard deviation show a clear increase with denser clumps which looks similar to the pattern of Figs. 5a to f. The clumps have higher and the interclump medium lower scattering probabilities than corresponding regions in the reference disk which cause a highly on the clump position dependent degree of polarization. For illustration, Fig. 9 shows the FQ component of the Stokes vector of the clumpy disk with η = 0.3 and k = 32. One can clearly see that the clumps disturb the symmetry of the disk and, in relation to their number, cause an increase in the degree of polarization. Additionally, the standard deviation amounts to 50% of the corresponding degree of polarization so that a change in the clump locations can change the polarization in the same way as a change of mass ratio or density contrast. As a result, a given degree of polarization can be produced by different clumpy density distributions and clump positions. 

          
          	[image: thumbnail]	Fig. 9
              FQ-component of the Stokes vector of a clumpy disk with η = 0.3 and k = 32. (λ = 0.726 μm, i = 0°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm.)

            



        
          
          	[image: thumbnail]	Fig. 10
              Mean degree of polarization (left) and its standard deviation (right) dependent on mass ratio and density contrast. Each configuration is simulated with 100 different positions of clumps. (λ = 0.726 μm, i = 45°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm)

            



        Our results may change in case of disks with an inclination ≠0. Because of the preferred direction, the FQ and/or FU component of the Stokes vector has more regions with positive (negative) values than with negative (positive). This causes a degree of polarization ≠0. Therefore, we repeat the simulations above with an inclination of 45° (see. Fig. 10). Each disk with a clumpy density distribution features a lower degree of polarization than the reference disk. As mentioned in Sect. 3.3, the shadowing effect of the clumps reduces the observed scattered light. In combination with the preferred direction, the positive (negative) flux of the FQ and/or FU component is more reduced than the negative (positive). As a consequence, the degree of polarization decreases with denser clumps. The standard deviation in the degree of polarization shows the same trend as the face-on disks in Fig. 8. Furthermore, it is in the same order of magnitude as the deviation between the degree of polarization of the clumpy disks and the related reference disk. Hence, a given degree of polarization can be produced by different clumpy density distributions and clump positions. Furthermore, simulations with other inclinations ≠0 lead to the same results. 
3.5. Clump length scales
Our results are applicable for clumpy density distributions with clump length scales from a few 0.01 au in the innermost regions to some 10 au in the outermost regions. However, simulations of clumpy disks with other length scales show a clear trend which is outlined in the following. 
The influence of clumpy density distributions on the temperature distribution of a circumstellar disk is almost independent of the clump size as long as the clumps are optically thick in the transition region and divide the midplane into optically thick and thin areas. Due to computational limitations, we are only able to decrease the clump length scales by a factor of three. Even at this size, the clumps are big enough to fulfill these requirements. 
In clumpy density distributions with larger clumps it is more likely to have more line-of-sights with a high or low optical depth, whereby the number of line-of-sights with a medium optical depth decreases. The submm/mm spectral index depends on the amount and optical depth of those line-of-sights that are not optically thin. Consequently, the decrease in the spectral index depends directly on the length scales of the clumps. 
Larger clumps in clumpy density distributions show a more locally concentrated impact on the scattered stellar radiation. This causes greater fluctuations in the radial brightness profiles, but their general behavior as well as the standard deviation remains almost the same. For smaller clumps, the opposite effect occurs. Due to their more locally concentrated impact, the larger clumps cause on average a greater net-polarization. However, the influence of the global parameters k and η compared to the influence of the clump locations remains the same. 
4. Discussion
4.1. Temperature distribution
Schartmann et al. (2008) showed that the spatial temperature distribution in clumpy tori of Seyfert galaxies exhibits a broad range at a given radial distance to the central heating source. We achieved this result for circumstellar disks too. In addition, clumpy circumstellar disks in the considered parameter space have an increased mean temperature in their transition region from the optically thin upper disk layers to the disk interior of up to 12 K depending on the disk mass. Consequently, the inhomogeneous structure of circumstellar disks has a potential impact on the chemical composition of the gas and dust phase (e.g. ice layers), preferentially in the optically thin/optically thick transition region (e.g. Visser et al. 2009). 
We also found out that the radial distance of isothermal lines varies by several 10 au in the interior of circumstellar disks due to clumpy density distributions. In particular, a deviation in the ice-line can greatly influence the evolution of circumstellar disks and especially the formation of planets. Dust grains with frozen out ice layers could accumulate more mass in a shorter time period than expected for dust grains without ice-layers (Ros & Johansen 2013). 
4.2. Spectral index
It is expected that optically thick regions in circumstellar disks cause a decrease in the spectral index in the submm/mm of the SED. We found out, that clumps in the density distribution of circumstellar disks confirm this expectation. In the considered model space, the maximum decrease is about 0.22 or 6% of the spectral index of the reference disk. Due to the decrease in the spectral index, the dust grain size derived from the submm/mm-slope of the SED may be overestimated, if the density structure is not taken into account. If the behavior of the spectral index with the dust grain size is known, the maximum deviation in the spectral index can be used to constrain the maximum dust grain size. 
As discussed in Sect. 3.2, we found that there is no simple correlation between the spectral index and the dust grain size. Selected parameter sets and fitting methods may result in a spectral index that does not monotonically decrease with increasing dust grain size. 
4.3. Radial brightness profiles
The scattered light radial brightness profile of clumpy circumstellar disks exhibits a decrease by up to one magnitude compared to the related reference disk which is expected by the shadowing effect of the clumps (if optically thick). Therefore, smooth and continuous disks are more likely to be observed than clumpy disks. In addition, clumpy disks feature azimuthal brightness variations which are maximum in the medium radial extent of the disk. Therefore, we suggest to focus on this region for an observation of clumpy circumstellar disks in scattered light. The azimuthal brightness variations in the clumpy disks are only up to one order of magnitude larger than the radial brightness variations in the continuous disks. 
4.4. Polarization
Clumpy density distributions disturb the symmetry of smooth and continuous circumstellar disks. Therefore, different values of our parameters k and η lead to different degrees of polarization. Nevertheless, an estimation of the disk structure with the degree of polarization of scattered light is not achievable, because the influence of the locations of the clumps is in the same order of magnitude as a change of k and η. 
4.5. Limitations of the model
The underlying grid on which the density distribution is discretized (in our case: grid defined using spherical coordinates) has a strong influence on the shape and density of the clumps. Our clumps are getting bigger and less dense with increasing distance to the central star. In addition, our clump distribution algorithm features a small bias towards clumps closer to the central star. This assumptions are in contrast to the works by Witt & Gordon (1996) and Wolf et al. (1998), but this kind of clumps should be more realistic for circumstellar disks than everywhere the same size, number and density. Furthermore, our results are in agreement with various expectations about clumpy circumstellar disks which also confirms our modeling approach. 
With the considered clump length scales, our results provide a characteristic overview of the influence of clumpy density distributions on physical and observational characteristics of circumstellar disks. Density distributions with larger clumps show our results even more pronounced whereby, with smaller clumps, the impact of clumpiness is less pronounced. 
Our studies rely on a two-phase medium representation of a clumpy disk that is in part complementary to previous approaches (Witt & Gordon 1996, 2000; Hobson & Scheuer 1993; Hegmann & Kegel 2003; Schartmann et al. 2008). Given the limited angular resolution to derive and quantify the potential inhomogeneous structure of circumstellar disk, little constraints are currently available for the shape, density and distribution of clumps or other inhomogeneities. As a consequence, the best approach to implementing clumpy density distributions is still open. However, as summarized in Sects. 4.1–4.4, the applied model allows derivation of general trends resulting from a clumpy/inhomogeneous density distribution of circumstellar disks. 
5. Conclusion
While circumstellar disks are usually modeled with a smooth and continuous density distribution, the structure is expected to differ strongly from continuous in reality. Therefore, we pursued two aims. On the one hand, we investigated how inhomogeneous density distributions change observational characteristics of circumstellar disks and their impact on selected internal physical and observational quantities. On the other hand, we investigated whether the clumpiness of circumstellar disks can be inferred from their physical and observable quantities. These characteristics are the temperature distribution, the SED, the radial brightness profile and the degree of polarization of scattered stellar radiation. Within the considered parameter space, we derived the following qualitative and quantitative conclusions for these quantities:

        
          	
            1. 
             We found that the temperature in the interior of clumpycircumstellar disks varies by several Kelvin in azimuthal di-rection. Because of the low temperature gradient in the interior ofcircumstellar disks, the radial distance of isothermal lines differby some 10 au from the radial distance in continuousdisks. For instance, dust grains with ice-layers in clumpy diskscan exist closer to the star than in continuous disks. In addition, theaverage temperature in the transition region from optically thin tooptically thick in clumpy disks is up to 12 K lower thanin continuous disks. This variation in temperature is expectedto influence quantities related to the composition and aggregatestate of the volatile species in the disk. 

          

          	
            2. 
             Clumpy density distributions cause a decrease in the spectral index in the submm/mm range of the SED of circumstellar disks. At maximum this decrease is about 0.22 or 6% of the spectral index of the reference disk. The strength of this effect can be varied by changing the dust mass or grain size, but not by changing the inclination of the disk. As a consequence of the lower spectral index, the dust grain size derived from the submm/mm-slope of the SED may be overestimated, if the inhomogeneity of the disk density distribution is not taken into account. 

          

          	
            3. 
             The radial brightness profile of clumpy circumstellar disks in scattered light exhibits a decrease by up to one order of magnitude compared to the related reference disk. In addition, clumpy disks feature azimuthally brightness variations in the scattered light regime which have their maximum at the medium radial extent of the disk. High-contrast observations of the structures of circumstellar disks in the optical should therefore focus on this region. 

          

          	
            4. 
             Clumpy density distributions disturb the disk symmetry and therefore change the degree of polarization of scattered light in the optical. However, this effect depends both on the exact locations of the clumps and on the global clumpy parameter k and η. For this reason it is impossible to derive unique constraints on the clumpiness of circumstellar disks from polarization observations in the scattered light. 

          

        

      In conclusion, the structures of circumstellar disks are an important characteristic and must be considered to obtain adequate results. 
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            Flowchart of the clump distribution algorithm. The quantity i is the index number of a cell, while Vi is the related cell volume. The quantity Gi describes the threshold which defines the probability that a cell represents the clump phase. The quantities ρi,clump and ρi,interclump describe the density of cell i, if it would be in the corresponding phase.
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            Number density distribution in the disk midplane (left) and in a vertical cut through the disk (right) for four clumpy density distributions.
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              Temperature difference between the reference disk and a selected clumpy disk (top) and lines with optical depth τ ~ 1 of our reference disk and the clumpy disk (bottom). The density distribution in the bottom image is taken from Eq. (1). The optical depth is calculated at the wavelength of maximum stellar emissivity in the way of the stellar radiation. (η = 0.3, k = 32, i = 0°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm.)
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              Spectral index of selected clumpy disks as a function of mass ratio and density contrast. The spectral index of the reference disk is marked with – ref. The inclination, the dust mass and the dust grain size distribution is stated under each figure.
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      Fig. 7 

      
        [image: thumbnail]
      

      
              Radial brightness profile (left) and its standard deviation (right) of the reference and two clumpy circumstellar disks. 50 concentric rings are used for the calculation of the brightness profile. (λ = 0.726 μm, i = 0°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm.)
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              Mean degree of polarization (left) and its standard deviation (right) dependent on mass ratio and density contrast. Each configuration is simulated with 100 different positions of clumps. (λ = 0.726 μm, i = 0°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm.)
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              FQ-component of the Stokes vector of a clumpy disk with η = 0.3 and k = 32. (λ = 0.726 μm, i = 0°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm.)
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              Mean degree of polarization (left) and its standard deviation (right) dependent on mass ratio and density contrast. Each configuration is simulated with 100 different positions of clumps. (λ = 0.726 μm, i = 45°, Mdust = 10-6M⊙, amin = 0.005 μm and amax = 0.25 μm)
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