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ABSTRACT

We develop techniques for generating accurate and precise internal covariances for measurements of clustering and weak-lensing angular power
spectra. These methods have been designed to produce non-singular and unbiased covariances for Euclid’s large anticipated data vector and will
be critical for validation against observational systematic effects. We constructed jackknife segments that are equal in area to a high precision by
adapting the binary space partition algorithm to work on arbitrarily shaped regions on the unit sphere. Jackknife estimates of the covariances are
internally derived and require no assumptions about cosmology or galaxy population and bias. Our covariance estimation, called DICES (Debiased
Internal Covariance Estimation with Shrinkage), first estimated a noisy covariance through conventional delete-1 jackknife resampling. This was
followed by linear shrinkage of the empirical correlation matrix towards the Gaussian prediction, rather than linear shrinkage of the covariance
matrix. Shrinkage ensures the covariance is non-singular and therefore invertible, which is critical for the estimation of likelihoods and validation.
We then applied a delete-2 jackknife bias correction to the diagonal components of the jackknife covariance that removed the general tendency
for jackknife error estimates to be biased high. We validated internally derived covariances, which used the jackknife resampling technique, on
synthetic Euclid-like lognormal catalogues. We demonstrate that DICES produces accurate, non-singular covariance estimates, with the relative
error improving by 33% for the covariance and 48% for the correlation structure in comparison to jackknife estimates. These estimates can be used

for highly accurate regression and inference.

Key words. methods: data analysis — methods: statistical — surveys — cosmology: observations — large-scale structure of Universe

1. Introduction

The Euclid Wide Survey (Euclid Collaboration: Mellier et al.
2025; Euclid Collaboration: Scaramella et al. 2022) will map
the distribution of billions of galaxies up to redshift 2 across
14000 deg? of the sky. This unprecedented new view of the Uni-
verse promises to further our understanding of the nature of dark
energy and to test the assumptions of the standard model of cos-
mology, a universe dominated by a cosmological constant A and
cold dark matter (ACDM).

For Euclid to deliver on these goals, it will require large-
scale structure measurements that are made to a high preci-
sion and accuracy and are robust to observational systematic
effects. In order to ensure these requirements are met, we will
need to validate cosmological measurements against observa-
tional systematic effects. Critical for these validation studies
are the construction of robust covariances that are indepen-
dent of cosmological and galaxy bias assumptions. This will
enable similar validation studies on weak-lensing measurements
from the Kilo Degree Survey (KiDS; Heymans et al. 2021),
Dark Energy Survey (DES; Abbott et al. 2022) Hyper Suprime-
Cam (HSC; Hikage et al. 2019), following the validation studies
of Ross et al. (2017) and Loureiro et al. (2022) on the Baryon
Oscillation Spectroscopic Survey and KiDS, respectively. This
will verify whether measurements are cosmological in origin and
therefore ensure fundamental physics interpretations are reliable.

One of Euclid’s key science goals will be the measure-
ment of clustering and cosmic shear angular power spectra from
up to ten tomographic bins (Euclid Collaboration: Mellier et al.
2025), with 30 bins in multipole ¢ (between 10 < £ < 3000) for
each auto and cross spectrum for clustering and weak-lensing E
and B modes. With this setup, the full data vector is expected to
be of the order of 10° elements. Typical data-driven techniques
for computing internal (i.e. from the data itself) or external
covariances (i.e. from simulations) will be extremely demand-
ing, both computationally and in terms of computing resources,
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such as storage. To ensure the covariances are non-singular,
external covariances will require more than 10° mocks, while
internal covariances will require more than 10° individual jack-
knife segments, as the number of mock or jackknife realisations
needs to be greater than the length of the data vector. In practice,
this requirement will likely be much higher, due to the need to
reduce noise in the covariance estimates.

For cosmological measurements, it would seem appro-
priate to turn to analytic predictions (Alonsoetal. 2019;
Garcia-Garcia et al. 2019; Nicola et al. 2021); however, such
methods will need to make explicit assumptions about the fidu-
cial cosmology, galaxy population, and the survey (e.g. foot-
print) — assumptions that need prior validation and testing. For
this reason we have been compelled to use data-driven internal
estimates of the covariance matrix, which do no rely on such
assumptions and can be relied on in cases where analytic pre-
dictions are not possible (such as for survey systematic effects).
Furthermore, they allow us to estimate uncertainties critical for
validation tests, such as testing for correlations with systematic
effects via angular cross spectra where analytic covariance mod-
els do not exist.

For this paper, we estimated angular power spectrum covari-
ances using jackknife resampling. Jackknife resampling tech-
niques have been used in cosmology in the past, with a number
of studies (such as Escoffier et al. 2016; Friedrich et al. 2016;
Favole et al. 2021) finding them to be a reliable technique for
covariance estimation. However, Norberg et al. (2009) cautioned
the use of internal covariance estimates due to their tendency
to be biased high (meaning the diagonals of the covariance
are biased to larger values), while Shirasaki et al. (2017) and
Lacasa & Kunz (2017) also raised concerns egarding covari-
ances being underrepresented on large scales, the former due to
scales similar to the jackknife regions and the latter as a result
of failing to measure supersample covariances. Efron & Stein
(1981) showed that jackknife covariances, overall, tend to be
biased high — a property that can be removed by estimat-
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Fig. 1. The jackknife partition segments shown for the North Euclid DR1-like wide survey footprint using the k-means method on the left and the
binary space partitioning method on the right. Both maps have been divided into 151 segments, with each segment assigned a random colour for
visibility. The maps are shown in an orthographic projection around the North polar cap.

ing the bias or through the computation of correction terms
(Mohammad & Percival 2022). In this paper, we wish to estab-
lish a method for robustly measuring internal covariances using
jackknife resampling that is both non-singular and unbiased and
is capable of handling Euclid’s large data vector for angular
power spectrum measurements of clustering and weak lensing.

The paper is organised as follows: in Sect. 2 we describe
the construction of our Euclid-like lognormal galaxy catalogues;
in Sect. 3 we describe a new method for creating jackknife
segments on the sky; and in Sect. 4 the computation of angu-
lar power spectra, jackknife covariances, shrinkage, and bias
removal. Furthermore, in Sect. 5 we explain how we tested the
performance of our covariance estimates; in Sect. 6 we explain
how we tested the accuracy of our covariance estimates; and,
lastly, in Sect. 7 we summarise our findings and discuss future
application to the Euclid Wide Survey.

2. GLASS simulations

We generate one thousand synthetic Euclid-like galaxy cat-
alogues using GLASS (Tessore et al. 2023) — a package for
generating galaxy catalogues from lognormal random fields.
Lognormal fields, while not perfect, capture much of the rich
covariance structure of real measurements (Hall & Taylor 2022),
and allow us to quickly generate the large number of real-
isations that is necessary for characterising the population
covariance. The simulations are designed to mimic the Euclid
Wide Survey following a pre-launch definition of the wide-
survey footprint. We assume a fiducial flat ACDM cosmology
(Planck Collaboration VI 2020) with a Hubble constant Hy =
67 kms~! Mpc~!, matter density parameter Q,, = 0.319, baryon
density parameter Qp, = 0.049, and a primordial power spectrum
with an amplitude A, = 2 x 107 and spectral index n, = 0.96.
To ensure that the sample covariance is non-singular and the
noise level is low, we limit the size of the data set to only two
tomographic bins centred at redshifts z = 0.5 and z = 1, with
each bin following a Gaussian redshift distribution with stan-
dard deviation 0.125. Furthermore, we adopt a constant galaxy
bias of b = 0.8 with a mean galaxy number density of 1 galaxy
per arcmin? for each tomographic bin, approximately matching
the number density of tomographic bins from the 13-bin Euclid
survey setup (Euclid Collaboration: Mellier et al. 2025). Galaxy
intrinsic ellipticities are assigned randomly with a standard devi-
ation of 0.26 per ellipticity component before being corrected for

weak lensing distortions. The catalogues are constructed from
lognormal random fields generated in an ‘onion’ configuration
with HEALPix maps at a resolution of NSIDE = 1024, similar to
those used in Tessore et al. (2023).

To understand the expected results from the earliest Euclid
data release we then cut the simulations to a pre-launch defi-
nition of the footprint for data release 1 (DR1; the first large
data release from the first year of the wide survey), with the
north region covering ~1330 deg® (shown in Fig. 1) and the south
~1260 deg” (shown in Fig. 2).

3. Sky partitioning

Delete-1 jackknife covariances are computed by partitioning the
input data set into Nyx samples and running the analysis Njg
times, each with one of the Njx samples removed. There are
a number of ways data sets can be partitioned and resampled
to compute jackknife covariances. In this analysis, we perform
the partitioning at the map level, since this preserves spatial cor-
relations and is a natural choice given the statistic of interest,
angular power spectra, are computed from maps on the sky. This
results in a spatial block jackknife. In cosmology, the sky par-
titioning is often carried out using a k-means clustering algo-
rithm (e.g. see Kwan et al. 2017), which partitions the data set
into Nk clusters. Data points are members of the nearest cluster,
creating a Voronoi cell partition structure. An example of the k-
means partitioning is shown in the left panel of Fig. 1. This was
performed using a k-means partitioning algorithm for the unit
spherel. While this is a useful tool, the method has some compu-
tational drawbacks: firstly, the cluster finding algorithm is com-
putationally intensive and secondly, and more critically, jack-
knife segments can have significant disparities in area. The area
for each k-means jackknife segment, constructed from the Euclid
DR1-like footprint, varies with a standard deviation of 16% from
the mean. Jackknife samples are assumed to be equal and inde-
pendent, but the extra variance in area means these regions can-
not be treated as equal and depending on the statistics measured,
could introduce significant extra area-dependent variance.

To tackle the drawbacks of k-means clustering, we develop
a new method for partitioning the sky that applies the ‘binary
space partitioning’ (BSP; Fuchs et al. 1980) algorithm on the
unit sphere. BSP works by sequentially segmenting a polygon in

! https://github.com/esheldon/kmeans_radec
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Fig. 2. The jackknife partition segments shown for the South Euclid DR1-like wide survey footprint using the binary space partition method with
36 segments on the left and 144 on the right. Each segment has been assigned a random colour for visibility. The maps are shown in an orthographic

projection around the South polar cap.

1. NT 2 Find barycentre

needs to be divided into, we assign segment one an Nse, = Nyk.
Schematically, a single step in the sequential partitioning scheme
works as follows:

1. Assuming the segment to be divided needs to be divided into

’ (r,) and rotate
mask so r;, is at
K the pole

Rotate
wI longest plane

< T— 4. v

o to the equator

Split mask
along ¢" and
rotate back

Fig. 3. A schematic diagram displaying how the BSP algorithm was
used to split a single region on the sky into two equal area segments.

any dimension along hyperplanes. For our specific requirements
we take as input the survey footprint as a coverage map, given in
HEALPix format (Gorski et al. 2005), with values between 0 and
1. To compute a jackknife segmentation we first assign all pixels
inside the footprint a jackknife segment ID of one and, to keep
track of the number Ng,, of further subdivisions each segment
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Nseg, we compute the weights of the two partitions to be

N N.

wp; = ! and wy = 2 s (1)
Seg NSeg

where
N,

Ny { ;gJ and N = Nsoy = N1, @

and | x] is the floor function which rounds a number down to
the nearest integer. This ensures the segment can be divided
into an arbitrary number of segments rather than being lim-
ited to powers of two.

. All points on the mask are expressed in angular coordinates

(¢, 0) where ¢ € [0,2n) is a longitudinal angle and 6 € [0, 7]
the colatitude angle. We compute the barycentre of the seg-
ment by computing a weighted mean of the mask positions.
This is carried out by first converting the coordinates of
pixels in the mask into Cartesian coordinates r = (x,y,2)
(assuming the points lie on a unit sphere) and computing the
weighted mean

2 Wil

Fbarycentre = Z w: 3)
i Wi

where the sum is over pixels in the mask and i denotes a spe-
cific pixel. The Cartesian barycentre is then converted into
spherical polar coordinates.

. We now rotate the mask so that the barycentre lies at the

north pole of the unit sphere, denoting this new coordinate
system as (¢’,60"). We find the maximum 6’ of pixels in the
mask in a wedge with width A¢’. The resolution needs to be
fine enough to correctly measure the shape of the segment
without being dominated by noise and becoming computa-
tionally intractable — in our analysis one hundred segments
were used and this appears to be sufficient for both criteria
(i.e. A¢ = m/50). The longest side is taken to be

¢{ongest—plane = argmax {G;nax((p,) + gt’nax(¢, +r )} ’ (4)

where the function argmax finds the argument, in this case ¢’
that maximises the function.
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4. We perform another rotation to the plane of the longest
side, which we will denote as (¢”’,6”), such that the line
¢){0ng est—plane TOW lies on the line 8 = x/2 and the centre
of the points on the longest side lies at ¢”” =

5. The segment is then divided along the longitudinal plane at
¢, taken at one hundred steps between the minimum and

maximum ¢” — with steps A¢” = (i, — ¢ )/100. On
this first pass, the dividing hyperplane is taken to be the ¢

where

wy Rigr<gy, W)

Wy Digysgy, WP

} ; &)

searching for a dividing hyperplane that is closest to the
intended balance w; /w, for the two segments. The function
argmin finds the argument, in this case ¢”, that minimises
the function. This step is repeated with a second pass which
finds ¢7;, more precisely by searching only in one hundred
steps between ¢, + 2 Ag”.

6. Points in the segment with ¢” > ¢ are assigned a new
jackknife segment ID (one which is currently unassigned)
with a Nseg = N, while those with ¢ < ¢/ retain their
current segment ID with a new Nse, = Nj.

This sequential partitioning repeats until all segments have

Nseg = 1. In Fig. 3 we show an illustrative explanation of the

BSP algorithm. The partitioned map produced appears in sharp

contrast to the Voronoi segments produced with k-means clus-

tering (see Fig. 2), with the BSP producing segments that are
trapezoidal or triangular in shape. Rather importantly, the BSP
scheme resolves some of the limitations of k-means: firstly, by
construction, the segment areas are kept very close to equal in
area; and secondly the algorithm scales very well to larger maps

(with higher resolution) and a larger number of partitions, typi-

cally taking 10% of the time. The segment areas from k-means

vary significantly, with a standard deviation of 1.47 deg® (16%

around the mean) for Njx = 296, while for the binary space par-

tition this is 0.01 deg2 (0.11% around the mean) — a decrease
in the standard deviation of roughly two orders of magnitude
in comparison to k-means. This will minimise any uncertainties
from variances in the area to any measured jackknife statistics.

The BSP algorithm has been packaged into the public Python

package SkySegmentor?, allowing for the partitioning of either

HEALPix maps or points on the unit sphere. Furthermore, if a

mask contains many disjoint regions, SkySegmentor can be

used to find and label the disjoint regions, so that they can be
segmented individually.

In this paper we use several different jackknife partition
maps, using the k-means and BSP methods with Njx = 74, 148,
222 and 296 regions across the North and South Euclid DR1-like
footprint. These numbers are chosen to minimise the area dis-
crepancy between the segments in the North and South, which
were partitioned individually. Partition maps for the South with
Nk = 36 and 144 are shown for the BSP method in Fig. 2. Note,
that apart from the computational issues in constructing partition
maps with k-means, we have found no difference in calculating
jackknife covariances in the context of this paper and therefore
have limited our discussion in this paper to the results from BSP.

"o .
Paiv = argmm{

4. Covariance estimation

In this section we detail the methods for computing angular
power spectra for angular clustering and weak lensing from one

2 https://skysegmentor.readthedocs.io/

thousand Euclid DR1-like catalogues. We then describe the tech-
niques for estimating the sample covariance and computing jack-
knife covariance. Lastly, we describe the linear shrinkage and
jackknife bias removal techniques used in this study.

4.1. Angular power spectra

Angular power spectra were computed using the techniques out-
lined in Euclid Collaboration: Tessore et al. (2025) which are
available in the public python package Heracles®. We compute
the auto and cross spectra C, for angular clustering (denoted
with a P), and weak-lensing £ and B modes (denoted with a
E and B) for all tomographic bins (with the first bin denoted
with a 0 and second with a 1). Note that we measure partial-
sky angular power spectra here, and do not correct for the
footprint. To ensure that at least some of the jackknife covari-
ances (namely those with Njx = 296) are not singular, we
bin the angular power spectra into ten equal bins (whereas
Euclid Collaboration: Mellier et al. 2025 provisionally use 30
bins) in logarithmic space in £, between 10 < ¢ < 1024, resulting
in a combined data vector with length 210. Modes below ¢ < 10
are ignored as they are dominated by cosmic variance and are
poorly sampled with the Euclid DR1-like footprint, while modes
beyond ¢ > 1024 go beyond the resolution of the GLASS simu-
lations used to construct the mocks.

4.2. Sample covariance

The sample covariance is computed by first calculating the sam-
ple mean,

1
¢l =—> .
4 NS ; £,

where f and f” denote specific maps or fields and in combination
a specific auto- or cross-spectrum either between clustering P,
or weak lensing E- or B-modes for tomographic bins 0 or 1.
The subscript i denotes the C; computed from mock catalogue i
from Ng samples. In our case this summation occurs across one
thousand realisations (i.e. Ns = 1000). The sample covariance is
computed as

(6)

Ns
p g 1 y e o ap T
o3 Al 0 = No =T 2 (Cf:f‘ -C, fl)(cii,{' - Cféfz) ’
i=1
N

where T denotes the transpose. In most cases we will drop the
superscripts f and f’ and only use them when we are referring
to a specific auto or cross spectrum, otherwise the reader can
assume we are referring to the full data vector C, and full sample
covariance matrix Cg. The sample covariance is treated as the
ground truth covariance for this study.

4.3. Jackknife covariance

Jackknife covariances allow us to estimate the covariance
directly from the data, without needing to make assumptions
about the data, such as the cosmology and galaxy bias modelling.
In this study, jackknife covariances are computed from a single
simulation, and repeated for ten simulations — the latter to study

3 https://heracles.readthedocs.io/stable/
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Fig. 4. A demonstration of the partial-sky correction for the jackknife pseudo-C,. In the top-left panel, the angular correlation function for the
Euclid DR1-like mask (black) is compared to that of a single jackknife sample mask (blue). For angular scales between approximately 80° and
100°, no baselines are present in the footprint or the mask correlation function; this region is dominated by numerical noise. Since the jackknife
footprint is slightly smaller, its mask correlation function contains fewer baselines in this range. In the bottom-left panel, we show the partial-sky
correction function as the ratio of the full footprint to the jackknife footprint correlation functions (blue). The difference in baselines leads to
significant noise in this correction function. This noise is mitigated by applying a logistic damping function (shown in orange). On the right, we
illustrate the effect of applying a partial-sky correction directly to the jackknife C, (blue), and compare it to a correction using the logistic damping
function (orange). While a direct correction results in a very noisy angular power spectrum, the damped partial-sky correction yields a more robust

and reliable estimate of the C,.

the noise properties of the jackknife covariance in comparison to
the sample covariance.

To compute the jackknife covariance, we must first create
a set of jackknife samples. These are constructed by removing
parts of the data and recomputing the C,. To do this we use the
partition maps described in Sect. 3 and shown in Figs. 1 and
2, and compute the C, with galaxies in one of the jackknife seg-
ments removed. This is referred to as delete-1 jackknife samples,
since only a single element is removed. In total this allows us to
create Njx jackknife samples C;, which we define as C’X, that
we can use to compute an estimate of the covariance. We first
compute the jackknife mean

JK I _ Z CJK ff’7 (8)

and then the jackknife covariance

WA T Nig = 1 5 A
- 1 —
G20, 6) = TN § ( e

i=1

K.f, —~JK,
x (Chs - ain ) ©)

CJKfl fl)

This differs from Eq. (7) only by a jackknife prefactor (Njx —
1)?/Nyk, meaning we can make use of standard covariance com-
putation libraries, which assume independent samples, and then
simply multiply the output by the jackknife prefactor.

4.4. Partial sky correction

In removing a portion of the data to compute the jackknife sam-
ples we are introducing a systematic bias caused by altering the
footprints for the jackknife CéK. This is because the partial-sky
C, computed in this analysis are affected by the survey footprint,
unlike real space two-point correlation functions. Therefore the
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errors computed directly from the jackknife samples is not con-
sistent with the measurements made with the full footprint. To
correct the jackknife Ci,K for the change in footprint we apply
a correction for the difference in sky by transforming the angu-
lar power spectra into real space, analogous to the techniques
employed in Szapudi et al. (2001) and Chon et al. (2004). To do
this we also need to make a measurement of the angular power
spectra for the footprint (used for clustering power spectra) and
weight map (used for weak lensing power spectra) which we will
refer to as M, for the entire footprint and M;K for the jackknife
samples. Converting from spherical harmonic space to real space
requires the following transform

2é’+1

cr'e) =y =—clld, ), (10)

¢

where C(6) is the real-space equivalent of the angular power
spectra Cy, dfs, is the Wigner D-matrix and s and s” denote the
spin weights of the field (0 for spin-0 fields such as the overden-
sity field and 2 for spin-2 fields such as the cosmic shear field).
For a scalar fields (i.e. spin-0) this reduces to the Legendre poly-
nomials. The inverse transform is given by

cll =2 f /7' (9) d’, (8) sin(6) de. (a1
0

To account for the change in sky coverage caused by remov-
ing a jackknife region when computing C'X, we correct for the
resulting mixing of harmonic modes — introduced by the altered
footprint — by transforming to the real-space correlation function
Cyk(0). In real space, this mode coupling simplifies to a multi-
plicative correction involving the mask. Specifically, we apply
the correction:

ff’ 17 6) ff’
k (0) = —Mff/(e) « @),

JK

12)
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Fig. 5. The correlation matrix shown in relation to the number of jackknife samples Nk (bottom right), in comparison to the sample covariance
correlation matrix (top left corner). The correlation matrix is divided into blocks representing the covariance between each angular power spectra
pair. On the left we show the jacknife covariances Njx = 74 and on the right with Njx = 296. Each angular power spectra is indicated with a
label of the form X;Y; where X and Y represent the angular power spectra type, either P for clustering or £ and B for E- and B-modes, while the
subscripts i and j represent the tomographic bin. Increasing Njx improves the non-diagonal structure of the jackknife covariance, features in the
sample covariance start to show more clearly for N;x = 296 where the noise levels are lower.

where M(6) and Mk (6) are the real-space analogues of the
angular power spectra of the full-sky and jackknife footprint
masks, respectively-that is, the real-space transforms of M, and

Mng We then convert C{Kf’(e) back to spherical harmonic space

JK . .
C h . However, this function is not stable when Mk (6) — 0.
To ensure M JK(H) — 0 does not cause numerical instabilities,

we force CJK () — 0 when M(6) — 0. This is carried out by
multiplying by a damping function

ff’ M7 O) o
k (0) = Mff,(e)c £ 0 fi (logiy MY ©)). (13)

where f1 is the logistic function

1

Jlx x, k) = 1+exp|—ky(x—x)]

(14)

The variables x;, and ki, have been set to x;, = =5 and k;, = 50;
in effect this damps any signal where M{é (0) < 107°. See Fig. 4
for a demonstration of the partial-sky correction to the pseudo
Cy.

4.5. Linear shrinkage

Estimates of the covariance from jackknife samples are often
dominated by noise, a problem that can be alleviated by adding
more samples and therefore more jackknife segments. While
noisy estimates of the covariance are unbiased, the same is
not true for its inverse and can lead to artificially tight param-
eter bounds (Hartlap et al. 2007; Sellentin & Heavens 2016).
This is because the estimated covariance follows a Wishart dis-
tribution, which can be accounted for approximately through
a bias correction (Hartlap etal. 2007; Percival et al. 2022)
or more robustly at the likelihood level (Hotelling 1931;

Sellentin & Heavens 2016). However, for Euclid’s very large
data vector, in addition to a noisy covariance, any reason-
able number of jackknife samples will result in a covariance
that is singular. This means its usage will be limited to its
diagonal components and will not be usable for any likeli-
hood or complex analysis. To address this issue we apply lin-
ear shrinkage (Ledoit & Wolf 2004; Schifer & Strimmer 2005;
Pope & Szapudi 2008; Simpson et al. 2016; Looijmans et al.
2024), a technique used to dampen (or shrink) noise in an esti-
mated covariance C.y by combining it with a well-conditioned
target covariance Cy,,, for instance one that is non-singular and
not noise dominated,
Cshr = /lCtaI +(1 -2 Cest, (15)
where A is the linear shrinkage intensity and Cg,, the shrunk
covariance.

To compute the linear shrinkage intensity we must first com-
pute the matrices

- - T

Wi(t1,6) = (Cro = Cr,) (Cooic = Cu) (16)
which we will use to estimate the variance of the covariance esti-
mate. Note, the above computation assumes independent Cy, if
these are actually jackknife estimates Ci,K then we multiply by
the jackknife prefactor,

Wi (61, 6) = % (X - (X - (17)
The mean of the matrix Wy, is given by

1

W= ; W, (18)
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Fig. 6. The eigenspectrum plotted as a function of the number of jack-
knife samples Nk (light to dark blue envelopes) in comparison to the
sample covariance (dashed black line). In the bottom subplot we show
the ratio with respect to the sample covariance. The solid lines repre-
sents the mean and the envelopes the spread (i.e. 95% confidence inter-
vals) from ten realisations. Increasing Njx improves the off-diagonal
structure of the jackknife covariance although we see a bias towards
higher eigenvalues for the smaller eigenmodes. For Njx = 74 and 148
the covariance is singular, shown by the eigenspectrum dropping to zero
for eigenmodes >N .

which is related to the estimated covariance (sample or jack-
knife)

N
N-1
where N is the number of samples used to compute the esti-
mate, either Ng for the sample covariance or Ny for the jack-

knife covariance.
The covariance of the estimated matrix is generally defined

Cest = w, (19)

as

N
ij N gt
@) A _ ij) _
Cov(C.C) = TSI ;1 (wk W )

x (Wi - W), (20)
where the superscripts ij and xy denote two specific elements in
the estimated covariance matrix. The variance for a single ele-
ment ij in the covariance is given by
Var (C(ij)) = Cov (C(ij) C(ij)).

est est > “est

2y

The optimal shrinkage intensity (Schifer & Strimmer 2005) is
generally given by
Zi,j [Var (C(ij)) — Cov (C(ij) C(ij))]

est tar > ~est

S (C(if) _ C(ij))Z

tar est

A* (22)

where we sum over all ij combinations (i.e. across all elements
of the matrix) and A* is a scalar. This specific form of shrinkage
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will be referred to as scalar shrinkage. However, we can compute
the shrinkage intensity across blocks (unique combinations of
auto- or cross-spectra, which we will refer to as block shrinkage)
or without a summation at all and independently for each matrix
element (referred to as matrix shrinkage). The form of Eq. (15)
means that we must ensure that the shrinkage intensity A lies in
the range 0 < A < 1, which we can carry out by setting

0, A* <0,
A=4 A*, 0<A* <1, (23)
1, A* > 1,

where values of * below 0 and above 1, can occur due to noise.

In this paper we shrink towards a Gaussian correlation esti-
mate, where the Gaussian prediction for the covariance is given
by

ClL e, ) = (Cf helit et c’gf) sat, (24)

identity matrix given by I, the angular power spectra given by

¢l =cl +1-N 6l (25)

the additive noise bias term given by N/ and 6;{ the Kronecker
delta function. The Gaussian covariance Cg therefore has a
block-diagonal structure. We define the target covariance matrix

as

(it) L
Cij _{ Cest’ =17

tar Ai)) / i) ~(J) P
rG Cest Cest > l ¢ -]’

and therefore shrink towards the correlation matrix of the Gaus-
sian covariance 7g, where ij are indices used to denote elements
of the matrix,

(26)

(if)
sin __ Ca

G 6 .
[~ G
CG CG

We chose this target covariance for its simplicity and broad
applicability to any angular power spectra measurements on the
sphere, including systematics. Nevertheless, our method is gen-
eral, and an alternative target covariance matrix may be used.
Inserting Eq. (26) into Eq. (22),

D _ 2D 4
e Var (€)= 75" 1

27)

v = 7 (28)
i (€0 - 180 e
where

@) i
ov (Cest 4 Cest ) +

oV (C(jj) C(ij)) ,

est est

(29)

closely following the maximum likelihood estimator for the
Schifer & Strimmer (2005) constant correlation target. As dis-
cussed previously, the shrinkage intensity is summed across
the entire matrix for scalar shrinkage, across blocks for block
shrinkage and without summation for matrix shrinkage — for
the latter, diagonal components of the covariance are not shrunk
(i.e. 1 =0).
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Fig. 7. The standard deviation for the jackknife and debiased jackknife estimates of the covariance ok, for Nyx = 74, are compared to the sample
covariance. The lines and error bars represent the mean and spread across ten realisations. See Fig. A.2 for details on the subplot layout. Debiasing
removes the bias towards high diagonal components in the jackknife covariance.

4.6. Bias correction

Efron & Stein (1981) showed jackknife estimates of the variance
tend to be biased high, which they proposed to remove with a
delete-2 bias correction. In delete-2 jackknife samples, two jack-
knife segments are removed at a time, instead of the single seg-
ment removed in our original jackknife samples. This produces
Nix(Nyg — 1)/2 unique jackknife pairs and therefore comes at
quite a significant computational cost. The corrected covariance,
which we will refer to as the debiased jackknife, is computed
from

Cibias (£, £5) = Cix(l), 62)

- m Z (Qii’({]]) - Q(fl)) (Qii’(€2) - Q(é’g))

.
(30)

where

0,/(0) = Nix €= (N = ) (€15 + €5 )+ o -2 €7 B1)

and

~ 2
)= ——— i (€
00 = 75 2, 2O,

i<i’

(32)

is the mean. In Eq. (31) the first C; is the angular power spectra
from the entire footprint, C‘?f the delete-1 partial sky-corrected

jackknife sample with segment i removed and C?f,z the delete-2
partial sky-corrected debiased jackknife sample with segment i
and i’ removed. The partial sky correction for the delete-2 jack-
knife sample are computed in the same way outlined in Sect. 4.4.

5. Performance

In this section we test the performance of our internal estimates
of the covariance matrix from jackknife resampling. Further-

more, we explore the effects of partial sky correction, the depen-
dence on jackknife sample number, linear shrinkage, and jack-
knife debiasing.

5.1. Dependence on partial sky correction

In Sect. 4.4 we explain how to correct the jackknife angular
power spectra for differences in the footprint. To correct for
the jackknife footprint we transform our data into real space
to damp any signals where the correlations approach zero and
would otherwise cause our correction to be numerically unsta-
ble. Partial-sky correction is crucial for correcting the mean of
the angular power spectra but has little impact on the covariances
which remain biased high with and without partial sky correc-
tion — a general property of covariance estimates from jackknife
resampling Efron & Stein (1981). In Appendix A we discuss the
effects of partial-sky correction in more detail.

5.2. Dependence on partition number

In Appendix B we discuss the relation between the number of
jackknife partitions and the partial sky-corrected jackknife mean
and standard deviation. For the mean, more partitions results in
more accurate estimates of the angular power spectra, while the
standard deviation (diagonals of the covariance) appears insen-
sitive. The same is not true for the off-diagonal elements that
appear to be strongly affected by the number of jackknife sam-
ples. In Fig. 5 we compare the correlation matrix of one real-
isation of the jackknife covariance matrix with Nyjx = 74 and
Nyx = 296 to the sample covariance. The off-diagonal compo-
nents of the covariance follow a block diagonal structure, with
strong correlations between angular power spectra typically only
occurring at equal £ modes. Increasing the number of jackknife
samples improves the off-diagonal structure of the covariance,
at Nyx = 74 the off-diagonals are dominated by noise, while
at Njx = 296 the noise is suppressed and we can see more
of the features shown clearly in the sample covariance. This
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Fig. 8. The correlation matrix of the jackknife covariance (top left) is
compared to the same matrix after jackknife debiasing (bottom right).
See Fig. 5 for details on the subplot layout. Debiasing produces a
noisy covariance, especially in regions of low ¢ where the assumptions
of the jackknife (i.e. that the samples can be treated as independent)
break down. In contrast, linear shrinkage provides a covariance with
lower noise-properties more closely matching the structure of the sam-
ple covariance correlation matrix.

fact is made clearer in Fig. 6 where we compare the eigenspec-
trum, the distribution of eigenvalues in the covariances (sorted
from the largest eigenvalue to the smallest). Here we see a clear
improvement in the covariance’s off-diagonal terms which more
closely match that of the sample covariance as Njx increases.
The eigenspectrum is biased high for large eigenmodes, likely
due to the bias towards larger diagonal components in the covari-
ances shown in Fig. B.2.

5.3. Shrinkage

In the previous section we have shown that the accuracy of the
jackknife covariance, particularly off-diagonal components, sig-
nificantly improves when more jackknife segments are used.
However, for very large data vectors, of the order of 10° ele-
ments, any reasonable number of jackknife samples (of the order
of 10?) will produce a covariance that is singular (see Fig. 6). To
address this issue we turn to shrinkage methods, which combine
a noisy estimate of the covariance with a well-conditioned target
covariance (see Sect. 4.5).

In Appendix C we consider several shrinkage methodolo-
gies, where the shrinkage intensity is either a single value (scalar
shrinkage), a single value for each angular power spectra com-
bination (block shrinkage), or a matrix where each component
of the covariance is evaluate independently (matrix shrinkage).
Scalar shrinkage is found to be the most accurate in general,
while also being numerically stable. Therefore, we will only
apply scalar shrinkage in the following parts of this paper.

In Appendix D we test the sensitivity of the shrinkage inten-
sity 1 to Nyx. We find that higher values of Njk lead to 4
estimates that are better constrained. This improves the pre-
cisions of the shrunk covariance although the covariance, still
remains biased high, since shrinking towards a Gaussian corre-
lation matrix does not alter the biased jackknife estimates of the
standard deviation.
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Fig. 9. The eigenspectrum for jackknife shrinkage, debiased jackknife,
and DICES (a combination of both with the jackknife shrinkage corre-
lation structure with debiased jackknife standard deviation) computed
from Njx = 74 and compared to the eigenspectrum of the sample covari-
ance (dashed black line). In the bottom subplot we show the ratio with
respect to the sample covariance. The solid lines represents the mean
and the envelopes the spread (i.e. 95% confidence interval) from ten
realisations. Linear shrinkage produces a covariance estimate that is
non-singular but biased high, while the debiased jackknife is singular
and has a poor non-diagonal structure. The combination resolves the
deficiency of both methods, providing a covariance that is non-singular
and unbiased.

5.4. Bias correction

Up to this point we have seen that the diagonal components
of the jackknife have tended to be biased high (see Figs. A.2
and B.2), an issue which cannot be resolved with our choice of
shrinkage towards the correlation matrix. To address this limita-
tion, in Sect. 4.6 we describe how to remove the jackknife bias
with a method that uses delete-2 jackknife samples. In Fig. 7
we implement the delete-2 bias removal, and show the diagonal
components for Njk in relation to the sample covariance, demon-
strating that the correction is able to remove the bias seen in the
original jackknife covariance. However, at high-¢ the bias for the
auto spectra is slightly high, this appears to be correlated with
the biases seen in the mean of the jackknife samples shown in
Figs. A.1 and B.1.

In Fig. 8 we compare the original jackknife covariance with
Njk with scalar shrinkage and the debiased jackknife, show-
ing that, although the debiasing is very good at correcting the
diagonal components, the off-diagonals are very noisy. Noise
appears to be concentrated at low ¢. This is likely due to a
breakdown of the jackknife assumptions; for instance the sam-
ples can be assumed to be independent, since low-£ measure-
ments are highly correlated. This means we cannot use Cj‘libias
by itself since the correlation structure is poor; see Fig. 9 show-
ing the eigenspectrum that demonstrates this more clearly. To get
the benefits of both methods, the unbiased diagonals of C‘le"(bias
and the correlation structure of Cg,,, we combine the two in the
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for clustering while for E and B-modes they are consistent with and without this correction. For SNR;,, the bias towards low values is seen only
for clustering and improves with the corrected covariance but is not completely removed.

following way
(@j)

(i) _ shr debias, (ii) ~debias,(j )
CDICES - @) ~GJ) \/CJK CJK : (33)
CshrCshr

This keeps the correlation structure of the shrunk covariance
but replaces the diagonals with the debiased jackknife stan-
dard deviation. We call this technique DICES (Debiased Internal
Covariance Estimation with Shrinkage). In Fig. 9 we compare
the eigenspectrum of the sample covariance, in comparison
to the shrunk covariance, debiased jackknife and DICES. The
combination provides a covariance matrix with the correct off-
diagonal structure as the sample covariance and removes the bias
towards high eigenvalues seen in the ordinary jackknife while
also removing the poor off-diagonal structure seen in the debi-
ased jackknife. For this reason we advocate using DICES for
internal covariances in future Euclid angular power spectrum
measurement.

6. Accuracy of internal covariance estimate

We test the accuracy of our covariance estimate using a cumula-
tive signal-to-noise ratio (SNR),

SNR = /CT C-'C,,

where C is any estimate of the covariance matrix, or alternatively
assuming all non-diagonal components are zero

SNRdiag = \[C? . 0'_2,

where o is a vector containing the square root of the diago-
nals of C. Computations of SNR are similar in form to a )(2,
used to compute a likelihood. Moreover, the SNR is equivalent
to the Fisher information of a single global amplitude param-
eter, assuming Gaussian-distributed data (Tegmark et al. 1997).
Therefore, the SNR weighs the covariance elements similarly to
how they will be used in regression and inference.

In Fig. 10 we try to establish what aspect of the data vec-
tor dominates the measured SNR. We compute the SNR and
SNRgise for ten realisations with the corresponding shrunk jack-
knife covariance and DICES covariance. We carry this out

(34)

(33)
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Fig. 11. The SNR (top) and SNRg;,, (bottom) for the joint clustering and
weak-lensing data vector shown using the shrunk jackknife covariance
as a function of Ny, relative to the sample covariance. Clustering spec-
tra are limited to 10 < £ < 80 to balance contributions. Increasing Nk
reduces the spread in both metrics. While SNR agrees with the sample
covariance across all Nyg, SNRg;,, remains biased, though converging
toward the sample estimate. See Fig. 10 for details.

by only including angular power spectra for clustering (i.e. P
modes) and weak lensing E- and B-modes separately. Here we
see that DICES for E- and B-modes is in both cases consistent
with the sample covariance. On the other hand, the bias seen in
clustering is removed when we use DICES. For the diagonal-
only SNRgj,e the values are biased low in both cases but the
bias is improved with DICES. This illustrates that the covariance
is strongly dependent on the accuracy of the clustering compo-
nent. To balance the contributions between clustering and weak
lensing E- and B-modes discussed below we limit the clustering
angular power spectra to 10 < ¢ < 80, which provides a SNR of
approximately 300.

In Fig. 11 we compare SNR and SNRg;,, for the joint clus-
tering and weak lensing data vector computed with the sample
covariance and the shrunk jackknife covariance as a function of
Nyx. Increasing Njx improves the precision of the covariance,
leading to SNR with a smaller spread. For the full SNR this is
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Fig. 12. The SNR (top) and SNR;,, (bottom) for the joint clustering and
weak-lensing data vector plotted for the jackknife shrinkage in compar-
ison to DICES with Nk = 74. See Fig. 10 for details on the plot layout.
To balance the contributions from clustering and weak lensing we limit
all clustering auto and cross angular power spectra to 10 < ¢ < 80.
Replacing the standard deviations with the debiased jackknife diago-
nals improves SNR ;e but biases SNR slightly high. This illustrates the
bias is caused due to biases in the estimate of the correlation matrix.

always consistent with the sample covariance; however, when
limited to only the diagonal components the SNRgj,e is under-
estimated, due to the jackknife bias. In Fig. 12 we compare the
SNR for the shrunk jackknife to DICES (i.e. Cpicgs). Here we
see that with the corrected diagonals the full SNR for DICES is
biased slightly; however, the accuracy of SNR4;,, improves when
we use DICES instead of the shrunk covariance. This slight over-
estimation in the SNR is therefore likely caused by biases in the
shrinkage estimation of the correlation matrix.

To quantify the overall improvement in the covariance esti-
mate, we measure the relative error (i.e. average fractional devia-
tion) between elements of the estimated covariance to the sample
covariance,

2 C(lj)
ij

est

()]
CS

— (36)
i [Cs”
Altogether, we find that DICES improves the deviations of the
jackknife covariance by 33% and the jackknife correlation struc-
ture by 48%.

While in this paper we have only explored DICES with
Nix = 74 to keep computational cost down, we expect that the
biases in SNR are due in part to the noisy estimates of the cor-
relation matrix from such small jackknife samples, which will
reduce when Njk is increased.

7. Discussion

In this paper, we have developed a technique for computing
accurate internal covariances for clustering and weak lensing
angular power spectra. We call the method DICES, standing for
Debiased Internal Covariance Estimation with Shrinkage, a com-
bination of linear shrinkage of the correlation matrix and a debi-
ased jackknife estimate. In Fig. 13 we outline the steps for com-
puting the DICES internal covariance estimate, and in Fig. 14
we summarise its performance.

In developing DICES we have outlined a new methodol-
ogy for partitioning regions on the sky to high accuracy, a
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method based on applying the binary space partition algorithm
(Fuchs et al. 1980) on the unit sphere and made publicly avail-
able in the SkySegmentor* package. We have explored the
dependence of jackknife covariance estimates on partial sky cov-
erage and the number of jackknife samples, finding the former
to have little to no impact on the covariance, while the off-
diagonal structure of the covariance is significantly improved
with increasing jackknife samples. We find scalar shrinkage,
towards a Gaussian predicted correlation matrix, to produce reli-
able non-singular covariance estimates even for cases of large
data vectors.

Finally, we estimate the jackknife bias via Efron & Stein
(1981) that we use to compute a debiased jackknife covariance.
We show that the diagonal standard deviations are consistent
with the sample covariance, but the off-diagonals are dominated
by noise. In combining the debiased jackknife covariance with
the shrunk jackknife we are able to produce an internal covari-
ance that is both debiased and with off-diagonals that are noise-
reduced and consistent with the sample covariance.

In all cases we find that increasing the number of jackknife
samples Njx is always preferred. Even with shrinkage applied,
the precision of the covariance improves with more jackknife
samples. For this reason the Euclid Wide Survey should use
as many jackknife samples as is computationally feasible. The

4 https://skysegmentor.readthedocs.io/
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Fig. 14. A summary of the performance of the internal covariance estimate DICES in comparison to the sample covariance. In the top panel we
show the unbiased estimates of the standard deviation from DICES in comparison to the standard deviation of the sample covariance. On the
bottom plots we compare DICES with the sample covariance showing that DICES reproduces an unbiased estimate of the eigenspectrum (left)

and retains the correlation structure of the covariance (right).

main limitation is the computation of the jackknife bias, which
requires the computation of Njk(Njx — 1)/2 jackknife samples.
Since validation will require these covariances to be computed
over many iterations, Nk of order 100 will enable the com-
putation to be made relatively fast while data release products
could be produced with a much larger number of jackknife
samples.

The DICES methodology outlined in this paper will enable
robust measurements of the Euclid angular power spectra covari-
ances directly from data, allowing for accurate angular power
spectra covariances that are model-independent and for the mea-
surement of systematic errors critical for validation. Both shrink-
age and debiasing change the noise properties of the covariance
matrix estimate, meaning neither the Hartlap et al. (2007) cor-
rection nor the Sellentin & Heavens (2016) likelihood correc-
tion can be applied. Future work could look towards improv-
ing our methodology, including understanding the small bias at

high ¢ seen in the jackknife mean and jackknife covariances,
the inclusion of E- and B-mode mixing during partial sky cor-
rection, and improvements in the covariance estimate at low ¢
where we expect the jackknife assumptions to break down (see
Shirasaki et al. 2017; Lacasa & Kunz 2017). Furthermore, future
analysis could explore the breakdown of some of the assump-
tions made in this paper-namely, that the summary statistics
(angular power spectra) are dominated by Gaussian errors and
noise, with non-Gaussian terms being small; and that the covari-
ance matrices are parameter-independent. Fortunately, we find
no evidence that these issues will drastically affect the covari-
ance estimate, and therefore accurate internal covariances for
Euclid DR1 will be possible using the DICES methodology.
For future data releases, the increase in area will allow fur-
ther optimisation of the shrinkage target, shrinkage intensity
and the exploration of non-linear shrinkage (Joachimi 2017).
The DICES methodology is made publicly available through the
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heracles.py’ package of the Euclid collaboration. A tutorial
on how to implement the DICES methodology using the meth-
ods of heracles.py can be found here.
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Appendix A: Mask correction

In Fig. A.1 we show that the partial-sky correction (measured for Njx = 296) removes a bias in the jackknife sample mean. For
the auto-spectra, the bias can be quite significant, but the correction generally mitigates this potential systematic error, leaving the
jackknife mean to within 2% of the standard deviation of the original C,. However, there is a small systematic drop in the amplitudes
at large ¢ for the auto-spectra which is not currently understood; however this offset is only seen in the mean (and is small, a < 2%
offset) and does not impact the covariance estimate, discussed later. In Fig. A.2 we show the sky correction does not affect the
covariance, which remains biased high with and without partial sky correction; this is a general property of covariance estimates
from jackknife resampling (Efron & Stein 1981).
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Fig. A.1. The jackknife mean (C’;K) before (in blue) and after (in red) correcting for the jackknife footprint is shown in comparison to the original
angular power spectra computed for the entire footprint C,. The lines and error bars represent the mean and spread across ten realisations. The
difference is scaled as a function of the sample covariance standard deviation (o i.e. the square root of the diagonals Cg) with grey bands
representing 2% standard deviations from the C, for the entire footprint. The figure is divided into subplots for each angular auto and cross spectra
pair, where P denotes overdensity, and E- and B-modes from weak lensing and the numbers 0 and 1 denote the tomographic bin. The sky correction
is important for correcting the auto spectra for angular clustering but otherwise the correction has a minimal effect with the exception of a few
cross-spectra (in particular PO x E1).

Appendix B: Sensitivity to jackknife partition number

In Fig. B.1 we test the relation between the partial sky-corrected jackknife mean and the number of jackknife partitions Nk, showing
that on the whole the jackknife angular power spectra are unbiased, with the exception of the auto-spectra which show a damping
at high ¢. This damping reduces as the number of jackknife samples increases. The exact cause of this issue is unclear but is small,
no more than 5% of the standard deviation. On the other hand, the cross-spectra are generally unbiased with the exception of the
cross-spectra PO X E1 (i.e. the correlation between the overdensity for the first tomographic bin with the E-modes of the second bin)
which is biased high; again this is a small bias of no more than a few percent in comparison to the overall standard deviation. In
Fig. B.2 we compare the diagonal components of the covariance as a function of the number of jackknife samples, showing that the
jackknife standard deviation is robust to changes in the number of jackknife samples. In all cases we see that the jackknife standard
deviation remains biased high in comparison to the sample covariance. Although the diagonal elements of the covariance are not
dependent on Njk for the values of Ny studied, they will presumably be dependent for smaller Nyk.

Appendix C: Shrinkage method comparison

In Fig. C.1 we compare the jackknife covariance from Njx = 74 with scalar shrinkage, block shrinkage, and matrix shrinkage. The
methods differ in the way the shrinkage intensity is computed; for scalar shrinkage the shrinkage intensity A is a single number
estimated from the entire covariance matrix and is therefore the best constrained, for block shrinkage A is evaluated for each block,
and for matrix shrinkage A is evaluated separately for each element of the matrix. The figure shows that in all cases the noise levels of
the covariance are significantly reduced with linear shrinkage. However, for matrix shrinkage the noise levels appear to be enhanced
and preserved for some elements, while block shrinkage dampens (i.e. moves towards zero) entire blocks of the covariance.

In Fig. C.2 the eigenspectrum for each shrinkage method is compared to the eigenspectrum of the sample covariance. We show
that in all cases shrinkage improves the off-diagonal structure of the covariance, with scalar shrinkage ensuring a non-singular
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Fig. A.2. The standard deviation for jackknife estimates of the covariance ojx (dashed horizontal grey line) before (in blue) and after (in red)
correcting for the jackknife footprint is shown in comparison to the sample covariance standard deviation o—s. The lines and error bars represent
the mean and spread across ten realisations. The standard deviation for the jackknife covariance is unaffected by the sky correction.
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Fig. B.1. The sky-corrected jackknife mean C“;K is plotted as a function of the number of jackknife samples Njx. The lines and error bars represent
the mean and spread across ten realisations. The difference is scaled as a function of the sample covariance standard deviation (o i.e. the square
root of the diagonals of Cs). Increasing Njx improves the bias of the auto-spectra particularly at large €, but except for a few cases (in particular
PO x E1), cross-spectra are generally unbiased for all Njk.

well-conditioned matrix in all cases, block shrinkage is generally well conditioned but is singular in some cases (eigenmodes >200
are close to zero), while matrix shrinkage (although better conditioned than the original jackknife covariance shown in Fig. 6) is
singular for eigenmodes > 180 and starts to dip below the sample covariance at eigenmodes > 100. Methods for which the shrinkage
intensity is computed from fewer summations, and which are therefore more localised (such as block and matrix shrinkage), have
smaller uncertainties, while scalar shrinkage has fairly large uncertainties. This is likely due to the weaker damping of noise in scalar
shrinkage in comparison to block and matrix shrinkage. However, since scalar shrinkage produces non-singular covariances in all
cases, it is the most reliable and well conditioned. For this reason, in the rest of the paper we will only consider scalar shrinkage but
future studies could consider improving the reliability of the other methods.
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Fig. B.2. The standard deviation for jackknife estimates of the covariance ok is plotted as a function of the number of jackknife samples Nk in
comparison to the sample covariance standard deviation o—s. The lines and error bars represent the mean and spread across ten realisations. The
number of jackknife samples does not appear to be changing the estimates of the diagonal components of the jackknife covariance.
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Fig. C.1. The correlation matrix of the jackknife covariance with Nyjx = 74 (top left) is compared to the three different shrinkage methods: scalar
shrinkage (left), block shrinkage (middle) and matrix shrinkage (right). See Fig. 5 for details on the subplot layout. In all case shrinkage dampens
the noise-level of the covariance, however for matrix shrinkage this coupled with spurious noise.

Appendix D: Shrinkage sensitivity to jackknife partition number

In Fig. D.1 we compare the eigenspectrum of the shrunk covariance as a function of Njk, showing that increasing the number
of jackknife samples has a diminishing impact on the jackknife covariance estimate. However, the shrinkage intensity decreases
and becomes better constrained (smaller variance) when Njk increases. The increase in Njk yields no noticeable difference in the
eigenspectrum mean but improves the variance seen in the ten realisations and therefore improves the precision. We still see a bias
in the eigenvalues which appears to originate from the bias in the standard deviation shown previously. Note that, since we shrink
towards the correlation matrix of the Gaussian covariance expectation, the diagonals of the covariance will not change, meaning the
bias towards higher standard deviations shown in Figs. A.2 and B.2 remains.
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Fig. C.2. The eigenspectrum for three shrinkage methods is compared to the sample covariance (dashed black line). Linear shrinkage is performed
on the jackknife covariance with Nix = 74, using scalar, block, and matrix shrinkage. In the bottom subplot we show the ratio with respect to the
sample covariance. The solid lines represent the mean and the envelopes the spread (i.e. 95% confidence interval) from ten realisations. Scalar
shrinkage, with a single value for the shrinkage intensity, produces a covariance matrix that is non-singular and follows the sample covariance
eigenspectrum for all eigenmodes, albeit with larger scatter. Block shrinkage is sometimes singular (eigenmodes > 200 are sometimes zero) while
matrix shrinkage is always singular (eigenmodes > 180 are always zero). All methods are biased high for small eigenmodes, due to a bias towards
high diagonals in the jackknife covariance which are not altered since we shrink towards a Gaussian correlation prediction.
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Fig. D.1. The eigenspectrum for linear shrinkage as a function of Ny is compared to the eigenspectrum of the sample covariance (black dashed
line). In the bottom subplot we show the ratio with respect to the sample covariance. The solid lines represents the mean and the envelopes the
spread (i.e. 95% confidence interval) from ten realisations. In the inset subplot we show the mean and standard deviation for the scalar shrinkage
intensity A as a function of Ny, showing that increasing Ny leads to a smaller (non-zero) and better constrained A. This more constrained A leads
to a more precise covariance, for instance the eigenspectrum shows less spread between realisations.
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