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ABSTRACT

Context. In recent years, the first detections of tidally excited stellar oscillations (TEOs) have been made in multiple star systems,
offering new opportunities to study stellar physics and understand structural properties and stellar evolution. However, from a theoret-
ical standpoint, numerous features in the observed oscillation spectrum cannot be explained, and current models cannot consistently
treat the impact of stellar rotation on TEOs without using the Cowling approximation.

Aims. We aim to include the effect of the rotation in the modelling of TEOs and to study its consequences on the oscillation spectrum.
Methods. We developed a new methodology to include the Coriolis force in the modelling of TEOs through the traditional approxi-
mation but consistently treating the potential perturbation by iteratively solving the Poisson equation.

Results. By consistently including the Poisson equation, a new kind of mode coupling arises that we call ‘gravitational coupling’.
Looking at the global oscillation spectrum, we find that the rotation greatly impacts the type of modes excited by the companion. In
general, we find that the Rossby modes dominate the oscillation spectrum of TEOs.

Conclusions. It is particularly important to account for gravitational coupling at high spin parameters for the £ =2,m =2, and m = 0
oscillation modes. By assuming the modes are uncoupled, a simple and consistent treatment of the Poisson equation is possible. In-
cluding the effect of rotation in binary oscillation codes is necessary in order to accurately account for the impact of dynamical tides

on the orbital evolution of binaries and planetary systems.
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1. Introduction

In recent years, detections of tidally excited stellar oscillations
(TEOs) in multiple star systems have opened new opportunities
to study stellar physics and understand stellar structural prop-
erties. TEOs have been observed across all types of classical
pulsators, and particularly in low- and intermediate-mass binary
stars located in the classical pulsator instability strips (Li et al.
2024).

From a theoretical perspective, in binary systems, oscilla-
tions can be excited by periodic forcing from the companion
star through tidal interactions, which act similarly to a forced
oscillator. Tidal forces can induce two primary effects: large-
scale mass redistribution due to a global hydrostatic adjustment
(i.e. equilibrium tides) and the excitation of internal oscillation
waves (i.e. dynamical tides Zahn 1970, 1975). The present study
focuses on the latter. The periodic perturbation from a com-
panion can excite a broad spectrum of low-frequency stellar
oscillations, including gravity waves, inertial waves, and Rossby
waves. However, for standing waves to be excited, the perturba-
tion frequency must be in tune with a free oscillation frequency
of the star, producing a resonance. Non-linear mode excitation,
where a single mode excites multiple daughter modes, may also
occur (Weinberg et al. 2012; Guo 2020; Guo et al. 2022), as can
the excitation of low-frequency travelling waves (Burkart et al.
2012; Bowman et al. 2019; Ratnasingam et al. 2019). Here, we
focus on the case where the perturbation from the companion
linearly excites a single standing wave.
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Following the detection of TEOs, rapid progress was
made in theoretical modelling methods to understand their
behaviour. There have been two main approaches to modelling
TEOs: direct modelling (Smeyers et al. 1998; Willems et al.
2003; Burkart et al. 2012; Valsecchi et al. 2013; Sun et al. 2023)
and modal decomposition (Zahn 1970, 1975; Burkart et al.
2012; Fuller & Lai 2012; Fuller 2017). In the direct modelling
approach, the properties of TEOs are obtained by modifying a
stellar oscillation code to include the periodic perturbation from
a companion. Two notable oscillation codes developed with this
methodology are CAFein (Valsecchi et al. 2013) and gyre_tides
(Sun et al. 2023), both of which account for non-adiabatic effects
on the oscillation modes. In the modal decomposition approach
first introduced by Zahn (1970, 1975), the perturbation from the
companion is decomposed into a combination of free oscillation
eigenfunctions with different weights. This methodology relies
on the adiabatic assumption, and its validity becomes uncer-
tain when considering non-adiabatic oscillation modes, leading
to discrepancies in the upper layers of stars (see e.g. Sun et al.
2023).

A key advantage of the modal decomposition method is the
possibility to include the effects of rotation via the traditional
approximation (Fuller 2017). In contrast, incorporating rota-
tional effects in direct modelling is less straightforward. Clas-
sical oscillation codes often rely on the traditional approxima-
tion coupled with the Cowling approximation (Cowling 1941;
Townsend 2005), which neglects potential perturbation in the
differential equation system and excludes the Poisson equa-
tion from the system to be solved. For dynamical tides, the
potential perturbation is crucial, as the orbital migration due
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to the excitation of oscillation modes in the star is propor-
tional to this perturbation (Smeyers et al. 1998; Willems et al.
2003; Valsecchi et al. 2013; Sun et al. 2023). When following
the approach of Smeyers et al. (1998), Willems et al. (2003),
Valsecchi et al. (2013), Sun et al. (2023), the potential pertur-
bations have to be treated consistently, necessitating the simul-
taneous solution of the Poisson equation and the system of
differential equations. In Witte & Savonije (1999a,b, 2001),
Savonije & Witte (2002), Savonije (2005), an equivalent for-
malism is presented that only requires the density perturbation
to compute the dynamical tides, meaning that in this case the
Cowling approximation can be used.

In this article, we developed a new modelling methodology
to include the effect of rotation when computing tidally excited
oscillations using the direct modelling methodology following
the approach of Smeyers et al. (1998), Willems et al. (2003),
Valsecchi et al. (2013), Sun et al. (2023). In doing so, we avoid
the Cowling approximation, which is expected to be valid pri-
marily for oscillation modes with high radial or spherical orders
(Unno et al. 1989). Our starting point is the non-adiabatic oscil-
lation code MAD (Dupret 2001; Dupret et al. 2002), which has
already been modified to compute inertial and Rossby waves
under the traditional approximation and the Cowling approxima-
tion (Bouabid et al. 2013). We further adapt this code to compute
tidally excited oscillations, iteratively solving the Poisson equa-
tion to consistently include the effects of rotation.

In Sect. 2, we present the MAD code and describe the imple-
mentation of gravito-inertial wave computation via the tradi-
tional approximation, along with the modifications necessary
to account for the effects of rotation on the Poisson equa-
tion. Sect. 3 focuses on our implementation of the rotation
effects, with particular emphasis on our new mode coupling
induced by modifications to the Poisson equation. In Sect. 4,
we then study the global oscillation spectrum of binary stars,
including the effect of rotation, and look at the impact of dif-
ferent properties of the system. Finally, in Sect. 5, we dis-
cuss the results obtained and the links between the approach
of Smeyers et al. (1998), Willems et al. (2003), Valsecchi et al.
(2013), Sun et al. (2023) used in this article and the approach
of Witte & Savonije (1999a,b, 2001), Savonije & Witte (2002),
Savonije (2005). Finally, we present our conclusions in Sect. 6.

2. Adapting our non-adiabatic free oscillation code
(MAD) to compute dynamical tides

2.1. Non-adiabatic oscillations

In this article, we use our non-adiabatic oscillation code MAD
(Dupret 2001; Dupret et al. 2002). This code has already been
improved to include the effects of rotation (Bouabid et al. 2013),
neglecting the centrifugal force and including the Coriolis force
through the traditional approximation. In this approximation,
the radial component of the Coriolis force and the effect of the
radial displacement in the horizontal component of the Coriolis
force are both neglected (Unno et al. 1989). This approximation
is valid in the domain of low-frequency non-radial oscillations
(when the frequency is smaller than the local Brunt-Vaisala fre-
quency), where horizontal motion predominates. With this for-
malism, we are able to compute the properties of gravito-inertial
and Rossby waves. However, it should be noted that the inclusion
of the Coriolis force through the traditional approximation leads
to misleading results for stars with large convective envelopes
(Ogilvie & Lin 2004, 2007). In the present article, we focus on
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classical pulsators with thin convective envelopes or no convec-
tive envelope, such as y Doradus and SPB stars.

To describe the formalism used for modelling free oscilla-
tions, we work in a spherical coordinate system (r, 6, ¢) with the
orthogonal basis (e, €y, €4). In practice, to obtain the set of dif-
ferential equations to solve, one must perturb the stellar structure
equations (Unno et al. 1989).

The formalism of the equations used in MAD can be found
in Appendix A. In MAD, we have a specific treatment of the
stellar atmosphere, with its basic formalism detailed in Dupret
(2001), Dupret et al. (2002). We note that MAD also includes the
time-dependent convection model of Grigahcene et al. (2005),
if needed. In this section, we reiterate the dynamic part of the
basic set of differential equations classically employed to model
the oscillations of non-rotating single stars and then the modi-
fied equations to include the effect of rotation through the tradi-
tional approximation. For non-rotating stars, the perturbation of
each quantity can be decomposed on a spherical harmonics basis
with

(=00 m={ k=00

X )= 30 1 X ()P Ge™ e

=0 m=—{ k=—c0

ey

With this decomposition, all the equations can be separated and
solved independently for each ¢, m, and k to obtain the perturba-
tion of each quantity. The perturbation of an element can either
be described by the Lagrangian perturbation formalism, which
follows a fixed mass element, or the Eulerian perturbation for-
malism, which follows a fixed position in space. In this article,
we denote the Lagrangian perturbation of an element X with
0X and the Eulerian perturbation of this element with X’. The
equations governing the dynamics of oscillations are the radial
motion equation, the continuity equation, and the Poisson equa-
tion, which are respectively written as:
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In these equations, o is the angular frequency of the oscillation
mode considered (noted TP in Eq. (1)), &, is the radial compo-
nent of the displacement, ¢’ is the Eulerian perturbation of the
gravitational potential, g is the effective gravity, p is the density,
and P is the pressure.

When considering rotation in single stars using the tradi-
tional approximation, all quantities must be expanded into an
infinite sum of Hough functions to preserve the separability of
the equations of motion. In this work, we assume uniform rota-
tion and adopt a coordinate system co-rotating with the star. It
should be noted that the traditional approximation can also be
extended to include differential rotation (Ogilvie & Lin 2004;
Mathis 2009). In the case of solid body rotation, each quantity
can now be written in the form:

(=L m={ k=co
X(r,p,4,1) = X730, (e e 7i!
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where O (1) are the Hough functions. These functions depend
on the spin parameter v, defined as:

2Q,

V= s
(o

(6)

where Q, is the angular rotation rate of the star. With this formal-
ism, the radial motion equation remains unchanged and is writ-
ten as in Eq. (2). The continuity equation is modified to include
the effect of the change of basis and is now written as

{l+1)
T

6P
(l!/ + g + —) =0, (N
P

where £(f + 1) = A are the eigenvalues of the Laplace tidal equa-
tion. The main drawback of decomposing the different quantities
on the Hough basis is that the Poisson equation cannot be sep-
arated. This means that the equation cannot be solved indepen-
dently for each oscillation mode projected onto the Hough basis;
the oscillation modes are coupled in this basis for this equation.
The direct consequence is that the Poisson equation can only be
written in its general form:
Ay = 4rGp', ®)
where A is the Laplace operator. In the traditional approxi-
mation, the perturbation of the gravitational potential and its
derivatives are typically neglected in all equations of the sys-
tem to avoid solving the Poisson equation. This additional
simplification, known as the Cowling approximation, is fre-
quently employed along with the traditional approximation when
modelling non-adiabatic oscillation modes (Witte & Savonije
1999a,b, 2001; Savonije & Witte 2002; Townsend 2005;
Savonije 2005; Bouabid et al. 2013). However, in the context
of binary stars and dynamical tides, the accurate treatment of
potential perturbations is essential for studying the influence of
dynamical tides on the orbital evolution of the system when fol-
lowing the approach of Smeyers et al. (1998), Willems & Claret
(2002), Willems et al. (2003). An alternative formalism, intro-
duced by Witte & Savonije (1999a,b, 2001), Savonije & Witte
(2002), Savonije (2005), requires only the density perturbation
to analyse the effects of dynamical tides on the orbital evolu-
tion of binary systems. In Sect. 5, we discuss the key discrepan-
cies between this approach and our methodology, as well as the
methodology of Smeyers et al. (1998), Willems & Claret (2002),
Willems et al. (2003). We explored the validity of the Cowling
approximation in Appendix B and find that this approximation
is not certain for low-radial-order modes.

In the present work, we do not use the Cowling approx-
imation; we adopt the approach of Smeyersetal. (1998),
Willems & Claret (2002), Willems et al. (2003), consistently
solving the Poisson equation through the iterative process
described in Sects. 2.3 and 2.4.

2.2. Tidally excited oscillations for non-rotating stars

In the previous section, we describe the methodology used in
MAD to compute the free oscillations of single stars. In this
section, we present the adaptations required in MAD to com-
pute the oscillation modes (without stellar rotation) excited by
the periodic tidal perturbation from a nearby star. The modifi-
cations can be divided into two parts: the inclusion of the per-
turbation from the companion, as presented in Sect. 2.2.1, and
the modifications of the algorithm used to solve the system, as
presented in Sect. 2.2.2.

2.2.1. Inclusion of the perturbation from the companion

For non-rotating stars, the dynamical part of the system of equa-
tions to solve is given in Egs. (2) and (3). The impact of the com-
panion appears by adding the gradient of the potential generated
by the companion in the motion equation, which gives

O'Zfr _ dy’ +yo) + d(gér) + ldﬂ) + g5_P’ )
dr dr p dr p
and
) 1d ¢4 1 P
G ) (7 w2+g§r+—)=0, (10)
p p

where ¥, is the potential from the secondary evaluated at each
layer of the primary and projected onto a spherical harmonics
basis. By adding the presence of the companion, the Poisson
equation remains unmodified, as i, is a solution of the Laplace
equation. The gravitational potential from the companion is clas-
sically obtained using the perturbative approach, where it is
implicitly assumed that stellar deformations are small depar-
tures from the spherical symmetry compared to the radius of the
star. In this work, and as is customary when modelling tidally
forced oscillations, the secondary is approximated by a point
mass (Witte & Savonije 1999a,b, 2001; Savonije & Witte 2002;
Townsend 2005; Savonije 2005). Within this approximation and
in the perturbative framework, the tidal perturbing potential from
the companion can be decomposed with a Fourier series and on
the coordinate frame centred on the primary with

m={ k=oco

O S S )
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Xk—(l+1), mez(kM+m¢)d;angt('u)’

Ya(r, p 6, M) = (1)

where M is the mean anomaly (M = Q1) and d}' is a normal-
isation coefficient defined as

m (L= m)!

T ),P'”( )s

(12)

where Q,,, is the orbital rotation rate. X:,(f”)’_'"

coefficients, which are defined as

- 1 0, sep \"
X = f (52) cos Gy + ks
Pory 0 a

(1 _ 62)n+3/2

are the Hansen

(13)

2T cos (mv + kM)
(1 + ecos v)r+2

2 0

where v is the true anomaly of the system, e is its orbital eccen-
tricity, a is its semi-major axis, and 7., is the instantaneous sep-
aration of the binary, which is defined for a given true anomaly
as

a(l —¢e?)
= 14
Fsep 1 + ecos(v) (14)
The coefficients dZ,”ka(”l)’fm correspond to c¢g,x  from
Smeyersetal.  (1998), Willemsetal. (2003, 2010),

Valsecchi et al. (2013). In the case of circular orbits we
verified our numerical computation of d?Xk_([“)’_m with the
values given in Willems et al. (2010). For a given oscillation
mode, the radial component of the tidal perturbing potential is
therefore given by

GM; (r [+1X—(€+1),—mdm
G e

Wy ei(r) = 15)
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which is the expression of the potential to insert in Eqgs. (9)
and (10). Furthermore, for tidally excited oscillations, the time-
dependent part of the entire system of differential equations is
decomposed into a Fourier series, as the perturbation from the
companion is periodic.

In the case of non-rotating stars, Sun et al. (2023) pointed
out that all the modifications presented in this section can be
achieved by only modifying the surface boundary condition of
the Poisson equation and solving the other equations using ¥’ +
Y, as the unknown related to the potential. Mathematically, the
surface boundary condition of the Poisson equation has to be
modified to

WV L ) = ~anGog, + 92 1 21

or r

This equation is obtained by adding 0y, /dr + (€ + 1)/r onto
each side of the Poisson equation surface boundary condition
(Eq. (C.11)); for more details about this boundary condition see
Appendix C. By modifying either the surface boundary condi-
tion of the Poisson equation or the entire system of differential
equations, the system to solve becomes inhomogeneous. Conse-
quently, the algorithm for solving the system of equations must
be modified, as presented in the following section.

2. (16)

2.2.2. Modifications of the algorithm

In the case of free oscillations, the system of equations to be
solved is presented in the previous section. In practice, we
express these equations in a matrix representation, which allows
us to write the system of equations as

(A-0oB)x =0, (17)

where A and B are complex square-band matrices. The radial
discretisation of the equations is achieved using staggered grids
following the approach of Castor (1971); ten thousands points
were used on each grid for the computations made in this arti-
cle. In MAD, the eigenvectors x and eigenvalues o~ are obtained
using a generalised inverse-iteration algorithm. More details
about the algorithm employed to solve the system, the matrix
representation of the problem, and its discretisation can be found
in Dupret (2001).

In the case of dynamical tides, since the perturbation from
the companion is periodic and the system is developed in a
Fourier series, the forcing frequencies o are determined by the
orbital properties of the system and stellar rotation. Instead of
solving the system of equations for a single frequency, a depen-
dency on k appears, and the system must be solved indepen-
dently for different values of k, both positive and negative. Math-
ematically, the forcing frequencies are expressed in the corotat-
ing frame for a given orbital and stellar rotation rate, as

(18)

It should be noted that in the present article, we adopt the sign
convention for k of Valsecchi et al. (2013), whereas Sun et al.
(2023) adopted the opposite sign convention. We also adopt the
convention that o, should remain positive. If a negative fre-
quency is obtained, the same oscillation mode can be studied by
considering an opposite of m and k. With our sign conventions,
k m < 0 corresponds to prograde waves and k m > 0 to retro-
grade waves in the inertial frame. Prograde waves in the inertial
frame have larger amplitudes in general because their Hansen
coefficients are larger. Furthermore, m > 0 corresponds to ret-
rograde waves and m < 0 to prograde waves in the corotating

Omk = kQoy + My
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frame. In this paper, when not specified, ‘prograge or retrograde’
means prograde or retrograde in the corotating frame, which is
important in terms of mode physics.

The only ‘unknowns’ of the problem are the eigenfunctions
of each oscillation mode. Moreover, as shown in Sect. 2.2.1, the
inclusion of the perturbation from the companion transforms the
system to be solved into an inhomogeneous set of differential
equations. The new system to be solved can be written as

(A —0miB)x =Cy, (19)

where C is a complex vector containing the inhomogeneous part
of the system of differential equations. To solve Eq. (19) we used
the LU factorisation already implemented in MAD but without
the inverse iterative algorithm, as the frequency is now an input
parameter given by Eq. (18) and is no longer the free oscillation
frequency.

2.3. Including the effects of rotation: The uncoupled
approximation

When including the effects of rotation, the modifications made
to the solving algorithm presented in Sect. 2.2.2 remain valid,
as the system of equations remains inhomogeneous. However,
modifying the surface boundary condition of the Poisson equa-
tion to include the perturbation from the companion is not feasi-
ble, as the Hough functions do not allow separation of the Pois-
son equation. In this section, we present the new methodology
we developed to include the Coriolis force through the tradi-
tional approximation, using what we refer to as the ‘uncoupled
approximation’ to separate the Poisson equation.

In the framework of the traditional approximation, as shown
in Sect. 2.1, we require all the equations and quantities to be pro-
jected and decomposed on the Hough basis to solve the system
of differential equations presented in Eqgs. (2), (7), and (8). In the
case of the Poisson equation, as written in Eq. (8) the projection
on the Hough basis can be obtained using

(O], IV*y') = 4nG(O} |p), (20)

where (.. .]|...) denotes the scalar product on a sphere. The right-
hand side of Eq. (20) is not the major problem here, as it can be
separated by decomposing p” on the Hough basis. The problem
of separability comes from the left-hand side of the equation. By
decomposing ¢’ on the Hough basis, it can be rewritten as
@ IV2Y) = (@1 Y VA (eL ), @1)
Z!

which can be rewritten to emphasise the dominant term of
decomposition as follows:

(©F,IV2) = @IV (NO,) + (O] ) V2 (NO],).
U+t
(22)

If the system of equations is uncoupled and one mode domi-
nates the decomposition, then the last term of the previous equa-
tion can be neglected; we call this assumption the ‘uncoupled
approximation’. This approximation is valid when there is one
dominant mode in the decomposition, which typically occurs at
low spin parameters or near resonance, as we show below. By
using this approximation, the Poisson equation can be rewritten
as

1d(Ldp\ 2, d
(r2 "[’)—r—“;w :4ﬂG(6p—d—€§,),

P U 23)
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where

= (O),IVe),) (24)
is the coupling term as given by Fuller (2017) in the case of
modal decomposition. To estimate z;', Fuller (2017) uses an inte-
gral representation of the scalar product. However, in our case
we are using the properties of the Hough functions to obtain
this parameter; these properties are described in Appendix D. To
maintain consistency with our stellar oscillation code, we intro-
duce a modified spherical order ¢, such as E(f + 1) = z;'. On the
Hough basis and under the uncoupled approximation, the poten-

tial close to the centre of the star is proportional to 7, while close

to the surface and outside of the star it is proportional to r~*D.
The surface boundary conditions of the Poisson equation are also
modified by the inclusion of the Coriolis force. Those conditions
are obtained by imposing the continuity of the potential perturba-
tion and its derivative between the inner solution of the Poisson
equation and the outer solution of the Laplace equation. Using
the same formalism as in Eq. (23) the boundary condition of the
Poisson equation can be expressed as

%+Z’+l

or 1 =0

(25)

With the uncoupled approximation, Eq. (23) can be solved
with Egs. (2) and (7) on the Hough basis, as is traditionally done
when computing tidally excited oscillations without including
the effect of rotation. The main uncertainty of this approxima-
tion is the degree of validity of the uncoupled approximation; in
Sect. 2.4 we present a new modelling method that fully includes
the mode coupling.

2.4. lterative solving of the Poisson equation: The coupled
solution

The novelty of our new methodology is that we treat the poten-
tial perturbation as an inhomogeneous term in Egs. (2) and (3),
thereby separating the solving of the Poisson equation from that
of the main system of differential equations. We then iteratively
solve the system of differential equations for several Hough
oscillation modes before combining them to solve the coupled
Poisson equation and obtain the potential perturbations. As the
coupling of the oscillations is arising from the non-separability
of the Poisson equation, we call this mode coupling ‘gravita-
tional coupling’.

In the case of the coupled oscillations, the Poisson equation,
as written in Eq. (22) can be expanded using the projections pre-
sented in Eq. (D.1) of Appendix D, and can be expressed as

1d(,dy\ l+1) , N
rzdr (r dr ) r2 V' = 4nGp', (26)
where we define

do 1
v (s, o p U+ W (2
P (&) drg,)+4_ﬂGr2 S el @+ . @D

#E U

With this formulation, solving the Poisson equation for a given
oscillation mode requires the potential perturbation from modes
with the same ¢ parity and same m. In theory, this equation
should be solved simultaneously for those few oscillation modes.
In our modelling method, we have chosen to iteratively solve
the system of equations for each oscillation mode, coupling the
oscillations through the Poisson equation at each iteration step.

It is well known that the projections of the potential on spheri-
cal harmonics are solution of an integral equation. We note that
a similar result is found for the projections on the Hough basis.
The potential given by the following integral relation is the solu-
tion of the Poisson equation (Eq. (26)):

47TG " Am/ / IA /
@20 + 1yrt+! fo P

L oo .

— 47IGT‘ f ﬁi;/(rr)rrl—[drr )
20+ 1 Jr

Our iterative process uses this method to solve the coupled Pois-

son equation. The iterative process is designed as follows:

1. We independently solve the system of differential equations
for all the oscillation modes from ¢’ = m to £’ = L with the
same parity as m using our uncoupled approximation. This
provides us with an initial estimation of ¢", 6p, and &,.

2. For all the oscillation modes, we couple our oscillations by
computing p’ and independently solving the Poisson equa-
tion with Eq. (28) to obtain ¢"(r).

3. We then solve the system of differential equations again,
excluding the Poisson equation and treating the previously
obtained potential perturbation as an independent term in the
motion and continuity equations.

4. If the code has not converged, we go back to the second step
with the newly obtained dp and &,.

W) = - (28)

2.5. Verifications of the methodology

The numerical implementation of our method was made step by
step to ensure the numerical stability and correctness of each por-
tion of the code. Initially, we used a version of MAD that com-
puted free gravito-inertial modes using the traditional approx-
imation. We then implemented tidal forcing by modifying the
surface boundary condition of the Poisson equation, as presented
in Sect. 2.2.1. We then implemented the tidal forcing through the
modifications of the whole system of differential equations, as
described in Sect. 2.2.1, decoupled the Poisson equation, and
solved it independently. We verified that both versions of the
tidal forcing were giving the same results and eigenfunctions for
a few oscillation modes for a given stellar model. We then pro-
ceeded to modify MAD to include the effect of rotation through
the full iterative scheme described in Sect. 2.4.

For the presentation of the results in this article, we define
the following dimensionless variables:

%&=éw:i

- R ~
11[/ - G M ‘7&’ §r - R ) R s
where M is the mass of the studied star and R is its radius. To
verify the validity of our new tidal oscillation method in a non-
rotating case, we wanted to compare it with two existing tidal
oscillation codes: CAFein (Valsecchi et al. 2013) and gyre_tides
(Sun et al. 2023). However, our version of MAD is currently
optimised to work with our stellar evolution code, the Code Lié-
geois d’Evolution Stellaire (CLES, Scuflaire et al. 2008), which
guarantees models with high radial precision to accurately com-
pute stellar oscillations. Consequently, we cannot use models
from MESA, as used in CAFein and gyre_tides. This limitation
means direct comparisons of oscillation results are not feasible
due to differences in stellar structures. A comprehensive com-
parison of all three oscillation codes would require careful con-
sideration and could be the focus of future research.

To mitigate this problem, we decided to directly compare our
findings with published results, in particular all the results given

(29)
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0.5

Fig. 1. Surface radial displacement of the mode £ = 2,m =0, and k = 1
for the twin binary system composed of 5.0 M, SPB stars with an eccen-
tricity of 0.4. This figure is a reproduction of Fig. 5 of Valsecchi et al.
(2013).

in Valsecchi et al. (2013). We computed a stellar model equiva-
lent to the model of the SPB star presented in Valsecchi et al.
(2013) with CLES, ensuring it matched the characteristics of
their twin binary system. Our stellar model has a mass of 5.0 M,
an initial metallicity of 0.18, and we evolve our star until the
central hydrogen reaches Xc = 0.5, at which point we ver-
ify with OSC that the free oscillation of the g-modes is close
to that found by Valsecchi et al. (2013). For the stellar mod-
elling, we used the AGSS09 abundances (Asplund et al. 2009),
the FreeEOS equation of state (Irwin 2012), the OPAL opaci-
ties (Iglesias & Rogers 1996), the T'(7) relation from Model-C
of Vernazza et al. (1981) for the atmosphere, the mixing length
theory of convection implemented as in Cox & Giuli (1968), and
the nuclear reaction rates of Adelberger et al. (2011). We then
used the same setup for the binary as Valsecchi et al. (2013);
namely we studied the quadrupolar tidally induced oscillation,
with m = 0 and k = 1, for a twin binary system with an
eccentricity of 0.4. We then reproduced different figures from
Valsecchi et al. (2013); in particular we look at the surface
radial displacement for our twin binary around two resonances
(Fig. 5 from Valsecchi et al. 2013). Fig. 1 illustrates this dis-
placement as a function of the dimensionless frequency or
(o1 = c\R}/GM).

For the same binary system, we also verified the eigenfunc-
tion of the tidally excited oscillations, as illustrated in Fig. 2.

3. Exploration of gravitational coupling

In this section, we explore the gravitational coupling of oscilla-
tion modes due to rotation. As it is well known that £ = 2 tides
are dominating, we only consider modes with even values of .

3.1. Generalities about gravitational coupling due to rotation

The gravitational coupling between oscillations modes is defined
by the ¢y, coeflicients, which are highly dependent on the
value of the spin parameter. According to Eq. (26), the cou-
pling between two oscillation modes is particularly dependent

on the product c’[”‘,,cgf, o and its value compared to (c}f’t,)2 (the

coefficient linked to the uncoupled term). If (c?ft,)2 > c’(”'é,,c'['f,, o
then the coupling is weak and the solution is dominated by the
uncoupled term and the uncoupled approximation is valid. On
the contrary, if (%)2 ~ ¢}y ¢y, o then the coupling starts to play
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Fig. 2. Eigenfunctions of the mode ¢ = 2,m = 0, and k = 1 for the twin
binary system composed of 5.0 M, SPB stars with an eccentricity of
0.4. The top panel correspond to the radial displacement, the middle to
panel is the horizontal displacement and the bottom panel is the poten-
tial perturbation. The eigenfunction can be directly compared to Fig. 7
of Valsecchi et al. (2013).

a role and impacts the oscillation modes. The ¢y, ,, coefficients
are model independent and are only affected by the values of
¢,¢',m, and the spin parameter v. Therefore, it is possible to
make a model-independent comparison of these coefficients as
a function of the spin parameter. Fig. 3 shows the evolution of
the ratio cz,’ft,, c'f ol (czft,)2 in a case where we only consider the
coupling between the ¢ = 2 and ¢ = 4 oscillation modes.

This figure directly shows in which regime of the spin param-
eter and for which oscillation modes the gravitational coupling
has an effect. For all the oscillations modes, Fig. 3 indicates that
below a spin parameter of v < 1.2, the mode coupling does not
impact the £ = 2 oscillation modes. For the prograde modes
(m = -2), even at high spin parameters, the coupling remains
low and the uncoupled approximation is valid. This result is
expected given the significant discrepancy in terms of A between
the £ = 2 and ¢ = 4 prograde modes (see Fig. 34.3 of Unno et al.
1989; A(v) tends towards a small value for £ = 2, while it
increases significantly with v for £ = 4.). We still attempted to
compute the coupling, but we found that not only is the coupling
factor small, but the potential perturbation of the £ = 4 prograde
mode is several orders of magnitude smaller than the quadrupo-
lar mode, making the coupling effectively null.

For the m = 0 modes, we see that the coupling drastically
increases after v = 1.2 and is the strongest overall. We explore
the quantitative impact of this strong coupling on the oscillation
modes in Sect. 3.2. For the retrograde mode (m = 2), we see that
the coupling starts to become significant when v > 1.2, reaches
a plateau around v = 3, and then slowly decreases. The quantita-
tive effect of this coupling on the oscillation modes is explored
in Sect. 3.3.
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Fig. 3. Ratio of the coupling coefficient for a coupling between the £ = 2
and £ = 4 oscillation modes as a function of the spin parameter and for
different values of m.

Finally, by including the effect of rotation through the tradi-
tional approximation, a fourth type of oscillation mode appears:
the Rossby modes, which are low-frequency € = 2, m = 2 oscil-
lation modes. The latitudinal index & of the [ = 2, m = 2 Rossby
modes according to the classification of Lee & Saio (1997) is
k = -2 (which is not to be confused with the Fourier index
k used in this paper). Following Saio et al. (2018), in order to
propagate in radiative zones (1 > 0), Rossby modes must have
spin parameters that are larger than v > (m + |k[)(m + |k| — 1)/m,
which gives v > 6 for the [ = 2,m = 2 Rossby modes.
Specifically, in Fig. 1 of Saioetal. (2018), we see that, for
the /| = 2,m = 2 Rossby modes, 4 > 0 when v > 6;
and in their Fig. 7, we can see the geometry of those modes.
Rossby modes have low A, contrary to the classical retrograde
gravito-inertial modes. Consequently, due to the significant dif-
ference in A, the mode coupling is negligible between the Rossby
modes and the classical retrograde modes. In this section, the
coupling of oscillation modes was computed up to £ = 10
for the retrograde and m = 0 oscillation modes, neglecting
higher-order modes and the coupling of the Rossby and prograde
modes.

3.2. £ = 2,m = 0 oscillation modes

In this section, we explore the impact of the gravitational
coupling on the surface properties of the £ = 2,m =
0 oscillations modes, focusing in particular on the surface
imaginary part of the potential perturbation, as this quan-
tity directly impacts the evolution of the orbital parame-
ters of the system (Smeyers et al. 1998; Willems et al. 2003;
Valsecchi et al. 2013; Sunetal. 2023). From the previous
section, we know that the coupling is negligible below a spin
parameter of v = 1.2. In the present section, we focus on the
cases where v > 1.2. We used the same SPB stellar model as in
Sect. 2.5, and looked at the same scenario: a twin binary system
composed of two of those SPB stars with an orbital eccentricity
of 0.4. Our first objective was to quantify the effect of mode cou-
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Fig. 4. Surface imaginary part of the potential perturbation for the £ =
2,m =0,n = 11,k = 5 oscillation mode. The left panel corresponds to a
case where the stellar rotation frequency is 0.25 Qi = 1.15 d~!, while
in the right panel the stellar rotation frequency is 0.5 Q. = 2.29 d.
The orange curves correspond to the results of the coupled oscillation
code, while the blue curves correspond to the solution from the uncou-
pled oscillation code. The dark curves correspond to negative values of
the potential perturbation while the lighter curves corresponds to posi-
tive values.

pling on unstable oscillation modes with different stellar rota-
tion rates. Figure 4 illustrates the difference in the surface imag-
inary part of the potential perturbation between the uncoupled
and coupled versions of our code for two values of the stellar
rotation rate, and for the same gravito-inertial oscillation mode
(n=11).

From the left part of the figure, we observe that the coupling
between oscillation modes, as expected, is low when v < 1.2.
However, even in this case, we can see small peaks in the imagi-
nary part of the potential perturbation, which are associated with
the £ = 4, m = 0 oscillation modes. These resonances impact the
¢ = 2 modes even if the coupling is low. As the spin parame-
ter increases, we observe an overall difference across the entire
spectrum; in the case presented here, there is a factor 2 differ-
ence between the solutions given by the uncoupled and coupled
oscillation codes in the wings of the resonance. As expected,
near the £ = 2 resonance, the two oscillation codes are equiv-
alent, because one mode dominates. We can also see that with
the increase in coupling, the effect of the £ = 4 resonances on
the £ = 2 oscillations starts to become stronger. Finally, we can
observe a change of sign on the imaginary part of the potential
pertubation in the right panel of Fig. 4. This change of sign cor-
responds to a transition from a damping toward an excitation of
an oscillation mode.

We then wanted to verify the impact of the coupling on sta-
ble oscillation modes, as the coupled oscillation code shows the
greatest difference when no single oscillation mode dominates
and for modes with large radial orders where the spin parameter
is high. For the same binary system, we chose the stable oscil-
lation with £ = 2,m = 0,n = 25,k = 5. Figure 5 illustrates the
difference in the surface imaginary part of the potential pertur-
bation around a stable oscillation mode for different values of
stellar rotation.

For this mode, we already see a greater difference between
the uncoupled and coupled oscillation codes. In this case, as
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Fig. 5. Surface imaginary part of the potential perturbation for the
€ =2,m=0,n=25,k =5 oscillation mode. The left panel corresponds
to a case where the stellar rotation frequency is 0.25 Qg = 1.15 d7,
while in the right panel the stellar rotation frequency is 0.5 Qg =
2.29 d~'. The orange curves correspond to the results of the coupled
oscillation code, while the blue curves correspond to the solution from
the uncoupled oscillation code. The dark curves correspond to neg-
ative values of the while the lighter curves corresponds to positive
values.

the frequencies of the oscillation modes are smaller, the spin
parameter is greater, making the coupling more significant for
these oscillation modes. In the case of medium stellar rotation
Q, = 0.25 Q.;), the difference between the two codes is uni-
form, with about a factor of 2 difference. Here, we do not observe
any impact from ¢ = 4 resonances, as in this regime of frequency
the £ = 4,m = 0 oscillation modes have overly high radial
orders. In the case of high rotation, the coupling of the oscillation
uniformly increases the imaginary part of the potential perturba-
tion by an order of magnitude. Importantly, at the resonance, the
difference between the two oscillation codes also increases by
an order of magnitude. This is explained by the retroactive effect
of coupling when the spin parameter is significant. More specif-
ically, the resonance of the ¢ = 2 mode significantly impacts the
¢ = 4 mode, which, due to the high coupling, can retroactively
impact the £ = 2 modes.

3.3. Retrograde modes (€ =2,m =2)

In the case of the retrograde modes, from Fig. 3, we expected
a weaker gravitational coupling than for the m = 0 modes. To
verify the strength of coupling, with Fig. 6, we studied the model
discrepancy as done in Sect. 3.2 for the n = 11 and n = 25
retrograde oscillation modes, when the stellar rotation frequency
is 0.5 Qi = 2.29d71.

As expected, by comparing Figs. 4 (right panel), 5, and 6, we
see that for the m = 2 oscillation modes, the mode coupling plays
a less important role than for m = 0 oscillation modes. For stable
modes at high spin parameters, we still see differences between
the two modelling methods of about a factor of 5 (Fig. 6, left
panel). For the unstable modes (Fig. 6 , right panel), the discrep-
ancies remain small.
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Fig. 6. Surface imaginary part of the potential perturbation for the
¢ =2,m = 2,n = 25,k = -5 oscillation mode on the left, and for
the { = 2,m = 2,n = 11,k = =5 oscillation mode on the right. The
orange curves correspond to the results of the coupled oscillation code,
while the blue curves correspond to the solution from the uncoupled
oscillation code. The dark curves correspond to negative values of the
potential perturbation, while the lighter curves correspond to positive
values.

4. Resonance spectra of fast-rotating stars

In this section, we model and study the global resonance spec-
tra of binary stars, including the effect of rotation as described
previously. In Sect. 4.1, we present the global scan of the oscilla-
tion spectrum done with our code for a twin system composed of
two fast-rotating 3.5 M, SPB stars. Then, in Sect. 4.2, we study
the impact of rotation on the spectra of this system. Finally, in
Sect. 4.3, we study the impact of different eccentricities on the
spectra of the same binary system.

4.1. Global and local oscillation spectra

In this section, we create and analyse the resonance spectra of a
binary system. For this study, we computed stellar models of an
SPB star with a mass of 3.5 M, with the same other ingredients
as the stellar model described in Sect. 2.5. One key application
of including rotation effects into our oscillation code is the abil-
ity to model tidally excited Rossby oscillation modes. We chose
to use a different stellar model for this study because the pre-
vious model lay outside the instability strip for Rossby modes
(Townsend 2005), whereas 3.5 M, stars are inside this instabil-
ity strip.

Efficiency is crucial for conducting a comprehensive scan of
the oscillation spectrum, particularly when including modes with
different k and m values, as well as systems with varying orbital
properties. For all results presented here, we used the uncou-
pled version of our stellar oscillation code due to its faster exe-
cution time. With this version, we implemented a scan strategy
that is independent of the system’s orbital parameters and k. The
methodology takes advantage of the linearity of the solutions
with respect to y,: a value of i, proportional to x is imposed
during the execution of the oscillation code, effectively ignor-
ing the contribution from the Hansen coefficients, and allowing
for spectrum scanning relative to the corotation frequencies for
each m value and a specified rotation frequency. The spectrum
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Fig. 7. Scan of the surface imaginary part of the potential perturbation as a function of the orbital rotation rate. The system studied is a twin
binary system composed of 3.5 M, stars with a stellar rotation frequency of 0.5 Q. = 1.89d™! and an orbital eccentricity of e = 0.4. The top
panel corresponds to positive values of the potential perturbation while the lower panel corresponds to negative values. The amplitudes of all the

oscillation modes have been divided by k to magnify their width.

is then computed for each scan by scaling the solutions with
the actual ¢, value, as given in Eq. (15), across all considered
k values and desired orbital parameters. For quadrupolar modes,
this approach requires four separate scans of the oscillation spec-
trum (one for each m, with the fourth for Rossby modes), with a
subsequent reconstruction of all oscillations. This strategy sig-
nificantly reduces computation time by avoiding the need for
hundreds of individual scans. Moreover, this methodology works
independently of the system’s orbital parameters, allowing heavy
computations to be executed autonomously. This methodology
is particularly advantageous as it allows the inclusion of detailed
dynamical tides into orbital evolution codes. To ensure coher-
ence in the amplitude of the studied oscillation modes, we main-
tained a constant density of corotation period points in our scans,
focusing only on regions near resonances identified with the free
oscillations code.

Figure 7 illustrates the amplitude scan of various oscillation
modes for a twin binary system composed of 3.5 M, stars, with
a stellar rotation of 0.5€;; and an orbital eccentricity of e = 0.4.
Given the density of the spectrum, we chose to only illustrate the
dominant modes with an amplitude higher than the threshold of
107'°, In all such resonance spectra, we divided ¢’ by k. Indeed,
one sees from Eq. (18) that the widths of the resonance lines in
terms of Qy, are proportional to k~!. The impact of crossing a
resonance on the orbital parameters of a system is proportional
to the integral of the imaginary part of the potential taken over
the width of the resonance. Therefore, by dividing ¥’ by k, we
account for the effect of the widths of the resonance lines on the
orbital evolution of the system.

This figure shows the dominance regime of each type of
oscillation mode across different orbital separations. At lower
orbital rotation rates (Qop < 1 d7'), the spectrum is domi-
nated by retrograde oscillation modes (m = 2). As the orbital
rotation rate increases, Rossby modes, in green, begin to domi-

nate the spectrum, although retrograde modes still exhibit high-
amplitude resonances in this regime. Generally, prograde and
m = 0 oscillation modes do not significantly influence the spec-
trum in this scan. As illustrated in Fig. 7, the spectrum at high
orbital rotation rate is very dense; Fig. 8 focuses on the part at
higher orbital rotation rate, allowing us to identify the dominant
oscillation modes and study the oscillation spectrum in more
depth.

The Rossby modes are m = 2 even modes with a domi-
nating £ = 2 component able to produce high-amplitude reso-
nances (see their geometry in the bottom-right panel of Fig. 2
in Saio et al. 2018). They all have spin parameters with values
of greater than 6. For the stellar model and rotation considered,
the Rossby modes of radial order 12 — 23 are unstable and they
are stable outside of this interval. In Fig. 8, one can identify
the unstable Rossby modes with positive Im(i), whereas stable
modes have negative values. The spectrum reveals that Rossby
modes form groups with varying radial orders but identical k.
These separated groups come from the very low corotation fre-
quencies of the Rossby modes. Imposing spin parameter values
of greater than 6 and positive corotation frequencies gives:

Ql’Ot 5 QI'OI
> Qo > = s
Ik] "7 3K

where k has to be negative so that these modes are prograde in the
inertial frame and retrograde in the corotation frame. In practice,
Rossby modes of lower radial order are found at the lower fre-
quency limit, while higher-radial-order modes accumulate closer
to the higher frequency limit. It is noteworthy that the density of
Rossby modes increases with |k|, which can be seen in Fig. 7 for
example.

The second major type of oscillation modes impacting the
spectrum are the retrograde gravito-inertial oscillation modes
(m = 2), which are shown in blue in Fig. 8, with a few large

2

(30)
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Fig. 8. Scan of the surface imaginary part of the potential perturbation for a limited portion of the orbital rotation rate. The system studied is a
twin binary system composed of 3.5 M,, stars with a stellar rotation frequency of 0.5 Q; = 1.89d™" and an orbital eccentricity of e = 0.4. The
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the figure, the identification of the dominant oscillation can be found and is noted gn(k). The amplitudes of all the oscillation modes have been

divided by k to magnify their width.

resonances, particularly at low k values. In the case of prograde
modes, their propagation is constrained solely by their require-
ment to be prograde modes in the inertial frame:

Q
0< Qo < 222

31
i (€29)

where k is negative for the same reason as for the Rossby modes.
These resonances dominate the low-orbital-frequency part of the
spectrum, where they have similar radial orders and different k.
Indeed, a null frequency in the observer frame corresponds to a
given value of the dimensionless mode frequency in the coro-
tating frame equal to two times the dimensionless rotation fre-
quency. For this rotation rate, no unstable retrograde modes are
found, and the change in sign of the g11(—1) is due to the nega-
tive value of the Hansen coefficient when k = —1. As the modes
are all stable, they all (except one) contribute in the same dis-
sipative direction. In Figs. 7 and 8, we have added the modes
retrograde in both the inertial and corotation frame (with k£ > 0).
However, those modes do not play a significant role and only a
few of them can be found at high orbital frequency in Fig. 7.

In the case of the prograde modes (m = —2), propagation is
governed by the lower limit of the orbital frequency to ensure a
positive corotation frequency:

Qrot

Qo > 2 s
orb |k|

(32)

where k has to be positive. In practice, high-radial-order pro-
grade modes accumulate close to this lower limit of the orbital
frequency, while low-radial-order modes can be found at high
orbital frequencies. In Fig. 8, no low-radial-order low-k prograde
modes are found, as the required orbital frequency exceeds the
orbital frequency leading to binary contact.
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Finally, for the m = 0 oscillation modes, in the case
of high rotation, low-order high-orbital-frequency oscillation
modes require excessively high values of k to be visible. For this
specific model at high rotation, we do not observe any unstable
modes.

4.2. Impact of stellar rotation

In the previous section, we study the resonance spectrum for
a fast-rotating star. In this section, we examine the impact of
the stellar rotation rate on the oscillation spectrum of binary
stars by decreasing the rotation. The results from this section
can be anticipated based on the excitation criteria for modes
discussed earlier; reducing the rotation changes the distribution
of oscillation modes on the diagram. We used the same model
as in the previous section, reduced the rotation frequency to
0.25 Qi = 0.95d7', and performed the same global and local
scans of the oscillation spectrum, as shown in Figs. 9 and 10,
respectively.

By comparing the spectra from this section with those of
Sect. 4.1, several effects of the rotation can be directly observed.
First, by decreasing the rotation, the retrograde gravito-inertial
forces are significantly depleted, even at low orbital frequencies.
This depletion is a direct consequence of the more than two times
larger radial orders of these modes at a given orbital frequency.
This is evident from the identification of the retrograde modes in
Fig. 10; while in Sect. 4.1 the n = 11 can be found at high orbital
frequency, here only the n = 23 — 24 are found in this regime.

On the other hand, the prograde modes have their lower
orbital frequency limit shifted to lower frequencies, allow-
ing modes with low radial orders and k to be found in the
high-orbital-frequency regime. This results in an increase in
the amplitude and importance of these modes at high orbital
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Fig. 9. Scan of the surface imaginary part of the potential perturbation as a function of the orbital rotation rate. The system studied is a twin
binary system composed of 3.5 M, stars with a stellar rotation frequency of 0.25 Q;, = 5.95d™" and an orbital eccentricity of e = 0.4. The top
panel corresponds to positive values of the potential perturbation while the lower panel corresponds to negative values. The amplitudes of all the

oscillation modes have been divided by k to magnify their width.

frequencies. At lower rotation frequencies, we also observe the
appearance of unstable prograde modes, leading to both positive
and negative Im(’), which could result in unpredictable effects
from the dynamical tides.

Decreasing the rotation frequency also impacts the Rossby
modes. Fewer unstable Rossby modes are found in the spectrum,
and there is a decrease in the spread of Rossby modes, creating
small areas with a high density of Rossby modes. Additionally,
the decrease in rotation reduces the values of |k| at a given orbital
frequency, which, with this eccentricity, increases the amplitude
of the modes. From an orbital evolution standpoint, having well-
localised areas with a high density of high-amplitude Rossby
modes could significantly impact the system through dynamical
tides.

Finally, for the m = 0 modes, lower rotation allows access to
modes of lower radial order with higher amplitudes (due to the
decrease of 1) at high orbital frequencies. In this regime, m =
0 modes can become as significant as the prograde oscillation
modes.

4.3. Impact of eccentricity

The eccentricity of the binary system also impacts the scan of
the oscillation spectrum by modifying the Hansen coefficients,
and thereby influencing the significance of the orbital harmonics
k. In Fig. 11, we illustrate the Hansen coefficient — as used in
Eq. (15) — as a function of & for the £ = 2, m = 2 modes, and for
different values of eccentricity.

Looking at the Hansen coefficients, we can see that higher
eccentricity means that higher values of k play a key role. Con-
sequently, in the oscillation spectrum of a binary system, higher
eccentricity increases the amplitude of high k£ modes, poten-
tially introducing new dominant oscillation modes and result-
ing in a denser spectrum. For the same binary system as in

Sect. 4.1, Fig. 12 illustrates the global oscillation spectrum when
the eccentricity is 0.7.

With increased eccentricity, oscillation modes with higher
k values significantly impact the spectrum, making it denser.
Specifically, Fig. 12 shows that the Rossby modes become more
dense. For the retrograde modes, having higher k available
does not significantly change the oscillation spectrum; it only
becomes denser at low frequencies. This is because the accu-
mulation of retrograde modes occurs below the limit given in
Eq. (31), where higher k values correspond to lower orbital fre-
quencies and thus higher orbital separations.

However, higher eccentricity significantly impacts the pro-
grade and m = 0 modes. With higher k values, modes of low
radial order can be reached at higher orbital frequencies. This
effect is seen in Fig. 12, where, at lower orbital eccentricity,
the prograde and m = 0 modes are almost non-existent, while
at higher eccentricities, these modes become significant at high
orbital frequencies. However, their amplitudes remain signifi-
cantly lower than those of Rossby modes.

5. Discussion

In the above sections, we introduce and test a method to incorpo-
rate the effects of rotation into models of binary stellar oscilla-
tion without relying on the Cowling approximation. Although
developed for binary systems, this formulation can also be
implemented in classical non-adiabatic oscillation codes. To
account for rotation while solving the Poisson equation, we
developed two distinct approaches: the first considers only the
dominant term for each oscillation mode, while the second fully
accounts for a new type of coupling that we call gravitational
coupling. We find that the gravitational coupling significantly
affects the amplitude in the wings of resonances and for high
spin parameters (v > 1.5). Accounting for the gravitational mode
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modes have been divided by k to magnify their width.
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Fig. 11. Evolution of the Hansen coefficient as a function of k for the
¢ = 2,m = 2 modes and different eccentricities.

coupling is important for accurately modelling the amplitudes of
specific oscillation modes and comparing the models with obser-
vations.

By scanning the oscillation spectrum with the effects of rota-
tion included, we identified patterns of mode accumulation and
the dominant oscillation modes for various system configura-
tions. Notably, Rossby modes emerge as dominant, occupying
specific, dense regions of the spectrum. From the perspective
of orbital evolution, computing these modes is critical, as these
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accumulation zones can significantly influence the orbital evolu-
tion of binary systems.

For prograde and m = 0 mode resonances, we expect their
impact on orbital evolution to be weak due to their lower ampli-
tudes and the opposing effects of stable and unstable modes.
However, for Rossby modes, small regions in the orbital fre-
quency domain could lead to rapid orbital evolution or even
orbital trapping. Such trapping may also occur due to large,
sparse resonances generated by retrograde oscillation modes.
The rapid orbital evolution induced by Rossby modes could pre-
vent the detection of binaries within these frequency domains.

According to Newton’s third law, the force exerted by
the perturbed primary on the unperturbed secondary (propor-
tional to the perturbation of the potential generated by the pri-
mary) is equal and opposite to the force exerted by the unper-
turbed secondary on the perturbed primary (proportional to
the perturbation of the density of the primary). Exploiting this
property, Witte & Savonije (1999a,b, 2001), Savonije & Witte
(2002), Savonije (2005) developed a method for computing the
orbital evolution that only requires the density perturbation,
which allows the Cowling approximation to be used to study
dynamical tides. This approach also consistently includes the
effects of rotation without needing to solve the Poisson equation.
In Witte & Savonije (1999a,b, 2001), Savonije & Witte (2002), a
complete treatment of rotation with the Cowling approximation
is adopted, while in Savonije (2005) the rotation is included with
the traditional approximation still using the Cowling approxima-
tion.

A key difference between our approach and that of Savonije
(2005) lies in the treatment of the Cowling approximation. In
Appendix B, we assess the validity of the Cowling approxima-
tion and demonstrate that for low-radial-order modes, it becomes
problematic, with both a shift in the frequency of the maxima and
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Fig. 12. Scan of the surface imaginary part of the potential perturbation as a function of the orbital rotation rate. The system studied is a twin
binary system composed of 3.5 M,, stars with a stellar rotation frequency of 0.5 Q.; = 1.89d™" and an orbital eccentricity of e = 0.7. The top
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adiscrepancy in relation to their amplitudes of about one order of
magnitude. In these cases, solving the Poisson equation is nec-
essary to obtain accurate amplitudes and frequencies for low-
radial-order modes. In Appendix B, we only explore the validity
of the Cowling approximation without including the effects of
rotation; we expect the gravitational coupling to also have an
impact on the validity of the Cowling approximation, and this
could be the subject of another article.

In this work and in the literature (Witte & Savonije 1999a,b,
2001; Savonije & Witte 2002; Ogilvie & Lin 2004), multiple
types of mode coupling —based on different physical processes—
appear due to rotation. A first type of linear coupling comes from
the fact that the Coriolis and centrifugal forces make the problem
of non-radial oscillations non-separable. Under the traditional
approximation, the terms responsible for this non-separability
are neglected and the problem can be separated in terms of the
Hough functions. However, this approximation is not valid, for
example, for p-modes and in convective zones. In the present
article, we investigate a second type of coupling that we call
gravitational coupling. This coupling arises from the fact that
the Hough functions are not eigenfunctions of the Laplace oper-
ator in the Poisson equation. The gravitational coupling allows
for interaction between modes, like the classical mode coupling.
In particular, quadrupolar modes are directly influenced by the
potential perturbation of spherical modes of higher degrees, as
shown in Fig. 4. When using the Cowling approximation, this
gravitational coupling is neglected; however, we demonstrate
that in the cases we study here, the Cowling approximation may
not be fully valid. The validity of the Cowling approximation
should also be impacted by the inclusion of gravitational cou-
pling.

Finally, there is another effect that should not, by itself, be
considered as a coupling. The tidal potential generated by the
secondary is largely dominated by quadrupolar spherical har-

monics (¢ = 2). However, for high values of the spin parame-
ter, the Hough functions of higher degrees have a non-negligible
quadrupolar component. The associated modes are therefore
tidally excited by the quadrupolar component of the tidal poten-
tial, but they remain ‘uncoupled’. Under the uncoupled approx-
imation, the gravitational coupling is entirely neglected, even
though a single forcing term may excite multiple modes; sep-
arability is assumed. This approach is similar to that used
in Savonije (2005), where the Cowling approximation is also
employed. In contrast, our coupled formalism takes into account
the non-separability of the modes.

The modelling method presented here is not limited to
binary systems; it can also be applied to planetary systems. Our
approach for scanning the oscillation spectrum is independent of
the companion’s properties and orbital parameters, and is well-
suited for studying star—planet interactions. This method allows
precise calculations of planetary evolution, including the effects
of dynamical tides on the system’s orbital parameters.

Recently, Papaloizou & Savonije (2023, 2024) explored the
excitation of Rossby modes by giant planets orbiting solar-type
stars. The formalism used by these authors, which is closer to
that of Ogilvie & Lin (2004, 2007), includes a full treatment
of rotation, which is a necessary feature when studying tidally
excited gravito-inertial or inertial oscillations in such systems.
The primary limitation of our model lies in the applicability of
the traditional approximation. While we focus on SPB stars in
this article, the traditional approximation also remains valid for y
Doradus stars and more massive stars. Although most planets are
found around low-mass stars, several y Doradus stars host plan-
ets, making them promising targets for applying our methodol-
ogy. In addition, a significant portion of binary systems exhibit-
ing tidally excited oscillations are located within the y Doradus
instability strip, further emphasising their relevance as targets for
our model. However, our method is not suitable for low-mass
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stars with extensive convective envelopes, such as those studied
in Ogilvie & Lin (2004, 2007), Papaloizou & Savonije (2023,
2024).

6. Conclusion

In this work, we developed a new theoretical modelling proce-
dure to include the effect of rotation on tidally excited oscillation
modes through the traditional approximation, without using the
Cowling approximation. We first present the basic formalism of
tidally excited oscillations before introducing our new modelling
procedure in Sect. 2. Then, in Sect. 3, we compare the two mod-
elling methods we developed to identify the regime in which
the uncoupled approximation is valid. In Sect. 4, we examine
the impact of including rotation on the oscillation spectrum of
binary systems before discussing the implications of our results
in Sect. 5.

To include the effect of rotation on the oscillation modes,
we developed two different methodologies. The first uses the
uncoupled approximation, assuming no coupling between the
oscillation modes in the Poisson equation. The second method
iteratively solves the Poisson equation, including the effect of
mode coupling without this assumption. We compared these two
modelling methods for different types of oscillations. We deter-
mined that for prograde modes, mode coupling has no significant
impact on the amplitude of the oscillation spectrum, even at high
spin parameters. The same conclusion applies to Rossby modes.
For the retrograde (I = 2, m = 2) oscillation modes, gravitational
coupling mode coupling starts to affect the amplitude when the
spin parameter exceeds 1.2. In the case studied here, involving
an SPB star of 5.0 M, we observed a factor of two increase in
amplitude due to mode coupling. For the [ = 2,m = 0 oscilla-
tion modes, the impact of coupling is greater, with differences of
up to an order of magnitude in the amplitude of the oscillation
waves within the same spin parameter regime as for the retro-
grade modes. Importantly, we find that the uncoupled version of
the code is generally sufficient to model the amplitude of oscil-
lations close to resonances, with most differences occurring out
of resonance. The coupled version of the code is recommended
for detailed modelling of the amplitudes of observed oscillation
modes at high spin parameters, where accurately modelling the
exact amplitude of the modes is essential.

Using the uncoupled version of our binary evolution code,
we explored the total oscillation spectrum of a theoretical twin
binary system composed of two 3.5 M, SPB stars. At high stel-
lar rotation rates, we observed that tidally excited Rossby modes
completely dominate the oscillation spectrum at high orbital
frequencies, while retrograde modes dominate at lower orbital
frequencies. Due to their high amplitudes, high density and pre-
dictable positions in the resonance spectrum (see Eq. (30)), they
are expected to have a significant impact on the orbital evolution
of binary systems. In contrast, at high rotation rates, the pro-
grade and m = 0 modes play a less significant role, exhibiting
lower resonance amplitudes.

Exploring the oscillation spectrum at lower stellar rotation
rates revealed a contrasting scenario: prograde and m = 0 modes
now play a key role, with high-amplitude modes appearing at
high orbital frequencies. Although Rossby modes still domi-
nate overall, prograde and m = 0 modes exhibit comparable
amplitudes, with less predictable positions. Decreasing the stel-
lar rotation rate causes a significant reduction in the amplitudes
of the retrograde modes. This phenomenon can be attributed to
an increase in the radial order of the modes along with a decrease
in rotation for a given orbital frequency. Furthermore, we inves-
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tigated the impact of the orbital eccentricity on the oscillation
spectrum and observed that increasing the eccentricity leads to a
denser resonance spectrum. Notably, prograde and m = 0 modes
can become significant even at high stellar rotation rates.

Given the significant impact of rotation on the oscillation
spectrum of binary systems, a more comprehensive study is war-
ranted to explore how dynamical tides affect the orbital evolu-
tion of these systems. The densely populated orbital frequency
regions by high-amplitude Rossby modes suggest the potential
occurrence of resonance locking or rapid orbital evolution at the
accumulation points of these modes. Integrating our oscillation
code with an orbital evolution code is essential and is planned
for future research, allowing a detailed investigation into how
rotation influences the orbital dynamics of binary systems via
dynamical tides.
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Appendix A: Formalism used in MAD

Including the effect of the rotation through the traditional
approximation, the three components of the perturbed motion
equation are written as

d(gé, 1doP 0,
0-2§_‘r=@+__+ _p’ (Al)
dr p dr p
10 oP
o fe = —— |gér + — | = 2icQ2, cos O&, (A.2)
r o6 o
and,
o, = ! &+ OP) 1 2ir0a, cos 0, (A.3)
¢ rsm96¢ ger * o .

In the previous equations, o is the frequency of the oscillation
mode considered, &, & and &; are respectively the radial, latitu-
dinal and longitudinal components of the displacement, ¢’ is the
Eulerian perturbation of the potential, g is the effective gravity,
p is the density, P is the pressure, and Q. is the stellar rotation
rate. The solution of each quantity can be cast into the form of
an infinite linear combination of functions given by

¢
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where @' (1) are the Hough functions, the eigenfunctions of the
operator hnked to Laplace tidal equation £, defined as

d| 1-u* d 1 —u? m 1 +v3?
L, =— — |- + my ,
du |1 =v22du| 1-v22|1-p? 1 —v2u?
(A.5)
where v is defined as
2Q
y= %, (A.6)
o

and u = cos 6. Therefore, the horizontal displacement is given
by
1 oP
o=~ (v/ +gér + —). (A7)
r P
In the continuity equations, the inclusion of the rotation through
the traditional approximation modifies this equations as follows

5p W+ (

+ d( ) -~ (A3)

‘fr + E) = 07
P
where £(f + 1) is the eigenvalue of the Hough function of the
chosen oscillation mode. The equations of energy transport and
conservation are unchanged by our the inclusion of the rota-
tion through the perturbative approach. The system of equations
solved in MAD for the stellar interior is already described in

Dupret (2001), Dupret et al. (2002). The equations of the energy
transport and conservation are respectively written as

, 1 d6L (e p  d(PE)
T6S = ——7rH— —+ — A9
- 4nr2p dr +E(e+p+ dr (A9)
SAEDf [T (ar) & LC@ (A.10)
4drpr3 r \dr r

and, in the case of frozen convection,

L [;0T ok _op déT(iT) f’] (A.11)
r

6L2§r
L LT «k p dr

In the previous equations, 7 is the temperature of the layer con-
sidered, S is its entropy, L is its luminosity, € is its energy
production, Ly is its radiative luminosity, L¢ is its convective
luminosity, and « is its oppacity.

Appendix B: Validity of the Cowling approximation

In this section, we examine the validity of the Cowling approx-
imation, which neglects the perturbation of the gravitational
potential in the continuity, mass conservation, and radial motion
equations. Theoretically, this approximation is expected to be
valid in the regime of high radial order and/or high spherical
order oscillation modes (Unno et al. 1989). However, for low
radial order and low spherical order oscillation modes, the valid-
ity of this approximation is not guaranteed. For dipolar modes,
Takata (2005) already showed that this approximation is not
always accurate.

The Cowling approximation, if not accurate, can induce
both a shift in the frequencies of the oscillation modes and a
difference in the amplitudes of the modes. Consequently, the
validity of this approximation has to be verified with a global
scan of the oscillation spectrum. While the formalism from
in (Witte & Savonije 1999a,b, 2001; Savonije & Witte 2002;
Savonije 2005) uses the integral of the imaginary part of the den-
sity pertubation over the volume of the star to study dynamical
tides, our formalism uses the imaginary part of the gravitational
perturbation, which can be obtained by integrating the imagi-
nary part of the density perturbation over the radius of the star
(see Eq. (28)). Therefore, the verification of the validity of Cowl-
ing can be done with a global scan of the oscillation spectrum,
looking at the imaginary part of the potential perturbation, con-
sistently obtained with our methodology or obtained a posteriori,
with the density perturbation in the formalism with the Cowling
approximation.

The validity of this approximation can already be tested
without including rotational effects. For the 3.5 M, SPB star
model presented in Sect. 4, in Fig. B.1, we compare the surface
Im(y’) obtained with and without the Cowling approximation
around the m = 0,n = 11 and n = 5 oscillation modes.

We find almost no shift in frequency for the n = 11 oscil-
lation mode due to the Cowling approximation. At the surface,
we see an overestimation of approximately one order of mag-
nitude in the imaginary part of the potential perturbation at the
centre of the resonance line. Furthermore, we observe system-
atic difference in the amplitude of about one order of magnitude
for low-radial oscillation modes, as seen for the n = 5 oscillation
mode. In addition, for the n = 11 mode, we observe significant
differences in the imaginary part of the potential perturbation,
with an offset of the frequency of the maximum of about 0.030
d~'. For the m = 0 modes, this frequency shift is more important
for lower radial order modes. This highlights the limitations of
the Cowling approximation for modes with relatively low radial
order. A more detailed investigation could be the subject of a
future work, would explore the impact of the gravitational cou-
pling on the limitations of the Cowling approximation.

Given these limitations, there is a clear difference between
dynamical tide treatments based on potential perturbations (as
used in this work) and those based on density perturbations,
such as in the formalism by (Witte & Savonije 1999a,b, 2001;
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Fig. B.1. Imaginary part of ¢ around the m = 0,n = 11 (on the left
panel) and n = 5 (on the right panel) oscillation modes as a function
of the forcing frequency. The orbital parameters of the system were we
arbitrary chosen to be k = 8§ and e = 0.4.

Savonije & Witte 2002; Savonije 2005). Although small fre-
quency shifts and amplitude variations may have a minor impact
on broad theoretical studies of the effect of dynamical tides on
orbital evolution of binary system, they become important when
attempting to model specific observed systems. This frequency
shift can determine whether certain modes are theoretically res-
onating due to the companion forcing or not in tune and not
observable.

Appendix C: Boundary condition of the Poisson
equation

For the boundary condition of the Poisson equation we want to
impose the continuity between the inner solution of the Poisson
equation and outer solution of the Laplace equation. In the vac-
uum the solution of the Laplace equation tending towards O at
infinity takes the form

R +1
Vo) =07 ®(Z) 1)
where 7'(R) is the component of the gravitational potential at
the surface of stars. For what follows the dependency on ¢ and
m is implicit. The first derivative with respect to the radial coor-
dinate of the solution of the Laplace equation in the vacuum is

dl//oul _ _€+ 1

dr PR

(C.2)

The continuity of the Lagrangian perturbation of the gravita-
tional potential and its derivative can be expressed as

6‘!’ = 6!//001’ (C3)
and,

dy— dyou

— =0—. 4
6dr 0 dr €4
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Those equations can be rewritten in the Eulerian formalism as

’ dw g woul
'+ or - You + OF ar (C5)
and,
dy’ Py dyg o P
ar + (SI"W = ar + or a2 (C6)

The first derivative of the potentials are continuous, mathemati-
cally:

W Yo
dr dr -~

(C.7)

Concerning the second derivative of the gravitational potential,
we only have the continuity if the density is null, at the exterior
of the star we have,

Phow 2 Wou

dr? rodr 0, €8
and in the interior we have:
>y  2dy
— —_—— 4 . C.
dr? * r dr Gp (€9
By subtracting the last two equations, we obtain:
oy

- — = —4nGp. C.10
dr? dr? nGp ( )

By inserting this equality in Eq. (C.6), and using the expression
of the radial derivative of the outer potential we obtain:

dy/  €+1
W + ;lﬁ/ = —4nGpor.
dr r

which is the boundary condition for the Poisson equation used
in the classical version of MAD (Sect. 2.1) and in Sect. 2.2.1.
Later on, we chose to neglect the right hand side of Eq. (C.11)
(as usually done, see Unno et al. (1989) ) as at the surface the
density of the star is negligible. Finally, it can be shown with
the same developments that with the uncoupled approximation,
an equivalent expression of the boundary condition can be found
and is given by Eq. (25).

(C.11)

Appendix D: Projections from and on the Hough
basis

Mathematically, each Hough function can be defined as a com-
bination of associated Legendre polynomials:

00

CHRIDES Z CpeiPr (),

'=m

(D.1)

where ¢y, can be obtained by solving the Laplace tidal
equation, we used a matrix representation of this equation as
described in Unno et al. (1989) to obtain simultaneously the
eigenvalue of each Hough function A and the spectral decom-
position on the associated Legendre polynomials.

Under the uncoupled approximation, these properties can
be used to compute the coeflicient 7}’ as given by Eq. (24). In
Eq. (24), we can decompose the Hough functions of the scalar
product into associated Legendre polynomials using Eq. (D.1),
then apply the Laplace operator as it separates the associated
Legendre polynomials before applying the orthogonal properties
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of the associated Legendre polynomials. With these operations,
z; is given by

g= > O+ 1) (D.2)

'=m

Through all this article, we approximate this sum by accounting
for all the terms up to £’ = 50, only the terms with the same
parity as £ are non-zero.
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