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ABSTRACT

Context. Binary star systems allow us to study the planet formation process under extreme conditions. In the early stages, these systems
contain a circumbinary disk and a disk around each star. To model the interactions between these disks in the frame of one of the stars,
strong fictitious forces must be included in the simulations. The original FARGO and the FARGO3D codes fail to correctly simulate
such systems if the indirect term becomes too strong.

Aims. We present a different way to compute the indirect term that, together with a tensor artificial viscosity prescription, allows the
FARGO code to simulate the circumbinary disks in a non-inertial frame of reference. In this way, the FARGO code can be used to study
interactions between circumstellar and circumbinary disks.

Methods. We first evaluated the accuracy of the standard implementation and our proposed indirect term prescription using a simple
N-body test case. We then analytically estimated the effect of the default artificial viscosity used in the FARGO code in the limit of
large distances to the N-body system. Finally, we evaluated the effects of the different prescriptions by performing hydrodynamical
simulations in a non-inertial frame of reference.

Results. By updating the indirect term prescription and the artificial viscosity, we were able to successfully simulate a circumbinary
disk in a frame that is centered on the less massive star. We find that updating the indirect term becomes relevant when the indirect
term becomes stronger than the direct gravitational forces, which occurs for mass ratios of ¢ > 5%. The default artificial viscosity
used in the FARGO code inherently produces artificial pressure in a non-inertial frame of reference even in the absence of shocks. This
leads to artificial mass ejection from the Hill sphere, starting at brown dwarf masses (¢ = 1%). These problems can be mitigated by
using a tensor artificial viscosity formulation. For high mass ratios, g > 1%, it is also becomes important to initialize the disk in the
center-of-mass frame. We expect our proposed changes to be relevant for other grid-based hydrodynamic codes where strong indirect

terms occur, or for codes that use artificial viscosity.

Key words. accretion, accretion disks — hydrodynamics — methods: numerical — protoplanetary disks — planet-disk interactions —

binaries: general

1. Introduction

When studying astrophysical hydrodynamics simulations, it is of
interest to conduct such studies in a non-inertial frame of ref-
erence, that is to center the simulation on one star of a binary
system to study its circumstellar disk. The non-inertial frame
of reference introduces fictitious forces that must be taken into
account in the simulation.

The indirect term is supposed to compensate for the forces
acting on the center of the frame of reference so that it does
not move. In extreme cases, the force due to the indirect term
dominates the total force acting on the gas. Under such con-
ditions, an overly simplistic approach for handling the indirect
term can become the limiting factor in the accuracy of the entire
simulation.

In this paper, we discuss the artificial viscosity and the indi-
rect term used in the FARGO and FARGO3D codes (Masset 2000;
Benitez-Llambay & Masset 2016) and show that they cause prob-
lems when simulating extreme setups. We then propose a more
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accurate method for handling the indirect term and the use of
the tensor artificial viscosity by Tscharnuter & Winkler (1979)
and show that they are more accurate at simulating systems with
strong indirect terms. The methods presented in this paper have
already been mentioned in Rometsch et al. (2024). In this paper,
we explain the methods in detail and explore when they become
necessary.

In Sect. 2 we compare two strategies for calculating the indi-
rect term in a binary star system by testing how well the primary
component of the binary remains fixed in a reference frame cen-
tered on the primary. We discuss two forms of artificial viscosity
that are commonly used in grid codes in Sect. 3, and then use
the proposed changes to run hydrodynamical simulations with
strong indirect terms in Sect. 4. We then evaluate the relevance
of our modifications to planetary disk simulations in Sect. 5 and
discuss our results in Sect. 6.

2. N-body example on applying the indirect term

In the FARGO and FARGO3D codes, the indirect term is cal-
culated at the beginning of the time step and then added to
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the potential that is then derived numerically to calculate the
acceleration on the gas. Next, the source terms due to pressure,
viscosity, and artificial viscosity and, finally, the transport step
are calculated and applied.

In this section, we construct a pure N-body test case where
only gravitational forces are considered, using the REBOUND
code (Rein & Liu 2012). This is a model of the full action
to study the effects of different protocols for including the
indirect term.

We initialized a binary star system in REBOUND and shifted
it into the frame of the primary star. We then updated the veloci-
ties of the N-body in time with the indirect term using a forward
Euler step in time before applying the standard REBOUND inte-
gration step. We used the IAS15 integrator (Rein & Spiegel 2015)
that is accurate to machine precision. We therefore assumed that
any motion of the central object is due to inaccuracies in the indi-
rect term protocols. This allowed us to measure their quality by
how little the central object moves.

For a binary star system with masses m, m, and positions
X1, X3, the indirect term is simply given by the negative of the
acceleration of the primary by the secondary:

X1 — X2

ey

Qind,1 = M2 X %P
This formulation is identical to the implementation in the FARGO
code. We call it the Euler protocol because the velocity update
is similar to a Euler integrator in the sense that it updates the
velocity with a single step forward in time using the positions at
the beginning of a time step.

As an alternative, we propose to use the acceleration expe-
rienced by the primary during its entire update step to compute
the indirect term. In our case, we extracted the acceleration on
the central object from the REBOUND code by measuring the
change in velocity during the entire integration step:

vi(t + Ar) — vi(2)

At ’ @

dlpnd2 = —
where At is the size of the time step and v;(¢) is the velocity of
the central object at the time . To obtain the indirect term at
the beginning of the time step, we created a copy of the N-body
system and then integrated the copy with all the external forces
acting on it to compute the accelerations. Assuming that the
velocity of the central object at the start of the time step is
zero, which is satisfied in a frame centered on it, Eq. (2) sim-
ply represents a velocity shift to the frame of the central object.
For this reason, we call this method the shift protocol for the
indirect term. We also computed the acceleration using a fifth-
order Runge—Kutta scheme and found identical results up to the
accuracy of the integration scheme.

For our test, we used a circular binary system with a mass
ratio of m,/m; = 0.1 and chose the units so that the total mass,
binary separation, and gravitational constant are all equal to one.
With this setup, one binary period is Py, = 27 that is divided
into 250 steps At = 27r/250 for integration. The primary star was
initially placed in the coordinate center.

The time evolution of the primary star in simulations using
the Euler and shift protocols for considering the indirect term
are shown in Fig. 1. Neither implementation keeps the primary
fixed at x = 0. For the shift protocol, the velocity is zero at the
end of each time step, and the primary drifts on a circle. For the
Euler protocol, the primary reaches zero velocity only after each
full binary orbit and moves away from the origin. By design, the
shift protocol keeps the primary at zero velocity. Any motion is
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Fig. 1. Time evolution over three binary periods of the primary under
the influence of the indirect term protocols of Egs. (1) and (2).

only due to drift during the integration step as the primary is
accelerated from —Atar,qg to 0.

For the next test, we shifted the binary system into the pri-
mary frame at the end of each time step to fix the primary at the
coordinate center. This is intended to simulate the implementa-
tion of the FARGO codes in which the central object is implicit;
in other words, the central object is not integrated, and the other
N-body objects feel the indirect term at each substep of a fifth-
order scheme, so that they are held in the frame of the central
object with high accuracy.

We then added massless test particles that were integrated
alongside the binary. Their velocities were updated with the indi-
rect term at the beginning of the time step by adding ay,g At, but
were not shifted into the primary frame at the end of each time
step. They represent gas cells on a fixed grid and therefore can-
not be shifted to the primary frame. We also added a test particle
that is shifted to the primary frame along with the binary after
each time step as a reference. We modeled the time step criteria
of a hydrocode by scaling the time step by the inverse velocity
of the innermost particle, normalized by the Kepler velocity for
a circular orbit at the same semi-major axis:

2w Uk
At = — - , 3
250 vtest, 1 ( )

which mimics the CFL criteria of the FARGO code.

The resulting evolution of the semi-major axis and eccentric-
ity for test particles starting at 3,4, 20 ay;, are shown in Fig. 2.
The first three rows correspond to a different initial semi-major
axis, ag, and the bottom row shows a zoom in for the case of
ao = 20 apin. The left and right columns of the panels show the
semi-major axis, a, of the test particles and their eccentricity, e,
as a function of time, respectively. We note that the two columns
show the quantities over different time frames.

In total, we identified four different oscillations in the parti-
cle orbits. The first has a period equal to the synodic period of
the binary. They can be seen in the semi-major axis evolution of
the innermost particle starting at 3 ayi, in the upper-left panel in
Fig. 2. They are characterized by their double peaks and valleys
during a binary period as the particles move through the potential
of the binary. This oscillation is always present for the reference
particle and is visible in the semi-major axis and eccentricity. In
the simulations with an indirect term, this oscillation is domi-
nated by other oscillations and is no longer visible at larger radii.
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Fig. 2. Time evolution of the semi-major axis and eccentricity of
two test particles under the influence of the indirect term in Eq. (1)
and Eq. (2) respectively and an exact reference case without an indirect
term.

The second oscillation has a frequency of the orbital period
of the particles. This oscillation occurs only in the eccentricity
of the particles, and it is clearly visible in the lower-right panel.
For reference, the particles at 20 ay;, have a period of 90 Py;,.

In addition to these two physical oscillations, we find two
purely numerical oscillations for the particles with an indirect
term, which do not occur for the reference particle. The first
numerical oscillation also has a period equal to the synodic
period of the binary, but produces only a single peak and valley
instead of the two for the oscillation due to the binary poten-
tial. We associate this oscillation with the residual motion due
to the indirect term protocols, similar to those shown in Fig. 1
for the central object. Examples of this oscillation can be seen in
the semi-major axis evolution of the particles starting at 20 ap,
(third and fourth panels on the left in Fig. 2). They also appear in
the eccentricity of the particles, but cannot be seen individually
because the eccentricity plots cover a larger time frame.

Finally, in simulations with indirect terms, the outer particles
also oscillate due to the feedback from the time-stepping crite-
ria that is calculated from the velocity of the innermost particle
(see Eq. (3)). The frequency of this oscillation is the beat fre-
quency between the orbital frequency of the particle itself and
the innermost particle. This CFL oscillation causes the height of
the peaks and valleys to oscillate during the synodic period, as
seen in the semi-major axis and eccentricity for particles starting
at 4 ap;, and 20 apip.

In addition to the oscillations, we observe other differences
between the reference particles and the particles subject to an
indirect term. For the Euler protocol, the innermost particle (top
row of Fig. 2) drifts inward, and its eccentricity increases. For the
shift protocol, the particle drifts outward at one-third the drift
of the of the Euler protocol particle, and its eccentricity does
not increase. The sign of the drift direction and the sign of the
deviations from the reference particle in general, are reversed
by applying the indirect term after the integration step instead
of before. The drift of the innermost particles is caused by the
variable time step and does not occur with a constant time step.

The second row shows the time evolution of the second par-
ticle that started at a distance of 4 ayi,. The particles subject to
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Fig. 3. Amplitudes of the semi-major axis oscillations as a function of
the initial semi-major axis. The dotted line at 3 ay, indicates the initial
position of the particle that is used for the time step criteria. The dashed
lines represent the best least squares fit with a power law model.

the indirect terms are no longer drifting. At r = 150 Py, the time
step variations induce an eccentricity growth in the simulation
using the Euler protocol. We ran an additional simulation where
the time step from the Euler protocol simulation was copied and
used for the outer particle with the shift-based protocol starting
at 4 ap;, (not shown), which also caused it to increase its eccen-
tricity, but at half the rate of the case where both particles used
the Euler protocol.

The third row shows the particle at a distance of 20 bin, and
the fourth row shows the same data again, but without the par-
ticle affected by the Euler protocol. For the Euler protocol, the
eccentricity is higher by a factor of 35 and oscillates at twice the
rate of its binary period. The eccentricity of the shift protocol
particle has the oscillation with its binary period as the dominant
oscillation and still resembles the time evolution of the reference
particle. We repeated the test and measured the amplitudes of
the oscillations in the semi-major axis of the outer test parti-
cle for different binary mass ratios, time step sizes, and initial
semi-major axes.

An example of how we measured the oscillation amplitudes
is shown in the third panel on the left in Fig. 2. We measured the
amplitude of the combined physical and shift protocol oscilla-
tions during the synodic period, Agyy, as the differences between
the maxima (blue dots) and the subsequent minima (red crosses)
of the semi-major axis. We defined the amplitude of the oscil-
lations due to the CFL criteria, Acfr, as the difference between
the highest and lowest maximum of the semi-major axis, as indi-
cated by the purple and yellow dots. The amplitudes were always
measured during the first 30 binary orbits, so that the particles
were still close to their initial positions. We ignored the numer-
ical drift and used the initial semi-major axis of the particle for
the evaluation. The initial semi-major axis of the particle used
for the time step criteria was kept at 3 ay,;,, while the other par-
ticle was varied from 2.5 to 28 ayi,. The resulting amplitudes for
the different indirect term protocols as a function of the initial
semi-major axis are given in Fig. 3.

We evaluated the trends of the amplitudes by fitting a power
law model to the data of the form:

A=Ag+ciay - g™ - c3A" (€]
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Table 1. Scaling of the oscillation amplitudes in semi-major axis found
in Fig. 3 for the indirect term protocols for particles beyond 8 ap;y.

dlogAy,  dlogdy,  dlogdy,
Protocol Tog a dlog At dlogg
Reference 2.5 0 1
Shift 0 1 1
Euler L5 1 1
dlogAcq dlogAc dlogAcn
d logag dlog At dlogg
Reference - - N
Shift 0 1 2
Euler 1.5 1 2

where a is the initial semi-major axis of the particle, g = m/m;
is the mass ratio of the binary, and At is the time step size. The
power law indices n; were fixed to the values in Table 1, while
the constant A and the coefficients ¢; were determined by a least
squares fit. For all fitted parameters, we find relative 20" errors of
less than 11% that we interpret as confirmation of the power law
indices given in Table 1. The fits for the radial dependencies are
plotted in Fig. 3 as dashed lines. The other power law dependen-
cies for time step and binary mass ratio were determined in the
same way.

For both indirect term protocols, we find oscillation ampli-
tudes that scale linearly with the time step size, as expected
from a first-order method. The amplitudes of the synodic oscilla-
tions depend linearly on the mass ratio, identical to the reference
model, since they are physical and caused by the perturbations
of the companion star that scale linearly with its mass. The
amplitudes of the oscillations due to the CFL criteria scale with
the square of the companion mass, because they depend on the
strength of the perturbation as well as on the velocity variations
of the innermost particle according to Eq. (3).

From the reference particles we infer that the amplitude
of the synodic oscillations due to the variations in the binary
potential scale with the initial semi-major axis as a(—)z.s. For the
shift protocol, the amplitude of the synodic oscillations reaches
a constant floor value at distances above 8 a,. We interpret
this as the oscillations being dominated by the potential close
to the binary. This causes the particle using the shift protocol
to behave similarly to the reference particle at distances below
8 apin While beyond 8 ay,, the numerical oscillations dominate
and their behavior diverges. For the Euler protocol, the numerical
oscillation amplitudes increase with aé'S and are already signifi-
cantly larger than the reference amplitude at an initial separation
of 4 Abin-

For both the synodic period oscillation and the time step cri-
teria oscillation, the magnitude of the errors of the Euler protocol
at large radii is a factor of (ao Japin)"? larger than the errors of
the shift protocol. Since agy > ay;, for circumbinary particles, the
errors of the Euler protocol will always be larger than the errors
of the shift protocol in this case.

We repeated similar tests for particles on an s-type orbit, that
is, orbiting the central object with the companion as an outside
perturber. For this configuration, the indirect term will always
be weaker than the direct gravitational forces. We used the same
binary setup as before and put the inner particle used for the
time step criteria at 0.3 api, and the outer particle at 0.5 ay;,. We
reduced the time step so that the orbit of the inner particle was
resolved with 250 steps. For this setup, both indirect term proto-
cols induced an artificial inward drift that scales linearly with the
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time step size, with the shift protocol leading to a 20% faster drift
than the Euler protocol. The deviations of the oscillation ampli-
tudes from the reference particle are on the order of 1073 and
can be positive or negative depending on the time step size for
both protocols. Thus, we do not find a clear trend of increasing
inaccuracies as we did for the p-type orbits before.

We conclude that single-step-forward-in-time methods for
the indirect term introduce inaccuracies that scale with the time
step size and the strength of the indirect term. When the time
step is determined by the velocity of a particle, analogous to a
cell in a hydrodynamic simulation, it creates a feedback effect
that causes the particle itself to migrate and induce oscillations
in the other particles. We have introduced a new method for cal-
culating the indirect term that is more accurate and stable for
p-type orbits (orbits around both binary stars) than the standard
indirect term protocol typically used in hydrocodes.

3. Artificial viscosity

The FARGO codes use a second-order upwind scheme for the
hydrodynamic advection that cannot handle discontinuities and
requires artificial viscosity to spread shocks over multiple grid
cells. By default, FARGO codes use the artificial viscosity devel-
oped by Von Neumann & Richtmyer (1950, hereafter VNRS50),
which acts as a bulk viscosity and enters the equation of motion
as an anisotropic artificial pressure to counteract compression.
The implementation of the artificial viscosity is described in
Stone & Norman (Section 4.3 1992, hereafter SN92), who define
the artificial viscosity in one dimension and apply it to each
dimension independently:

2
0= {CZAxfz(%) if 24 <0 )
0 otherwise,

where c is the artificial viscosity constant that measures the
number of cells over which the shock spreads, for which val-
ues around 2 are typically recommended, and Ax; is the cell
size along direction i. We note the misprint in Egs. (33) and
(34) by SN92, where they forgot to square the artificial viscosity
constant c.

Tscharnuter & Winkler (1979, hereafter TW79) raised con-
cerns about the formulation of artificial viscosity by VNRS50
being used on curve-linear coordinate systems, since it is for-
mally valid only for Cartesian coordinates. They show that it can
create artificial pressure in curve-linear coordinates even when
there are no shocks. A specific example is given in Bodenheimer
et al. (2006, Section 6.1.4) where they show that the artificial
viscosity by VNRS5O0 creates an artificial pressure that acceler-
ates the collapse of a free-falling spherical gas cloud (|v,| o r)
even though the flow is smooth.

TW79 proposed a tensor artificial viscosity, analogous to the
viscous stress tensor, which is independent of the coordinate sys-
tem and frame of reference. An implementation of this artificial
viscosity is also described in SN92, Appendix B, who added two
additional constraints to the artificial viscosity prescription by
TW79: the artificial viscosity constant must be the same in all
directions (isotropy), and the off-diagonal elements of the ten-
sor must be zero to avoid artificial angular momentum transport.
The resulting artificial viscosity pressure tensor is given by:

(6)

0- AAPIVV|Vev - 1VvI| if Vv <0,
o otherwise,
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where c is again a dimensionless parameter near unity and Ax is
the maximum cell extension in any direction.

We can analytically estimate the effect of the more naive
approach given in Eq. (5) for a disk in a non-inertial frame.
We considered the case of a Keplerian gas disk around a cir-
cular two-body system in the center-of-mass frame, where the
primary moves at a velocity of v. If the radial velocity of the
gas is neglected, the gas has the Cartesian velocity components:
and

Uy = —Uk Sin(@) vy = v cos(¢), @)

where vy is the Keplerian velocity and ¢ is the angle in the center-
of-mass frame. We then shifted the whole system to the primary
frame by subtracting its position and velocity from the gas and
binary. After shifting to the primary center, the gas has the
following velocity components:

vy = Ui sin(gp — @) + vg sin(p — ¢p), (8
Uy = Uk COS(pp — @) + vp cos(yp — ¢p), &)

where ¢ is the angle in the primary frame and ¢ is the azimuthal
angle of the companion in the primary frame. Without loss
of generality, we assumed ¢y = 0, meaning that the binary is
located on the x-axis and the secondary moves in the positive
y-direction in the primary frame. In addition, we made the sim-
plifying assumption that the length of the position vector of the
cell is much greater than the length of the shift vector from the
center of mass to the primary, so that its angular position is
the same in the center-of-mass frame and in the primary frame:
¢ ~ ¢. Under these assumptions, the velocity of the gas has
no radial dependence. This causes the radial component of the
artificial pressure in Eq. (5), which depends only on the radial
derivatives of the radial velocity, to always be zero. Therefore,
we do not consider the radial velocity any further. The azimuthal
velocity becomes:
Uy = Uk + v cos(). (10)
Putting this velocity into Eq. (6) results in zero artificial viscos-
ity, while putting it into Eq. (5) results in an artificial viscosity
of:

0, = AL [-Ag - vsin(p)]” if0<gp<n (1

700 ifr<@<2n
where Ap = 2n/N, is the angular cell size of the grid and N, is
the number of azimuthal grid cells. The acceleration due to the
artificial viscosity is then:

1100, {—}c2A¢Zug sin2) if0<p<m

ov,

ot Xr dp 0 if 7 <@ <2n,

If we use units for which GM = 1, and assume that the cell is
far enough away from the two-body object that the distance to
the primary at the center is approximately equal to the distance
to the companion, we find the ratio of the artificial acceleration,
Dy, art> to the magnitude of the direct gravitational acceleration
caused by the companion, |a;|, to be:

Uy, a
et _ 202l 9 Gn2g),

e a(l+gq)

where ¢ is the mass ratio of the companion to the primary
and a is the semi-major axis. For typical values used in planet-
disk interaction simulations with a Jupiter-mass planet, such as

(13)

Vo | Vi Vo, art / @2
-1 1 3 -0.02 0.00 0.02
T e W aa—
3 15
2 10
1 -5 5 .
o | :
= 0 l tx. ; l & 0 c
> -1 " _5 >
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-2 0 2 -10 0 10
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Fig. 4. Snapshot of the azimuthal velocity (left) and artificial accelera-
tion due to Eq. (13) in the frame of the secondary (right). The red dot
represents the secondary, the green dot represents the primary, and the
black dashed line represents the orbit of the primary. The arrows indi-
cate the direction of motion and are not to scale. The binary and grid
parameters are the same as in Sect. 4.

¢=V2,q=1073,r=10a,and N, = 1024, we find a ratio of the
artificial acceleration to the acceleration caused by the planet of
up to 7.5 - 1077, Assuming a locally isothermal equation of state
and a scale height of 4 = 0.05, the maximum artificial pressure
due to Eq. (11) is 3 - 1077 times the pressure of the gas.

For a circumbinary disk, this ratio becomes much larger and
very relevant in the simulations. The artificial accelerations due
to Eq. (13) are shown in Fig. 4 for a binary system in the frame
of the secondary. The simulation parameters are the same as in
Sect. 4, the binary has a mass ratio of ¢ = 2 and an eccentricity
of epin = 0.4, the grid has N, = 315 azimuthal cells, and the

artificial viscosity constant is ¢ = V2. The binary is currently in
the pericenter. For the parameters of this model, our estimate for
the artificial pressure using Eq. (13) predicts a force during the
binary periastron passage that is 0.6% of the gravitational force
of the primary at r = 5 ap;,, which is two-thirds of the pressure
forces of the gas itself.

The left panel is zoomed in on the binary and depicts the
azimuthal velocity of the gas according to Eq. (10) normalized
by the Keplerian velocity. It is shown to visualize the setup and
its extreme case where the velocity of the gas is dominated by
the velocity of the frame. The right panel depcits the resulting
acceleration field due to the SN artificial viscosity normalized by
the gravitational acceleration caused by the primary (Eq. (13)).
The right panel of Fig. 4 covers the same area as Fig. 5.

The depicted acceleration field rotates with the binary. Look-
ing at a fixed cell far from the binary (with a slower orbital
frequency than that of the binary) as the acceleration field rotates
with the binary, the deceleration and subsequent acceleration
result in an epicyclic motion with the same frequency as the
orbital frequency of the binary. In a non-isothermal simulation,
the artificial viscosity in Eq. (11) would be used to calculate the
shock heating of the gas and the gas would be artificially heated.

If the binary is eccentric, then the accelerations during a
binary orbit would not cancel each other out, instead the acceler-
ation during the binary periastron passage would be higher than
during the apastron passage. This leads to a residual accelera-
tion field with the same shape as the one presented in Fig. 4.
The deceleration and acceleration during an orbit is a similar
pattern to a particle on an eccentric orbit. In this case, the arti-
ficial acceleration could excite an eccentricity with a preferred
direction based on the location of the binary periastron.
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Fig. 5. Snapshot of the surface density after 5000 binary orbits of a
massless disk around a binary system with g, = 0.5 and ey, = 0.4. The
plots show the results for different combinations of coordinate centers,
artificial viscosity, and indirect term protocol. All plots use the same
linear color scale.

A circumplanetary disk in the frame of the star will have sim-
ilar problems. The circular motion around the planet will appear
as radial and azimuthal velocity components oscillating around
the planet in the frame of the central star. The resulting radial and
azimuthal velocity gradients are treated as shocks by the artificial
viscosity prescription in Eq. (5). In addition, the resolution in the
vicinity of a planet on a logarithmic polar grid is typically much
lower than the global resolution. We analyze the influence of the
different choices of artificial viscosity on a circumplanetary disk
further in Appendix A. In our tests presented in Sect. 5, we find
that the disks around the companion begin to behave differently
for the two artificial viscosity prescriptions at companion masses
of 3 My (g > 3-107%).

4, Circumbinary disk in non-inertial frame

To highlight the importance of our changes to the indirect term
and the use of the artificial viscosity by TW79, we constructed
a test by simulating a circumbinary disk in the center-of-mass
frame and in the center of the secondary star. For all our hydro-
dynamical simulations, we used the FARGOCPT code that is
freely available on GitHub' and described in detail in Rometsch
et al. (2024).

! https://github.com/rometsch/fargocpt
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The simulations are locally isothermal and we used the @ vis-
cosity prescription from Shakura & Sunyaev (1973) (@ = 0.01,
h = 0.04 - (d/ayn)"?, GM = 1). The surface density was initial-
ized as X(d) = Xy - (d/apin)~""'. The gas velocities and surface
densities were always initialized in the center-of-mass frame, and
d is the distance to the center of mass, which is not equal to the
r coordinate of the grid in the secondary frame. The setup is
intended to model a steady state accretion disk around a binary

star system. The artificial viscosity constant was set to ¢ = V2.

The domain is logarithmically spaced from 1 to 60 ap, in
the radial direction and uniformly spaced from O to 27 in the
azimuthal direction with a resolution of N; X N, = 207 x 315,
or equally, 2 cells per scale height at » = 1ay;,. The resolu-
tion was chosen low to make this a stress test for the numerical
scheme. The disk was damped to the initial conditions from 36
to 60 ap, on a timescale of 1073 Keplerian orbital periods at
60 apin. We applied strict outflow conditions at the inner bound-
ary, and in case a star enters the simulation domain, we added
a sink hole around each star that removes a fraction of the gas
within its Roche lobe with a half-emptying time of 1072 Tyy,.
The removed mass was included in the accretion rate, but was
not added to the mass of the stars. We used a density floor of
1077 - £y for numerical stability, meaning that if the density of
a cell falls below this value, it will be set to this value. The
gravity of the gas was ignored. The mass of the secondary was
msec = 0.5 and mpyiy, = 1 for the primary star. The binary eccen-
tricity of ey, = 0.4 caused the primary to enter the simulation
domain during its orbit when the simulation was centered on
the secondary. To prevent this from causing numerical prob-
lems, we smoothed the gravitational potential of the primary
within a radius of 0.5 Ryj; around it using the third-order poly-
nomial prescription by Klahr & Kley (2006, Eq. (4)). To make
the time step size comparable between the simulations, we used a
Courant number of 0.4 in simulations using the artificial viscos-
ity by Stone & Norman (1992) and a Courant number of 0.5 in
simulations using the artificial viscosity by Tscharnuter &
Winkler (1979).

We ran the setup with different combinations of coordinate
centers (default is centered on the secondary and ‘CMS’ indi-
cates the simulation is in the center-of-mass system) and artificial
viscosity (“TW?” is the artificial viscosity by TW79 and “SN” is
the artificial viscosity by VNRS50, implemented as described in
SNO92). The ‘CMS’ simulations are a reference case for the indi-
rect term experiments, since the indirect term vanishes in the
center-of-mass system.

Snapshots of the surface densities after 5000 T, are shown
in Fig. 5. The top row shows the simulation in the center-of-mass
frame, where there are no indirect forces. For both artificial vis-
cosities, the disks become eccentric and precess in the prograde
direction, which is the expected behavior for a circumbinary disk
(Duffell et al. 2024). By evaluating the disk quantities averaged
between ¢ = 5000—-8000 Ty, we find that compared to TW, the
disk simulated with the SN artificial viscosity has a 13% faster
precession rate, 9% higher eccentricity, 2% larger gap, and
12% lower peak density at longitude at apoastron. While these
differences are significant, we expect them to become negligible
when using an appropriate grid resolution (higher than 8 cells
per scale height).

In the second row, the grid of the hydrodynamics simula-
tion was centered on the secondary star of the binary and the
shift-based indirect term protocol was used. Here, the choice
of the artificial viscosity is more significant. For the TW arti-
ficial viscosity, the inner gap becomes eccentric and precesses,
resembling the CMS simulations. However, the precession time
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is roughly a factor of 4 longer than in the CMS simulations,
the densities in the ring outside the gap are lower and the spiral
patterns inside the density ring do not form.

For “SN” artificial viscosity, the simulation evolves similar
to the others at the start, but instead of precessing, the longitude
of apoastron (eccentric bulge) of the gap remains at ¢ = /2
(the negative y-axis). At about 7 = 1500 Ty, the eccentricity of
the gap starts to grow, while the longitude of apoastron moves
towards ¢ = 7 (negative x-axis), which is also the position of
the periastron of the binary, and stays there. The indirect term
is the strongest towards the pericenter of the binary (¢o = 7).
If we substitute ¢ — ¢ — ¢y in Eq. (12), we find that the gas is
decelerated from ¢ = 7 to ¢ = 3/27 and accelerated from ¢ =
3/2m to ¢ = 2n. The gas thus has the maximum velocity due to
the artificial acceleration at the x-axis (¢ = 0), compare Fig. 4.
This is in consistent with the preferred position of the longitude
of pericenter of the eccentric disk that we find in the simulation.
At the end of the simulation at 8000 Ty,, the gap edge extended
to 13 api, compared to the 4.5 ay;, for the TW artificial viscosity
and also both the CMS simulations.

The eccentricity of the disk increases and decreases depend-
ing on the phase of the disk due to interaction with the binary
potential. Therefore, the eccentricity instability is caused by the
SN artificial viscosity preventing the disk from precessing and
holding it in a position where the eccentricity is increasing. If the
artificial forces are too weak to stop the precession, the artificial
accelerations in Fig. 4 cancel out over a precession period, and
the artificial viscosities can converge at increasing resolutions.
In simulations using the Euler protocol, the disk completely
dispersed within the first 200 binary orbits.

We repeated the test for different resolutions. When the res-
olution was reduced to N, X N, = 104 x 156, the shift-based,
TW artificial viscosity simulation also became unstable. When
the resolution was doubled to N, X N, = 411 X 628, the simu-
lation using the shift-based indirect term with the SN artificial
remained stable for the entire simulation time of 7000 Ty;,. In
both cases, the center-of-mass frame and the secondary frame,
the SN artificial viscosity produced different precession rates
and mass accretion rates through the inner boundary compared
to the equivalent simulation using the TW artificial viscosity.

The surface densities of our high resolution (12 cells per
scale height) runs are shown in Fig. 6. An inner domain radius
of 1 api, is barely sufficient for a simulation in the center-of-
mass frame (Thun et al. 2017), and in a star-centered simulation
the inner boundary will be even closer to the circumbinary disk.
Therefore, we have reduced the inner domain radius to 0.5 ap;,
for the simulations that are centered on the secondary, leading
to a grid resolution of 1439 x 1885. Even at this resolution, the
disk becomes unstable right at the beginning of the simulation
if the Euler protocol is used, as shown in the top-right plot in
Fig. 6. The highly eccentric disk does not precess and remains
in the depicted orientation. In a previous run with a larger inner
domain radius, the disk aligned with the positive y-axis, so we
do not find a preferred orientation for this instability. We note
that the instability here is caused by the indirect term protocol,
as opposed to the instability caused by the artificial viscosity we
found at lower resolutions that leads to an alignment with the
negative x-axis.

With the shift protocol, the disks in the secondary frame pro-
duce the same gap profile as the CMS reference case and also
precess. The similarity of the dynamic of the disks can also be
seen by the similarity of the mass accretion rates shown in Fig. 7.
At the start of the simulations, the mass accretion rates are nearly
identical and then slowly drift apart due to differences in indirect

Euler, TW

Yy in apin

Shift, TW

Shift, SN

Yy in apin

X in apin X in apin

Fig. 6. Snapshot of the surface densities of the high resolution simula-
tions with a binary eccentricity of 0.4. We plot the simulation using the
Euler indirect at a simulation time of ¢ = 800 Ty;,, and the other simu-
lations at t = 4000 Ty;,. All plots use the same linear color scale.

term and artificial viscosity. Compared to the CMS simulation,
the SN artificial viscosity underestimates the mass accretion rate
by 11.4% and the TW artificial viscosity by 12.5%. The lower
mass accretion rate can be partly attributed to the smaller inner
domain radius, but also to different reference frame. We have
also conducted simulations with even smaller inner radii, which
are not shown here, where the inner radius was contained within
the Roche lobe of the stars for both setups, and still found lower
mass accretion rates in the star-centered simulation.

From Eq. (13) we estimate that the artificial pressure forces
caused by the SN artificial viscosity are 2% of the pressure forces
of the gas, which is consistent with the small deviations we
observe in Fig. 7. The accuracy of the indirect term could be
further improved by using smaller time steps, which automati-
cally occurs when the radius of the inner domain is reduced to
include the circumstellar disks.

5. Protoplanetary disk with hot Jupiter

In this section, we test whether our proposed changes are rele-
vant to more common scenarios of planet-disk interactions. We
used a setup of a central star of mass mg, = 1 M and a compan-
ion object with masses of m = [1, 3, 10, 50] My, (corresponding
to mass ratios of ¢ = 0.1%,0.3%, 1%, 5%) on a circular orbit
(e = 0) with an initial semi-major axis of 1 au. At the beginning
of the simulation, the companion was on a fixed orbit and was
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Fig. 7. Mass accretion rate of the circumbinary disk through the inner
boundary over time. The dashed lines show the moving average over
100 binary orbits.

treated as massless when interacting with the disk. The mass of
the companion felt by the gas was then ramped up over the first
50 orbital periods according to
2
iy = ™ [1.0 = cos?(t - 22/50T )|, £ < 50T omy ”
m, t > 50T .

Despite the mass ramping, the gas velocities were always initial-
ized in the center-of-mass frame of the N-body system with their
fully ramped-up masses.

The gravitational potential of the N-body system at the posi-
tion of a cell was computed as a Plummer potential with a
smoothing length of € = 0.6 H (Miiller et al. 2012), where H =
h - r is the gas scale height. The potential reads:

(15)

where G is the gravitational constant, s; = ,/dl.zk + €2, is the
smoothed distance between the gas cell i and the N-body object
k with mass M. Similarly, the force exerted by the gas on the

N-body objects was calculated as

Neell

m;i
a=-G Z fsm(sik)sTdika
; i

(16)

where m; is the mass of the gas cell and fg, is the smoothing
function by Crida et al. (2009):

S
fan(s) = [exp (—10(0'8 - 1)) +1

where ry is the Hill radius according to Eggleton (1983). The
smoothing was applied only to the companion object, not to the
star. It acts as a filter to remove the effects of a disk around the
companion, since the disk is poorly resolved and not realistically
modeled in our setup.

The disk was locally isothermal (@ = 1073, h = 0.05). The
simulation domain ranges from 0.25 au to 25 au and the cells are
spaced logarithmically in the radial direction and uniformly in

-1

; a7
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the azimuthal direction with a resolution of N; X N, = 739 X
1005, which corresponds to eight cells per scale height. The
surface density was initialized as

1

1+ expl(d — 12 au)/0.25 au]’
(18)

2(d) =200 gcem ™2 - (d/1au) ™03 -

where d is the distance to the center-of-mass of the N-body
system. We applied strict outflow boundary conditions at the
inner and outer boundaries. Since the location of the boundaries
depends on the frame of reference, we added an exponential cut-
off at 12 au to prevent the disk from interacting with the outer
boundary instead of applying damping conditions in the outer
regions. We measured the accretion on the companion using the
accretion model of Kley (1999), that is, we removed a fraction of
the gas from the Hill sphere of the companion at each time step
with a half-emptying time of 1000 T,. The mass of the gas and
its momentum were added to the companion.

The first 200 orbital periods were used for initialization,
during which time the disk exerted no force on the star or com-
panion, and gas accretion by the companion was not active. Then
disk feedback and companion accretion were activated, and the
simulations were run for another 1800 orbital periods. The com-
panion then migrated under the gravitational influence of the
disk and due to momentum accretion. The gravitational force of
the gas on the star was added to the indirect term of the simula-
tion. The N-body system was always shifted to the frame of the
star at the end of each time step.

The way the disk is initialized can affect the long-term evo-
lution of the disk. In our previous runs, the simulations centered
on the star were also initialized around the star so that the sur-
face density was a function of the distance of the cell from the
star, and the initial gas velocity was computed with the mass of
the star. This caused the disk to become eccentric for high com-
panion masses (m z 10 My,,) as the companion ramped up in
mass. An example of this is shown in the third row of Fig. 8. For
m = 10 My, (left side) these effects start to become noticeable,
while for m = 50 My, (right side) the entire disk and the gap
around the companion become eccentric. This does not happen
if the disk is initialized using the distance to the center of mass
and the total mass of the N-body system to compute the veloci-
ties, as demonstrated for simulations centered on the star (second
row) and centered on the center of mass (first row).

For even more massive stellar-mass companions, it is no
longer possible to ramp up the mass of the companion, because
the missing gravity from the not yet fully ramped up companion
would cause the disk to deform before the companion reaches
its final mass. Without ramping, longer initialization times are
required because strong shocks occur during the clearing of the
gap that depend on the artificial viscosity. These initialization
artifacts then resolve on viscous time scales.

The advantage of centering the disk on the primary instead of
the center of mass is also demonstrated in Fig. 8. At high masses
(top-right panel), the primary orbits inside the inner radius, caus-
ing its stellar disk to quickly accrete through the inner boundary.
This does not happen when the simulation is centered on the pri-
mary (middle-right panel), in which case the disk is optimally
resolved by the grid, which is the main motivation for this study.

After an initialization phase of 200 companion orbits, we
enabled the interaction between the disk and the companion and
continued the simulations, meaning that the companion migrates
under the gravitational influence of the disk, while the grav-
ity of the gas on the star was added to the indirect term of the
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Fig. 8. Snapshot of the logarithm of the surface density of a mass-
less disk at the end of the initialization period (r = 200 Pgy). “CMS”
indicates that the simulation is in the center-of-mass system, and “star”
indicates that the simulation is centered on the star and the disk has
been initialized around the star. “N-body” indicates that the simulation
is centered on the star, but the disk has been initialized around the center
of mass of the N-body system. All plots use the same color scale.

simulation. With feedback enabled, the forces exerted on the
binary system can move its center of mass, so we shifted the
N-body system to the new center of mass of the binary after each
time step. This was not necessary during the initialization phase
because the forces were turned off and the center of mass of the
binary stayed put.

We then monitored the mass accretion rate on the com-
panion, the torque exerted by the gas on the companion, the
eccentricity and the semi-major axis of the companion. The
results for a m = 1 Mjy,, companion are shown in Fig. 9. We
find no significant differences between the different artificial vis-
cosities, indirect term protocols, or coordinate centers. The gas
torques oscillate for a longer time in the SN artificial viscosity
simulations, but they settle to the same value as in the TW arti-
ficial viscosity simulations and from then on evolve the same.
Although the eccentricity variations display factor of 2 differ-
ence between the runs, the overall level of planetary eccentricity
is too small (~1073) to be considered a significant effect, and the
differences do not appear to be related to the artificial viscosity
or the indirect term protocol.

For higher masses of m = 3 My,, and m = 10 My, we find
small differences within the Hill sphere of the companion that
we can directly attribute to the different artificial viscosity pre-
scriptions (cf. Fig. A.2). Globally, we find that the time at which
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Fig. 9. Various quantities measured for a m = 1 Mj,, companion. Plot-
ted are the mass accretion rate by the companion, the gas torques exerted
by the disk on the companion, the eccentricity, and the normalized semi-
major axis of the companion.

the gap becomes eccentric is different for each setup. When the
gap becomes eccentric, the density inside the gap is higher, lead-
ing to higher accretion (see first panel in Fig. 10) and the gas
torque changes (see second panel). The differences in gas torque
then lead to different eccentricities and migration rates of the
companion. Most of the differences between the setups can be
explained by the different time at which the gap becomes eccen-
tric. We find found no trend in how the artificial viscosity or the
indirect term protocol affects the timing of this transition. While
the simulations are in the same state, they evolve similarly.

For our high-mass companions (m = 30 My, and m =
50 My,p), we find significant differences in mass accretion
between the artificial viscosities, as shown in Fig. 11. The artifi-
cial viscosities eject mass from the Hill sphere of the companion
(cf. Fig. A.3) resulting in lower mass accretion rates. As depicted
in the first panel of Fig. 11, we find ~50% higher accretion rates
and =50% more mass inside the Hill sphere for the TW artifi-
cial viscosity. This difference increases to almost 100% for the
m = 50 My,, companion.

Because we have ignored the gravitational effect of the gas
inside its Hill sphere on the companion by Eq. (17), the dif-
ferences in gas torque are an indication of the effects of the
different setups far away from the companion. Again, we find
that there are differences in gas torque and companion eccen-
tricity between the setups, but without a clear trend. This means
that there is no strict increase or decrease in gas torque or eccen-
tricity when changing the artificial viscosity or the indirect term
prescription.

However, in most of our simulations, we find that the com-
panion migrates inwards faster for the TW artificial viscosity. For
example, in the last panel of Fig. 11, we find 7% faster inward
migration for the TW artificial viscosity than the SN artificial
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Fig. 10. Same as Fig. 9 but for a m = 3 M), companion.

viscosity in the primary frame and 5% faster in the center-of-
mass frame. We analyzed what causes this difference and found
that in the center-of-mass frame, the gas torque on the planet is
stronger for the TW artificial viscosity; and in the primary frame,
the indirect term due to the gas feedback on the central star,
which results in a positive torque on the companion, is weaker
for the TW artificial viscosity. At the end of the simulations
(t = 1800 Ty to 2000 Torp), the migration rates are similar for
all setups. It remains to be determined whether the faster inward
migration observed with the TW artificial viscosity represents a
consistent trend or a coincidental effect.

6. Summary and conclusions

We have presented two modifications to the FARGO code
(Masset 2000) that allow us to simulate a circumbinary disk in
the frame of one of the stars, which to our knowledge was not
possible before. One of the proposed modifications is the use of
the tensor artificial viscosity by Tscharnuter & Winkler (1979)
and the other is a new method for calculating the indirect term.
We have also tested their relevance to simulations of planet-disk
interactions.

First, we studied the indirect term prescription, that is, the
consideration of fictitious forces due to a non-inertial frame of
reference. In Sect. 2, we noted that the standard method of apply-
ing the indirect term is comparable to a forward Euler step and
produces results comparable to that of a Euler integrator. It fails
to keep the central object at the coordinate center and similarly
fails to keep other objects in the frame of the central object. We
proposed to precompute the effective acceleration experienced
by the central object over the entire time step and use it as the
indirect term. This method is comparable to advancing the whole
system in time and then subtracting the velocity of the central
object at the end of the time step. This shift-based indirect term
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Fig. 11. Same as Fig. 9 but for a m = 30 My,, companion.

will by design keep the velocity of the central object at the end of
the time step at 0. We then showed that at large radii, r > 2 api,
it is significantly better at modeling the effects on a non-inertial
frame of reference than the default method.

The proposed shift-based indirect term protocol should also
be applicable to other grid codes used to simulate the interac-
tion of disks with stars and planets. For example, the PLUTO
code has a hydrodynamics solver that uses a higher-order time-
stepping scheme, but in the versions known to the authors, the
synchronization between the hydrodynamics and N-body solvers
is performed once per integration time step and the indirect term
is applied as a single Euler step. We expect that synchroniza-
tion at each substep would improve the accuracy of the evolution
of the combined N-body and hydrodynamics system. How this
plays out in practice remains to be seen.

In Sect. 3 we listed literature (Tscharnuter & Winkler
1979; Stone & Norman 1992; Bodenheimer et al. 2006), which
already noted that the artificial viscosity by Von Neumann &
Richtmyer (1950), which is the default artificial viscosity in the
FARGO (Masset 2000) and FARGO3D codes (Benitez-Llambay
& Masset 2016), is not suitable for curvilinear coordinates and
can cause artificial pressure for smooth gas flows even in the
absence of shocks. They also stated that the tensor artificial
viscosity by TW79 should be preferred because it takes into
account the geometry of the grid and is independent of the frame
of reference. We confirmed these claims and showed that the
artificial viscosity by VNRS5O0 inherently produces an artificial
pressure in a smooth Keplerian disk that arises from the velocity
gradients in the non-inertial frame of reference and scales with
the number of azimuthal cells as 1 /pr.

In Sect. 4, we simulated a circumbinary disk in the center of
the lower-mass companion of a binary system. In this setup, the
indirect forces reach magnitudes several times stronger than the
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direct gravitational forces of the N-body system, and the stan-
dard indirect term prescription causes the disk to disperse. Our
shift-based indirect term prescription keeps the disk stable, even
at low resolutions, and allows the simulations to converge to a
reference simulation in the center-of-mass frame with increasing
spatial and temporal resolution.

At low resolutions, the artificial pressure generated by the
VNRS5O0 artificial viscosity caused by the velocity gradients in
the non-inertial frame of reference, was strong enough to pre-
vent the disk from precessing, leading to significant eccentricity
growth in the disk. At high resolutions (>8 cells per scale
height) the simulation starts to converge for the different artificial
viscosities.

We then tested the relevance of our changes to planet-disk
interaction simulations in Sect. 5. At low companion masses of
m < 1 My, we find no differences between the artificial vis-
cosities or the indirect term protocols. The default methods in
the original FARGO code (Masset 2000) are sufficient for these
simulations.

For companion masses m > 3 My, it becomes relevant to ini-
tialize the disk in the center-of-mass frame instead of the center
of the star. Otherwise, the shift of the center of mass caused by
the ramping of the companion mass can cause the disk to become
eccentric. In addition, the artificial viscosity by VNRS50 produces
artificial pressure inside the Hill sphere of the companion (see
also Appendix A).

For even higher masses, m > 30 My, it does become neces-
sary to initialize the disk in the center-of-mass frame or the disk
will become unstable as the companion mass ramps up. In addi-
tion, the artificial viscosity VNRS5O0 ejects significant amounts of
mass from the Hill sphere of the companion, resulting in lower
mass accretion rates. We also found differences in the gas feed-
back from the companion depending on the choice of artificial
viscosity and indirect term protocol, but these differences are
small.

In summary, we find that the methods used in the FARGO
code (Masset 2000) are sufficient for simulating planet-disk
interactions in the frame of a central star, but issues arise for
more massive companion objects. When the companion mass
approaches the brown dwarf mass, the frame in which the disk is
initialized has to be adjusted, and the artificial viscosity by Von
Neumann & Richtmyer (1950) will cause artificial mass ejection

from the Hill sphere of the companion. Initializing the disk in
the center-of-mass frame would also be relevant for any other
grid code centered on the star.

For stellar mass companions, the artificial acceleration
caused by the Von Neumann & Richtmyer (1950) artificial vis-
cosity due to the indirect term can cause eccentricity growth
throughout the disk. Problems related to artificial viscosity
can be mitigated by using the tensor artificial viscosity by
Tscharnuter & Winkler (1979). In addition, for stellar mass com-
panions, the indirect term becomes several times stronger than
the direct gravitational forces of the N-body system inside the
circumbinary disk. In such cases, more accurate indirect-term
prescriptions should be used. We believe that the shift-based
indirect term protocol presented in this work is a good choice
when the indirect term is applied in a single step per time step.
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Appendix A: Companion disk

In Sect. 5 we measured the effects of the artificial viscosities
far from the companion by excluding the torques inside the Hill
sphere. While the accretion rate depends on the amount of mass
inside the Hill sphere, it is unclear how much it is affected by the
different migration rates.

In this section, we isolate the effects of the artificial viscosi-
ties inside the Hill sphere of the companion. To achieve this,
we ran simulations with the same parameters as in Sect. 5, but
kept the central star and companion on fixed orbits by disabling
disk feedback. Additionally, we tried to remove the circumstel-
lar disk by reducing the domain size to 0.6au to 1.5au with
a resolution of N, X N, = 147 x 1005 (cell sizes remained the
same). Removing the circumstellar disk from the simulation iso-
lates the gap region, and thus, we are able to avoid contributions
to the mass of the Hill sphere that would otherwise stem from
gas traversing the gap. As before, we used strict outflow con-
ditions at both boundaries. To reach a steady state, we kept the
mass inside the simulation domain constant by rescaling the sur-
face density of each cell after each time step by a factor equal to
the initial gas mass divided by the current gas mass. This den-
sity rescaling function adds the outflowing mass preferentially
to cells with high density. Since gas feedback is not considered
here, the surface density cancels out in the momentum equations
and the actual disk mass is not relevant.

The surface density profiles after 200 orbital periods are
shown in Fig. A.1 for different companion masses, m. In princi-
ple, the 3 My, planet in the upper plot clears its orbit, but because
the mass is replenished by the density rescaling function, the gap
region appears to be filled with gas. What the plot actually shows
is the density ratio between the gap region and the circumplane-
tary disk. While this setup is not physical, it allows us to compare
the effects of the different numerical methods by measuring the
amount of mass held inside the Hill sphere of the companion.

The normalized amount of mass inside the Hill sphere over
time is shown in Fig. A.2 for the m = 3Mj,, companion. Nei-
ther the frame of reference nor the indirect term prescription
affects the amount of mass around the companion, but for the
artificial viscosities, differences become visible after 100 Pyyp,.
At the end of the simulation, the Hill sphere contains 8% more
mass for the SN artificial viscosity. We repeated this test for a
m = 1My, companion, and found a difference of only 0.3% in
mass inside the Hill sphere. Similar to the long range effects
probed in Sect. 5, we again find that the choice of artificial
viscosity will affect the simulations at these companion masses.

For companion masses m = 10Mj,, and above, the compan-
ion clears its orbit and almost all of the gas mass accumulates
inside the Hill sphere (see the lower plot in Fig. A.1). Since the
mass inside the Hill sphere is the same for all setups, we measure
the effect of the artificial viscosities by how much mass is ejected
from the companion disk through the inner and outer boundaries
of the domain.

The two lower panels in Fig. A.3 show the mass loss rates for
the different setups with a m = 50Mj,, companion. The effects
of the indirect term protocol are still negligible. The artificial
viscosity again has the largest effect with the SN artificial vis-
cosity leading to 10 times more mass ejection than the TW
artificial viscosity in the CMS and 5 times more in the pri-
mary frame simulations. At this mass, the frame of reference also
makes a difference with the primary frame simulations ejecting
3 and 1.5 times more mass than the CMS simulations for the
TW and SN artificial viscosities, respectively. Without the mass
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Fig. A.1. Surface densities after 200 orbital periods for different com-
panion masses. The dashed cyan line represents the Roche lobe of the
system. Both simulations were run in the center-of-mass frame and used
the TW artificial viscosity. Both plots use the same color scale.
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Fig. A.2. Disk inside the Hill sphere of a m = 3 My,, companion
divided by the total gas mass inside the simulation domain for differ-
ent simulation setups.
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Fig. A.3. Disk mass and mass loss rates over time for a

175 200

m =50 MJup

companion for different setups. Top panel: Mass inside the Hill sphere
of the companion. Second panel: Mass loss rate through the inner
boundary. Bottom panel: Mass loss rate through the outer boundary.
All quantities are normalized to the total gas mass inside the domain.

replenishment function, the companion disks would lose mass,
leaving less mass for accretion and explaining the different mass

accretion rates found in Fig. 11.

For the m = 10Mj,;, the mass loss is higher for the TW arti-
ficial viscosity by a factor of 12% and 100% for the inner and

outer boundary respectively, which is similar to the

higher disk

masses measured for the m = 3Mj,, companion in Fig. A.2. This
implies that between 10 and 30 Jupiter masses, the SN artificial
viscosity becomes more active and changes from lower to higher

mass ejection than the TW artificial viscosity.
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